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1. Introduction

An increasing interest has been developed in recent years to determine the decay behavior
of the solutions of several elasticity problems. It is known that combining the elasticity
equations with thermal effects provokes stability of solutions in the one-dimensional case
[1]. Several results concerning the exponential or the polynomial decay of solutions for the
thermoelastic systems were obtained by [2-6].

A sample model describing the one-dimensional porous-thermo-elasticity, which was
developed in [7, 8], is given by the following system:

Uy = Plxy + by — POy, in (0,L) xR,
JUy = aUxy — by —év+mb —tv;, in (0,L) x RY, (1.1)
€O = K0xx — Py —muv;, in (0,L) x RY,
where t denotes the time variable, x is the space variable, the functions uis the displacement,
v is the volume fraction of the solid elastic material, and the function 0 is the temperature

difference. The coefficients p, p, J, &, ¢, T, ¢, and «x are positive constants. b is a constant such
that b* < p¢.
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Casas and Quintanilla [7] considered the above system and used the semigroup theory
and the method developed by Liu and Zheng [4] to establish the exponential decay of the
solution under the boundary conditions of the form

u(x,t) = ve(x,t) =0,(x,t) =0, x=0, L, t€(0,00). (1.2)
Soufyane [9] considered the following system:
U = Uxx +Ux — Oy, in (0,L) xR,

t
Uy = Ugy — Uy — U+ 0 — I g(t —s)vxx(s)ds, in (0,L) x RY,
0
— — — > +
et - Gxx Uyt Uy, m (0/ L) X R 7 (13)
u(x/ 0) = uO(x)’ ut(x/ 0) = ul (JC), U(xr 0) = Uo(x)r
vt(xr 0) = vl (.X'), G(JC, O) = eo(x)/
u(0,t) = u(L,t) = v.(0,t) = v (L,t) =0(0,¢) =0(L,t) =0, t>0.
He proved that the solution of (1.3) decays exponentially if the function g decays exponen-

tially, and the solutions (1.3) decay polynomially if the function g decays polynomially.
Recently Pamplona et al. [10] considered the follwing system:

puy = pPlxx + bx = PO + Yllx, in (0,7) xR,
Jou = avy —bu, — v +mb, in (0,7) x R*,
€Oy = KOxx — Py —mo;, in (0,1) x RY,
(1.4)
u(x,0) = u’(x), u(x,0) = u'(x), v(x,0) = v0(x),
v:(x,0) = v'(x), 0(x,0) = 0%x),
u(0,t) = u(mx,t) =v(0,t) = v(r,t) = 0,(0,t) = O (o, t) =0, t>0.

They proved that the system is not exponential stable, and they showed that the solution

decays polynomially.
In this paper we are concerned with the following model:

pUtt = Py + box — fOx, in (0,L) xR7,
JUy = AUy — buy —év+mb, in (0,L) x R*, (1.5)

€O = K0y — Puyy —moy, in (0,L) x RY,

with the initial conditions

u(x,0) = u’(x), u(x,0) = u'(x), v(x,0) = v°(x),

(1.6)
v:(x,0) = v'(x), 0(x,0) = 0%x),
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and the boundary conditions

u(0,t) =v(0,t) =0(0,t) =0(L,t) =0, t=>0, (1.7)

u(L,t) = —It g1 (t = s)[pux(L, s) + bu(L,s)]ds, (1.8)
0
¢

v(L,t) = —j D (t - s)avy (L, s)ds. (1.9)
0

Our main interest concerns the asymptotic behavior of the solution of the system above. That
is, whether the dissipation given by the boundary memory effect is strong enough to stabilize
the whole system. And what type of rate of decay may we expect (exponential decay or
polynomial decay?). We obtain an exponential decay or polynomial decay result under some
conditions on g; (i = 1,2). Our proof is based on the multiplier techniques.

This work is divided into four sections. In Section 2 we introduce some notations and
some material needed for our work. In Section 3 we state and prove the exponential decay of
the solutions of our studied system. Section 4 is devoted to the polynomial decay.

2. Preliminaries

In this section we introduce some notations and we study the existence of regular and weak
solutions to system (1.5)—(1.9). First, we will use (1.8) and (1.9) to estimate the boundary
terms uy (L, t) and v, (L, t).

Defining the convolution product operator by

t
(&*p)(t) = f g(t=s)p(s)ds, (2.1)
0
and differentiating equation (1.8) we obtain

LI L
uuy (L, t) + bo(L,t) + m(g1 xu)(L,t) = 200 w, (L, t) Vt>0. (2.2)

Applying Volterra’s inverse operator, we get

puux (L, t) + bo(L, t) = —L[ut(L, t) + (ky*u)(L,t)], Vt>0, (2.3)
81(0)

where the resolvent kernel k; satisfies

ki(t) + L(g{ *ky)(t) = -

=0 ). (2.4)

o
(0%
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Denoting by 171 = 1/1(0), we arrive at
pux(L,t) + bo(L, t) = -1 [us(L, t) + k1 (0)u(L, t) — ki (H)u(L,0) + (ky * u)(L,1)], Vt>0. (2.5)
A similar procedure leads to

avy(L,t) = —mp[vi(L, t) + ka(0)v(L, t) — ka(£)v(L,0) + (ky *x v) (L, t)], Vt>0, (2.6)

where 17, = 1/$(0).

Reciprocally, taking, in a natural way, the initial data u’(L) = v°(L) = 0, the identities
(2.5) and (2.6) imply (1.8) and (1.9).

Since we are interested in relaxation functions of exponential or polynomial type and
identities (2.5)-(2.6) involve the resolvent kernels k; (i = 1,2), we want to know if k; has the
same properties. The following lemma answers this question. Let h be a relaxation function
and k its resolvent kernel, that is,

k(t) — (k = h)(t) = h(t). (2.7)

Lemma 2.1 (see [11]). If h is a positive continuous function, then k is also positive and continuous.
Moreover,
(1) If there exist positive constants cy and y with cy < y such that

h(t) < coe™, (2.8)

then the function k satisfies

CO(Y B 6) —et
k(t) < € 29
s - 29)
forall0 < e <y —co.
) If
t

cpi=sup| 1+HP(A+t-5)P(1+5s)Pds < +oo, (2.10)

teR+J 0
for a given p > 1 and if there exists a positive constant cy with cocp < 1, for which
h(t) <co(1+1)7F, (2.11)

then the function k satisfies

€o

k(t) < 1+8)7F. (2.12)

1-cocp
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Based on Lemma 2.1, we will use (2.5)-(2.6) instead of (1.8)-(1.9). We then define

t
(§09)(t) = foga ~9)lpt) - p(s)ds,

t (2.13)
(5 © )= [ (t=9)p0) ~p(o)ds.
By using Holder’s inequality for 0 < y <1, we have

g OF < ([ 13 ds ) dgPop)o. 214)

0

Lemma 2.2 (see [12]). If g, ¢ € CY(R"), then

1 1, 1d f

(g + )9 = ~380lp0F + 3509~ 3 3 (s00- ([ sas)wrf).  @15)

3. Exponential Decay

In this section we study the asymptotic behavior of the solutions of system (1.5)-(1.9), when
the resolvent kernels k; (i = 1,2) satisfy, for y; > 0, the following conditions:

ki(0) >0, ki(t) >0, ki(t) <0, ki (t) = —yiki(t). (3.1)

These assumptions imply that k; converges exponentially to 0, that is,

0 < —ki(t) < Ce™. (3.2)
We define the first-order energy of system (1.5)—(1.9) by
1 2 2 2 2
E(t) = 5| [plut(x, O + Jloi(x, O + cl0(x, O + plux (x, )] dox
0
L
+ %f [alox(x, £) + Elo(x, £)2 + 2bux (x, Do (x, 1) dx (3.3)
0
m 2 ’ 2 2 /
+ L e (0 (L, 1) - (0 o) (L, 1) + 2 (o (027 (L, 1) - (Ry00) (L, ).

In the sequel we define by V; := {u € H'(0,L) : u(0) = 0}. We are now ready to state our first
result.
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Theorem 3.1. Given ((1,u}), (v°,v1),8°) € (Vi x L2(0,L))* x L2(0, L)), assume that (3.1) holds
with

sup (ki(t)) small enough. (3.4)

tety,00]
Assume further that b is a small number, then the energy E satisfies the following decay estimates:
E(t) < ciE(0)e™, if u’(L) =2°(L) = 0. (3.5)

Otherwise,
t t
E(t) < ciE(0)e (1 + f k2 (s)e“sds + J kg(s)emds), (3.6)
0 0

where ¢y and w are positive constants independent of the initial data.

Proof. The main idea is to construct a Lyapunov functional £(t) equivalent to E(t). To do this
we use the multiplier techniques. The proof of Theorem 3.1 will be achieved with the help of
a sequence of lemmas. O

Lemma 3.2. Under the assumptions of Theorem 3.1, the energy of the solution of (1.5)—(1.9) satisfies

dE _ —Kf 10, Pdx - 1 '11 WL+ 1 kz(t)|u°(L)|
+ () u(L, D = T (kou) (L, )
(3.7)
- Lo+ Zroptwr

+%k’2(t)|v(L,t)|2 2 (k1ov)(L, 1).

Proof. Multiplying first equation of (1.5) by u;, multiplying second equation of (1.5) by v; and
third equation of (1.5) by 6, and integrating by parts over [0, L], we obtain

I (p|ut| +y|ux| )dx = —bf U vdx +[5f Ux0dx + [puy (L, t) + bo(L, t)Ju (L, t),

2dt
d L
Zdtf (]|vt| + a|vx| + §|v| )dx = —bJ Vil dx + m thdx + av,(L)vy (L), (3.8)
d 10Pdx = - |9 Pd 9 d 9 d
oFT c X =—-K x—-m vrdx — p Uyrdx.
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By a summation of these three identities, we get

I (pluel” + pluc? + JIoe + alon + &0l + |6 + 2bu,v)dx

2dt
(3.9)
_Kf |9x|2dx + [,uux(L/ t) + bU(L/ t)]ut(L/ t) + “UX(L/ t)vt(L/ t)/
0
using (2.5), (2.6), and Lemma 2.2, we obtain
‘;—f < xf 10, Pdx - B Lz (L, ) + T L1 ()l o)
M., > M,y
= ki Olu(L, " = = (kjou) (L, 1)
(3.10)
2 .- 0
- —Ut (L 1) + Tk (Do (L)
+ fk’z(t)lv(L, B2 - %(k;’ov)(L, ),
which ends the proof of Lemma 3.2. O

Lemma 3.3. Under the assumptions of Theorem 3.1, the energy of the solution of (1.5)—(1.9) satisfies

L L
%f (2xuy + (1 — go)u) pusdx + %’[ 2xvy, + (1 — g9)v) Judx
0 0

L (2 _ 50) L L
—50f putdx - yf uldx —2b(1 - EO),[ uyvdx
0 2 0 0 (3.11)
L _ L L
- gof Jotdx — Maf vidx + Cf 62dx
0 2 0 0
+ (1 - eo)pu(L)uy(L) + pLutz(L) + yLui(L) — (1 = g9)av(0)v,(0),
where € is a small positive number.
Proof. We multiply first equation of (1.5) by 2xu, + (1 — £o)u to obtain
d L
EI (2xuy + (1 — go)u) pusdx
’ (3.12)

L L
(2xupy + (1 — €0)us) pupdx + J‘ (2xuy + (1 — €0)u) (Huxx + by — POy )dx.
0 0
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Integrating by parts, we get
d (L L L L
—I (2xuy + (1 — go)u) pusdx = —sof pufdx -2- So)ﬂJ‘ uidx + bI 2XU,Uxdx
dat} 0 0 0
L
-b(1- so)’[ uxvdx + (1 — eo)pu(L, t)u, (L, t) + pLutz(L, t)
0

L
+ yLui(L,t) - ﬂfo (2xuy + (1 — £0)u)0,dx.
(3.13)

Similarly, we multiply second equation of (1.5) by 2xv, + (1 — £9)v and integrate over ]0, L[,
using integration by parts, to arrive at

L L L L
%J‘ 2xv, + (1 — g9)v) Jopdx = —sof ]vtzdx -(2- 50)af v2dx + EoJ‘ &v?dx + aLvtz(L, t)
0 0 0 0

+ yvaC(L, t) — eLv*(L,t) — (1 - go)av (L, t)vy(L,t)

- be(vax + (1 - gy)v)udx + me(vax + (1 - ¢g)v)0dx.
’ ’ (3.14)

Summing the above two identities and using Poincare’s and Young’s inequalities and taking
g9 small, we deduce that

L L
iJ‘ (2xuy + (1 — go)u) puydx + ij (2xvy + (1 — €9)v) Jurdx
dat), at),

L (2 _ 50) L L
< —soj purdx — ‘u'[ uldx —2b(1 - 50)_[ uyvdx

0 2 0 0
L B L L (3.15)

- SOJ‘ Jotdx — Md[ vidx + CJ‘ 62dx
0 2 0 0

+ (1 - o) pu(L, t)uy (L, t) + pLu?(L, t) + uLu> (L, 1)

- DCL’UtZ (L, t) + ‘uLUJZC(L, t) — ¢Lv*(L,t) + (1 - go)av (L, t)vy (L, t).

The proof of Lemma 3.3 is completed. O

Now, we introduce the Lyapunov functional. So, for N > 0 large enough, let

L(t) = NE(t) + I;(qux + (1 - eo)u)pusdx + J‘z(vax + (1 - ¢g)v)Judx. (3.16)
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Applying Young’s inequality and Poincaré’s inequality to the boundary terms, we have, for
e>0,

(1 —eo)pu(L, t)yux(L, t) + (1 — go)av(L, t)vy(L,t)

< 5[‘uu2(L, 1)+ av?(L,1)] + Cg[yui(L, t) +av’(L,t)]

(3.17)
L L
<eC (I [uxPdx + f |Ux|2dx) + Ce[ptiA (L, t) + avi(L,1)].
0 0
By rewriting the boundary conditions (2.5)-(2.6) as
uuy (L, t) = =bv(L,t) — 11 (us + ky (H)u - ki(t)u® — ki ou)(L,t),
(3.18)
avy (L, t) = 12 (v + ko () v = ka ()00 - k) 0 v) (L, 1),

and combining all above relations, using the fact that b is a small number, the condition 17
taking N large enough, ¢y very small, and € <« ¢y, we obtain

ffm_———jnu% x - NR(L 1)+ Nk ()

Nﬂl

N grou(r, - oL 1) + Nkl (D

_ L
112 ——kjou(L,t) - EQJ puidx — %y’l‘ widx (3.19)
0

- gof JovZdx - (1-20) [xJ‘ vidx
0 8 0

+Co((=K, 0 u)? + (=K, © 0)*) (L, 1).

Applying inequality (2.14) with p = 1/2, using the trace formula we have, for some positive
constant ¢y, the following estimate:

%m) < —E(t) + C[R O (L) + K1) (L)[]. (3.20)

Also, by direct computations, it is easy to check that, for N large, we have

gE(t) < L(t) <2NE({t). (3.21)
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Therefore (3.20) becomes

d

20 < w2 + CI]OW DI + BORWI],

for some positive constants w. At this point we distinguish two cases.

Case 1. If u’(L) = v°(L) = 0, then (3.22) reduces
d
—L(t) < —wX(t), Vt>0.
dt

A simple integration over (0,t) yields

L(t) < L0)e™, Vt>0.

By using (3.21), estimate (3.5) is proved.

Case 2. If u®(L) #0 or v°(L) #0, then (3.22) gives
da _ 2 2
S0 < —wL(H) + QIR (1) + CaR3 (1),

where

Ci=ClL),  Cr=CROL).

In this case we introduce the following functional:

t t
F(t) = £(t) - Cle_“’tj K2(t)e“sds — cze-wtf K2(t)e“sds.
0 0

A simple differentiation of F, using (3.25), leads to
dF
() < — .
T (t) < —wkF(t)

Again a simple integration over (0, t) yields

F(t) < F0)e™, Vt>0.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

A combination of (3.21), (3.27), and (3.29) then yields the estimate (3.6). This completes the

proof of Theorem 3.1.
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4. Polynomial Decay

In this section we study the asymptotic behavior of the solutions of system (1.5)—(1.9) when
the resolvent kernels k; (i = 1,2) satisfy

ki(0)>0, k() 20, K(t)<0, k() 2yk)'", (4.1)

for (g1, 92) # (0,0), 0 < gi < 1/2, and some positive constants y;. These assumptions imply that
k; decays polynomially to 0 if g; > 0. That is,

0<—ki(t) <C(1+t)7/a. (4.2)

The following lemmas will play an important role in the sequel.

Lemma 4.1. (see [13]) Let p >1,0<r <1,andt >0. Then for0 <,

(|k’|0¢(L t))1+1/(171‘)(1+p)

>1/(1—r><1+p> (4.3)

t
< 2<”¢”%w(O,T,Hl(O,L))IO|kl(S)|rds (|k/|1+1/(l+P)O¢(L, t)),

and forr =0,

(1K |og(L, £))+1/1+P)

t 2 2 1/(+p) 1+1/(1+p) (4'4)
<2([ 196 Monyds = HBC O 0r ) (K1 ap(r,b),

where

1
==--1. (4.5)
Py

Theorem 4.2. Given that ((1,2°), (u!,v",60°)) € (V2 x (L%(0,L))’), assume that b small number
and (4.1) hold. Then there exists a positive constant A > 0, for which the energy E satisfies, for all
t > 0, the following decay estimates:

E(t) < if u’(L) =v°(L) =0 on. (4.6)

1+
Otherwise,

E(t) < [1 + f;(kf(s) +k2(s))(1 + )P g, (4.7)

1+ t)(l—r)/q
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where

q =max{qi, g2}, prl Pl p = min{py, p2}. (4.8)

Moreover, if
f (K3 (s) + k2(s)) (1 +5) PV ds < 100 (4.9)
0

for some r, satisfying (4.8), then (4.7) reduces to (4.6).

Proof. By using (4.1) in (3.7), we easily see that

A f e~ T2 (L) + Lz hO(L)
L OluL, I - B2 (K, (0) P ou(t, b w0
-Zow + Zeor )

+ DOl - B ky®) P ov(L, ).

By defining the functional £(t) as in (3.16), we get

—(t) <——f 02l = =2 (L, ) + Nk (8)|u (L)

N’]lYl

(K0 ou(L, ) - Lo (L, 1) + Nk O (D)

Nflz)’z

L
(=K} (t))1+qzov(L t) —sof putdx — a _860)#_[ uldx (4.11)
0

L _ L
_EOJ‘ Joidx - a gO)zxf vidx
0 8 0

+Co((-K; 0 u)? + (=K} ©0)*) (L, £).

Applying inequality (2.14) for k; with y = (p1 +2)/2(p1 +1)ifi=1and u = (p2 +2)/2(p2 +1)
ifi =2, we get

K oul® <C(-k) "ou,  |K,00 <C(-ky) ov. (4.12)
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Using the above inequalities and taking N large, then for some positive constant c¢;, we
obtain

d L L L L L
—L(t) <-c U 0% dx + '[ putdx + f puuldx + J Jotdx + f avidx
dt 0 0 0 0

0
+ (=K (1) "M ou(L, t) + (-ky (£) " ov(L, t)] (4.13)
+ CUROM LI + BOR L)) - (L) - Mo,

Now, we fix0 < r <1suchthat1/(p+1) <r <p/(p+1) and p = min{p;, p2}. From (4.1) we
get

t
I ki(s)I'ds < C[F(1+)"ids <o, i=1,2.
0
[k, (ou(L)] NP < Cl(=k; ()" ow(L)] (414)

[~k (oo (L)] /10D < C[(=ky(#) /P Doo(L)].

Consequently we have

L
CE(#)"+/ (el < j [plue® + Joi* + clOF + plux* + [alox[*]dx
0

(4.15)
+ (=K (1) " ou(L)] + [(=K(8) Pov(L)].
Inserting (4.15) into (4.13) and using (3.21), we deduce that
%ﬂ(t) <=C2(t)" O L C GO + O L)), (4.16)
Here, we distinguish two cases.
Case 1 (u°(L) = (L) = 0). In this case (4.16) reduces to
%1@) < —C(L(t) /A, (4.17)
A simple integration over (0, f) gives
C
L(t) L ——————, Vt>0. (4.18)

(1+ t)(l—r)(P+1) !
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As a consequence of (4.18) and the fact that (1 —r)(p + 1) > 1, we easily verify that

L(t)dt +sup tL(t) < oo. (4.19)
0 £20

Therefore, by using Lemma 4.1, (3.3), and (3.21), we have

[IK;low(L)]* P < C[Ik; |/ P ow(L)]

(4.20)
[l ow (L)@ < Ik TP ov(L)],
which implies that
, 141/ (14p1) (p+1)/ (p+2) ,
1K1 ou(L)] > C[Ik}ou(L)]
| 141/ (14p2) (p+1)/ (p+2) , (4.21)
A oo (L)] > C[[kylov(L)].
Consequently we have
L
CE®™/7 < [ plu® + Jlo? + cl6F + s + Lo Pl
0 (4.22)
+ [y ()M ou(L)] + [(~ky (1) ov(L)].
Inserting (4.22) into (4.13), with u(L) = v°(L) = 0, we deduce that
d 1+1/(p+1)
E'ﬁ(t) <=C(£L(1)) . (4.23)
A simple integration then leads to
L(t) < < - = < -, Vt=0. (4.24)
@+t 1+t
where g = max{gyq»}. By using (3.21), estimate (4.6) is established.
Case 2 (u’(L) #0 or v°(L) #0). In this case (4.16) gives that
%,ﬁ(t) < —C(LH)YHENED L Oy (H) + CokA(t), (4.25)

where

Ci=C® (L)}, C=C@) (4.26)
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We then introduce the following functional H (t) := £(t) — g(t), where
t
§(0) = Col1 47 0 K (s) (14 5) 0l
0
t
# Call+ 1y [ o)1+ )0V s,
0

By using (4.1), it is easy to show that, for some t; > 0, we have

g(HF/ NG _ (1 4 py1=0-n) )

' 141/(1-r) (p+1)
x U (C1ki(s) + Cak3(s)) (1 + S)(l_r)(p+1)ds]
0

2 YO(l + t)—l—(l—?’)(p+l)
t
x U (Clkf(s)+C2k§(s))(1+s)(1’r)(”+1)ds], V> to,
0

where

to 1/(1-r)(p+1)
Yo = [ f (C1K3(s) + C2K2(s)) (1 + s)(l"r)(’””)ds]
0

Hence, simple calculations give
g(t) + Cgt)INW > C k2 (1) + CoK3(E), Yt > .
Thanks to (4.25)—(4.30), we have
H’(t) < _C[‘ﬁ(t)1+1/(1—r)(p+1) _ g(t)1+1/(1—r)(p+1)]'
By using the fact that
L)V Z [ () 4 g(1)] Y OED 5 [H (1) A0 | gy )
estimate (4.31) gives
H'(t) < —CH(H)"W/ A yp > g,

A simple integration of (4.33) over (o, t) then leads to

C
H(t) < W’ Vit > 1.
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(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)
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Therefore, using (4.27) we get, for all, t > ¢,

C

£(1) < (1+ t)(l—r)(P+1)

1+ Jt (K3(s) + k3(s)) (1 + )P gs| . (4.35)
0

Again, recalling (3.21) and using the continuity and the boundedness of E, estimate (4.7) is
established.
If, in addition,

fw(k%(s) +k2(s)(1+5) TP ds < 100 (4.36)
0

for some r, satisfying (4.8) then (4.35) takes the form

L(t) < ¢

< T (4.37)

By repeating (4.18)—(4.24), the desired estimate is established. O
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