GLOBAL EXISTENCE AND ENERGY DECAY OF SOLUTIONS
TO THE CAUCHY PROBLEM FOR A WAVE EQUATION
WITH A WEAKLY NONLINEAR DISSIPATION
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We prove the global existence and study decay properties of the solutions to the wave
equation with a weak nonlinear dissipative term by constructing a stable set in H! (R").

1. Introduction

We consider the Cauchy problem for the nonlinear wave equation with a weak nonlinear
dissipation and source terms of the type

' = Au+ M (xu+o(t)g’) = lulPlu inR"X[0,+00],

u(x,0) = up(x), u'(x,0)=u;(x) inR", (1D
where ¢ : R — R is a continuous nondecreasing function and A and ¢ are positive func-
tions.

When we have a bounded domain instead of R”, and for the case g(x) = dx (6 >0)
(without the term A?(x)u), Ikehata and Suzuki [8] investigated the dynamics, they have
shown that for sufficiently small initial data (u9,u;), the trajectory (u(¢),u’(¢)) tends to
(0,0) in Hy (Q) x L?>(Q) as t — +0c0. When g(x) = 8|x|" 'x (m>1,1=0, 0 = 1), Georgiev
and Todorova [4] introduced a new method and determined suitable relations between
m and p, for which there is global existence or alternatively finite-time blow up. Precisely
they showed that the solutions continue to exist globally in time if m > p and blow up
in finite time if m < p and the initial energy is sufficiently negative. This result was later
generalized to an abstract setting by Levine and Serrin [12] and Levine et al. [11]. In these
papers, the authors showed that no solution with negative initial energy can be extended
on [0, o[, if the source term dominates over the damping term (p > m). This generaliza-
tion allowed them also to apply their result to quasilinear wave equations (see [1, 17]).
Quite recently, Tkehata [7] proved that a global solution exists with no relation between
p and m by the use of a stable set method due to Sattinger [18].

For the Cauchy problem (1.1) with A =1 and o = 1, when g(x) = 8|x|" 'x (m > 1)
Todorova [21] (see [16]) proved that the energy decay rate is E(t) < (1 +¢)~=n(m=D)/(m=1)
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for t > 0. She used a general method introduced by Nakao [14] on condition that the data
have compact support. Unfortunately, this method does not seem to be applicable in the
case of more general functions A and o.

Our purpose in this paper is to give a global solvability in the class H! and energy decay
estimates of the solutions to the Cauchy problem (1.1) for a weak linear perturbation and
a weak nonlinear dissipation.

We use a new method recently introduced by Martinez [13] (see also [2]) to study the
decay rate of solutions to the wave equation u” — A u+g(u') = 0in Q X R*, where Q is a
bounded domain of R”. This method is based on a new integral inequality that generalizes
a result of Haraux [6]. So we proceed with the argument combining the method in [13]
with the concept of modified stable set on H'(R"). Here the modified stable set is the
extended R” version of Sattinger’s stable set.

2. Preliminaries and main results

A(x), o(t), and g satisfy the following hypotheses.
(i) A(x) is a locally bounded measurable function defined on R” and satisfies

Ax) = d(Ix]), (2.1)

where d is a decreasing function such that lim, .., d(y) = 0.

(ii) 0 : Ry — R, is a nonincreasing function of class C! on R;.

Consider g : R — R a nondecreasing C° function and suppose that there exist C; > 0,
i=1,2,3,4, such that

Glvi™ < |gv)| <clvlVm if|v] <1, (2.2)
alvl < g | <alvl” Vvl =1, (2.3)
wherem>1land 1 <r < (n+2)/(n—2)*.

We first state two well-known lemmas, and then we state and prove two other lemmas
that will be needed later.

LEmMA 2.1. Let q be a number with2 < q < +oo (n=1,2) or2 < q <2n/(n—-2)(n = 3).
Then there is a constant ¢y = c(q) such that

llully < cxllull e foru e H'(R"). (2.4)
LemMA 2.2 (Gagliardo-Nirenberg). Let 1 <7 < q < +oco and p > 2. Then, the inequality
lull, < C||V,’C”u||20||u||}"9 forue D((—A)™)L" (2.5)
holds with some constant C >0 and
1 1\(m 1 1\
(=== ) (F+=-2 2.
o (r p)(n+r 2) (26)

provided that 0 < 0 < 1 (assuming that 0 < 0 < 1 if m — n/2 is a nonnegative integer).
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LemMa 2.3 [10]. Let E: R, — R, be a nonincreasing function and assume that there are
two constants p > 1 and A > 0 such that

+o0
J ED2(8) dt < AE(S), 0 <8< +oo, 2.7)
S

then

E(t) < cEQ0)(1+t) YD vt=>0,ifp>1,

) (2.8)
E(t) <cE(0)e™® Vt=0,ifp=1,
where ¢ and w are positive constants independent of the initial energy E(0).

LemMA 2.4 [13]. Let E: R, — R, be a nonincreasing function and ¢ : R, — R, an increas-
ing C? function such that

$(0) =0, ¢(t) — +oo  ast — +oo. (2.9)

Assume that there exist p = 1 and A > 0 such that
+o00
J E( D21 (1) dt < AE(S), 0<S< +oo, (2.10)
$

then

E(t) < cEO)(1+¢(1) 7PV wve=0,ifp>1,

(2.11)
E(t) < cE(0)e " Vt=0,ifp=1,

where ¢ and w are positive constants independent of the initial energy E(0).

Proof of Lemma 2.4. Let f : R, — R, be defined by f(x) := E(¢!(x)), (we remark that
¢! has a sense by the hypotheses assumed on ¢). f is nonincreasing, f(0) = E(0), and if
we set x := ¢(1), we obtain

W)f (20) P2 dx = j¢(T)E(¢*1<x))<P*1’/2 dx = jTE(n(P*””cb’(t)dt
$(S) é(S) S (2.12)
<AE(S)=Af(¢(S)), 0=<S<T<+oo.
Setting s := ¢(S) and letting T — +0c0, we deduce that
+00
J FOP 2 dx < Af(s), 0= s< +oo, (2.13)
Thanks to Lemma 2.3, we deduce the desired results. O

Before stating the global existence theorem and decay property of problem (1.1), we
will introduce the notion of the modified stable set. Let

K(u) = ||Vl [3 + lul3 — ull}ly ifA=1, o
I(u) = ||qu||§ - ||M||§:: if A # const, -
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for u € H'(R"). Then we define the modified stable set W* and I ** by

G = {fue H'(R")\K(u) >0} U {0} ifA=1,

— (2.15)
W** ={ue H'(R")\I(u) >0} U {0} if A # const.

Next, let J(u) and E(¢) be the potential and energy associated with problem (1.1), respec-
tively:

1
ol IIuIIg} for u € H'(R"),

1 1
J) = 51Vl + 5 A Gully -
! (2.16)
E(t) = 5 I/ 13+ (w),
We get the local existence solution.

THEOREM 2.5. Let1<p < (n+2)/(n—2) (1< p< oo ifn=1,2) and assume that (uy,u;)
€ H'(R") x L2(R"™) and ug belong to the modified stable set ‘W*. Then there exists T >0
such that the Cauchy problem (1.1) has a unique solution u(t) on R" x [0, T) in the class

u(t,x) € C([0, T); H' (R™)) n C'([0,T);L*(R")), (2.17)
satisfying
u(t) € W, (2.18)

and this solution can be continued in time as long as u(t) € G,

When A # const, we use the following theorem of local existence in the space H> x H!,
and the decay property of the energy E(t) is necessarily required for the local solution to
remain in W** as t — oo; this fact of course guarantees the global existence in H?> x H'!
and by approximation, we obtain global existence in H! x L.

TueoreMm 2.6 [15]. Let (ug,u1) € H? X H'. Suppose that

n
n—4

l<p< (1 <0 if N <4). (2.19)

Then under the hypotheses (2.1), (2.2), and (2.3), problem (1.1) admits a unique local solu-
tion u(t) on some interval [0, T[, T = T(ug,u;) >0, in the class W ([0, T[;L*) n WbH> ([0,
THY) nL>([0, T[; H?), satisfying the finite propagation property.

Proof of Theorem 2.5 (see [15, 18]). Since the argument is standard, we only sketch the
main idea of the proof. Let (ug,u1) € H' x L? and ug € W*. Then we have a unique local

solution u(t) for some T > 0. Indeed, taking suitable approximate functions f; such that
(see [20])

fiw) = f(u) i lul < j, | fiw] < [fw], | fi(w)] <¢jlul, (2.20)

problem (1.1) with f(u) = |u|?~'u replaced by fj(u) admits a unique solution u;(t) €
C(10,T); H'(R")) n C'([0, T); L*(R™)). Further, we can prove that u;(t) € W= 0<t<T,
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for sufficiently large j, and there exists a subsequence of {u;(¢)} which converges to a
function #(t) in certain senses. () is, in fact, a weak solution in C([0,T); H!(R")) N
CH([0,T); L*(R™)) (see [19, 20]) and such a solution is unique by Ginibre and Velo [5]
and Brenner [3]. We can also construct such a solution which meets moreover the finite
propagation property, if we assume that the initial data uy(x) and u; (x) are of compact
support:

suppuo Usuppu; C {x € R", |x| <L}, forsomelL >0. (2.21)

Applying [9, Appendix 1] of John, then the solution is also of compact support: supp u;(t)
C {x € R",|x| < L+t}. So, we have suppii(t) C {x € R", x| < L+1}. O

We denote the life span of the solution u(t,x) of the Cauchy problem (1.1) by Trax.
First we consider the case A(x) = const (A(x) = 1 without loss of generality). And con-
struct a stable set in H! (R").

Setting
20p+1)) Y2

C EK{ } ) 2.22
0 -1 (2.22)
J o(t)dr =40 ifm=1, (2.23)

0
I (14+7) "D 26(r)dr = +00  ifm > 1. (2.24)

0

THEOREM 2.7. Let u(t,x) be a local solution of problem (1.1) on [0, Tmayx) with initial data
uo € W*, uy € L*(R") with sufficiently small initial energy E(0) so that

CoE(0)(P=1/2 < 1. (2.25)

Then Ty = 0. Furthermore, the global solution of the Cauchy problem (1.1) has the fol-
lowing energy decay property. Under (2.22), (2.3), and (2.23),

E(t) < E(0) exp (1 —w Jta(r) dT) Vi >0, (2.26)
0
Under (2.2), (2.3), and (2.24),

C(E(0)
fot(l +1)-nm=1/2g

2/(m—1)
E(t) < ( (T)d‘[) Vi>0. (2.27)

Secondly, we consider the case A(x) # const and we assume that

n+4< - n
n _p_n—Z'

(2.28)

(1) If o(t) = O(d(t)), where d(t) = d(L+1).
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If m = 1, we suppose that
J o(1)dr =+
0
with

< o0,

5 t (p—1)/2
(d(t))_(4_("_2)(‘0_1))/2 exp (1 - wJ O'(T)d‘[)
0
t

() " exp (3 -2 |

) Oa(r)d7)<00.

If m > 1, we suppose that
J (1+7) "M D26(1)dr = o
0

with

(d‘(t)) —(4—(n=2)(p—1))/2

< o0,

(p—1)/(m=1)
( Jo (1 7)=n0m=D2(7) dr)

()
( jot(l + 1)~ m=-D2¢g(1)dr

< 00,
)1/(m71)

(2)Ifd(t) = O(a(1)).

If m = 1, we suppose that for some 0 < a < 1,

with

_ t 72 (p-1)/2
(d(p)) D2 (1 - wj & (7) dr) < oo,

0 0%(1)
S -1 1 w ("d(1)
(d(t)) exp (E “2 )0 o0) dT) < 00,

If m > 1, we suppose that for some 0 < a < 1,

Jm(l N T)_n(m—1)/20—((1+a)(1+m)—2)/2(T)Jmﬂ(T) dr = o
0

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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with
(d()) 202
< 0
~ (p—1)/(m—1) >
(J(1 + )12 15m-272 (1) e (7) )
(d) ™" >
< 00,

- /(m—1
(fo (14 7)-n(m-1/2g- (1+¢x)(l+m)72)/2(-[)dm+l(-[)d-[> (m=1)

We have the following theorem.

TurOREM 2.8. Let (g, 1)) € H' X L2, ug € W**, and let the initial energy E(0) be suffi-
ciently small. The following cases are considered.

(1) o(t) = 0(d(1)).

Suppose (2.2), (2.3), (2.29), and (2.30) or (2.2), (2.3), (2.31), and (2.32). Then problem
(1.1) admits a unique solution u(t) € C([0,00); H') N C'([0, %); L?) and has the same decay
property as Theorem 2.7.

(ii) d(t) = O(a ().

Suppose (2.2), (2.3), (2.33), and (2.34) or (2.2), (2.3), (2.35), and (2.36). Then prob-
lem (1.1) admits a unique solution u(t) € C([0,00); H') N C'([0,0);L?). Furthermore, the
global solution of the Cauchy problem (1.1) has the following energy decay property:

t d~2(‘l’)

Bt) < EO)exp (1-0 | o
E(t) s( : C(E(0) _

31 + 1) ~nm=D72g—(()(14m) =22 (1) dm+1 (1) dr

dT) Vi>0ifm=1, (2.37)

(m=1)
) Vt>0ifm>1.
(2.38)

Remark 2.9. In Theorem 2.7, the global existence and energy decay are independent, but
in Theorem 2.8, we need the estimation of the energy decay for a local solution to prove
global existence.

Examples 2.10. (1) If o(t) = 1/t%, by applying Theorem 2.7 we obtain
E(t) < E(0)e' """ ifm=1,

E(t) < CE(0)) (14 £)~C=ntm=D=20/0m=1) £ | <y < 14 2=

,0<0<1, (2.39)

E(t) < C(E(0))(Int) "D if m=1+ 2= 9, 0<0<1.

(2) Ifo(t) = 1/t%ntlny ¢ - - - Iny £, by applying Theorem 2.7, we obtain
E(t) <E(0)(In,t) ™ ifm=1,0=1. (2.40)
For example, if n(m —1)/2+ 6 = 1, thatis, | <m < 1+2/n,

E(t) < C(E(0)) (In, ) 7"V, (2.41)
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(3) If o(t) = 1/t% and d(r) = 1/r? with 6 > y by applying Theorem 2.8, we obtain

E(t) < C(E(0)) (1 +£)-@-n0m-D-260m-1) i | < < 14 2=20,
2y+n

2-—260
-2/(m-1) _
E(t) < C(E(O))(lnt) 1fm 1+ 2y+n,

0<0<1.

(2.42)

In order to show the global existence, it suffices to obtain the a priori estimates for E(¢)

and ||u(t)]], in the interval of existence.

To prove Theorem 2.7 we first have the following energy identity to problem (1.1).

LEMMA 2.11 (energy identity). Let u(t,x) be a local solution to problem (1.1) on [0, Timax)

as in Theorem 2.5. Then
t
E(t) + JW L o(s)u' ()¢ (' (s)) dsdx = E(0)

forallt € [0, Thax)-
Next we state several facts about the modified stable set W*.

LEmMa 2.12. Suppose that

lep< n+2
p= n—2"
Then
() W* isa neighborhood of 0 in H' (R"),
(ii) for u € W*,
pP-
J(u) = (P+1 ||qu||2+ ||u|| ).

Proof of Lemma 2.12. (i) From Lemma 2.1 we have

ptl

+1
lullbiy < Kllullf

< Kllull " (13 +1Vcull3)

Let

U(0) = {u e H' RN\ ull?:" < %}

Then, for any u € U(0)\ {0}, we deduce from (2.46) that

luall§3 < llael3 +][ Va5,

that is, K(u) > 0. This implies U(0) C W,
(i) By the definition of K(u) and J(u), we have the identity

(p+ D7) = K+ L2 (19l ).

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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Since u € W, we have K (1) > 0. Therefore from (2.44) we get the desired in-equality
(2.45). O

LemMa 2.13. Let u(t) be a solution to problem (1.1) on [0, Tmax). Suppose (2.44) holds. If
uy € W* and uy € L*(R") satisfy

CoE(0)P~D/2 <1, (2.50)

then -
(1) u(t) e W* on [0’ Tmax))
(i) lu()ll2 < Iy on [0, Tinax)-

Proof of Lemma 2.13. Suppose that there exists a number t* € [0, T, [ such that u(f) €
W* on [0,t*[ and u(t*) & W*. Then we have

K(u(t*)) =0, u(t*) £0. (2.51)

Since u(t) € 9 on [0,£*[, it holds that

ey Il i) = 70 = Bt (2.52)

it follows from the nonincreasing of the energy that

1Vl [5 + llull3 <

2;“ Yoy =1, (2.53)

Hence, we obtain

llull? < zg)jll)E(O) =1} on[0,t*]. (2.54)

Next, from Lemma 2.1 and (2.54) we have

lalby < Klu()l o

< K|[u( t>||H1 oy (1 V] + [lul13) o5
< KIL (|9l + llul3)

< GEO) " V2 ([[u(d)]l; + 1 V:u)][3)

for all t € [0,¢*], where Cy is the constant defined by (2.22). Note that from (2.55) and
our hypothesis

7o = GoE(0)P~12 < 1, (2.56)
it follows that

uOIPT < (1= o) (lu()|[3+ ]|V ()] ]3). (2.57)
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Therefore, we obtain
K (u(t%)) 2 mo(lle(e*) 13 + 1V () [3) (2.58)

which contradicts (2.51). Thus, we conclude that u(t) € W= on [0, Tinax[. The assertion
(ii) can be obtained by the same argument as for (2.54). This completes the proof of
Lemma 2.13. (]

LEMMA 2.14. Under the same assumptions as in Lemma 2.13, there exists a constant M,
depending on ||ugll g and |luy |2 such that

w2 +]|u’ )] < M2 (2.59)

forall t € [0, Trax/.

Proof of Lemma 2.14. It follows from Lemma 2.13 that u(t) € 9+ on [0, Trax[. So Lemma
2.12(ii) implies that

J(u) = (Il + V(D7) on [0, Tl (2.60)

2(p+1

Hence, from Lemma 2.11 and (2.60) we get

|| Ol +

2(p+1) ”””2+||vxu(t || ) < E(t) < E(0). (2.61)

So we get
Ol g + Il )11y = M3, (2.62)

for some M, > 0.
The above inequality and the continuation principle lead to the global existence of the
solution, that is, Typax = . O

Proof of the energy decay. From now on, we denote by ¢ various positive constants which
may be different at different occurrences. We multiply the first equation of (1.1) by E9¢u,
where ¢ is a function satisfying all the hypotheses of Lemma 2.4. We obtain

T
Ozj Eq(/)'J u(u’ —Au+u+o(t)g(u') — lulP~'u) dxdt
s R
T T T
=[E‘7¢'J uu'dx] fj (qE'Eq*1¢’+qub”)I uu’dxdthJ’ E%'J u'?dxdt
R s Js R S R

T T
+I E%’J (u'2+|u|2+|Vu|2—Llulp+l>dxdt+I E%'J o(t)ug(u')dxdt
N R" p+t s Rn

J E4¢J (ﬁ—l)mw“dxdt
(2.63)
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Since

2
(1= 557 [ vt e = (1 =) B )

p+1 p+1
<(1- ﬂ)ilizgpjll)E(t) (264)
=2(1—no)E(t),

we deduce that

T T T
Z’YOJ E4+1¢'dts—[Eq¢’J uu’dx] +J (qE'Eq*1¢’+Eq</>”)J' uy' dxdt
S s R
+2J Ei¢ J ’dedt—J E1g’ f (ug(') dxdt
T T
<- [E%'J uu’ dx] +J (qE'ET'¢' + E1¢") J uy' dxdt (2.65)
n S S Rn
T T
+2J E%'J u'zdxdt+c(£)J Eq([)'J g(u') dxdt
n lu'|<1

+8J El¢’ J u dxdt+J El¢’ J\u|>1 Hug(u') dxdt

for every € > 0. Also, applying Hélder’s and Young’s inequalities, we have

T
J thp’J o(Hug(u')dxdt
S [u']>1
T 1/(r+1) (r+1)/ r/(r+1)
SJ qus'a(t)(J Iul”ldx) (J 19| ’dx) dt
|lu'[>1
r/(r+1)
< CJ ERatD2 g g1/ () (I 0(t)u'g(u')dx> dt
lu'[>1
J ¢ gV D (1) ECaF D2 (/D) gy (2.66)
< 1/(r+1) t 2q+1)/2 r/(r+1) E r/(r+1) Er/(r+l) dt
CL ¢ (V"D (E ) (=B )
T T
- c(s’)J ¢’(—E’E)dt+s’J ¢ 0 (H) ErD@a2-r/r1) gy
s s

T
< (¢ )E(S)? + € 0 (0)E(0) a2 J & BT dt
N
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for every ¢ > 0. Choosing € and ¢’ small enough, we obtain
T T T
J E1¢'dt < — [Eq(/)' J uu’ dx] + J (QE'ET"'¢' + E1¢") J uy dxdt
S R s Js R
T
+L ‘ a(t)ug(u')dxdt+cL E¢’ . u?dxdt (2.67)
u'[=1 n

T
< cE(S)+cJ E(/)'J u'? dxdt.
s R

Since xg(x) = 0 forallx € R, it follows that the energy is nonincreasing, locally absolutely
continuous and E'(t) = — [, o( u)dx a.c.in R,. O

Proof of (2.26). We consider the case m = 1, that is,

alvl < |gw)| <calvl forall |v| < 1. (2.68)
Then we have
r2 C13 ’ ’ n
u s%up(t,u) VteR, Vx e R", (2.69)

where p(t,s) =0(t)g(s) forall s € R. Therefore we deduce from (2.67) (applied with g = 0)
that

T , T , 1
L E(0)¢' (1) dt < CE(S)+2CL & (1) J Pt dx, (2.70)

Define
6(1) = Jta(r)dr. (2.71)
0

It is clear that ¢ is a nondecreasing function of class C?> on R,. The hypothesis (2.23)
ensures that

¢(t) — +oo  ast— +oo. (2.72)

Then we deduce from (2.70) that

T
L E(0)¢' (1) dt < CE(S) +2cf J W p(tu') dxdt < 3CE(S), (2.73)

and thanks to Lemma 2.4 we obtain

E(t) < E(0)e1-$0)/60), (2.74)
O

Proof of (2.27). Now we assume that m > 1 in (2.2). Define ¢ by (2.71). We apply Lemma
2.4 withg = (m—-1)/2.
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We need to estimate
T
J El¢’ J u'? dxdt. (2.75)
s R
For t > 0, consider
Q) ={xeR", |u| <1}, Qo ={xeR" |u|>1}. (2.76)
First we note that for every ¢ > 0,
QuQ, =R" (277)

Next we deduce from (2.2) and (2.3) that for every ¢ > 0,
(i) if x € Qy, then w'? < ((1/a(t))u/ p(t,u’)) ¥/ m+D),
(i) if x € Q, then u'* < (1/a(t))u/ p(t,u).

Hence, using Holder’s inequality, we get that

T
I El¢’ J W' dxdt
s

<2J E%J 0(1 up(tu)dxdt+ZI E%J ( up(tu)

2/(m+1)
) dxdt

SZJ E@¢'J Lu'p(t,u')dxdnzj i (' g(u )X dxdt
s re 0(1) s

{lxl=<(L+1)}

T
1
q ! ’ ’
S2L Ei¢ J’nr(t)up(t,u )dxdt

T
+2I E1¢'(1+ t)”(’”_l)/(Wl)(J u'g(u')dx

E 2/(m+1)
a(t))

2/(m+1)
) dt

<cE(S)1+q+cJ E1¢'(1+1¢)"m=1/ ('"+1>( dt

< CE(S)Hq-l'C J Eq(/) (1+t n(m—1)/ (m+1) —2/(m+1) (t)( E )2/(m+1)dt
(2.78)

Set € > 0; thanks to Young’s inequality and to our definitions of p and ¢, we obtain

T
J El¢’ J u'* dxdt
S R

T
< cE(S)"1+ zm__ls(mﬂ)/(m—l) J El+q(¢')(m+1)/(m—l)(1 + t)nO.—Z/(m—l) dt
m+1 S
4 1
E(S).

m+ 1 em+1)/2
(2.79)

We choose ¢ such that

¢,2/m 1) (1+t) “2/m=1) _ 1 (2.80)
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SO
t
(1) = J (145)mD26() s, (2.81)
0
Then we deduce from (2.79) that
T
J E'a¢’ dt < 2CE(S), (2.82)
S

and thanks to Lemma 2.4 (applied with ¢ = 0) we obtain

C

E(t)  —=——. (2.83)
£)2/(m-1)
#(0 g
Proof of Theorem 2.8. First, we see thatif u € 907+, then
2 2 1 2

1V cul; +2JWF(“(”) dx = ||V.eull; - Imll w7} = 2 IIVx - (284)

In the proof, we often use the following inequality:
lu®ll = 7 )llf\ XJu(t)l],. (2.85)

Now, we assume that I(ug) > (1/2)||quo||§. Then

1

I(u(t)) = E||vxu(t)||§ (2.86)

for some interval near t = 0. As long as (2.86) holds, we have J(t) = I(u(t)). Thus
T T T
ZWOI EiM ¢ dt < ,[qub'J uu’ dx] +I (QE'ET ¢’ +Eq¢")j uu dxdt
S Rn s Js Rn
T T
+2J chp’J W2 dxdt J E‘1¢’J o (1 ug(u') dxdt
S R~ S Rn
T T
<- [E‘h/)' J uu’ dx] + I (QE'ET1¢’ + E1¢"") J uu dxdt
S Rn
("(t ) (') dxdt

+£J El¢’ J A% (x 2dxdt+J Ei¢’ Lu - o(t)ug(u')dxdt.
(2.87)

+2J E‘h/)I 'zdxdt+c(e)J E‘f(pj

lu'|<1

If o(t) = O(d(t)), that is, o(f) — 0 as t — o more rapidly than d(t), we find the same
results of asymptotic behaviour as in Theorem 2.7.
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Ifd(t) = O(o(t)), so, we obtain

T

. T
J Eitl¢ dt < — [E%’J uu dx] +J (qE'ET"'¢" + E1¢") J uu' dxdt
$ R S e

S

T T
J B[ w2 dxdtj Ew’f o(1)ug(u') dxdt (2.88)
S | |=1 S lu'[>1

+c(e)LTEQ¢'JM1 <%>Zlu’|2dxdt.

We consider the case m = 1. Thus under (2.2) and (2.3), we have

oo [ (G) wasasc [ wo | (5

forall 0 < a < 1. We choose

>0(t)u g(w)dxdt  (2.89)

Y]
B(1) = J d 8 ds. (2.90)

It is clear that ¢ is a nondecreasing function of class C? on R,. Hypothesis (2.33) ensures
that

¢(t) — +oo  ast— +oo. (2.91)

By (2.85), the definition of E, and the Cauchy-Schwartz inequality, we have

T
- [quﬁ’ LRH uu'dx]s =Eq(5)¢'(5)j u(S)u’(S)dx—Eq(T)gb’(T)JRn u(T)u' (T) dx

¢'(S)  ¢'(T)

+1
= CE! (S)[d(S) d(T)

] < CE1*1(9),

LT (qE’Eq*1¢’+E‘1¢”)JRn uy dxdt < LTqIE’|Eq g((tt)) L pat! |¢d”( ;)I dt
(2.92)
when we have (in the case m = 1)
¢ = fgg ¢ (1) = z‘jé?g')(” —a";fofjji(zt()”. (2.93)
So
‘ ¢ (1) ‘ ~2d/(¢) d*(1) a@ o' (1) (2.94)

de(t) o(t) o(t) ox(t)’
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d(t)/o(t) is bounded, so we obtain

T + |¢”(t | + Jl-a —a T
L pri i e < -pre(s [d=e(t) +o'(0)]

< BL(S)(d () +0179(1)) (2.95)
< CETTL(S).
Then we deduce from (2.88) that
T T
J E¢'dt < CE(S)+ 2cj J o()u'g(u') dxdt < 3CE(S), (2.96)
S s Jrn
and thanks to Lemma 2.4 we obtain
E(t) < E(0)e!1~91)/3C, (2.97)

Using the condition that d(t) = 0(o(t)) and using Holder’s inequality, we get that

T 7 02() /2
L ¢ J|u|<1/12(x) et

Uz(t)( 1 , , >2/(m+1)

SzL B J ) Lo o 800

= ZJTE%/ J{Ix\<L+t} /(\72((33 <a(lt) (Du'g(u ))2/(mﬂ) dxd
J E1¢’ (0(0) 1+t)n(m—1)/(m+1)<LRn u'g(u')dx)y(ml)dt (2.98)
5 C’J (or(t) 2 o mﬂ)(aE,)z/(mH)dt

>) )
< J ( ;)2(1”)%1 (1) 2/ m1) 7 YD) gy
< J»S " O-tx+1( t)

d*(t)

dxdt

(1+t)nm 1)/(m+1) —2/(m+1)(t)( E,)Z/(erl)dt.

Set € > 0; thanks to Young’s inequality and to our definitions of p and ¢, we obtain

o], () o

m—1

< cE(8)1M1 42— gmt1/(m=1)
m+1
T (1+oc)(m+l)/(m71)(t) 4 )
L+q( 7\ (m+1)/(m=1) O P 1
X L E™(¢) d2(m+1)/(m=1) () (1+t)"o ) dt+ py Dy E(S).

(2.99)
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We choose ¢ such that
t
(/)(t) _ J (1 + T)fn(mf1)/207((1+¢x)(m+1)72)/2(T)d~m+l(T) dr. (2.100)
0

It is clear that ¢ is a nondecreasing function of class C* on R.. The hypothesis (2.35) en-
sures that ¢(¢) — +o0 as t — +co. By (2.85), the definition of E, and the Cauchy-Schwartz
inequality we have (2.92) when we have (the case m > 1)

(p’ _ (1 + t)—n(m—1)/20.—((1+oc)(m+1)—2)/2(t)d'“erl (t),

(;5”(1') _ n(m—1) 1+ t)—n(m—l)/Z—1O.—((1+a)(m+l)—2)/2(t)d~m+1(t)
2
(14 £)-nm=12 ( _(d+a)im+1) - 2O.—(l+o¢)(m+1)/2(t)o./(t)drrﬁl(t) (2.101)
2
F(m+ I)Jm(t)d"(t)o’((”“)("‘“)’z)/z(t)>.
Thus
9" (1) dm(t) (1=a)(m+1)/2 ,d"(t) a'(t)
‘ dt) = Ca'”(t) a (H)-C om(t) g((+a)(m+1)=2m)/2(¢)
. ~ (2.102)
.y d((l+o¢)(m+1)—2)/2(t) d’(t)
o((L+a)(m+1)-2)/2(¢) j((1+oc)(m+1)—zm)/2(t)’
d(t)/a(t) is bounded, so we obtain
T 14
J Eq+1 |¢~ (t) | dt < _Eq+l(S) [d(l—oc)(mﬂ)/Z(t) + 0_(1—¢x)(m+1)/2(t)]T
S d(t) $
< EIF1(S) (- m /A ot ) (2.103)
< CET(S).
We deduce from this choice
T
J E'™¢' dt < 2CE(S), (2.104)
S
and thanks to Lemma 2.4 (applied with ¢ = 0), we obtain
C(E(0))
Since uy € W** and W** is an open set, putting
T, =sup{t € [0,+00) : u(s) € WH* for0 <s<t}, (2.106)

we see that T >0 and u(t) € W for 0 <t < Ty. If T} < Trax < 00, where Ty is the
lifespan of the solution, then u(T;) € oW™**; that is,

I(u(Ty)) =0, u(T)) #0. (2.107)
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We see from Lemma 2.2 and (2.85) that

1 (4=(n=2)(p—1))/2 n(p—1)/
w5} < Cllumll; PVl

Pl
< (d() ™ ”*”f’*”)“EP-‘”llvxuu)!li (2.108)
< B[ V.au()]l3

for 0 < t < T, where we have used the assumption p > (n+4)/n and

C(E(0))d~¢4-(=2(p-1)/2(¢)

B(t) =
(fo(“'f n(m=1)/2g~((14+a)(m+1)-2)/2 (1) dm+1 (1) dr

)<p71)/<m71>- (2.109)

Next, we put
Tzzsup{te [0,+00):B(s)<%f0r0ss<t}, (2.110)

and then we see that T, >0 and T, = T} because B(t) < 1/2 by the condition that E(0) is
small. Then

1w(®) = || Vau®)|]2 - BO|V.u)| = %Hvxu(t)”; 2.111)
for 0 < t < T). Moreover, (2.107) and (2.111) imply
K(u(T)) = %||qu(T1)||§ >0, (2.112)

which is a contradiction, and hence, it might be T} = Tp,. Therefore, (2.105) holds true
for 0 < T < Tiax. To prove global existence in H? N H'!, we need to derive the estimates
for second derivatives of u(t) on the basis of the energy estimate of E(t), we utilize the
differentiated equation

e — At + A2 ()" + 0" (Dg(u') + () g(u)u” + f'(w)u' =0, (2.113)

where f(u) = |ul?~'u. Multiplying (2.113) by «"’, we have

d rr
S E(0+20 t)J g () |u (0] dx

(2.114)
2 17w @] [ @] dx2] @] [ 1gw)] 1w d,
Rn R
where we set
Ex(t) = || (D)]|5 + || V()| [3 + || A’ ()] 2. (2.115)
By (2.2) and (2.3), we have
J |g(u')|2dst lu' |¥™dx+C’ [ |? dx
R | =<1 w21 (2.116)

< C(L + t)n(mfl)/mEl/m + C'E(27(n72)(r71))/2E£l(f*1)/2
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and by Lemma 2.2

210 101 0) de = O Ol 0]
= Ol 17 O 0

< dllud)|l} -1 Ea (D).
Since (n+2)/n < p < n/(n—2), then
||u(t)||5(7pl_l) SJ—(Z—(ﬂ—z)(p—l))/ZE(p—1)/2

Thus, we have

d£E2<d (n=2)(p-1))/2 g(p- 1)/2E2()

+2|0 (t | (L+t)nm l/mEl/m+CE (n=2)(r— 1))/2E r— 1/2)1/2E1/2( )

We have also, applying Young inequality,
E(Z—(n—2)(r—1))/2E;(f—1)/2 < CE(Z—(n—Z)(r—1))/(2—n(r—1))(t) +E2(t),

hence, we deduce that

So, we obtain
Ex(t) < CehC)ds
From (2.122) and the first equation of problem (1.1), we also prove easily that
lIAu()]], < C'(1) < o0
for all £ > 0. Indeed, we have
Au()|], < || (B)]], + IV u@)]], + o @)|lg (& O], + | £ @)l
and also we have

£ I3 = Cllu®)|Bh < Cllu)lh)) A5

(2.117)

(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

Here, to check the last inequality of (2.125), we note thatif (n+4)/n < p < (n+2)/(n—2),

then

(n=2)(p-1)

Cllunloh 1), < Cllully” 1V cu (t)||zp v

< (@) VB <

(2.126)
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Thus the solution in the sense of Theorem 2.6 exists globally in time ¢ under the assump-
tion (ug,u;) € H> x H'.

When (ug,u;) € H' x L? we approximate (ug,u;) by (uf,uf) € H* x H', k = 1,2,...,
in the topologies of H! x L?, which satisfy

suppuf nsuppuf c {x e R" | |x| <L}. (2.127)

Since limy - o (4§, u¥) = (19, u1) in H' x L2, then for these initial data problem (1.1) has
global solutions uF € W= ([0,00);L2) N W ([0,00); HY) N L2, ([0, 00); H2), which sat-
isfy (2.122) and (2.123). We can easily see that {t*(¢)} converges uniformly on each com-
pact interval [0,T], T > 0. Uniqueness follow from a standard argument. The proof of
Theorem 2.8 is now completed. O
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