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1. Introduction

Let C be a nonempty subset of a Banach space X. A mapping T : C — C is said to be
(i) asymptotically nonexpansive [1] if there exists a sequence {k,} in [0, o) such that
k., — 0and

|7 ~T7y]) < 1+ k-] 1)

forallx,ye Candn >1;
(ii) asymptotically quasi-nonexpansive [2] if F(T) = {p € C: Tp = p} # 0 and there exists a
sequence {k,} in [0, o0) such that k, — 0 and

I~ pll < 1+ k) - p (12)

forallxeC,pe F(T)andn>1;



2 Abstract and Applied Analysis

(iii) generalized asymptotically nonexpansive if there exist sequences {k,}, {I,} in [0, oo)
such that k,, [, — 0and

|T"x - T"y|| < 1 +ky)||x -y +1n (1.3)

forallx,ye Candn > 1;

(iv) generalized asymptotically quasi-nonexpansive [3] if F(T) # @ and there exist sequences
{ku}, {L,} in [0, 00) such that k,, [, — 0and

|IT"x - p|| < A +kp)||x - pl| + 1 (1.4)

forallx e C,pe F(T)and n > 1.

Many researchers have paid their attention on the approximation of a fixed point of a
single mapping or a common fixed point of a family of mappings. One effective way is to use a
sequence generated by an appropriate iteration. In this paper, we propose a general and short
principle for proving some convergence results of certain types of iterative sequences. We
also discuss and correct a small gap in the recent paper by Imnang and Suantai [4]. In the last
section, we give a remark on the generalized asymptotically quasi-nonexpansive mapping in
the sense of Lan [5].

Let {T;}Y, be a finite family of self-mappings of a closed convex subset C of X. The
sequence {x,} is generated from x; € C, and

n
Yin = alnTl Xn t+ ﬁlnxn + YinUin,

Yon = “ZnTznyln + ﬁann + Y2nUon,
(15)

Y(N-1)n = OC(N—1)an\’r_1y(N—2)n + ﬂ(N—l)nxn + Y(N-1)nU(N-1)ns

Xni1 = AN T NY(N-1)n + PNnXn + YNnlUNR,

where {u1,}, {uon},..., {unn} are bounded sequences in C, and {ai,}, {fin}, and {yin} are
sequences in [0, 1] such that aj, + fin + yin =1 foralli=1,2,...,Nand n > 1.

2. Main Results
2.1. Sequences of Monotone Types (1) and (2)

Definition 2.1. Let {x,} be a sequence in a metric space (X, d) and F a subset of X. We say that
{x,} is of

(i) monotone type (1) with respect to F [6] if there exist sequences {r,} and {s,} of
nonnegative real numbers such that >,;7; 7, < 00, >ipy Sy < 00 and
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d(xn1,p) < (1 +1,)d(x,p) + Sn (2.1)

foralln>1landp € F;

(ii) monotone type (2) with respect to F if for each p € F there exist sequences {r,} and
{sn} of nonnegative real numbers such that 377 7, < 00, 3,721 Sn < o0 and

d(xni1,p) < (1 +1,)d(x,p) + Sn (2.2)

foralln >1.

Proposition 2.2. If {x,} is of monotone type (1) with respect to F, then it is of monotone type (2)
with respect to F.

Lemma 2.3 ([7, Lemma 1]). Lef {a,}, {b,}, and {a,} be sequences of nonnegative real numbers

such that

a1 < 1 +ay)a,+b,, n>1. (2.3)

If >, an <ooand > b, < oo, then lim, _, o, ay exists.

Theorem 2.4. Let (X, d) be a complete metric space, F C X, and {x,} a sequence in X. Then one has
the following assertions.

(a) If {xn} is of monotone type (2) with respect to F, then lim,, _, od (x,, p) exists forall p € F.
(b) If {x,} is of monotone type (1) with respect to F, then lim,, _, o,d(x,, F) exists.

(c) If {x,} is of monotone type (1) with respect to F and liminf, _, .d(x,, F) = 0, then x,, —
p for some p € X satisfying d(p, F) = 0. In particular, if F is closed, then p € F.

Proof. (a) It is easy to see that the result follows from (2.2) and Lemma 2.3.

(b) Note that {r,} and {s,} are independent of p € F. Taking infimum over all p € F in
(2.1) gives

d(xp1, F) < (1 +ry)d(xy, F)+s, VYn>1. (2.4)

Again, by Lemma 2.3, we get that lim,, _, ,.d(x,, F) exists.
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(c) It follows from (b) and lim inf, _, ,d(x,, F) = 0 that
lim d(x,, F) = 0. (2.5)

To show that {x,} is a Cauchy sequence, let £ > 0. Since lim,, _, ,d(x,,, F) = 0, we may assume
without loss of generality that there is a sequence {p,} in F such that d(x,, p,) < £/4 for all
n>1. As {x,} is bounded, we put M = sup{d(x,, pn) : m,n > 1}. From (2.1), we have

d(xne,pr) < d(xn,pr) +tn Yn,k>1, (2.6)

where t,, = r, M + s,. Consequently,

n+k—1 o0
€
d(xnskc, Pn) < d(Xn, pn) + ]:Zn tj < 1t ]':Zntj Vn, k> 1. (2.7)

Notice that 3,77, t, < co. So there exists N > 1 such that 3,2 \ t, < £/2. Then foralln > N, k >
1, we have

d(Xnik, Xn) < d(Xnik,Pn) + A (Xn, pn) <€ (2.8)

Hence, {x,} is a Cauchy sequence in X. By the completeness of X, we assume that x, — p
for some p € X. Since

|d(x,, F) = d(p, F)| < d(xn,p) — 0, (2.9)

we obtain d(p, F) = 0. This completes the proof. O

2.2. A Correction of Recent Results of Imnang and Suantai
The following observation is an auxiliary result.

Proposition 2.5. Let C be a nonempty subset of a Banach space X, and let Ty, T, ..., Tn : C — C
be N generalized asymptotically quasi-nonexpansive mappings with F := (N, F(T;) # 0. Then there
exist sequences {ky}, {1,} in [0, 00) such that k,, 1, — 0and

ITx = p|| <@ +ka)|lx=p|| +1n, (2.10)

forallxeC,pe Fn>1,andi=1,2,...,N.

From now on, we assume that N generalized asymptotically quasi-nonexpansive
mappings T1,T»,...,Tn : C — C are equipped with the sequences {k,}, {I,} in [0, o) as
mentioned in the preceding proposition.
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Theorem 2.6. Let C be a nonempty closed convex subset of a Banach space X, and {T1,T5,..., TN}
a finite family of generalized asymptotically quasi-nonexpansive self-mappings of C with the sequence
{(kn, 1,)} such that ¥ k, < oo and 32 1, < co. Assume that F := (X, F(T;) #0 is closed, and
{x,} is the sequence in C defined by (1.5) such that >,,-; Yin < oo foreachi=1,2,...,N. Then the
sequence {x,} converges strongly to a common fixed point of the family of mappings if and only if
liminf, . d(x,, F) =0.

Remark 2.7. There is a small gap in [4, Theorem 3.2]. More precisely, the sequence {x,}
generated by (1.5) is shown in [4, Theorem 3.2] to be of monotone type (2) with respect
to F, that s, [|x1 — pl < (1 + ky)N ||, — p|| + exn where each ey, is a nonnegative real number
depending on p. Then the expression d(x.1, F) < (1 + kn)N d(x,, F) + ex, cannot warrant.

Remark 2.8. The same gap also appears in [8, Lemma 2.3] and [6, Theorem 3.2].

Proof of Theorem 2.6. Necessity is obvious. Conversely, we show first that {x,} is of monotone
type (2) with respect to F. Let p € F. We have that

lyin =l = |atn T % + Praxn + yintian = p||
< a1 || T %0 = pl| + Bual26n = Pl + yin]| 110 — p|
< (@i + Pin) 1+ k) |20 = p|| + @1nln + yin || w10 = p|
(2.11)

< (1+ka)||%n = || + i, (2.12)

where Tm = A1plp +Yinllu1, —pl. Notice that 377, I, < oo and {u1, } is bounded. Then ;7 Tln <
oo. It follows from (2.12) that

ly2n =Pl < @20 || T3 y10 = Pl + Ban|| %0 = p|| + Y2n||t2n — p||

< aon(1+kn) ||y1n = p| + @2uln + Bon|| 20 = p| +y20 || 20 — P

, - (2.13)
< (a2 + o) (14 k) [ = | + 2 (1 k)i + 1) + Y1420 = p |

< (1 +kn)?||xn = p|| + Lns

where L, = @y (1+kn) L+ 1) +Yan | tan—p|l. Notice that 372, ky < 00, 552 I < 00, 252 Iy < 00
and {uy,} is bounded. Then 77, I», < oo. By continuing this process, there is a sequence {Ix, }
of nonnegative real numbers such that > ; I, < oo and

%1 =2l < A+ k)™ |20 = p| + Tkn- (2.14)
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Then {x,} is of monotone type (2) with respect to F. By Theorem 2.4(a), we get that
limy, —, - ||x,, — p|| exists and {x,} is bounded. Next, we show that {x,} is of monotone type
(1) with respect to F. It follows from (2.11) that

[y1n = pll < (@n + Pra) L+ k) 30 = pl| + @1l + yin |1 = p|
< (“171 + ﬁln)(l + kn) ”xn - P” + alnln + Yln(”xn - P” + ||xn - uln”) (215)

< (1 + kn)”xn _P“ +Tlnl

where l~1n =a,l, + y1n||xn u1,|]. Notice that {u1,}, {x,} are bounded and >, ; I, < co. Then
p s 11n < o and {h,} is independent of p. Again, by continuing this process, we obtain a

sequence {Txn} of nonnegative real numbers such that it is independent of p, 3,7, lin <
and

%1 = p|| < 4+ k)™ |20 = p|| + Ik (2.16)
foralln >1and p € F. Then {x,} is of monotone type (1) with respect to F. Hence the result

follows from (2.16) and Theorem 2.4(c). This completes the proof. O

Remark 2.9. Theorem 2.4 is a correction of [4, Theorem 3.2]. In fact, the closedness of F is not
assumed there (this defect is now corrected after the submission of this article). Moreover, it
is shown in the following example that the fixed point set of a generalized asymptotically
nonexpansive mapping is not necessarily closed even in a Hilbert space.

Example 2.10 (A generalized asymptotically nonexpansive mapping whose fixed point set is
not closed). LetT :[-1/2,1/2] — [-1/2,1/2] be a mapping defined by

. 1
X, if x e [_E' 0),

Tx = 411’ if x=0, (2.17)
1
2 if -
x°, if x € (0, 2].

Then T is generalized asymptotically nonexpansive.

Proof. Notice that F(T) = [-1/2,0) is not closed. We prove that

|T"x - T'y| < [x-y| + (2.18)

22"

for all x,y € [-1/2,1/2] and n > 1. The inequality above holds trivially if x = y = 0 or
x,y € [-1/2,0). Then it suffices to consider the following cases.
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Case 1 (x,y € (0,1/2]). Then

n n 1
|T"x - T"y| = 'x2 _— | < 5 (2.19)
Case 2 (x € [-1/2,0) and y = 0). Then
T'x - T'y| = < + ! 2.20)
T"x =T"y| = |x = 5 | < |x~y[+ 5 2
Case 3 (x € [-1/2,0) and y € (0,1/2]). Then
|T"x - T"y| = |x—y2"| <|x-yl. (2.21)
Case 4 (x =0and y € (0,1/2]). Then
Tn Tn _ 1 2" 1
|T"x - T"y| = 57 Y §|x—y|+27. (2.22)
Hence, (2.18) holds. This completes the proof. O
Remark 2.11. For T which is defined in Example 2.10 and x; € (0,1/2], we define
Xni1 = T2y + (1 = o) Xy, (2.23)

where 0 < a < a, <1and n > 1. Itis not hard to show that x,, — 0¢ F(T) and d(x,, F(T)) —
0. Hence [4, Theorems 3.2 and 3.6] do not hold even for a single mapping if the closedness of
the fixed point set is not assumed.

We present a sufficient condition guaranteeing the closedness of the fixed point set of
a generalized asymptotically quasi-nonexpansive mapping.

Theorem 2.12. Let C be a nonempty subset of a Banach space X and T : C — C a generalized
asymptotically quasi-nonexpansive mapping. If G(T) = {(x,Tx) : x € C} is closed, then F(T) is
closed.

Proof. Let {p,} be a sequence in F(T) such that p, — p. Since T is a generalized
asymptotically quasi-nonexpansive mapping with the sequence {(k,,[,)}, we have
IT"p =pll < IT"P = pull + llpw —

(2.24)
< (L+ ko) |lp = pall + 1u + |l = pll — 0.

Then T"p — p, and so T(T"p) = T""'p — p. Hence, by the closedness of G(T), Tp = p. This
completes the proof. O
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Remark 2.13. 1t is also worth mentioning that the (L — y) uniform Lipschitz condition of
mappings in [4, Theorems 4.2 and 4.3] implies the closedness of their graphs.

The following result shows that the closedness of G(T) can be dropped if T is
asymptotically quasi-nonexpansive.

Theorem 2.14. Let C be a nonempty subset of a Banach space X, and T : C — C an asymptotically
quasi-nonexpansive mapping. Then F(T) is closed.

Proof. Suppose that T is an asymptotically quasi-nonexpansive mapping with the sequence
{kn}. Let {p,} be a sequence in F(T) such that p, — p. We have

ITp - pll < ITp = pull + lpn - Pl

(2.25)
<A +k)|lp=pull + lpn - p|| — 0.

Then Tp = p. This completes the proof. O

Remark 2.15. Not every generalized asymptotically quasi-nonexpansive mapping is asymp-
totically quasi-nonexpansive. In fact, the mapping T in Example 2.10 is not asymptotically
quasi-nonexpansive since F(T) is not closed.

3. Remark on Lan’s Generalized Asymptotically
Quasi-Nonexpansive Mappings

The following mapping introduced by Lan [5] also bears the name generalized asymptoti-
cally quasi-nonexpansive mappings. We recall his definition here.

Definition 3.1 (see [5, Definition 2.1(4)]). Let C be a subset of a Banach space X. A mapping
T : C — C is called generalized asymptotically quasi-nonexpansive in the sense of Lan if there
exists two sequences {r,} C [0,00) and {s,} C [0,1) such thatr,,s, — 0and

|IT"x = p|| < A +10)||x = p|| + sullx = T"x|| (3.1)

forallx e C,pe F(T),and n > 1.

Lan [5] and many authors (e.g., [8-11]) have investigated convergence theorems for
such mappings without awareness that Lan’s mappings are not new ones.

Proposition 3.2. If T : C — C is generalized asymptotically quasi-nonexpansive in the sense of Lan,
then it is asymptotically quasi-nonexpansive.

Proof. By Lan’s definition, there exist two sequences {r,} C [0, o0) and {s,} C [0,1) such that
Tn, S, — 0and

IT"x - p|l < @ +ra)|x = p|| + sullx — T"x|| (3.2)
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forall x € C,p € F(T), and n € N. Consequently,

IT"x = pll < (L +r)|lx = pll + su([|x = pl| + [[T"x = p])- (33)
This implies
n 1+r,+s, _ Tn + 28, B
IT"x = pll <« =5~ llx-pll = <1+m>”x Pl (3.4)
It is also clear that (r,, +2s,)/(1 - 5,) — 0 and this completes the proof. O
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