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1. Introduction

Let u = (u,) be a sequence of real numbers. Throughout this paper the symbols u, =
o(1) and u,, = O(1) mean, respectively, that u,—0 as n— oo and that (u,) is bounded for
large enough n. Denote by Y (1) = nAu,, the classical control modulo of the oscillatory
behavior of (u,). For each integer m > 1 and for all nonnegative integer n, define by

@ (1) = "V (1) — 0, (0™ V(1)) (1.1)

the general control modulo of the oscillatory behavior of order m. For a sequence u =

(un))

Uy —0y(u) = VO(Au), n=0,1,2,..., (1.2)

where 0,(u) = (1/(n+1))>. }_ ot Vi2(Au) = (1/(n+ 1))> ;_okAuy, and

Uy —Up_1, n=1,
Aun:{" ot (1.3)
Uop, n=0.
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For each integer m > 1 and for all nonnegative integer n, define
Vi (Au) = 0, (V"D (Au)). (1.4)

A sequence u = (u,) is said to be left one-sidedly bounded if u,, = — C for all nonnegative
integers n and for some C > 0. A sequence u = (u,) is said to be left one-sidedly bounded
with respect to sequence (C,) if u, > — C, for all nonnegative integers n. A sequence (u,)
is said to be Abel limitable if the limit

lim(1—x Zunx = (1.5)

xal*

exists and is finite. A classical Tauberian theorem of Hardy and Littlewood [1] says that
if ( (u)) is left one-sidedly bounded and (1.5) exists, then l1m,1un = A(u). Dik [2] im-
proved Hardy and Littlewood’s theorem [1] by proving that if (@5 (1)) is left one-sidedly
bounded and (1.5) exists, then lim,u, = A(u).

C. V. Stanojevi¢ and V. B. Stanojevi¢ [3] proved the following theorem.

TaEOREM 1.1. For the real sequence u = (uy), let there exist a nonnegative sequence M =
(M,,) such that

(Z A;?) is slowly oscillating (1.6)
k=1

and (wﬁz)(u)) is left one-sidedly bounded with respect to the sequence (M,,). If

M

lim (1 -x)> VIV(Au)x" = A(VY(Au)) (1.7)

x—1-

n=0

exists, then u = (u,) is slowly oscillating.

We remind the reader that a sequence (u,) is slowly oscillating [4] if

hmhmsu max Au;| =0, 1.8
w1 Ske ]%+1 J (18)
and more generally, it is moderately oscillating [4] if, for A > 1,
k
limsup max Z Auj| < oo, (1.9)
n n+l<k<[An] j=ntl

where [An] denotes the integer part of An.

An equivalent definition of slowly oscillating sequence (u,) is given by Dik [2] in terms
of (V,EO)(Au)) A sequence u = (u,) is slowly oscillating if and only if (V,(,O)(Au)) is slowly
oscillating and bounded. Clearly, (1.9) implies that (0)( Au) = O(1).
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2. The main theorem

The main goal of this paper is to generalize C. V. Stanojevi¢ and V. B. Stanojevi¢’s [3]
result for the general control modulo of the oscillatory behavior of the order m, where m
is any integer greater than or equal to 1.

THEOREM 2.1. For the real sequence u = (u,), let there exist a nonnegative sequence M =
(M,,) such that

<z ]\Zk> is moderately oscillating (2.1)
k=1
and for some integer m = 1,

(0™ (1)) is left one-sidedly bounded with respect to the sequence (M,,). (2.2)

If (1.7) exists, then u = (u,) is moderately oscillating.

There would be some cases that for some integer m > 1, (wff")(u)) is not left one-

sidedly bounded with respect to any nonnegative sequence (M,,) with the property (1.6).
In this case, we cannot get any information related to the asymptotic behavior of the
sequence (u,) out of (2.2) and (1.5). But for an integer k greater than m, (o,(0® (u)))
could be left one-sidedly bounded with respect to some nonnegative sequence (M,) with
the property (1.6) as provided in the following example.

Example 2.2. For the sequence (u,) defined by

1, n=2,j=123...,
U, = (2.3)
0, for other values of n,
we have
i, on=2,j=1,23,..,
nAu, =4—j, n=21+1,j=1,2,3,..., (2.4)

0, for other values of n.

Since the sequence (u,) has two subsequences ((u2+) and (uzn41)) converging to dif-
ferent values (1 and 0, resp.), (u,) does not converge. Consider the series >, Au,x".
We may rewrite this series as f(Au,x) = >, (x*" —x*"*1). Notice that if 0 < x < 1, then
f(Au,x) = 0. Hence, it follows that

lim }r_lff(Au,x) > 0. (2.5)

Also, observe that from the rewritten form of f(Au,x), we have
-1

f(Au,x)=(1—x)ix2"s(1—x) x2+x4+x8+C< In<1)> ) (2.6)
n=1

X
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Since In(1/x)~1 — x as x— 1", we have

lim sup f (Au,x) < 0. (2.7)

x—1-

From (2.5) and (2.7), it follows that (u,,) is Abel limitable to zero.

It is clear that (wff)) (u)) is not left one-sidedly bounded with respect to any nonnegative
sequence (M,) with the property (1.6). Indeed, there were such a nonnegative sequence
(M,,) with the property (1.6), we would have —1 = lim inf,Au, = —lim,(M,/n) = 0. We
also note that for any integer m > 1, (wilm)(u)) is not left one-sidedly bounded with re-
spect to any nonnegative sequence (M,) with the property (1.6). If (wg,m)(u)) is not left
one-sidedly bounded with respect to any sequence (M,) with the property (1.6) and

A(u) exists, then (wnerl
negative sequence (M,) with the property (1.6). Suppose that (wn (m1) (u)) is left one-
sidedly bounded with respect to any nonnegative sequence (M, ) with the property (1.6)
and A(u) exists. Then by Corollary 2.9, the sequence (u,) converges and this implies that

(u)) is not left one-sidedly bounded with respect to the non-

(wn (u)) is left one-sidedly bounded with respect to some nonnegatlve sequence (M)
with the property (1.6), which is contrary to the fact that ( Wn (u)) is not left one-sidedly
bounded with respect to any nonnegative sequence (M,) with the property (1.6).

Since (Vr(,o)(Au)) is bounded, then V,SO)(Au) > — Cand

w (o(u))) = nAVO (Ac(u)) = nAVIV(Au) = —C (2.8)

for some C > 0. Since (0,(u)) is Abel limitable, by Corollary 2.9, we obtain that (¢,(u))
converges.

Remark 2.3. The condition w!” (u) = — M, with the properties (1.6) and (2.2) is a Taube-
rian condition for Abel limitable method, but o, (w® (1)) = — M, is not. However,

0P (u) = 0P (u) - 0, (0?(u)) = - M, (2.9)

is a Tauberian condition for Abel limitable method as proved in Theorem 2.1.

If (u,) is slowly oscillating or moderately oscillating in the sense of Stanojevi¢ [4], then
(V(O)(Au)) is bounded. Hence, for any integer m > 1, (0,(w™ (u))) is left one-sidedly
bounded with respect to the constant sequence (M,) = (C). Also, from the definition of
slow oscillation, one obtains that the arithmetic means of (w ;m)(u)) is slowly oscillating.
But, that the converse is not true is provided by example.

We need the following identities and observations for the proof of Theorem 2.1.
LEMMA 2.4 [2,4]. (i) For A > 1,

Ml k
o (u) = [An]+1

( w (1) —ou(u)) —

[ ] k n+l j=n+l

(2.10)

where [An] denotes the integer part of An.
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(i) For1<A<2,

n+1
Uy — O-n—[(A—l)n]fl(u) = m(%—[(}vnn]fl(u) - Un(u))
. " n (2.11)
t+ z z Auj,
[A=Dn]+1,_ G, jmkt1
where [An] denotes the integer part of An.
Proof. (i) For A > 1, define
1 [An]
T U)=——— Ug. 2.12
n,(An] (1) Tl = nk:Zn:+1 k (2.12)
The difference 7,11, () — 0, (1) can be written as
An]l+1)o u)—(n+1)o,(u
S (L ) (1 e CRab AT
[An] —n
(2.13)
S AL @) - o)
T An]—n 00 i
This completes the proof.
O
(ii) Proof of Lemma 2.4(ii) is similar to that of Lemma 2.4(i).
For a sequence u = (u,), we define
(nA)  u, = (nA),,_ (nA)u,) = nA((nA),,_ u,), m=12,..., (2.14)
where (nA)yu, = u, and (nA),u, = nAu,.
LeEmMma 2.5. For each integer m = 1,
0™ (u) = (nA),, V"D (Au). (2.15)
Proof. We do the proof by induction. By definition, for m = 1, we have
0P (1) = 0 () — 0, (0 (1) = nAu, — VO (Au) = nAV O (Au). (2.16)
Assume the observation is true for m = k. That is, assume that
w® () = (nA), VD (Au). (2.17)

We must show that the observation is true for m = k + 1. That is, we must show that
WF V() = (1A, VIO (Au). (2.18)
Again by definition,

©FD () = 0P () - 0, (0¥ (). (2.19)
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By (2.17),

() = (nA), VF D (Au) — (nA), VP (Au)
= (nA) (VD (Au) - VP (Aw)
= (nA) (nA) VO (Au))
= (nA)g1 VP (Au)

Thus, we conclude that Lemma 2.5 is true for every positive integer .

LEMMA 2.6. For each integer m = 1,
m—1 Am—1 .
= Z (-1)/ ( ) >nAV;5])(Au),
j=0 J

where( ) (m—-1)(m—2)---(m—j+1)/j.

Proof. We do the proof by induction. For m = 1, we have

wff)(u) = nAu, — V,SO)(Au)

= nAV "V (Au)
0
Z ( )nAVn (Au).
j=0

Assume the observation is true for m = k. That is, assume that

k-1 ko1 0
WP (u) = Z(—l)’( j )nAVn’ (Au).

j=0

(2.20)

(2.21)

(2.22)

(2.23)

We must show that the observation is true for m = k + 1. That is, we must show that

k

w* D (4 Z ( )nAVn (Au).

By definition,
wF D (u) = 0P (u) — 0, (0P (w)).

o k-1 -
w®) (y) = Z(—l)] ( j )nAV;SJ)(Au)
=0

k-1 (k- o
—Z(—l)f< )AV/ (Au).
j=0

(2.24)

(2.25)

(2.26)
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Let j+1 = i in the second sum. Using this substitution,

()
7 (*7 1) mav e

0-5

k k-
+z(—1)’<i )mv (Au).
i=1

k+1

(2.27)

In the second sum of (2.27), we rename the index of summation j, split the first term off
in the first sum and the last term in the second sum of (2.27), we have

k-1

0D () = (-1)° (kgl) nAVO(Au)+ > (- 1)f< j ) nAV (Au)

j=1
I | . (2.28)
+3 (-1 (J. - 1) nAVy (Au) + (~1)F (k - 1) nAV® (Au).
j=1

Rewritten (2.28), we have

0V (y) = (-1)° (kg 1) nAV O (Au)
k-1
+Z(—1)f[(k_.1>+ (f:i)] nAVyY (Au) (2.29)

J

+(=1)F (2: i) nAVR (Aw).

Since (kyl) + (’;:%) = (’]‘), the last identity can be written

0D () = (-1)° (k; 1) nAVO (Au)

k-1 K .
+ Z(—l)’ (;) nAVy (Au)

(2.30)
+(— 1) ( ) nAV )(Au)
k
Z 1)J< ) nAVy (Aw).
Thus, we conclude that Lemma 2.6 is true for every positive integer m1. O

Corollary 2.7 is an improved version of the main theorem in [3, Theorem 3.1]. Corol-
laries 2.8 and 2.9 are analogous to classical Tauberian theorems.

COROLLARY 2.7. For the real sequence u = (uy,), let there exist a nonnegative sequence M =
(M,,) such that (3. ;_,(My/k)) is slowly oscillating and condition (2.2) is satisfied. If (1.7)
exists, then u = (u,) is slowly oscillating.
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Proof. Since slow oscillation of (> }_, (My/k)) implies that o,(M) = O(1), we have

lim VY (Au) = A(VD(Aw)),
nAV (Au) = — (M, +C)

(2.31)

for some constant C as in Theorem 2.1. Applying Lemma 2.4(i) to (V,SO)(Au)) and notic-

ing that
nAVO(Au) = — (M, +C)

for some constant C, we have

v,5°><Au>—V,5“<Au>s[[QZ]]“(VM( w) - ViV (aw)

(] & M;+C

2. 2

[/\T’l] - nk n+l j=n+l ]
= [[QZ]] (Vi (aw) - VD (Aw)

[An]

[/\n]—n z z 7+C1 (Mn]>

k=n+1 j=n+1

for some constant C;. From the last inequality, we have

VO(Au) - VIV (Au) < [[i;’]] (V[An](Au)—Vrgl)(Au))
k M.
+ max Z —,J+Cllog<M).
n+1sk5[)m]j=n+l ] n

Taking lim sup of both sides, we have

lim sup (V¥ (Au) — V{V(Au)) < /li 1lim sup (V{;Z](Au) — VIV(Aw))

k

MA
+11msup max Z —,J+Cllog)t.

nt+l<k< [)m] il

Since the first term on the right-hand side of the inequality above vanishes,
lim sup (V¥ (Au) — VIV(Au)) <limsup max Z —Liq logA.

" noonrlsks(n) S8

Taking the limit of both sides as A— 1%, we obtain

lim sup (V9 (Au) — VY (Au)) < 0.
n

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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In a similar way from Lemma 2.4(ii), we have

lim 1nf( O(Au) — VIV (Au)) = 0. (2.38)

From (2.37) and (2.38), we have

ligln V,EO) (Au) = lizn Vr(ll)(Au). (2.39)
Since
v
U + Z Y 8w ( ”) (2.40)
from identity (1.2), we can write (u,) as
" VA
=VOAu)+> —* ]E “ Up. (2.41)
k=1
Thus, u = (u,) is slowly oscillating. O

It should be noted that if we take m = 2 in Corollary 2.7, we get C. V. Stanojevi¢ and
V. B. Stanojevi¢’s result.

COROLLARY 2.8. For the real sequence u = (uy), let there exist a nonnegative sequence M =
(M,,) such that (3 ;_,(M/k)) is slowly oscillating and condition (2.2) is satisfied. If A(o(u))
exists, then lim ,u,, = A(o(u)).

Proof. Existence of the limit A(co(u)) implies that A(V((Au)) = 0. By Corollary 2.7, we
have V" (Au) = o(1) and hence A(V©(Au)) = 0. From (1.2), it follows that A(u) = 0.
By Tauber’s second theorem [5], lim,u, = A(o(u)). O

CoOROLLARY 2.9. For the real sequence u = (uy,), let there exist a nonnegative sequence M =
(M,,) such that (3. }_,(M/k)) is slowly oscillating and condition (2.2) is satisfied. If (1.5)
exist, then lim ,u,, = A(u).

Proof. Since existence of A(u) implies that of A(o(u)), proof follows from Corollary 2.8.
O

Corollary 2.9 with m = 3 follows from Corollary 2.9 with m = 2. Indeed, we have for a
sequence u = (uy),

Ef)(m:mmsv,sz (Au) = (A)z(”AV )(Au))
V (Au) (A )) (2.42)
u))

)
(nA), (Vi (AV ).
We note that for a sequence u = (u,),

VO(Au) - VIV (Au) = VO (AVO(Aw)). (2.43)
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Taking the arithmetic means of both sides of (2.43), we have
VID(Au) — VP (Au) = VIV (AVO(Aw)). (2.44)
Using (1.2), the identity (2.44) can be expressed as
VID(Au) — VO (Au) = VIO (AVD(Aw)). (2.45)
From (2.44) and (2.45), we have
VLAV O (Au)) = VIO (AV D (Aw)). (2.46)
We have, by (2.45) and (2.42),
0 (u) = (nd), (Vi (AVO (Aw))). (2.47)

Existence of the limit A(u) implies that A(V®(Au)) = 0. By Corollary 2.9 with m = 2,
we obtain that V;SO)(AM) = 0o(1). By Tauber’s second theorem [5], lim,u, = A(u).

3. Proof of Theorem 2.1

Proof. From the condition (2.1), it follows that ¢,(M) = O(1). Taking the arithmetic
mean of both sides of (2.2), we obtain

0u (0™ (1)) = (nA),, V™ (Au) = —0,(M) = - G (3.1)

for some constant Cy. By the existence of the limit (1.7),

lim (1- x)ngo(m)m,l Vi (Au)x" = 0. (3.2)
Since
nA((nA),,- V™ (Aw)) = - Gy, (3.3)

by Hardy and Littlewood’s theorem [1],
(nA),,_ Vi (Au) = o(1). (3.4)
From
nA((nA) 1 VI (Au)) = (), V"D (Au) — (nA),, VI (Au) = —Cy  (3.5)
and (3.4), it follows that
(1A) V"D (Au) = — C (3.6)

for some constant C;. The existence of the limit (1.7) implies that

[

lim (1—x)) (nA),, , V" (Au)x" = 0. (3.7)

—1-
* n=0
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Since
nA((nA),,_, V"V (Au)) = - Ci, (3.8)
again by Hardy and Littlewood’s theorem [1],
(1A, V™D (Au) = o(1). (3.9)

Continuing in this way, in (m — 2)th step we get

(nA), VP (Au) = — Cps (3.10)
for some constant C,,_3. Since
lim (1-x) >, nAV;? (Au)x" = 0, (3.11)
= n=0
we get
nAV? (Au) = o(1). (3.12)
From
nA(nAV P (Au)) = nAVID (Au) — nAV P (Au) = — Cpy_s (3.13)
and (3.12) we get
nAVID(Au) = — Cps (3.14)

for some constant C,,_,. By the existence of the limit (1.7), we obtain that (Vy(ll)(Au))
converges to A(VV(Au)). From Lemma 2.6, convergence of (V,Sl)(Au)), and condition
(2.2), it follows that

nAV O (Au) = — (M, +C) (3.15)

for some constant C. Applying Lemma 2.4(i) and (ii) to (V,SO)(Au)), we have V,SO)(Au) =
O(1). Thus, u = (u,) is moderately oscillating. O
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