ANALYSIS OF A MATHEMATICAL MODEL RELATED TO
CZOCHRALSKI CRYSTAL GROWTH

PETR KNOBLOCH AND LUTZ TOBISKA

ABSTRACT. This paper is devoted to the study of a stationary problem con-
sisting of the Boussinesq approximation of the Navier—Stokes equations and
two convection—diffusion equations for the temperature and concentration,
respectively. The equations are considered in 3D and a velocity—pressure
formulation of the Navier—Stokes equations is used. The problem is com-
plicated by nonstandard boundary conditions for velocity on the liquid—gas
interface where tangential surface forces proportional to surface gradients
of temperature and concentration (Marangoni effect) and zero normal com-
ponent of the velocity are assumed. The velocity field is coupled through
this boundary condition and through the buoyancy term in the Navier—
Stokes equations with both the temperature and concentration fields. In
this paper a weak formulation of the problem is stated and the existence of
a weak solution is proved. For small data, the uniqueness of the solution is
established.

1. INTRODUCTION

In this paper we investigate the solvability of a stationary three—dimen-
sional mathematical model describing the processes in the melt during a
silicon single crystal pulling by the Czochralski method. The main feature
of the Czochralski method (cf. e.g. [3, 13, 15]) is that the grown single crystal
is pulled from its melt which is situated in a crucible (cf. Fig. 1). The device
is rotationally symmetrical and, during the pulling, both the crucible and
the crystal perform rotational motions around the symmetry axis and, at the
same time, motions in the vertical direction which correspond to the crystal
growth velocity and maintain the melt free surface in a constant position.
The crystal growth velocity is usually considerably smaller than the typical
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Figure 1 Cross—section through the melt and crystal
in a Czochralski apparatus.

velocities in the melt. The crucible is made of vitreous silica which leads to
a contamination of the melt by oxygen.

The region occupied by the melt is assumed to be known a priori and will
be denoted by € in the following. The boundary 92 of {2 comprises the
crucible wall T, the melt free surface I'“C and the interface I'“S between
the melt and the growing crystal (cf. Fig. 1). The mathematical model
then consists of the following partial differential equations defined in €2 and
boundary conditions prescribed on 9€2:

—Av+as(Vo)v+asVp=a f1(0) + a2 fa(c), (1.1)

divv =0, . (1.2)

in
—Af0 +agv-VO=0, (1.3)
—Ac+arv-Ve=0, (1.4)
v=wvyp, 0=20,, c=cqp on W, (1.5)
(I-n®n)(Vo+Vol)n=—-a3V,0 — a4 Ve, (1.6)
00 on I'L¢

v-n=20, —a—n:gol(O), c=qp, (1.7)
v =y, 0 =0, —g—:b = (vp - ) pa(c) on T'L5, (1.8)

We use the following notations: v is the velocity, p is the pressure, 6 is
the temperature, c is the oxygen concentration, I is the identity tensor, n is
the unit outward normal vector to 9€2, and Vs denotes the surface gradient
(in this paper, V- = (I —n®mn)(V-)|yq). The constants ai,...,ar and
the functions fy, fo, ©1, ¥2, Vb, O, cp Will be specified in the next section.

The equations (1.1)—(1.4) can be derived from general balance laws for
linear momentum, mass, energy, and mass of a constituent, respectively.
The equations (1.1) and (1.2) represent the Boussinesq approximation of
the Navier—Stokes equations. Among the boundary conditions, the most
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interesting one is the boundary condition (1.6) describing the so—called
Marangoni effect, i.e. the fact that surface tension variations due to tem-
perature and concentration gradients induce tangential surface forces on the
melt free surface. A detailed derivation and explanation of the model (1.1)-
(1.8) can be found in [8]. The solvability of a rotationally symmetrical case
of (1.1)—(1.8) defined in a simplified geometry and taking into account mag-
netic forces was investigated in [4]. The formulation of (1.1)—(1.8) used in
[4] requires to apply weighted Sobolev spaces, but on the other hand, it
considerably simplifies the treatment of (1.2) and (1.6).

Remark 1.1. The constants aq, ..., ay have the following physical mean-
ings:

Gry Gr, Mayg Ma,.

Re’ T Re’ T Reprt M7

ar= ~ RePr’

a5 = Re, ag = Re Pr, a7 = ReSc,

where Re is the Reynolds number, Pr is the Prandtl number, Sc is the
Schmidt number, Gris the Grashof number (Gry for temperature, Gr. for
concentration), and Ma is the Marangoni number (May for temperature, Ma,
for concentration). The usual definitions of the functions f,, f,, ¥1, p2 are

f1(0) = —fegy, fale) = —Cé€y,
o1(0) = Bi(0 = Oams) + RA{(0+0)* — (Bins + )} ,
wa(c) = ReSc(ko—1)(c+7c)

for # and ¢ belonging to some bounded intervals (01, 62) and (c1, c2), respec-
tively. Outside these bounded intervals, the functions f,, fa, ¢1, @2 have
no physical meaning and can be defined arbitrarily. In the above relations,
ey is a unit vector in the direction of the gravity, Biis the Biot number, Rd
is the radiation number, and kg is the segregation coefficient.

Let us mention the most important difficulties arising when investigating
the weak solvability of (1.1)-(1.8). The first difficulty comes from the fact
that full Dirichlet boundary conditions are prescribed only on a part of the
boundary whereas, on the remaining part, only the normal component of
the velocity is known a priori. That also causes difficulties in case of the
Navier—Stokes equations since all methods used in the literature for proving
their solvability are based on the assumption that there exists a divergence—
free function vy, satisfying the Dirichlet boundary conditions for the velocity
such that the integral [, v5- (V) da is, in some sense, small (cf. e.g. (4.29),
(4.35)). It is known that such assumption is fulfilled if full Dirichlet bound-
ary conditions for the velocity are prescribed on the whole boundary and
the flux through each connected component of the boundary vanishes (cf. 7,
p. 287, Lemma 2.3]). However, in the case considered here, the existence of
a suitable function vy is an open problem. That means that, in case of non-
homogenous mixed boundary conditions of the mentioned type, which often
occur in various applications, it is not known how to prove the solvability
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of the stationary incompressible Navier—Stokes equations in general and it
is rather surprising that such a fundamental problem still remains unsolved.

Another difficulty consists in the nonstandard boundary condition (1.6)
for the velocity on T'“C. Here, a suitable generalization in form of a linear
functional defined on a subspace of H %(89)3 has to be constructed for the
occurring surface gradients of temperature and concentration. This general-
ization should be also appropriate for a numerical solution of (1.1)-(1.8) by
means of the finite element method.

Finally, the investigations of (1.1)—(1.8) are complicated by the coupling
between the equation (1.1) and the equations (1.3) and (1.4) which is realized
through the buoyancy terms in (1.1) and through the boundary condition
(1.6). In Theorem 4.5, we shall prove that the solvability does not depend on
the magnitude of the constants in the coupling terms. Therefore, it suffices
to prove the solvability only for those cases when these constants are small,
which is, of course, much easier.

The plan of the paper is as follows. In Section 2, we formulate assumptions
on the problem (1.1)-(1.8) and introduce some notations. In Section 3,
we construct the mentioned generalization of the surface gradient, derive a
weak formulation and show the equivalence between classical solutions and
smooth weak solutions. In Section 4, we establish an equivalent operator
formulation and prove the solvability of the weak formulation by applying
the Leray—Schauder principle. The Leray—Schauder principle allows us to
make a weaker assumption on the Dirichlet boundary condition vy for the
velocity than usually made in the literature. Further, we prove that, for
small data, the weak solution is unique.

2. ASSUMPTIONS AND NOTATIONS

We use the notation W*P(Q), where k = 0,1,... and p € <1,00>, to
denote the Sobolev space of functions whose generalized derivatives up to
the order k belong to the space LP() (cf. [1, 10]). The corresponding norm
and seminorm are denoted by | - ||, , o and |- [, o, Tespectively. For p =2,
the second index is dropped and we use the notations H*(Q) = W2(Q),
[l and || . The subspace of H L(Q) consisting of functions with zero
traces is denoted by HE () and the space of continuous linear functionals
defined on H{ () by H=1(€). In addition, we introduce the space H? (0Q) =
y(HY(2)), where v : HY(2) — L?(09) is the trace operator. The spaces
Cck (Q), k =0,1,...,00, consist of functions having continuous derivatives
up to the order k in 2, and the spaces C§(Q) consist of functions v € C*(Q)
with suppv C . The space of functions v € L*(2) satisfying [vdx =0 is
denoted by L3(Q).

We assume that @ C R? is a bounded domain with a Lipschitz—con-
tinuous boundary 99 and that the sets T, I'C and T' are open in 99,
disjoint and such that measy(T'™') > 0, measy(T*%) > 0, measy(T) > 0
and Q) = TW UTLG UTLS, In addition, we suppose that there exists an
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extension m € WH4(Q)3 of the unit outward normal vector to I''¢ | i.e.,
m’FLG = n‘[\LG-

Remark 2.1. The assumption on the existence of the extension m is made
because of the treatment of the surface gradients in the boundary condition
(1.6). Tt can be shown that this assumption is satisfied if I'*“ is a C'! surface
and if there exists a finite number of local Cartesian coordinate systems
providing a description of 9§ (cf. [10, p. 14]) with the property that, in each
of these coordinate systems, the projection of the respective part of I'F¢
into the (z1,z2)-plane is a set with a Lipschitz—continuous boundary. In
this case, we even have m € WH°(R?)3. Another sufficient condition for
the existence of m € W1 (IR%)3 is the existence of a domain  with a C'1!
boundary satisfying I'“C c 9.

We make the following assumptions on the data of the problem (1.1)—(1.8):

ai,ag,...,ar € RT,
.f17f2601(R)37 ’fll(‘r” Sl) ‘f2/(x)’§1 V‘TEIR?
P1,P2 € CI(R)v

K, L. ei()| < K1, Jei(z)| <Ly VzeR,
Ky, Ly:  |eo(a)| <Ky, |@o'(2)| <Ly VzeR,
vy € HE(O)3, 6, € H2(3Q), cp € HE(9Q),

~~ ~~
N O Ot = W N
~— — — — — ~— ~—

vp-n=0onTL wv,-m>0on /vb-ndazo.
oN

Generally, the condition vy, - > 0 on I'Y is a technical assumption needed

for proving both the existence and the uniqueness of the weak solution. In
the case of the Czochralski method, however, this assumption is a natural
condition which expresses that the crystal is really growing and not melt-
ing. The last condition in (2.7), representing the global balance of mass,
immediately follows from (1.2) and is therefore a necessary condition for the
solvability of the problem (1.1)—(1.8). From the physical point of view, the
assumptions (2.1)—(2.7) do not present any loss of generality (cf. Remark
1.1).

Finally, let us introduce some function spaces which we shall need in the
following sections. The spaces are defined in regard to the Dirichlet boundary
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conditions in (1.5)—(1.8) and to the equation (1.2):
V = {ve H(Q)?|dive=0, v=0 on TWuUTLS,
v-n=0on I'¢},

V = {veH}(Q)? divue=0},

W = {veH'@Q? v=0o0n T"UTY, v.-n=0 on I''C},
W = {veH'(Q)?|v=0on TWUILS},

O = {#cHY()|H=0o0on T UTL},

C = {ceHQ)|c=0on TW UL,

X = Vx0O0xC(C,

X

= HY Q) x HY(Q) x H(Q).

3. WEAK FORMULATION

To derive a weak formulation of (1.1)—(1.8), we first assume that the
functions v, p, 6 and c are a classical solution of our problem. We multiply
the equations (1.1)—~(1.4) by arbitrary functions w € W N C®(Q)3, ) €
L3(Q)NC>(Q), n € ©NC>®(Q) and g € C N C>®(Q), respectively, integrate
them over (2, use the identities

1
—w-Av = 5 (Vo + Vo) - (Vw + Vw?) — div[(Vo + Vo©b) w] +
+w - V(dive), (3.1)
w-Vp = div(pw) — pdivw, (3.2)
—nAf = VO -Vn—div(nVe), (3.3)
—qAc = Ve-Vq—div(qVe), (3.4)

apply the Gauss integral theorem (cf. [5, p. 33]) and substitute the Neumann
boundary conditions and the condition (1.2). Then we obtain

1
5/ (VU+VUT)-(Vw+VwT)dx+a5/ w - (Vv)vdr —
Q Q

—a5/ pdivwdx:al/ w-fl(ﬁ)d:r—l-OQ/ w - folc)de —
Q Q Q

—ag/ 'w-VSHdJ—a4/ w-Vsedo, (3.5)
TLG LG

/)\divvdx:(), (3.6)
Q

/V@-Vndx—i—ag/ nv-Vde:—/ o1 (0)do, (3.7)
Q Q rLe

/Vc-qux—Hw/ qv-Vcd:E:—/ q(vp-m)pa(c)do. (3.8)
Q Q rLs

Thus, any classical solution of (1.1)—(1.8) satisfies the relations (3.5)—(3.8)
and, on the other hand, it can be shown (cf. the proof of Theorem 3.3) that
any functions v € C%(Q)3, p € CY(Q), 0, c € C*(Q) satisfying both the
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Dirichlet boundary conditions from (1.5)—(1.8) and the relations (3.5)(3.8)
(for any w, A, n, g of the above type) are a classical solution of (1.1)—
(1.8). Hence, the new formulation (3.5)—(3.8) is equivalent to the classical
formulation (1.1)—(1.8). However, this new formulation makes it possible to
introduce more general solutions in a natural way. In fact, all terms with the
exception of the two last ones in (3.5) are well defined for functions v, w,
p, A, 0, 1, ¢, ¢ belonging to the Sobolev spaces H(Q)3, L?(Q) and H' (),
respectively. Therefore, it remains to generalize the surface integrals of the
type

/ w-Vs(do
LG

for functions w € W and ¢ € H(Q). First let us prove the following lemma.

Lemma 3.1. Let m € W'4(Q)? be any extension of the normal vector
n|pre. Given ¢ € HY(Q) and w € H'(Q)3, we define

d(¢,w) = /Q V(- [wdivm —mdivw + (Vw)m — (Vm)w] dz. (3.9)

Then d : HY(Q) x HY()3 — R is a continuous bilinear mapping satisfying

d@mgzéﬂmx@mmmyvaw V(e H*(Q), we HY(Q)? (3.10)
and

di¢,w)=0 V¢eHYN), we H}(Q)3. (3.11)

Proof. Since W'4(Q) C C(Q) and H'(Q) C L*(2) (cf. [10, p. 72, Theorem
3.8] and [10, p. 69, Theorem 3.4]), the terms in the square brackets in (3.9)
are elements of L?()? and hence the mapping d is well defined. Using the
Hoélder inequality, we obtain

3

(¢ w)] < [l {B+31) [wloun Imliae + (1 +V3) [wly g llmllg w0}
and hence it follows from the Sobolev imbedding theorems that

(¢ w)| < CQ) [Imlly a0 g llwlie ¥ ¢ e HY(Q), we H(Q), (3.12)

which implies the continuity of d.
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Let us assume for a moment that m € C*(Q)3. Then we have for any
¢ € C®(Q) and w € C>*(Q)3

o¢ 9 N9 0 Ny —
Z / ox; 8373 m;) Ox; Ox;j (miw;) de =

1,j=1

- Z / oz [3961 4mA_§ﬂimiwj} o=
:/Qdiv[m(w-vo—w(m-vc)] do =

:/ div [(w x m) x V(] dz =
Q

_ [(wxm)xvg].nda:/ i x (wxm)] - V(do. (3.13)
o0 onN

According to the trace theorems (cf. [10, p. 84, Theorem 4.2]), the right—
hand side of (3.13) is defined for any m € W14(Q)3, ¢ € H?(Q), w € H'(Q)3
and it is bounded by C(£2) Imlly 40 lICll2q lwlly o Since C>(Q) is dense in
all the spaces W14(Q), H?(Q2) and H'(Q), we obtain the property (3.10).

Now, due to (3.10), we have d(¢,w) = 0 V¢ € H?(Q), w € H}(Q)3,
which implies (3.11) using the density of H?(Q2) into H'(Q). =

Theorem 3.1. Let ( € HY(Q) and z € v(W) C H%(GQ)?’ be given. Let
w € H'(Q)3 be an arbitrary function satisfying y(w) = z and let us set

<ds(¢),z> =d(¢,w). (3.14)

— !/
Then (3.14) defines a continuous linear mapping ds : H'(2) — [’y(W)]
which does not depend on the choice of the extension m in the definition of
the mapping d. Moreover, for ¢ € H?(S)), we have

<dy(O),y(w)> = /FLG w-V,(do VweW. (3.15)

The constant
ds 5

CEHl(QLC#O: ‘C‘I,Q ‘w|17Q
wEW, w#0

is finite and depends only on T'*C and .

Proof. Tt follows from (3.11) that, for a given ¢ € H'(£2), the value d({, w)
does not depend on the choice of the function w € H'(Q)? satisfying v(w) =
z and, therefore, the mapping d; is defined by (3.14) unambiguously. Defin-
ing by
inf
weH(Q)3,
Y(w)=2

HZH%@Q =
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a norm in H%(aﬂ)?), we obtain by (3.11) and (3.12)

[<ds(¢),z>| = inf [d(¢,w)| < C(Q)[|m
weH(Q)3,
y(w)=z

aglCliellzls o

Thus, we have
Hds(C)H[W(W)]I <O lImlianllhe V¢eH(Q),

which means that the mapping ds is continuous.
By (3.10), we obtain

<dy(0), Y(w)> = /FLG [n x (wx n)]-VedoV ¢ € HA(Q), w e W. (3.16)

Using the density of H%(Q) into H(£2), we observe that, for any ¢ € H*(Q)
and w € W, the value <d,(¢),v(w)> is independent of the choice of m.

Since, for any w € W, we have n x (wxn) = (I —n®n)w in each point
of TG and since V¢ = (I — n ®n) (V) for any ¢ € H%(Q2), the relation
(3.15) follows from (3.16).

According to the Friedrichs inequality (cf. [10, p. 20, Theorem 1.9]), |-[;
is a norm on W, equivalent to || - [|; o, and hence the constant C; is finite
by (3.12). =

Thus, we see that the functional ds(¢) is a reasonable generalization of
the surface gradient on T'““ for functions ¢ € H'(Q) and hence, replacing
the last two integrals in (3.5) by —az<ds(8),v(w)> — au<ds(c), y(w)>, we
can define a weak formulation of (1.1)—(1.8). First, however, let us introduce
the following notations:

a1 (v, w) = ;/Q(V'IH—V'UT)-(V'w—FV'wT)dx,

ag(e,n):/ﬂ Vo - Vnde, b('v,)\):—/Q Adivede,
bl(u,v,w):/gw-(VU)uda}, bQ('v,Q,n):/an-Vde,
<F1(0),w>:/gw'f1(0)d:c, <F2(c),w>:/gw‘f2(c)dm,

<@O).> = [ ne0)do, <@, = [ (€ n)ea(e)do.

LS
where u, v, w € H'(Q)3, ¢, 0, n € HY(Q), A € L*(Q) and & € L?(0Q)3.
Definition 3.1. Let v, € H'(Q)?, 6,, & € H'(Q) be arbitrary functions
satisfying
Bplpwpes = by Uy e =0, Oloo =0, Glog=cp.  (3.17)
Then the functions v, p, 0, ¢ are a weak solution of the problem (1.1)—(1.8)
if
ve H(Q)?, pelLiQ), 0cH(Q), ccHY(Q), (3.18)
V-V, W, 0-6,€0, c—¢eCl (3.19)
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and
ai (v, w) 4+ a5 by (v, v, w) + a5 b(w,p) =
= a1 <F1(0),w> + ag <Fa(c),w> —

—ag <ds(0),y(w)> — ag <ds(c),y(w)> VweW, (3.20)
b(v,\) = 0 VA€ Li(Q), (3.21)

asz(0,m) + agba(v,0,mn) = <Pi(0),n> Vneo, (3.22)
as(c,q) + azba(v,c,q) = <Pa(c),qup> VqgeCl. (3.23)

Remark 3.1. The weak solution does not depend on the particular choice
of the functions vy, 0, and ¢, satisfying (3.17).

Remark 3.2. In view of (3.21) and (2.7), we have b(v,\) =0 V )\ € L*(Q)
and hence any weak solution satisfies the condition divv = 0.

Remark 3.3. Since the pressure p is determined by (1.1), resp. by (3.20),
up to an arbitrary additive constant, we consider only pressures with zero
mean value.

Remark 3.4. If T'X¢ is plane, then, in (3.20), the bilinear form a; can be
replaced by
/ Vv -Vwdz.
Q
The reason is that, for a plane I'“C| any functions v, w € C%(Q)? with
v-n=w-n=0onI'C satisfy w- (Vv)"™n = 0 on I'*¢, which makes it
possible to use the identity

—w - Av = Vv Vw — div[(Vo)Tw]

instead of the identity (3.1). Let us mention that, for a plane I''C with a
normal vector 72, the formula (3.9) can be simplified to

d(¢,w) =7 - /Q [(Vw)T — (divw) I|V¢dz V¢ e HY(Q), we HY(Q)3.

The following two theorems show that the weak solution really is a mean-
ingful generalization of the classical solution.

Theorem 3.2. Any classical solution of the problem (1.1)-(1.8) is a weak
solution of this problem.

Proof. Let v, p, 8, ¢ be a classical solution of (1.1)-(1.8). Then, for any
w € C*(Q)3, it follows from (1.1), (1.2), (1.6), (3.1) and (3.2) that

al(’lJ,’LU) +as bl(vv ’U,’UJ) +as b(w7p) =aq <F1(9)7 w> +
+a2<F2(c),'w>—a3/ w-VSGdafoul/ w - Vscdo —
LG LG

—a5/ pw-ndo+ w - (Vo + Vol)ndo +
oN

rwurts

+/L (w-n)n- (Vo + Vo) ndo. (3.24)
T G
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Since C°°(Q)? is a dense subspace of H(Q)3, we deduce that (3.24) holds
for any w € H'(Q)3. Particularly, for w € W, the last three integrals in
(3.24) vanish and we obtain (3.20). The relations (3.22) and (3.23) can be
obtained analogously and (3.21) immediately follows from (1.2). =

Theorem 3.3. Let v, p, 0, ¢ be a weak solution of the problem (1.1)—(1.8)
and let us assume that v € C%2(Q)3, p € CL(Q), 6, c € C*(Q). Then the
functions v, p, 0, ¢ are a classical solution of the problem (1.1)—-(1.8).

Proof. For any w € WNC® ()3, we obtain by (3.20), (3.1), (3.2), Theorem
3.1 and Remark 3.2

LLuwPAU+aﬂVvW+w%Vp—aLhwy—%fxdhm:
:—/‘1kav+Vﬁvn+%Vﬁ+aﬂ@4mr(3%)
FLG

Particularly, (3.25) holds for any w € C§°(2)3 with a vanishing right-hand
side and since the terms in the square brackets are continuous, we infer that
the functions v, p, 6, c fulfil the differential equation (1.1) in the classical
sense. Then it follows from (3.25) that

/LGw- [(I—n@n)(VU+VUT)n+a3V59+a4VSC} do=0
r
VweWnC®Q)3,

where we used the fact that (I —m @ m)w € W Vw € W and (I —
n ®n)Vs = Vs. Again, the terms in the square brackets are continuous
and hence we deduce that the Neumann boundary condition (1.6) is also
fulfilled in the classical sense. The validity of the equations (1.3) and (1.4)
and of the Neumann boundary condition in (1.7) can be proven in the same
fashion. For proving the Neumann boundary condition in (1.8), we have
to apply Proposition 1.1 from [10, p. 56], since n|..s is not continuous in

general. The fulfilment of the Dirichlet boundary conditions immediately
follows from (3.19). =

4. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

In this section, we investigate the existence and uniqueness of the weak
solutions of the problem (1.1)—(1.8). First, in Theorem 4.1, we show that
the pressure can be eliminated from the weak formulation (3.19)—(3.23) and
we can confine ourselves to investigations for the functions v, 6 and ¢. Then
we construct an operator formulation which enables to perform a proof of

the weak solvability for small values of the constants a1, ..., a4 applying
the Leray—Schauder principle. Using a simple scaling argument, we extend
this existence result to arbitrarily large constants ag, ..., a4. Finally, we

show that the weak solution is unique for small data.

Theorem 4.1. Let o, € H'(Q)?, 0, & € H'(Q) be arbitrary functions
satisfying

diV’ljb = 0, 6b’FWUFLS = Vyp, ’ljb . ’I’L|FLG = 0, 95|8Q = ¢9b, Eb|39 = Cp (4.1)
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and let v € HY(Q)3, 0, c € HY(Q) be any functions satisfying

v—D eV, 0-0,€0, c—c el (4.2)
and
a1(v,w) + as by (v,v,w) = a3 <F1(0),w>+ az <Fa(c),w> —
—ag <ds(0),v7(w)> — as <ds(c),y(w)> VweV, (4.3)
az(0,m) + agba(v,0,m) = <P1(6),n> Vneo, (4.4)
as(c,q) + arba(v,c,q) = <Pa(c),qup> VgeC. (4.5)

Then there exists a unique function p € L%(Q) such that the functions v, p,
0, ¢ are a weak solution of the problem (1.1)—(1.8).

Proof. Setting
<f,w>=—a;(v,w) — asb(v,v,w) + ay <F1(0),w> +
+ ag <Fa(c), w> — ag <ds(0), y(w)> — as <ds(c), y(w)>,

we have f € H=1(Q)3 (cf. also the following lemmas) and <f,w> =
0 Vw € V. Therefore, according to [7, p. 22, Lemma 2.1], there exists
a unique p € L3(Q) satisfying

<f,w> = asb(w,p) Y w e H(Q)3. (4.6)
Now, given w € W, there exist functions w; € V, we € H(Q)? such
that w = w; + ws (cf. [7, p. 24, Lemma 2.2]). Using (4.3), we infer that
<f,w1> = 0 and, according to (4.6), we have <f,ws> = a5b(ws,p) =

as b(w,p). Therefore, <f,w> = a5b(w,p) for any w € W and hence
(3.20) holds. =

Remark 4.1. Note that, for v, 6y, & defined by (4.1), any solution of
(3.19)-(3.23) satisfies (4.2)—(4.5). Thus, the solvability of (4.2)—(4.5) also
is a necessary condition for the solvability of the weak formulation (3.19)—
(3.23).

Now, let us study some properties of the spaces V, ©, C and X introduced
in Section 2.

Lemma 4.1. The spaces V, © and C are separable Hilbert spaces for the
scalar products a1 (-, ) and as(-,-), respectively, and the space X is a separable
Hilbert space for the scalar product

(va)X = al(vaw) + a2(97 77) + GQ(C, Q) )
where U = (v,0,¢), W = (w,n,q) and U, W € X. The norm |U|ly =
(U,U) x is equivalent to the norm [|v||; o + 10/l o + llcll; o i-e., there exist
constants C1 and Cy depending only on TV, TYC and Q such that
CrUllx < cllio < ClUllx VU= (v,0,¢) € X. (4.7)

For any sequence Uy, = (U, 0p,¢) € X, n € IN, and any U = (v,0,¢) € X,
we have

U,—~Uin X < v, ~vin H(Q)3 6, =0, ¢, = cin H(Q). (4.8)
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Proof. Using the Friedrichs and Korn inequalities (cf. [10, p. 20, Theorem
1.9] and [11, p. 97, Lemma 3.1]), we deduce that the bilinear forms a; and
ao are scalar products on the respective spaces and that the norms induced
by these scalar products are equivalent to the norm || - ||, 5. Thus, for
proving that the spaces V, © and C are Hilbert spaces for the mentioned
scalar products, it suffices to show that these spaces are closed subspaces of
H'(€)? and H'(Q), respectively, with respect to the norm |- ||, o. Consider
any u € H*(Q)? and assume that there exists a sequence {u,}5°; C V such
that ||u —wunll; o — 0 for n — oo. Then we have for any ¢ € C5°(2)

/ (divudz
Q

~ \ | ¢aiviu— w,)do| < V3 |Cllyg u -~ wnla 0.

which implies that divu = 0 (cf. [10, p. 56, Proposition 1.1]). The continuity
of the trace operator gives vy(u,) — y(u) in L?(99)? and also vy(u,) - n —
y(u)-m in L2(I'*). Thus, u € V, which means that the space V is closed.
For the spaces © and C, we can proceed analogously. Clearly, any subspace of
a separable metric space is separable and since the space H'(Q) is separable
(cf. [10, p. 64, Proposition 2.3]), the spaces V, ©, C and, consequently, X
are separable Hilbert spaces.

Finally, let us prove the validity of (4.8). According to the Riesz repre-
sentation theorem (cf. [12, p. 245, Theorem 4.81-C]), we have: U, — U
in X< (U,-UW)y >0VWeX & a(v,—v,w) -0 VVweV,
az(bp, —0,m) - 0 Vne O, as(ch, —c,q) >0 Vqgel v, ~vinV,
0, — 0in O, ¢, = cin C. Since [HY(Q)*]' ¢ V' and [H'(Q)] c €', ¢’
and since, by the Hahn-Banach theorem (cf. [12, p. 186, Theorem 4.3-A]),
any functional belonging to V’, ©" or C’ can be extended to a functional
belonging to [H 1(9)3}/ or [H 1((2)],, respectively, we obtain the equivalence
(4.8). u

In the following lemma, we shall use the fact that, according to the Sobolev
imbedding theorems and the trace theorems (cf. [10, pp. 69 and 84]), there
exist finite constants

u u
s o 100

1,0 ’ w€H(Q), u0 [|u

C3 = sup
w€H(Q), uz0 [|u

1,0
which depend only on 2.

Lemma 4.2. The trilinear form by is continuous on [H*(Q)3]3 and satisfies
the inequalities

b, v,0)] < V3ol [uloag wlose ¥ uvwe H(Q)?®, (49)
b1 (0,0, w) = b1(5,5,w)| < V3CE 8]0 llv — Bllo 00 lwllq +
+V3Cs ol + 1+ V3) 8]0 ] v = Blloae lwlhe
Vo, o,we H(Q)®. (4.10)
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Moreover,
b1 (u, v, w) = / (w-v) (u-n)do — b (u,w,v)
o0

Vau,v,we H(Q)?, divu=0. (4.11)

The trilinear form by is continuous on HY ()3 x H'(Q) x H'(Q) and satisfies
the inequalities

[b2(v,60,1)] <V

Voe H(Q)?3, 0,ne H'(Q), (4.12)
[b2(v,60,m) = ba(8,0,m)| < VBCE[[B]l1,0 116 = Ollo,00 [nll.0 +
+Cs [ V3o —=2llga0lblie+ (1+V3)] Allm] nll1.0
Vou,oeH(Q)?, 0,0,ne H(Q). (4.13)

Moreover,

b2(U79777>:/ 7797)'"(10—52(”:77;9)
Voe HY(Q)?, divv=0, n,0cH(Q). (4.14)

(
Proof. Using the imbedding H'(2) c L*(Q) (cf. [10, p. 69]) and applying
the Holder inequality, we obtain (4.9). For proving the inequalities (4.10)
and (4.11), we use the identities

w-[(Vv)v— (Vo)v]=w - (Vv)(v—7)— (v—0) - (Vw)v —
—(v—2) - wdivo+div[v (w- (v—-"2))],
w - (Vo)u =div((w - v)u) — v (Vw)u —w -vdivu

and the Gauss integral theorem. In case of the trilinear form bs, we can
proceed in the same fashion. m

Lemma 4.3. Ch/oose any U’ ﬁ’ W 6 X7 U = (’079) C)’ 6 - (’/U\;é\a E)} W =
(w,n,q), and denote

a(U, W) = a5 by (v, v,w) + ag ba(v,0,n) + a7 ba(v,c,q) —
—a1 <F1(0),w> — ay <Fa(c),w> — <P1(0),n> — <Py(c), qup>.

Then there exists a constant C independent of U, U and W such that

|a(U, W)| < C(1+|[Ullg + UI%) W], (4.15)

|a(U, W) = a(U,W)| < C (1+ U]l 3 + [Tll) (lv = 8llga0 +

+ 16— 5”0,4,9 +lle = Clloa0 + lv =g a0 +
+116 = Bllo,00 + llc = Eloon) Wiz, (4.16)

where |[Ull = llv]ly o + 10],0 + llellio-
Proof. According to the Taylor formula and (2.2), we have

[£1(0)] < 1 £1(0) + V36, [f2(e)] < |F2(0)] + V3¢l
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and hence it follows from the Holder inequality that the mappings F; and
F9 are well defined and that

[<F1(6), w>| < (IF10) o0 + V310lo0) lwlon,  (4.17)
|[<F2(c), w>] < (I £2(0)llo.0 + V3llclog) lwlog- (4.18)

Further, using (2.4) and (2.5), we infer that the mappings ®; and @y are
well defined too and that

[<®1(0), n>| < Ku [|nllo,1,00;

(4.19)
[<®2(c), qup>| < Kz [Jvy - |y pes [lallo,o0 -

Thus, applying the trace theorems and Lemma 4.2, we obtain (4.15). Using
(2.2)—(2.5), the Taylor formula and the Holder inequality, we deduce that

|<F1(0), w> — <F1(0), w>| < V30 — 0|0 lwlloq (4.20)
|<Fa(c), w> — <F3(2), w>| < V3|c—lloq |wloq, (4.21)
|<®1(0),n> — <@1(0),n>] < L1 (|0 — 0[[.00 Inllo.00 » (4.22)
|<®a(c), qup> — <P2(C), qup>| <

0400  (4.23)

and (4.16) again follows applying the trace theorems and Lemma 4.2. m

< Ly |lvp - nflg 4 pes lle = Clloon llg

Theorem 4.2. Let v, € H'(Q)3, gbagb € H'(Q) be any functions satisfying
(4.1) and let us denote U, = (Vy,0p,¢). Then there exist operators A,
L: X — X such that, for any U € X,

AU)+LU =0 < (v,0,c¢) = U+ Uy is a solution of (4.2)—(4.5). (4.24)

The operator A is compact, strongly continuous and satisfies for any U =
(v,0,¢) € X and any W = (w,n,q) € X
|<A(U)7W)X — Q5 bl(ﬁv 5,’11)) — O¢ b2(57 5777) — Q7 b2(57a Q)| <
<CA+Ullx) IWllx, (4.25)
(A(U)aU)X > —as bl(aa 57517) -
— V35 Cs (a6 10sll0,4,0 + a7 1llo.a0) IUIF —

— (a1 +a2) V3G |U[% = C|Ullx, (4.26)
where C' is independent of U and W. The operator L is linear and continuous
and satisfies for any U € X

[1— (a3 +a4) Cs Co] U]y < [ILUJlx <

<[1+ (ag+aq) CsCo] U], (4.27)
[1— (a3 +as) Cs Co] |U]% < (LU, U)x <

<1+ (a3 +04) G Ca] U5 (4.28)
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Proof. For U, We X, U= (6,5,6), W = (w,n,q), let us denote

a(U, W) = a(U + Uy, W) + a1 (Bp, w) + az(0s, ) + a2(@, q) +
+ a3 <dy(0p), Y(w)> + ay <ds(G), 7(w)>,

WU, W) = (U, W) x + az <ds(0), y(w)> + aq <ds (@), y(w)> .
Then, according to Lemmas 4.3, 3.1 and 4.1, we have a(U,-), I(U,-) € X’
for any U € X and hence it follows from the Riesz representation theorem
that there exist uniquely determined operators A, L : X — X satisfying

(A(U), W)y =a(U,W), (LU, W)y =1L(U,W) VUWEX.

Clearly, the operator L is linear and the equivalence (4.24) holds.
Consider any sequence U,, = (Vp, Op,cn) € X, n € IN, satisfying U, = U
in X for some U = (v,6,¢) € X. Then, according to (4.16) and (4.7),

IA(U) = A(Un)llx < C A+ |Ullx +[Unllx + 1Tll5) (17 — ¥
10 = Onlloso + 1€ = Culloan + 19— Vnllgsa +
+110 = Onllo.sa + I = Cnllo.sa) -

C
Using (4.8), the compact imbedding H'(Q) < L*(Q) (cf. [10, p. 106, Theo-
rem 6.1]), the compactness and linearity of the trace operator v : H'(Q) —
L2(09) (cf. [10, p. 107, Theorem 6.2]) and the fact that any weakly con-
vergent sequence is bounded, we deduce that A(U,) — A(U) in X. Thus,
the operator A is strongly continuous and since the space X is (as a Hilbert
space) reflexive, the operator A is compact.

The inequality (4.25) follows using (4.9), (4.12), (4.17)-(4.19), Lemma
3.1, the Holder inequality, the Sobolev imbedding theorems, the trace the-
orems, and the inequality (4.7). According to (4.11) and (4.14), we have
bl(6 + vp, v, 6) =0, bZ(’B + vy, g’ 5) =0, b2(5 + vy, G, E) > 0, bl(aa Uy, ’B) =
—b1(0,0,01), ba(D,05,0) = —by(D,0,6;), and ba(D, e, ¢) = —ba(®,¢,6) and
hence (4.26) follows applying the same techniques as used for deriving (4.25).

The inequalities (4.27) and (4.28) follow using Theorem 3.1 and the in-
equality (4.7). Since L is linear, its continuity is a consequence of (4.27). =

Since the solutions of the problem (4.2)-(4.5) do not depend on the par-

loa0+

ticular choice of the functions vy, 6 and ¢, we can use the following lemma
to reduce the influence of the second term on the right-hand side of (4.26).

Lemma 4.4. For any € > 0 and any ¢ € H%(E)Q), there exists a function
G € HY(Q) such that Gylag = G and ||Gllo a0 < e

Proof. See [2, p. 14, Lemma 2.8]. =

For proving the solvability of the problem (4.2)-(4.5) in case of small
constants ajq, ..., ay, we shall apply the Leray—Schauder principle which is
formulated in the following theorem.

Theorem 4.3 (Leray—Schauder Principle). Let X be a Banach space
and let B : X — X be a compact operator. Let there exist R > 0 such
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that all the solutions of the equations
U=AB(U), Xe(0,1),
satisfy ||U|lx < R. Then there exists at least one solution of the equation
U =B(U).
Proof. See [14, p. 245, Theorem 6.A]. =

Theorem 4.4. Let a5 € RT and vy, € H%((?Q)?’ be given and let us assume
that vy, satisfies (2.7) and the following assumption:

Jeec(0,1) YveV 3Iv,c H(Q)?: dive, =0,

- _ ~ €
Uplpwres = Vs, Up-nlpre =0, bi(v,v,vp) < a—Sal(U,v). (4.29)

Then there exists a positive constant M such that the problem (4.2)-(4.5) is
solvable for any constants oy, ag, as, ay € (0, M) and ag, oy € Rt and for
any functions f1, fa, 1, 2, Ob, ¢ satisfying the assumptions (2.2)—(2.6).

Proof. Consider any constants as, ag, a7 € RT and any functions f,, f5,
©1, P2, Vb, Oy, cp satisfying (2.2)-(2.7) and (4.29). Let € be the constant
from the assumption (4.29) and choose any ¥ € (g,1). Set

1—9
© 6Cymax{Cs,V/3Cy}

and consider any constants oy, ag, as, ay € (0, M). According to [7, p. 24,
Lemma 2.2, there exists a function v, € H'(Q)? satisfying (4.1) and, by
Lemma 4.4, there exist functions gb, &, € HY(Q) satisfying (4.1) and

V305 Cs (a6 [|6bllo.a0 + ar e llo.a0) < % :
Further, let A, L : X — X be the operators from Theorem 4.2. According
to (4.27), we have (24 9)||U||y < 3||LU|y for any U € X and since L is
linear, there exists a continuous linear inverse operator L™1.

Let us assume that the problem (4.2)—(4.5) is not solvable. Then, due to
the fact that the operator L™'A is compact, it follows from Theorems 4.2
and 4.3 that the solutions of the equations U = —AL7'A(U), A € (0,1),
form an unbounded set. Thus, there exist sequences {\,}22; C (0,1) and

{Un}>2, C X such that, for n € IN,
LU, = A A(Uy) (4.30)

M

and ||U,||x > n. Denoting U,, = (v, Oy, Cn), we obtain by (4.28) and (4.26)

241
T ||U7LH%( < (L UnaUn)X =—-Xn (A(Un)»Un)X <

2—-249
= [Unlk +C[Unllx

< A1’L as bl <6n> ,Ena ’Eb) +

which implies
19HUNH_zX < An a5 b1(Vn, U, 0p) + C || Uy x - (4.31)
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Let us set U, = U,/[|Uy| x and denote Uy = (B, O, n). Since any Hilbert
space is reflexive and the sequences {\,}2%; and {U,}%, are bounded,
we can assume without loss of generality that there exist A\g € <0,1> and
U= (9,0,¢) € X such that A\, — Ao and U, — U in X. Clearly, U]y <1
(cf. [12, p. 209]). By (4.31), we have

¥ <\, a5 by (Gn, Vo, %b) + g (4.32)
n

and hence, applying (4.8), (4.10) and the arguments used for proving the
strong continuity of A in the proof of Theorem 4.2, we obtain as a limit of
(4.32)

9 < )\0 (6759 bl(@,ﬁ,ﬁb) . (433)

Consider any w € V and set W = (w,0,0). Then W € X and it follows
from (4.30) that, for any n € IV,

1 1
IUnl1% Unl%

Since the first term on the left-hand side converges to zero, we deduce from
(4.25) that Ay, b1 (Vp, Un, w) — 0. Thus, using the same arguments as above,
we obtain

(LUn, W)y + An (A(U,), W)y =0.

Ao b1(@,6,’w) =0 YweV, (4.34)

which means that the inequality (4.33) holds for any v, satisfying the condi-
tions (4.1). This is, however, not possible since, according to the assumption
(4.29), there exists vy satisfying (4.1) and the inequality as b1 (0, 0,vp) <
£a1(9,9) < ¢||U||% < 9. Therefore, the problem (4.2)-(4.5) is solvable. u

Remark 4.2. The Leray—Schauder principle was already used by Ladyzens-
kaja [9] for proving the weak solvability of the stationary incompressible
Navier—Stokes equations. However, the proof given in [9] is not correct. The
substantial shortcoming is an incorrect argumentation why the inequality
(4.33) is valid for any extension v with the same function v.

Remark 4.3. Relations analogous to (4.33) and (4.34) can be also obtained
when proving the weak solvability of the stationary incompressible Navier—
Stokes equations using the contradiction argument developed by Leray (cf.
[6, p. 55]). Leray himself considered only problems with Dirichlet boundary
conditions v, prescribed on the whole boundary 92 and therefore he could
use the fact that o € V. Assuming, in addition, that the flux of v, through
each connected component of 92 vanishes, he then showed that, in conse-
quence of (4.34) (with A\g # 0 and V replaced by V), any divergence—free
extension vy of vy, satisfies b (v, v, v;) = 0. In case of mixed boundary con-
ditions for the velocity of the type we deal with, a proof of such a conclusion
still remains an open problem.
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Remark 4.4. Let ¥, a1,...,a7 and f, fo, ©1, ©2, vy, O, ¢, be defined as
in the proof of Theorem 4.4 and let us assume that the assumption (4.29)
holds for any v € V with the same function vy, i.e., that

Jee(0,1), v, € HY(Q)?: divo,=0, Bp|pw prs = Vs,

By mlpre =0, bi(v,v,5) < —ai(v,v) YoeV. (4.35)
as

Then, according to (4.26) and (4.28), the operator A = A + L satisfies
AU U)x =@ -9 Uk -ClUlx VUeX
and Theorem 4.4 can be proved by means of Galerkin’s method.

Remark 4.5. The validity of (4.29) and (4.35) is known if T*¢ = ( and the
flux of vy, through each connected component of 92 vanishes (cf. [7, p. 287,
Lemma 2.3]). Unfortunately, if measy(I'“¢) # 0, such general results are
not available. Of course, the assumptions (4.29) and (4.35) are satisfied if
a5 and vy, are sufficiently small but, in practical cases, this requirement is
usually too restrictive. Some sufficient conditions for the validity of (4.29)
and (4.35) were derived in [8], however, their fulfilment is generally not easy
to verify. Nevertheless, it can be shown that, for a rotationally symmetrical
domain Q corresponding to the Czochralski method (cf. Fig. 1) and for v,
representing rotational motions of the crucible and the crystal, assumptions
(4.29) and (4.35) always hold. This result is very important in context of
the Czochralski method since the non—rotational components in the Dirichlet
boundary conditions for the velocity can be mostly neglected and it is suffi-
cient to consider them only in the Neumann boundary condition (1.8). That
leads to a problem which is solvable under the assumptions from Section 2.

For proving the solvability of (4.2)—(4.5) for large values of aq, ..., au,
the following property of the solution set is essential.

Theorem 4.5. For arbitrary positive real numbers aq, . ..,a7 and arbitrary
functions £, fa, ©1, @2, v, Op, cp satisfying the assumptions (2.2)—(2.7),
let

A(Oél, a9, a3, 04, 05, O, 7, .fla f27 P11, P2, Up, 0()7 Cb) C X
be the set of all the solutions of the problem (4.2)-(4.5). Then we have for
any positive real numbers 0, ¢

(’U, 07 C) S A(Oél,OéQ,Oég,Oé4,0é5,a6,0é7, fl? .f27 ®1, P2, Vp, 967 Cb) —

0 c n . A R ~ A 0, c
> (v, 5 E) € Al 0,a2¢,a30, 04 ¢, 5, 06, ar, f1, fo, §1, P2, Vb, gb, gb),
where
. 1, . . 1, .
.fl(m):gfl(ex)v f2(95):gf2(090)7
N 1 - N 1 .
P1(z) = 5901(953), Pa2(z) = 5902(01‘)-

The functions fl, )A"Q, P1, P2 satisfy the relations (2.2)—(2.5).
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Proof. The statement immediately follows by writing 6 and ¢ as 6 0/ é) and
¢(c/é), respectively, in (4.2)—(4.5). =

Now, as a consequence of the two above theorems, we obtain the main
result of this paper.

Theorem 4.6. For any positive constants a1, «a,...,a7 and for any func-
tions fq, fa, ¥1, ©2, Vb, Oy, ¢ satisfying the assumptions (2.2)—(2.7) and
(4.29), there exists at least one weak solution of the problem (1.1)-(1.8).

Proof. Consider any constants oy, as,...,ar € R' and any functions f;,
fa, ©1, 2, vy, Oy, cp satisfying the assumptions (2.2)—(2.7) and (4.29). Let
M be the constant from Theorem 4.4 and set

M

f=¢= :
Qmax{oq, ag, &3, Oé4}

Defining the functions fl, fg, ®1, @2 as in Theorem 4.5, it follows from
Theorem 4.4 that the set

. . ~ s Oy c
A(al0,CMQC,OJ39,0Z4C,CK5,CK6,CK7,f1,f2,§01,§02,'vb,g,g)

is nonempty. Thus, according to Theorem 4.5, the set

A(Oﬂ? g, (3, Oy, A5, Og, A7, fla .f27 ©1, P2, Up, eba Cb)

is nonempty as well and hence the problem (4.2)—(4.5) is solvable. The
existence of a weak solution of the problem (1.1)-(1.8) now follows from
Theorem 4.1. =

The remainder of the paper is devoted to investigations of the uniqueness
of the weak solution. Similarly as for the Navier—Stokes equations, we shall
be able to prove the uniqueness for small data. First, let us introduce some
notations. In consequence of the trace theorems and the Friedrichs inequality
(cf. [10, pp. 84 and 20]) there exist finite constants

u
Co— sup I ’QlﬁQ’ Co—  sup 0,00
ued,u0 Ul ueuC, u0 |uly g

|l

depending only on I'", T'L¢ and Q. Further, we denote
Cr =403 [041 1£100)llo,0 + @2 [ F2(0)[lo,0 + (1 V3 Co + a3 Cs) Cs K1+
+(a2V/3Ca + s Cy) Cs K ||vy - ml|g pos |
Cy=1+8C2+4V3C%Cs,
C3 = 8C2 max{a1V3Cy + a3 Cs, asV/3Cy + oy Cs}

64 =4 %022 Cs maX{Oéﬁ (al\/§02 + as Cs), a7 Cy (042\/§02 + ay CS)} ,
5’5 = C’22 max{ozl\/g + a3 Cs, aaV3 + ay Cs}.

For proving the uniqueness of a weak solution, we shall need certain a
priori estimates which we establish in the following lemma.
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Lemma 4.5. Let there ezists vy € HY(Q)3 satisfying (4.35) for some € €
(0,0.5) and let 0y, & € H'(Q) be any functions satisfying (3.17) and the
nequality

4/3C3 Cy [a (a1V3 C + g Co)[Bsllo a0+
+ a7 (aaV3Cy + ay Cs)HEbHOA’Q} <1.  (4.36)
Then any weak solution v, p, 0, ¢ of the problem (1.1)—(1.8) satisfies
lvlle < Cr+Co(1+as [|Bbllga0) [ll0 +
+(C3+ Cy ||5b’|o,4,9)(||§b||1,9 +1ell1.0)
0l < 2 \gbh,Q +agV3C;3 ”§b||0,4,Q [vll10+Cs K1,
lche < 20l +arV3Co CF G g llv

N

1,9 + Cﬁ KQ ”Ub . nHO,FLS .

Proof. Set v = v — vy, 6=0-— gb and ¢ = ¢ — ¢p. Then we have according
to (4.11) and (4.14) (cf. Remark 3.2)

bl('v, 5,6) = 0, bl(v, 517, 5) = —bl('v,%, 517) y
bg(’v,g, 5) = 0, bg(v,gb,g) = —bg(’v,g, 51;),
b2(U75; E) >0, b2(575b75) = —52(5757 Eb)

and hence it follows from (3.20)—(3.23) with w = &, = 0 and ¢ = ¢ that

al(ﬁ%) = —al(ﬁb, 5) + as bl('v,%, 51;) + o <F1(9),5> +
+ag <Fa(c),v> — ag <ds(0),v(v)> — aq <ds(c),y(v)>,
(0,0) = —a(0y,0) + g by(v,0,0,) + <®1(0),0>,

az(v,
ag(E, a < —ag(Eb, a — Q7 bg('v, Cp, a + <(I)2(C), cvop> =
= —ay(Cp, ¢) + a7 be(v,¢, ) — ar ba(Vy, Cp, €) + <P2(c), cvp>.

Using (4.35), (4.7), (4.9), (4.12), (4.17)—(4.19), Theorem 3.1 and the Holder
inequality, we deduce that

1 ~ _
sz Pl < 2@l 0+ asV3|0p[13 4.0 + a1 [|£1(0)

2

+az || £2(0)[lp.0 + V3 (ay |6

0,0 T

0.0 tazlcllon) + Cs (a3 |01+ aalcli ),

010 < 10bl10+ asV30bllos0 lv]l0aq + Cs K1,
lcha < [Glio+ a7V3Ca Cs 1l1.0 l[v]l040 + Co K2 |lvp - ”HO,FLS )
lch o < [l + a7V3 1¢bll0.4,0 1Pllo,4.0 +

+a7V3Ca G311 [0bllo a0 + Co K2 [|vp - nllg prs
and the lemma follows using (4.7) and (4.36). =

Remark 4.6. Functions 6, & satisfying (3.17) and (4.36) exist owing to
Lemma 4.4.
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Theorem 4.7. Let the assumptions (2.1)-(2.7) be satisfied and let aq, ...,
ar, £1(0), £5(0), K1, Ko, Ly, La, vy, 0y, ¢p be small. Then the problem
(1.1)-(1.8) has ezactly one weak solution.

Proof. According to [7, p. 24, Lemma 2.2], there exists a constant C; depend-
ing only on €2 such that, for any v, € H%((?Q)B satisfying [ vy -ndo =0,
there exists v, € H'(Q)? possessing the properties

divo, =0, Ulog=v, and  [vp]l; o < C7 Hva%@Q-
From (4.9) and (4.7) (with U = (v,0,0)), it then follows that
by (v,v,vp) < \/gngC;?C%HvalaQal(v,v) YveV.
27

Thus, for a and vy, sufficiently small, the assumption (4.29) (and also (4.35))
is valid and, owing to Theorem 4.6, there exists at least one weak solution
of the problem (1.1)—(1.8).

It remains to prove the uniqueness. Let v1, p1, 01, ¢1 and vo, p2, 09, co be
two weak solutions of the problem (1.1)—(1.8). According to (3.20)—(3.23),
we have for any w € V,p€ © and ¢ € C

a1 (vy — vo,w) = —as by (V1 — V2, V1, W) — a5 by (Ve, V1 — Vo, W) +
+aq (<F1(01), w> — <F1(02), w>) +
+ag (<Fa(cr), w> — <Fy(ca), w>) —
—ag <ds(bh — 02),y(w)> — oy <ds(c1 — ¢2), v (w)>,
az(th — O2,m) = —ag ba(v1 — v2,01,n) — ag ba(ve, 01 — b2,7) +
+<®1(01),n> — <P1(62), >,
az(c1 — ¢c2,q) = —arba(vy — v2,¢1,q) — agba(va, c1 — ¢, q) +
+ <Py(c1),qup> — <Pa(c2), qvp>.

Let us set w = v] —wvg, n =01 — 0 and g = ¢; — 3 (cf. Remark 3.2). From
(4.11) and (4.14), we deduce that

bi(v2,v1—v2,v1—V2) = ba(v2,01—02,01—602) =0, ba(va,c1—c2,c1—c2) >0

and hence, using (4.7), (4.9), (4.12), (4.20)—(4.23) and Theorem 3.1, we
derive

[v1 — w210 <
< a5V3C3 C3 |vilyq v — vallyg + C5 (101 — O2)l1.0 + et — e2ll10) »
(1= C§ L1) |61 — ball1 0 < a6 V3 C3 C3 [01]1 o lv1 — vall1 0,
(1= C2CyCg La|lvp - mflg 4 prs) [ler — 2l 0 <
< a7V3C3 C3 lerl g lvr — vl q-
Thus, for L1, Ly and vy sufficiently small, we obtain
161 = b2lli.0 < a6 2V3CICE 1)1 0 lvr —vali,  (437)
ler = 2l g < ar2V3C3 Cf el g [lv1 — w219 (4.38)
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and, consequently,
[o1 = v2lly,0 < C5 CF x
x asV3 o]0 +2 V3 C5 (a5 10110 + a7 leal0)| 01 = vall1 0 (439)

Due to [10, p. 103, Theorem 5.7], there exists a constant Cg depending only
on 2 such that, for any ¢, € H%@Q), there exists ¢, € H'(Q) satisfying

Gloo=w  and  [|Glliq < C%’KbH%ﬁQ'

Thus, according to Lemma 4.5, the sum of the terms in the square brackets
in (4.39) is smaller than 1/(C% C3) for ay, ..., a7, £1(0), f2(0), K1, Ko, vy,
Oy, cp sufficiently small. Therefore, v; = v2 and, due to (4.37) and (4.38),
A1 = 02 and ¢; = co. Now, applying Theorem 4.1, we infer that also p; = po
and the proof is completed. m
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