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We give a partition of the critical strip, associated with each partial sum 1 + 2% + --- + n* of the
Riemann zeta function for Re z < -1, formed by infinitely many rectangles for which a formula
allows us to count the number of its zeros inside each of them with an error, at most, of two zeros.
A generalization of this formula is also given to a large class of almost-periodic functions with
bounded spectrum.

1. Introduction

Some industrial processes can be modeled [1] by functional equations of the form f(x) +
f(2x) =0or f(x) + f(2x) + f(3x) =0, x > 0. The generalization of these functional equations
to the complex plane is formally given by

f(2)+fR2z)+-+ f(nz) =0, n>2, (1.1)

which admits analytic solutions of the form z* on the open set Q = C\ (-0, 0] if and only if
a is a zero of

Gu(z)=1+2°+---+n°, (1.2)

For each integer n > 2, each function G, (z) represents the nth partial sum of the Riemann
zeta function ¢(z) on the half-plane Re z < -1, and it belongs to the class of the entire almost-
periodic functions of exponential type. In [2], we can see a complete introduction devoted
to the study of such class of functions. There, we can also find a theorem of Bohr [2, p. 270]
that identifies the functions of the above class having their zeros in a strip (the critical strip)
parallel to the real axis with those functions for which the upper and lower bounds of their
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spectra enter into the spectrum. That is, for instance, the case of the functions defined from
(1.2) by means of a rotation of angle or/2

H,(z) = Gp(iz) =1+ 2% + ... + n'z, (1.3)
whose spectra, for each integer n > 2, are the finite sets

lilnk:k=1,...,n). (1.4)

Furthermore, the functions H,(z) have the property consisting on the existence of some value
of x = Re z, say xy, such that either Re H, (xg,y) #0 or Im H,(x,y) #0 forall y € R. Indeed,
xo = 0 satisfies such property. Therefore, the H,(z)’s belong to a very special class of almost-
periodic functions whose study will be our main objective to determine a nonasymptotic
formula that allows us to count the amount of zeros that they have inside the rectangles of a
certain partition of their critical strips.

One of the most important formulae [2, p. 277] on the number of roots of an almost-
periodic function, with closed and bounded spectrum, say f(z), inside a rectangle in the strip
where the zeros of f(z) are located, is given by

N (x1,x2, 1, ¥2
o lim XL X2 YY)
X2—X1 — X2 — X1

=¢'(y2) —¢'(n), (1.5)

where N (x1, x2, y1, y2) denotes the number of zeros of f(z) in the rectangle

x1 <Re z < x», y1 <Im z <y, (1.6)

and ¢(y) is the mean function associated with In |f (x + iy)| defined as

1 T+a
T ; 1.7
o) = Jimz [ inlfGreiy)lax (17)

The formula (1.5) is of asymptotic type, and it is based on the assumption of the
existence of derivative of ¢(y). However, if the spectrum of f(z) is contained in the boundary
of a bounded convex polygon of the complex plane and all the vertices of the polygon
enter into the spectrum, there exists a formula [2, p. 298] much more explicit than (1.5). For
instance, if the polygon is reduced to a segment of the imaginary axis, the formula is, for
sufficiently large values of |y1]| and |y»],

d
N (x1,%2,y1,Y2) = 5 (2 =x1) +0(1), (1.8)

where d is the length of the segment.

Formula (1.8) could be used, for instance, to estimate the number of zeros, of our
functions H,(z), inside the rectangle defined by the intersection of its critical strip with
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the strip x1 < Re z < x,. Indeed, since the spectrum of H,(z) is contained in the line segment
[0, iInn] of the imaginary axis, a simple application of (1.8) leads to the formula

1
N (x1,%2, Y1, 2) = %(XQ —x1) +O(1). (1.9)

Nevertheless, it is well known that the term O(1) is an “obscure” function which we only
know to represent a bounded quantity. In general, the term O(1) that appears in formula (1.8)
depends on the function and the rectangle where we are counting the number of its zeros. Our
aim is to give much more precise information about the expression O(1) when the function
belongs to that special class of almost-periodic functions which contains, in particular, to our
functions H,,(z). In fact, on this subject, we find in [3] the following result.

“There exist infinitely many rectangles x; < Re z < x2, y1 <Im z < y, in the critical strip of
the function H,(z) for which the number of zeros of Hy(z) is given by the formula

Inn
N (x1,%2,y1,y2) = 5, (X2 = x1) + Qu, (1.10)

where Qy, is a real number with |Q,| < 1.”

Now, by following the ideas exhibited in [3], our aim is to demonstrate that for the
functions of that special class of almost-periodic functions, there exists a formula similar to
that of (1.10) to determine the number of its zeros inside infinitely many rectangles in their
critical strips with an error, at most, of two zeros.

In particular, our main result will also prove that the bound #n -1 which appears in the
formula that determines the number of the zeros of an exponential polynomial of degree n
inside certain rectangles of its critical strip can be substituted by a universal bound, namely,
2. In fact, to illustrate the scope of our result, we will start recalling an old theorem of Polya
[4]:

“if z=x+1iy
U1 <o < <, (1.11)
and P,(z) is forv=1,2,...,1 a polynomial of degree < m, — 1 with

m+my+--+m=n,

(1.12)
Py (z)Pi(z) #0,
then the number N (g1, a, a + b) of the zeros (according to multiplicity) of the function
l .
8i1(z) = D Po(z)e* (1.13)
v=1

in the infinite vertical strip

a<x<a+b (1.14)
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satisfies the inequality
b n
N(gl,a,a+b)—ﬂ(yl—y1) <n-1. (1.15)

Then, under the same hypotheses of the above theorem, our result could be stated as
follows.

Under the hypotheses of theorem of Polya with frequencies p; < pp < --- < p linearly
independent and m; = my = --- = my = 1, there exist infinitely many values for a, b such that,
independently of 1, the inequality

b
N(gl,a,a+b)—ﬂ(‘ul—‘ul) <2 (1.16)

holds.
This result will be an immediate consequence of Lemma 2.6 and Theorem 3.1 of the
present paper.

2. Preliminaries

To prove our main theorem, we will use some elementary concepts and results such as the
following.

Definition 2.1. A set {ai, as, ..., ax} of real numbers is said to be linearly independent if and
only if any linear combination

k
> nja; =0, (2.1)
j=1
with integers n;, implies that n; =0 forallj=1,..., k.
For example, the set

{Inpy,Inps,..., Inpi}, (2.2)

where p1,p2, ..., pk are different prime numbers, is linearly independent. Nevertheless, for
a given set of real numbers {xi,xy,...x;}, we can always suppose the existence of a basis
{a1,ay,...,ar}. That is, on the one hand, {aj, ay, ..., ax} is linearly independent and, on the
other hand, foreach m =1,...,1, we can write

k
Xm = anja,-, (2.3)
j=1

where the n,,; are integers.
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An important result on linearly independent sets of real numbers is the famous
theorem of Kronecker [5, p. 382] which will be used in the following form.

Theorem 2.2 (Kronecker). Let {aj, ay,...,ax} be a linearly independent set of nonnull real
numbers. For arbitrary numbers by, by, ..., by and T, € > 0, there exists a real number t > T and
integers ny, n, . .., ni such that

|taj-n;-bj| <e, Yj=1,...k (24)

Given an entire almost-periodic function f with closed and bounded spectrum, a
rectangle in its critical strip will be defined as the intersection of the rectangle x < Re z < x+T,
y1 < Im z < yp, for some T > 0 and sufficiently large values of |y;| and [y,|, with the strip
where the zeros of f are situated, of course, by assuming that the critical strip is parallel to
the real axis. Then, the number of zeros of f(z) in a rectangle in its critical strip will merely be
denoted by N(f(z); x, x + T). Similarly, N(f(z);y,y + T) will denote the number of zeros of
f(z) in a rectangle in its critical strip, provided that the critical strip of f(z) to be parallel to
the imaginary axis. Nevertheless, noticing the change z by —iz transforms the zeros of a strip
parallel to the real axis onto the zeros of a strip parallel to the imaginary axis and conversely,
from now on, we will do our study on those functions by assuming that their critical strips
are parallel to the imaginary axis.

Because our aim is to study the number of zeros of almost-periodic functions, and
noticing these functions, from Bochner’s theorem [2, p. 266], are characterized as uniform
limits of exponential polynomials, we will start by demonstrating a formula of the type (1.10)
assuming that they adopt the normalized form

n
P(z) =1+ D wjel, (2.5)
j=1

where the coefficients w; are nonnull complex numbers and the frequencies y; are positive
real numbers so that

1< pp < <y (2.6)

Then, a normalized exponential polynomial of the form (2.5), not affecting the zeros, will
be considered as a prototype of an almost-periodic function whose definition [6, p. 101] we
recall.

Definition 2.3. An entire function f is said to be almost periodic if and only if for every € > 0
there exists a length [ = [(e) such that every interval b < y < b +1 of length [ on the imaginary
axis contains at least one translation number T associated with € satisfying the inequality

|f(z+it) - f(z)| <e, VzeC. 2.7)

From (2.7), we derive the notion of interval of almost periodicity.

Definition 2.4. Let f be an almost-periodic entire function on C and € > 0. Then, any interval
of length [, I = I(e, f), will be called an e-interval of almost periodicity of f.
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In each interval of almost periodicity of an exponential polynomial P(z), the solutions
of the equations Re P(z) = 0, Im P(z) = 0 have a very special form, as we will prove in the

following result.

Lemma 2.5. Let

n
P(z)=1+ Zw]-e”fz, w; € C\ {0}
i=1

(2.8)

be an exponential polynomial with increasing positive frequencies py < --- < py,. Then, there exist two

real numbers x1, x, such that all the zeros of P(z) are in the strip

Spizy = {z:x1 <Re z < x2}.
Furthermore, for n = 1,2, there exists a value for y, say yo, such that either
{z:ReP(z)=0}n{z:Imz=yo} =0
or
{z:ImP(z)=0}n{z: Imz=yy} =0.
Proof. Since
xli@wP(x +iy) =1,

P(x+1
lim LOEW)
x— +oowne.“n(x“y)

7

for any value of y, there exist x; < 0 < x, such that

|P(z) -1 <1, Vz with Re z<xj,

P(z)
wyetn=

-1l <1, Vz with Re z > x,.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

Hence, P(z) has no zero neither in the half-plane Re z < x1 nor in the half-plane Re z > x».

Consequently, all the zeros of P(z) are situated in the strip

x1 < Re z < x5.

(2.14)
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To prove the second part of the lemma, we will only consider the case Im P(z) = 0 (the
case Re P(z) = 0 is completely similar). In this case, for any positive integer n, the equation
Im P(z) = 0 can be explicitly written as

Ze/‘fx(cx]- sin(u;y) + pjcos(pjy)) =0, (2.15)

=1
where a; = Re w; and f; = Im w;. By defining
Aj(y) = ajsin(pjy) + pjcos(ujy), foreachj=1,...,n, (2.16)

equation (2.15) becomes
n
>l A;(y) =0. (2.17)
=1

On the other hand, it is plain that the set of the zeros of each function A;(y), denoted by B;,

is given by
Bj = {l <.71'k]' - arctan &> ki €Zy, (2.18)
Hi aj

where arctan(f;/a;) is taken as /2 when a; = 0. Since e#'* > 0 for all real x, the case n = 1
easily follows by taking y = vy, for arbitrary yo ¢ B;.

Now, assume that n = 2. If the sets B; and B, are distinct, suppose that there exists
some yo € Bj such that yo € B,. Then, the right-line of equation y = yo does not meet
Im P(z) = 0. Indeed, if for some real x the point (x, 1) satisfies the equation Im P(z) = 0,
then, from (2.17) and taking into account that yo € Bj, it necessarily would have A;(yp) = 0
and, therefore, 1o € By, which is a contradiction. Consequently, the lemma follows for the
value . Finally, we analyse the case B; = B,. This case means that for each integer k; there
exists another integer k, such that

l <.71'k1 — arctan &) = i (Jl‘kz — arctan &), (2.19)
Hi 241 H2 [2%]
and reciprocally. By defining the numbers
e
=

(2.20)
arctan(p1/a1) — p arctan(fz/az)

Jr

b=
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equality (2.19) can be written as
k1 - //lkz = b, (2.21)

which represents an equation with infinitely many solutions for integers ki and k». Let k1, k>
and ki, k;, be integers verifying (2.21). Then, by subtracting in (2.21), one has

(ki ~ k)~ u(ka—K3) =0, (222)

which implies that g must be necessarily a rational number (observe that it means, in
particular, that the frequencies i, o are linearly dependent) and, because of 0 < p1 < pp,
the number p is a positive rational less than 1. On the other hand, since

p2

arctan —
[24]

I
< —

<3 (2.23)

P
arctan —
[24]

7

b is a rational number verifying

Ib] < 1. (2.24)

Now, suppose the value k; = 0 is given. Then, there exists an integer k; satisfying (2.19) and,
according to (2.21), it follows that k; = b. Hence, b is an integer and then, noticing (2.24),
b = 0. Consequently, k; = 0. Since By = By, let y; be the point of B; = B, corresponding to the
values k1 = kp = 0. Then, from (2.18), one has

Y1 = —l arctan & = —l arctan & (2.25)
M1 4l H2 a2

Now, assume that, for any real number y, there exists a value of x such that

{z=x+iy:Im P(x,y) =0} n{z:Im z = y} #0. (2.26)

Thus, in particular, given v, there exists a; such that Im P(ay, y1) = 0. On the other hand, as
the set By = B, is discrete, there exists an open interval (v, y1) such that one has y ¢ Bi = B,
for any y € (v, y1) and, therefore, A;(y) #0 for j = 1,2. Then, by assuming (2.26), if we divide
(2.17) by e/* A1 (y) one has the following property.

For each y € (v, y1), there exists x such that the relation

A
1+ 2(]/) ela—m)x _ 0, (2.27)
Ai(y)

holds.
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Now, by taking the limit in (2.27), when y — v, it follows that the point (a1, y1)
satisfies

A
1+hmfﬁgﬁdmwmh=0 (2.28)
v=u A1 (y)

However, since

m A (y) _ palwn]
vouA(y)  palwl

(2.29)

is positive, by substituting in (2.28), we are led to a contradiction. Consequently, the case
B = B; follows, and the proof of the lemma is now completed. O

When the frequencies are linearly independent, the preceding lemma is valid for
arbitrary n.

Lemma 2.6. Let n be an arbitrary positive integer and

P(z)=1+ iwje”fz, w; € C\ {0} (2.30)
i=1

an exponential polynomial with increasing positive frequencies 1 < -+ < W, forming a linearly
independent set. Then, there exists a value for y, say yo, such that either

{z:ReP(z)=0}n{z:Imz=ys}=0 (2.31)
or

{z:ImP(z)=0}n{z: Imz=y} =0. (2.32)

Proof. For the sake of brevity, we will prove the lemma in the case Im P(z) = 0 (the case
Re P(z) = 0is completely similar). Consider the coefficients w; of the exponential polynomial
P(z), since all them are nonnull, the set | = {1,2,...,n} can be partitioned in the following
four disjoint sets (some of them could be eventually empty)

]E] a,-ZO,ﬂ]->O,

] a]->0,ﬂ]-§0

= { }
{i }
(2.33)
{jeJ:a;<0,p;<0},
{ }

Jo=1j €J:a;<0,p;20j.
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Now, define the numbers

N Ve
a]_zﬂ_, Vie],
(1 ..
gl 1f]€]1,
EI itj e (2.34)
bj = < 8
] § ifje
8/ ] 3,
7 ...
L5/ if j € Ju.

Let us pick an arbitrary real number T and a positive € such that € < 1/4or. Then, by applying
Theorem 2.2, there exists t > T and integers n; such that

|f£1]' —-nj - b]l <g, V] eJ (235)

Hence, by substituting the values of a; and b; in the preceding inequality and multiplying by
2ur, one has

T o
Z+11]-+27rn]-, ifje ],

3% +1j+2mnj, ifje ],
tuj = 4 5 (2.36)

JT .
T +1j+2mnj, ifjeJ;,

7
Tﬂ- +7; +2.ﬂ'1’l]', 1f]€]4

where the 7;’s are real numbers such that [7;| < 1/2. Then, according to the definition of the
Jk's, it is clear that

ajsin(tu;) + pjcos(tu;) >0, Vje]. (2.37)
Consequently,
n
Im P(x,t) = Y e (ajsin(ujt) + f;cos(pjt)) >0, Yx€R, (2.38)
j=1
and then the lemma follows by taking v = t. O

Corollary 2.7. Let

P(z) =1+ iwje”fz, w; € C\ {0} (2.39)
j=1
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be an exponential polynomial with increasing positive frequencies py < --- < p, forming a linearly
independent set. Then, there exist infinitely many rectangles { Ry} in the critical strip of P(z) such
that either Re P(z) or Im P(z) is always positive at every point of the sides of each Ry that are parallel
to the real axis.

Proof. By applying Lemma 2.5, determine the right lines of equations x = x;, x = x; that
define the strip x; < Re z < x» where all the zeros of P(z) are comprised. Let m be an arbitrary
integer, by taking T; = m and by applying Theorem 2.2, just as we have done in Lemma 2.6,
we determine a value t,, > T; such that Im P(x,t,) > O for all x € R. Now, again from
Theorem 2.2, for T, = t,, there exists a value t,,,1 > T, such that Im P(x,t,,+1) > 0. Then, the
four right lines of equations x = x1, y = t,;, X = X, Y = t;41 define a rectangle, say R,,, such
that Im P(z) is positive when z lies on any of the sides of R,, that are parallel to the real axis.
By reiterating this process, we will obtain the infinitely many rectangles { Ry : k > m} desired.
A completely analogous result we would have obtained if we had considered Re P(z) instead
of Im P(z). Our corollary is then proved. O

3. A Class of Almost-Periodic Functions with Bounded Spectrum
Containing the Partial Sums of the Riemann Zeta Function

In this section, we are going to generalize the preceding results to the class of almost-periodic
functions f(z) with bounded spectrum having the property of the existence of some value of
y =Im z, say yo, such that either Re f(x,yo)#0 or Im f(x,yo)#0 for all x € R. By denoting
this class by £, it follows that «# s is nonvoid. Indeed, from lemmas 2.5 and 2.6, «## s contains
all exponential polynomials of degree n = 1,2 with increasing positive frequencies and all
exponential polynomials of arbitrary degree with linearly independent positive frequencies.
Then, in particular, G2(z) = 1 + 27 belongs to «£, and, since the frequencies log 2 < log 3 are
linearly independent, the function G3(z) = 1+27+37 is also in the class «# 5. However, although
for any n > 4, the frequencies log 2 < log 3 < --- < log n are always linearly dependent, all
the approximants

Gu(z)=1+2°+---+n” (3.1)

of the Riemann zeta function {(z), in the half-plane Re z < -1, belong to the class <4s.
Likewise, all the derivatives of G,(z) are in the class «#£s. To see that it is enough to check
that for the value yo = 0, Re G;k) (x,0) >0, forallx € Rand every k =0,1,2,.... Then, we are
going to obtain our formula to count the zeros of the functions G, (z) as a consequence of a
general result on the functions of the class /.

Theorem 3.1. Let f(z) be a function of the class #s. Then, there exist infinitely many rectangles
{Rx} in the critical strip of f(z) such that the number of zeros inside each rectangle R, N (f(z); R),
satisfies

N(F@iR) - %] <2, (32)

where y denotes the difference between the upper and the lower bounds of the spectrum of f(z) and hy
is the height of Ry.
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Proof. As f(z) is an entire function of exponential type with bounded spectrum, from the
Bohr theorem [2, p. 270], its zeros are all in a critical strip which we can suppose parallel to
the imaginary axis (otherwise, we would consider the function g(z) = f(iz)). Hence, without
loss of generality, we can assume the existence of two real numbers x1, x> such that all the
zeros of f(z) are located in the strip

{z:x1 <Re z<xy}. (3.3)

On the other hand, since f(z) is an almost-periodic function, let 372, Aje!i* be the
Dirichlet series [7, p. 77] associated with f(z), denoted by

f(z) ~ Z;Ajew. (3.4)
o

Then, the set of the Fourier exponents of the above series, also called Dirichlet exponents,
{nj:jeNy, (3.5)

forms the spectrum of f(z), say Sy(.). Now, because the lower and the upper bounds of the
spectrum of f(z) enter in the spectrum, let us define

i Emin{‘l/l]' 1j€ N},
Hoo = max{p; : j € N}, (3.6)
W= pos — i1,

with p1, poe € Sy. Then, by considering the two almost-periodic functions

Aemz A etz

fz) fe) (3.7)

-4

from (3.4), it follows that these functions have associated Dirichlet series

& Ajn 2 Aj

2 e g

e(,“/#l*,uoo)z, (38)
j=1 1 j=1

respectively. Now, as the Dirichlet exponents of the above series, pj1 — p1 and pji1 — po, are
strictly positive and negative, respectively, because of [7, Theorem 3.21], the functions

f@ f@ (3.9)

Ajerz A et
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tend to zero as Re z — -oo and Re z — +oo uniformly with respect to y, respectively.
Therefore, there exist two reals a, b with a < x; < x» < b such that

‘ f(z) -1 <1, for Rez<a,
Aqetz
(3.10)
fz) -1{<1, for Rez>b.
Ay eto?

On the other hand, as f is of class 43, let yo be a value of y = Im z such that, for instance,

Im f(x+iy)) >0, VxeR. (3.11)

Then, from continuity, given the interval K = [a, b] there exists > 0 such that

Im f(x+iy)) 26, VYxeK. (3.12)

Now, from Definition 2.4, by taking e1 = 6/2, let (0, ;) be the e;-interval of almost periodicity
of f(z), with [; > 0. Then, Definition 2.3 involves the existence of a translation number 7; €
(0, 1) such that

|f(z+im) - f(z)| <e1, Vz=x+iyy, with x € K. (3.13)
According to (3.12), inequality (3.13) implies

Im f(x+i(yo+7)) >€e1, YxeKk. (3.14)

Then, the four right lines of equations x = a, y = yo, x = b, y = yo + 71 define a rectangle
S1 such that, from (3.12) and (3.14), Im f(z) is positive when z lies on any of the sides of S;
parallel to the real axis. Furthermore, from (3.10), one has f(z) # 0 on the sides of S; parallel
to the imaginary axis.

As above, by now taking e, = 6/ 22 in the e;-interval of almost periodicity of f, (0,1»),
with I > 0, there exists a translation number 7, € (0, ;) such that

|f(z+im) - f(2)| <€, Vz=x+i(yo+m), withx € K. (3.15)
Then, inequalities (3.14) and (3.15) imply

Im f(x+i(yo+T1+7)) > e, VYxeK. (3.16)

Therefore, the four right lines of equations x = x1, ¥y = yo + 71, X = X2, Y = Yo + T1 + T» define
a rectangle S, such that Im f(z) is positive on the sides of S that are parallel to the real axis,
and f(z) #0 on the sides of S that are parallel to the imaginary one. Then, continuing in this
way, we obtain a family of rectangles

{Sk: k €N}, (3.17)
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with the property consisting of Im f(z) > 0 on the sides that are parallel to the real axis and
f(z) #0 on the sides that are parallel to the imaginary one, for each rectangle Si. Now, the
intersection of each Sy with the critical strip of f, defined by (3.3), is a new rectangle, say R.
Then, we claim that the set

{Ri : k € N} (3.18)

is the desired family of rectangles. Indeed, firstly, we observe that the number of zeros of f(z)
inside each rectangle Ry is equal to the number of zeros inside each rectangle Si. Secondly, Ry
and Sk have the same height hi. Then, the variation of the argument of f(z) on each rectangle
Sk is held to the following considerations:

(1) since Im f(z) > 0 on the sides of S that are parallel to the real axis, the variation of
the argument of f(z) on these sides is less than ur;

(2) from (3.10), the variation of the argument of f(z) on each side of Si defined by the
linesx =aand x = b is

Hihe +©,, with |9,] <,
(3.19)
#oohk +Op, with || <,

respectively. Therefore, noticing the previous considerations, the total variation of
the argument of f(z) on each rectangle Sk is

(/f‘oo - /,tl)hk + (Df(z),k/ with |(Df(z),k| < 4. (320)

Consequently, the number of zeros of f(z) inside each <45 satisfies the inequality

N(f(z); R¢) - % <2. (3.21)

Therefore, the Ry’s are the desired rectangles, as we claimed. Now, the proof of the
theorem is completed. O

Corollary 3.2. The critical strip associated with each partial sum of the Riemann zeta function on the
half-plane Re z < -1, G,,(z) = 1+2%+---+n*, n > 2, can be partitioned in infinitely many rectangles
{Rx : k € Z} such that the number of its zeros inside each rectangle R, N (G, (z); Rk), satisfies

hiInn

N(Gn(2); Ri) - ——

<2, (3.22)

where hy is the height of Ry.
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Proof. Firstly, from Lemma 2.5, for each integer n > 2, there exist two real numbers a,, b, such
that the critical strip of the zeros of G, (z) is defined by

SG,(z) = {2z an <Re z < b,}. (3.23)

Now, starting from vy = 0 and taking into account that G,(z) € <45, determine the family of
rectangles {Rx : k =0,1,2,...} whose existence is guaranteed from the preceding theorem. It
is plain that this family of rectangles forms a partition of the upper critical strip

{z €56,z :0<Im z}. (3.24)

Now, defining the rectangle R_i as the conjugate of Ri_; for k = 1,2,. .., the desired partition
of Sg,(z) is formed by the rectangles of the family {Ry : k € Z}. Finally, noticing G,(z) = 0 if
and only if G,(Z) = 0, one has

N(Gn(Z),'R,k) = N(Gn(z)l Rk*l)/ k= 1/2/ ceey (325)

and, since the set {Ink : 1 < k < n} is the spectrum of each G,(z), inequality (3.22) follows.
The corollary is then proved. O
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