On the collapsing along deformations
of hyperbolic cone 3-manifolds

Alexandre Paiva Barreto

Abstract This article focuses on deformations of hyperbolic cone structures under the
assumption that the length of the singularity remains uniformly bounded during the
deformation. Let M be a closed, orientable, and irreducible 3-manifold, and let 3 be an
embedded link in M. For a collapsing sequence of hyperbolic cone structures with topo-
logical type (M, X) and with uniformly bounded lengths of singularities, we prove that
M is either Seifert fibered or a Sol manifold.

1. Introduction

In this article we study deformations of hyperbolic cone structures on a closed,
orientable, and irreducible 3-manifold M which are singular along a fixed embed-
ded link ¥ =3; U---1%;. Unlike complete hyperbolic structures, which are rigid
by the Mostow theorem, the hyperbolic cone structures could be deformed (see
[HK2]). The difficulty in understanding these deformations lies in the possibility
of degenerating the structure. In other words, the Hausdorff—-Gromov limit (see
Section 2 for the definition) of the deformation could be only an Alexandrov
space which may have dimension strictly smaller than 3, although its curvature
remains bounded from below by —1 (see [Koj]).

The works of Kojima [Koj], Hodgson—Kerckhoff [HK], and Fuji [Fuj] show
that the degeneration of the hyperbolic cone structures occurs if and only if the
singular link of these structures intersects itself during the deformation. When
the cone angles vary between 0 and m, the Dirichlet polyhedron of the hyperbolic
cone structures are convex and this fact can be used to avoid self-intersections of
the singular link during deformations (see [Koj]). In this article, this restrictive
assumption will not be made and the cone angles will be allowed to vary until 2.

We are interested in studying the following question which was proposed by
W. Thurston in the 1980s.

QUESTION 1
Given a closed and orientable hyperbolic 3-manifold M, let 3 be a simple closed
geodesic ¥ in M. Can the hyperbolic structure of M be deformed to the complete
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hyperbolic structure on M — ¥ through a path M, of hyperbolic cone structures
with topological type (M,X) and parameterized by the cone angles « € [0, 27]?

If the deformation proposed by Thurston in Question 1 exists, then it is a con-
sequence of Thurston’s hyperbolic Dehn surgery theorem that the length of the
singular link must converge to zero. In particular, it follows that the length of the
singular link remains uniformly bounded during the deformation. This conclusion
gives us a necessary condition for the existence of Thurston’s deformation. For
this reason, we shall focus on deformations of hyperbolic cone structures with this
additional hypothesis on the singularity length. We note that this assumption is
automatically verified when the holonomy representations of the hyperbolic cone
structures are convergent and we remark that it avoids the undesirable case where
the singular link becomes dense in the limit Alexandrov space.

When a convergent (in the Hausdorff-Gromov sense) sequence of hyper-
bolic cone manifolds does not collapse, the limit Alexandrov space must have
dimension 3. In this case, several geometric techniques are known to study the
topological type of M. In the collapsing case, however, most of the geometric
information is lost. This happens because the dimension of the limit Alexandrov
space is strictly smaller than 3 (see Lemma 14).

As mentioned, this article deals with collapsing deformations of hyperbolic
cone structures. Our aim is to find conditions to avoid the possibility of collapsing.
The main theorem of this article is the following one (see Section 3 for the
definition of collapse).

THEOREM 2

Given a closed, orientable, and irreducible 3-manifold M, let X =31 L1 --- U3,
be an embedded link in M. Suppose that there is a converging sequence M; of
hyperbolic cone manifolds with topological type (M,X) and having cone angles
a;; € (0,27]. Denote by Lar,(X;) the length of the connected component ¥; of ¥
in the hyperbolic cone manifold M;. If the sequence M; collapses and

(1) sup{ L, (5;);i €N and j € {1,...,1}} < 0,
then M is Seifert fibered or a Sol manifold.

REMARK 3

The hypothesis (1) on the length of the singularity is fundamental to treating
the case where the limit space is not compact. For the compact case, it can be
replaced by the weaker hypothesis that the singular locus does not become dense
in the limit Alexandrov space.

As a consequence of Theorem 2, we shall obtain the following results yielding
information on Thurston’s question.
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COROLLARY 4

Given a closed and orientable hyperbolic 3-manifold M, let 3 be a finite union of
disjoint simple closed geodesics in M. Consider a (angle-decreasing) deformation
M., of this structure along a continuous path of hyperbolic cone structures with
topological type (M,X) and having cone angles o € (L, 2w C [0, 27] (the same for
all components of ¥). If

(2) sup{ L, (3;);a € (L,27] and j € {1,...,1}} < oo,

then every convergent sequence M,,, with a; converging to L, does not collapse.

COROLLARY 5
Given a closed and orientable hyperbolic 3-manifold M, let 3 be a finite union of
disjoint simple closed geodesics in M. Consider a (angle-decreasing) deformation
M., of this structure along a continuous path of hyperbolic cone structures with
topological type (M, %) and having cone angles o € (L, 27| C [0,27] (the same for
all components of ).

Suppose that there is a sequence My, converging to a compact Alexandrov
space, with o; converging to L. If the singular locus does not become dense in the
limit space, then the sequence M,, does not collapse.

Note that Corollaries 4 and 5 rule out the possibility of collapsing through the
deformation, but a degeneration of the structure can still happen. When L <,
Kojima’s [Koj] work says that the deformation can be pushed to 0.

2. Metric geometry

In this section, we recall some definitions about Alexandrov spaces and Hausdorff—
Gromov convergence. We refer to [BBI|, [BGP], and [Gro] for details.

Given a metric space Z, the metric on Z will always be denoted by dz(-,).
The open (resp., closed) ball of radius r > 0 about a subset A of Z will be denoted
by

Bz(A,r) = U {z€Z;dz(z,0) <1}
acA

(resp., Bz[A,r] = U {z €Z;dz(z,a) < r})
a€cA

A metric space Z is called a length space (and its metric is called intrinsic)
when the distance between every pair of points in Z is given by the infimum of
the lengths of all rectifiable curves connecting them. When a minimizing geodesic
between every pair of points exists, we say that Z is complete. For every k € R,
denote by M3 the complete and simply connected 2-dimensional Riemannian
manifold of constant sectional curvature equal to k. Let A(x,y,2) C Z be a
geodesic triangle in Z with vertices x,y, z € Z. The angle of A(z,y, z) at vertex z,
for example, will be denoted by £ A (x). A comparison triangle for A(x,y,z) C Z
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in M2 is a geodesic triangle A, (7,7,%Z) C M2 verifying

dyz (®,7) =dz(x,y),  dwz(y,2)=dz(y,2), and  dy2(%,7)=dz(z,2).

DEFINITION 6

A length space Z is called an Alexandrov space of curvature not smaller than
k € R if every point of Z has a neighborhood U such that the angles of every
triangle A(z,y,z) C U are well defined and satisfy the inequalities

An(@) 2 4R, (T),  Laly)=24Lx, ), and  La(z) 2 457, (2)

for every comparison triangle A, (%,7,z) C M2 of A.

Suppose from now on that Z is an n-dimensional Alexandrov space of curvature
not smaller than k € R. Given three points z,y, 2z € Z, let A, (%, 7, %) be a triangle
in M2 verifying
dMﬁ(§7y) Zdz(l‘,y), dMi(?aE) :dZ(y7Z)a and dMi (zaf) :dz(Z,J})-
We denote by & (z;y,2) the angle of A, (%,7,%) at 7. Note that this definition
does not depend on the choice of the triangle A (%, 7,%).

Consider z € Z and A € (0,7). The point z is said to be A-strained if there is

a set {(a;,b;) € Zx Z;i€{1,...,n}}, which is called a A-strainer at z, such that
Lr(z;a:,b;) >m— X and

)

max{‘&k(z;ai,aj) — g K}C(Z;bi,bj) — g‘, ‘&k(z;ai,bj) — g‘} <A\

for all i # j € {1,...,n}. The set Rx(Z) of A-strained points of Z is called the
set of A\-regular points of Z. The points of Z — Rx(Z) are called A\-cone points
of Z. It is a remarkable fact that Ry(Z) is an open and dense subset of Z.

We are interested in noncomplete Alexandrov spaces of dimension 2. It is well
known (see [BBI]) that these spaces are topological 2-manifolds possibly with
boundary. With the previous definition, all boundary points of a noncomplete
Alexandrov space of dimension 2 are cone points. To treat these spaces more
accurately, we shall need the following definition.

Consider A € (0,7) and a noncomplete Alexandrov space Z of dimension 2.
A point z € 97 is said to be A-strained if there is a set {a,b,c} C Z, which is
called a A-strainer at z, such that £;(z;a,b) >m — X and

max{ ’Ak(z; a,c) — g

Li(z;b,¢) — g‘} <A

)

The set OR\(Z) of A-strained points of 97 is called the set of A-regular points
of 0Z or set of boundary A-regular points of Z. The points of 0Z — OR\(Z) are
called A-cone points of 0Z or boundary A-cone points of Z. When distinction is
needed, the points of Rx(Z) (resp., of Z— Ry (Z)) will be called interior A-reqular
points of Z (resp., interior A\-cone points of 7).

Recall now the notion of (pointed) Hausdorff-Gromov convergence.
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DEFINITION 7

Let (Z;,z;) be a sequence of (pointed) metric spaces. We say that the sequence
(Zi, 7)) converges in the (pointed) Hausdorff-Gromov sense to a (pointed) metric
space (Z,zp) if the following holds: for every r > e > 0, there exist ip € N and a
sequence of (maybe noncontinuous) maps f; : Bz, (z;,7) = Z (i >14o) such that

(i) filzi) = 203
(i) sup{dz (fi(z1), fi(22)) —dz(21,22); 21,22 € Z} <¢&; and
(iii) Bz (20,7 —€) C Bz(fi(Bz,(2i,7)),€).

Let us point out that, throughout the rest of the article, the term “converges” is
going to stand for “converges in the (pointed) Hausdorff-Gromov sense.”

Let (Z;,2;) be a convergent sequence of Alexandrov spaces with the same
lower curvature bound k € R and the same dimension n € N. The limit Alexan-
drov space must have the same lower curvature bound k, but can have dimension
less than or equal to n (see [BBI, Corollary 10.8.25]). When the limit Alexandrov
space has dimension n, Perelman’s stability theorem (see [Kap]) ensures that it
is homeomorphic to Z;, for sufficiently large indices.

It is a fundamental fact that the class of Alexandrov spaces of curvature
not smaller than k£ € R is precompact with respect to the Hausdorff-Gromov
convergence (see [Gro, Proposition 5.2], [BBI, Corollary 10.8.25]). More precisely,
every sequence of pointed Alexandrov spaces of curvature not smaller than k& € R
admits a convergent subsequence to an Alexandrov space with the same lower
bound for the curvature.

The following result, due to Gromov (see [Gro, Theorem 8.30, Corollary
8.39]), will also be needed.

THEOREM 8 (GROMOV)

Let (M;,p;) be a sequence of pointed complete Riemannian n-manifolds converg-
ing to a pointed Alexandrov space (Z,zp). Suppose there exists 6 >0 such that
the sectional curvatures of M; are uniformly bounded on the balls By, (p;,d). If
the sequence rij‘fj'i (pi) of the Riemannian injectivity radius of p; in M; converges
to zero, then the dimension of Z is strictly smaller than n.

Note that Theorem 8 is a local version of the Gromov theorem. The proof of [Gro,
Theorem 8.30] is local and applies equally well to our hypotheses. We obtain that
zp has a neighborhood U in Z that is isometric to the quotient of a Riemannian
ball by a pseudogroup of its isometries with dimension almost 1. Therefore (from
the proof of Corollary 8.39), U must have Hausdorff dimension strictly smaller
than n. Since the dimension of an Alexandrov space is a well-defined integer (see
[BBI, Theorem 10.8.2, Corollary 10.8.16]), Theorem 8 follows.

The fibration theorem is a useful tool for the study of sequences of Alexandrov
spaces. The first version of this theorem, due to Fukaya (see [Fuk]), concerns
Riemannian manifolds with pinched curvature. Later this theorem was extended
by Takao Yamaguchi to Alexandrov spaces (see [Y2, Theorem 0.2], [SY], [Bel]).
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We would like to single out the fact that the statement of [Y2, Theorem 0.2]
concerns complete Alexandrov spaces. However, the construction of the fibration
is local and remains valid over compact domains (consisting of regular points)
of the base Alexandrov space (see [Bar]). For the convenience of the reader, we
present here the exact statement of the Yamaguchi theorem that will be needed
in this article.

THEOREM 9 (YAMAGUCH]I)

Let (M;,p;) be a sequence of pointed complete Riemannian manifolds of dimen-
ston 3 with sectional curvature bounded from below by —1. Suppose that the
sequence (M;,p;) converges to a pointed complete length space (Z,z) of dimen-
sion 2 (resp., dimension 1). Then there exists a constant X\ > 0 satisfying the
following condition: for every compact domain'Y of Z contained in Rx(Z) and,
for sufficiently large ig = io(Y) € N, there exist:

(i) a sequence T, >0 (i >1g) converging to zero;

(ii) a sequence N (i >1g) of compact 3-submanifolds of M; (perhaps with
boundary); and

(i) a sequence of T;-approzimations p: Ny — Y which induces a structure
of locally trivial fiber bundle on N;. Furthermore, the fibers of this fibration are
circles (resp., spheres, tori).

3. Sequences of hyperbolic cone manifolds

Let M be a closed, orientable, and irreducible differential manifold of dimen-
sion 3, and let ¥ =37 U---UX; be an embedded link in M. A hyperbolic cone
structure with topological type (M, ) is a complete intrinsic metric on M such
that every nonsingular point (i.e., every point in M — X) has a neighborhood
isometric to an open set of H?, the hyperbolic space of dimension 3, and such
that every singular point (i.e., every point in X) has a neighborhood isometric
to an open neighborhood of a singular point of H?(a), the space obtained by
identifying the sides of a wedge of angle « € (0,27 in H3 by a rotation about the
axis of the wedge (see Figure 1). The angles « are called cone angles and they
may vary from one connected component of ¥ to another. Conventionally, the
complete structure My on M — X (see [Koj]) is considered as a hyperbolic cone
structure with topological type (M, ) and cone angles equal to zero.

We point out (see [BLP, Proposition 3.3]) that every hyperbolic cone mani-
fold is an Alexandrov space of curvature bounded from below by —1.

A natural way to study degenerated deformations of hyperbolic cone struc-
tures on (M, X) is to consider sequences of hyperbolic cone structures converging
to the limit Alexandrov space. To study this type of sequence, we need the impor-
tant notion of collapsing which illustrates the intuitive fact that the volume of
the sequence may or may not be reduced to zero.
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Figure 1

DEFINITION 10

We say that a sequence M; of hyperbolic cone manifolds with topological type
(M,X) collapses if, for every sequence of points p; € M — 3, the sequence
ij\fjﬁz(pi) consisting of their Riemannian injectivity radii in M; — ¥ converges
to zero. Otherwise, we say that the sequence M; does not collapse.

r

Given a sequence M; of hyperbolic cone manifolds with topological type (M, X),
fix indices i € N and j € {1,...,l}. For sufficiently small radius R > 0, the metric
neighborhood

BM7(E],R) = {33 S Ml,dMl(l‘,ZJ) < R}

of . is a solid torus embedded in M;. The supremum of the radius R > 0 satisfying
the above property is called the normal injectivity radius of ¥; in M; and we
denote it by R;(X;). Analogously we can define R;(X), the normal injectivity
radius of . It is a remarkable fact (see [Fuj] and [HK]) that the existence of
a uniform lower bound for R;(X) ensures the existence of a sequence of points
pi, € M such that the sequence (M;,,p;, ) converges to a pointed hyperbolic
cone manifold (M, peo) With topological type (M, X). Moreover, My, must be
compact provided that the cone angles of M;, are uniformly bounded from below.

This section is divided into three parts. The first part contains some prelim-
inary results, the second part presents the proof of Theorem 2, and the last one
concerns some applications (including Corollaries 4, 5). Let us point out that,
throughout the rest of the article, the term “component” is going to stand for
“connected component.”

3.1. Preliminary results
Let us begin with three elementary lemmas which will be important for the proof
of Theorem 2.

LEMMA 11
Suppose that M — 3 is hyperbolic, and let T be a 2-dimensional torus embedded
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i M —X. Then T separates M. Moreover, one and only one of the following
statements holds:

(i) T is parallel to a component of ¥ (hence, it bounds a solid torus in M );

(ii) T is not parallel to a component of ¥ and it bounds a solid torus in
M-3%;

(iii) T 14s not parallel to a component of 3 and it is contained in a ball B
of M — X.. Furthermore, T bounds a region in B which is homeomorphic to the
exterior of a knot in S3.

Proof

Suppose that T is not parallel to a connected component of . Since M — X is
hyperbolic, T is compressible in M — 3, and hence, it splits M into two compo-
nents, say, U and V. Denote by ¥y and by Xy the subsets of ¥ contained in U
and in V, respectively. Without loss of generality, suppose that Yy # (0.

Given a compression disk D for T, let S be the sphere obtained by the
compression of T along D. Since M — ¥ is irreducible and X # (), the sphere S
separates M — X (and therefore separates M) and bounds a ball BC M — ¥ in
the opposite side of Y. In particular, this implies that Xy = (), since Xy and
Yy lie in different sides of .S, by construction. Thus, V' must satisfy one of the
assertions (ii) or (iii) according to whether D CV or D C U. O

LEMMA 12

Given a closed ball B C M — ¥ and an embedded 2-dimensional torus T C B,
let U and W be the compact three manifolds (with toral boundary) obtained by
cutting M along T. (Suppose that W C B.) If W is homeomorphic to the exterior
of a knot in S3, then we can replace W by a solid torus V without changing the
topological type of M.

Proof

Let B’ be a closed ball, and let h: 9B — 0B’ be a diffeomorphism such that
B Uy, B’, the manifold obtained by gluing B and B’ through h, is diffeomorphic
to S3. Note that the manifold V' = (U N B) Uy, B’ is a closed solid torus. Let
V be a closed solid torus, and let g: 9V — V' be a diffeomorphism such that
V' Uy V', the manifold obtained by gluing V' and V' through g, is diffeomorphic
to S3. Thus, the compact 3-manifold B= (V' U, V) —int(B') = (UNB) U, V is
diffeomorphic to a closed ball. It is a standard result of low-dimensional topology
that the manifold

(M — 1Ht(B)> U B= (M — W) Ug V,
obtained using Id : 9B — 0B as the gluing map, is diffeomorphic to M. O
LEMMA 13

Consider € € (0,1), and let M be a hyperbolic cone manifold with topological
type (M, %) together with a metric neighborhood B of ¥ whose components are
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homeomorphic to solid tori. Denote by g the hyperbolic metric on M — X, and
let h be a Riemannian metric on M such that

(i) h coincides with g on M — B;
(ii) h is an e-perturbation of g on M — X, that is,

(3) lvllg = lvlln| <e,
for everyx e M =X and v e K ={u e T,(M —X);|uly <2}.

Then the Hausdorff-Gromov distance between M and the Riemannian man-
ifold N'= (M, h) is smaller than 4eD, where D =1+ diamp(M).

Proof

To prove the lemma, it suffices to check that the identity map Id: M — N is a
2e D-isometry. Fix z,y € M. Since ¥ has codimension 2, there is a differentiable
curve «:|0,L] — M (parameterized by arc length in M) such that «((0,L)) C
M =% and L <dpa(x,y) + 5. Then

A (z,y) — dp(,y) < La(@) = Laq(a) + %

L 13
< [T, =@, e+ 5

2

<edm(z,y)+ % + % <eD,

and in particular, diama (M) < 2D. Similarly, there is a differentiable curve £ :
[0,L'] — N (parameterized by arc length in ') such that 5((0,L")) C N — % and
L' <dn(x,y) + 5. Inequality (3) implies that

{ueT.(M=%);h.(u,u) =1} C K,
forall ze N —X. So
8O, = 18 Ol,] <,

for all t € [0, L']. Analogously to the preceding case, it follows that daq(x,y) —
dar(x,y) <2eD. O

3.2. Proof of Theorem 2

The purpose of this section is to study a collapsing sequence M;. According to
[Fuj, Theorem 1], the sequence M; cannot collapse when lim;_, ., R;(2;) = oo for
all components ¥; of X. Given p € X1, we can assume without loss of generality
that sup{R;(¥1);¢ € N} < co and that the sequence (M;, p) converges to a pointed
Alexandrov space (7, zg). We are interested in the case where the length of the
singularity remains uniformly bounded, that is, where

sup{ L, (X;);i €N, je{1,...,1}} <.

Passing to a subsequence if necessary, we can suppose that each component %
of 3 satisfies one and only one of the following statements:
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L sup{dar, (i, £;);i € N} < oo and B; converges to a closed curve 57  Z,

This dichotomy allows us to write X = ¥ U X, where ¥y contains the
components ¥; of ¥ which satisfy item (1) (in particular, ¥£; C Xy) and X
contains those which satisfy item (2). Now consider the compact set

uz= |J 2fcz
¥;CX%o
The following proposition provides information on the dimension of the limit
of a sequence of hyperbolic cone manifolds which collapses.

LEMMA 14

Given a sequence p; € M, suppose that the sequence (M;,p;) converges to a
pointed Alexandrov space (Z,zp). If the sequence M; collapses and ¥z is not
dense in Z, then the dimension of Z is strictly smaller than 3.

Proof

Since Xz is not dense in Z, there is zo € Z — Xz such that 6 = dz (200, Xz) > 0.
Take a sequence ¢; € M — ¥ such that

1 1)

NnB ,(2,—) — 0.

3) wi(B3) =0

By definition, the sequence (M;,q;) converges to (Z,z). Since the sequence M;
M; (¢;) = 0. According to [Sal, proof of Proposition 4],

inj

lim ¢; = 2 and By, (qi,

11— 00

collapses, we have lim; . 7
we can change the metrics of M; in neighborhoods of ¥ contained in By, (%, %)
to obtain a sequence of complete Riemannian manifolds N; homeomorphic to
M which have finite volume and sectional curvature bounded from below by —1.
Furthermore, thanks to Lemma 13, we can suppose that the sequence (IV;, ¢;) con-
verges to (Z,zp). Note that, by construction, the balls By, (¢;, %) and By, (¢, %)
are isometric. Then we have lim;_, o TIIXJ (¢;) =0. According to Theorem 8, there
is A e (0, g) such that the ball Bz(zo, A) has Hausdorff dimension strictly smaller
than 3. Since the dimension of an Alexandrov space is a well-defined integer, it
follows that Z also has dimension strictly smaller than 3. ]

The preceding lemma says that the unique possibilities for the dimension of Z
are 2, 1, or 0. The proof of Theorem 2 will be split according to these three cases.

3.2.1. Case where Z has dimension 2

It is a classical result of metric geometry that all 2-dimensional Alexandrov
spaces are topological manifolds of dimension 2, possibly with boundary. We
can describe the boundary of Z as

0Z=||onz.

kel
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where the J;Z’s are the connected components of 0Z. Note that each component
OrZ is homeomorphic to a circle or to a straight line.

THEOREM 15 (COLLAPSING: DIMENSION 2)

Suppose that there is a point in p € 31 such that the sequence (M;,p) converges
to a 2-dimensional pointed Alezandrov space (Z,z). If sup{R;(31);i € N} <00
and

sup{Las,(Z;);i €N, je{1,...,1}} < oo,
then it follows that

(i) M is Seifert fibered;

(i) if OZ #0, then OZ has only one connected component and M is a lens
space;

(iii) if Z is not compact, then lim;en R;(X;) = 0o for any component X;
of Yoo

Proof

According to [Sal, proof of Proposition 4], the metric of hyperbolic cone mani-
folds M; can be deformed, in some small neighborhoods of ¥, to yield a sequence
of complete Riemannian manifolds N; (homeomorphic to M) with sectional cur-
vature not smaller than —1. Furthermore, thanks to Lemma 13, we can suppose
that the sequence (N;,p) converges to (Z, zp).

If Z is compact, then the statement follows directly from the results of Shioya
and Yamaguchi [SY]. In fact, when Z does not have boundary, [SY, Theorem 0.2]
can be applied to the sequence N; to conclude that M is Seifert fibered. When Z
has boundary, [SY, Corollary 0.4] can be applied to the sequence N; to conclude
(M is irreducible) that Z is a closed disk with at most one cone point in its
interior. In this case, [SY, Theorem 0.3] implies that M is a lens space. (In
particular, it is also Seifert fibered.)

Suppose from now on that Z is not compact. Since the normal injectivity
radii of components of ¥ are uniformly bounded, there is R > 0 such that

B, (25, Ri(%)) € By, (p, R/2)
for all € N and for every component 3; C ¥¢. Let K be a compact and connected
2-dimensional submanifold of Z such that Bz(zo, R) C K (therefore ¥ C K),
OK is a disjoint union of circles, and Z — K is a disjoint union of components of

infinite diameter. Set A ={k € ;0,Z N K #0}. If 0Z # (), then we assume also
that:

< A#0, that is, KNOZ #0,
« O ZNK =0,Z for all k € A such that the component 9, Z is compact,
. OrZ N K is connected for all k € A.
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e Cone points
L * outside C
points of Cy
. points of C
@

Figure 2. Compact Y and the sets C and Cj, of cone points.

For each k € A, denote by 9y K the (unique by construction) connected com-
ponent of 0K such that 0pZ NI K # (). The boundary of K is given by

0K =| |oKu || onK,
keA mel'—A

where the 0,, K’s are the components of 0 K which do not intersect the boundary
of Z. Let A be the constant given by the fibration theorem (Theorem 9). Since
K is compact, the sets of A-cone points

C=[Z—-R\(2)]NK,
Cr=[0kZ —ORNZ)|NK COLK (k€A)
are finite (see [SY, Theorem 2.1]). Modulo increasing K, we can assume that C

is contained in its interior. Consider s; > so > 0 verifying

- Bi[z,s1] Cint(K) and Bg|z,s1] is homeomorphic to D? for all z € C,

- Bglz,51] N Bg[2',51] =0 for all z,2" € CUycp Crs

- for all z€ CUcp Cr and for all k € A, we have

Bi (0x K, s2) N Bi(2z,51) #0 if and only if 2 €Cp.
Let Y be the compact subset of Z defined by
Y =K —|JBxk(zs)— | |Ux CRA(2),
z€eC keA
where Uy = Bx (0rZ, s2) U UzeCkBK(szl) for every k € A. The boundary of Y
is given by
(4) ov=||avul||o.yu || omK,
keA zeC mer—A

where the 0yY’s and 9,Y’s are the components of 9Y which intersect the regions
U, and Bg(z,s1), respectively (see Figure 2). Without loss of generality, the
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Figure 3

fibration theorem (Theorem 9) gives us a sequence N; of compact and connected
3-dimensional submanifolds of M, a sequence 7; > 0 that converges to zero, and
a sequence of 7;-approximations p; : V; — Y which induces a structure of locally
trivial circle bundle on N;. Since the manifold M is orientable, it follows that
the connected components of ON; = p;” L(9Y) are 2-dimensional tori. Let C be a
component of Y, and let T; be the component of N; associated with it (T; =
p; 1(C)). By construction (see Figure 3), we can choose base points ¢; € T; and
q € C such that the pointed components (B;,q;) of N; —int(N;) associated with
the torus T; (0B; =T;) converge to the pointed component (B, q) of Z —int(Y)

associated to C' (0B =C).

LEMMA 16

There exists ig € N such that, for every i > iy, the components of N; — N; are
homeomorphic to either a solid torus or to the exterior of a knot in S® which, in
addition, is contained in an embedded ball in M — 3.

Proof
A boundary torus of N; — N; has three possible natures according to the decom-
position of Y from (4). We shall consider separately each of these possibilities.

First type: The torus T/ = p;l(azY) C ON;, z €C. Consider a point z € C.
By rescaling the metric with respect to the length of the fibers and using the sta-
bility theorem of Perelman (see [Kap]), Shioya and Yamaguchi [SY, Theorem 0.2]
show that the region B of N; — N; bounded by the torus 77 is a solid torus
for sufficiently large ¢. Furthermore, the solid torus B} is glued on N; without
“killing” the fiber.

Second type: The torus TF =p; *(0xY) C ON;, k € A. Given an index k € A,
we can decompose the component 0,Y into two simple arcs « and 3 with the
same ends, say, P and @, such that o = Uy N 0xY. Note that « = 9;Y and
reduces to a single point (in particular, P = Q) when 9;,Z is compact. Let BF be
the region of N; — A; bounded by the torus 7. By using the same techniques,
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Figure 4. Tori of second type.

[SY, Theorem 0.3] shows that we can choose, for sufficiently large 4, a region B
inside BF which is homeomorphic to o x D? (see Figure 4). Moreover,

- the sequence formed by the regions Bf“ converges to the region Uy,
- the circle {2} x dD? is a fiber of the Seifert fibration on the boundary of
N;, for every z € a.

If 9,7 is compact, then the regions B are homeomorphic to solid tori for
sufficiently large i. Suppose from now on that 9,7 is not compact, and let D
and D2 be the disks of BF* which are glued on the fibers p7*(P) and p; 1(Q),
respectively. The fibers above 3 together with the disks Df and DZ-Q yield an
embedded sphere in N; — X. This sphere splits N; into two regions: the region
Bfﬁ = BF —int(BF) and the region N; — int(BfB) which contains the singular
set Yo # (. Since the manifold N; — ¥ is irreducible, the region Bfﬂ must be
homeomorphic to a ball, and therefore, for sufficiently large 4, the region BF =
BFey Bfﬁ is homeomorphic to a solid torus.

Third type: The torus T = p;l(amK) C ON;, m €T — A. Given an index
m €T — A, let B™ be the region of N; —A; bounded by the torus T}. Since
Bz(z9,R) C K, the torus T} is contained in M — ¥ and cannot be parallel to
a component of 3. According to Lemma 11, the region B is homeomorphic
either to a solid torus (possibly having a component of ¥, as its soul) or to the
exterior of a knot in S3 which is contained in an embedded ball in M — . O

Fix from now on an index i > iy. According to Lemma 12, the preceding claim
shows that all components of N; — A; can be supposed to be homeomorphic to
a solid torus. Let W; be the 3-manifold which has been obtained by the union of
N; with all torus components of N; — A; which are glued to the boundary of N;
without “killing” the fibers of the Seifert fibration. For example, B7 C W, and
BF C N; =W, for all z € C and k € A. The Seifert fibration on A; (with base Y))
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naturally extends to a Seifert fibration on all of W;. Moreover, the underlying
space of its basis is the topological surface ) which has been obtained by gluing
disks on the components of Y which are associated with the components of
W; —N;. It W; = N; (so that Y = (), then the manifold M will be Seifert fibered
and 8Z = (. Thus, let us assume from now on that W; # N; (so that Y # 0 and
OW; # (). Suppose that there exists an essential arc v properly immersed in ).
Then the fibration above v provides an essential annulus embedded in W;. Since
all the components of N; — W, are solid tori which are glued to dWW; in order
to “kill” the fibers of the Seifert fibration, this essential annulus becomes an
essential sphere in N;. This is impossible, since M is irreducible. Therefore, Y
has nonnegative Euler characteristic, it has exactly one boundary component,
and it contains at most one interior cone point. In particular, it follows that Z
has at most one boundary component and at most one interior cone point. In
fact, if Z has more than one interior cone point (resp., boundary component),
then the compact K can be chosen containing two interior cone points (resp.,
two boundary components). This implies the existence of a second interior cone
point (resp., boundary component) in ), which is a contradiction.

Because Y is compact, the above discussion implies that )’ is homeomorphic
to a disk D?. So W; is homeomorphic to a solid torus and this implies that M is
a lens space. O

3.2.2. Case where Z has dimension 1

It is also a standard result of metric geometry that all 1-dimensional Alexandrov
spaces are topological manifolds of dimension 1. Precisely, they are homeomor-
phic to one of the following models: S*, [0,1], [0,00), or (—o0, 00).

THEOREM 17 (COLLAPSING: DIMENSION 1)
Suppose there is a point p € 3y such that the sequence (M;,p) converges to a
1-dimensional pointed Alexandrov space (Z,zp). If sup{R;(X1);i € N} < o0 and

sup{,CM,i(Ej);i eN, je{1,.. .,l}} < 00,
then it follows that

(i)  Z is homeomorphic to S* and M is a Euclidean, Nil, or Sol manifold;

(ii) Z is homeomorphic to [0,1] and M is a lens space or a Euclidean, Nil,
Sol, or prism manifold;

(ili) Z is homeomorphic to [0,00) or (—oo,00), M is a lens space or prism
manifold, and lim;en R;(X;) = 0o, for every component ¥; of L.

Proof

If Z is compact (i.e., homeomorphic to S or [0,1]), then the assertions above
follow directly from the results of Shioya and Yamaguchi [SY]. To be more pre-
cise, when Z is homeomorphic to S', the irreducibility of M implies that it
is a Euclidean, Nil, or Sol manifold (see [SY, remark before Theorem 0.5 and
Table 1]). When Z is homeomorphic to [0,1], the irreducibility of M implies
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that it is a lens space or a Euclidean, Nil, Sol, or prism manifold (see [SY,
Table 1]).

Suppose from now on that Z is not compact, that is, that Z is home-
omorphic to [0,00) or (—oo,00). According to [Sal, proof of Proposition 4],
the metric of hyperbolic cone manifolds M; on some small neighborhoods of
3. can be deformed to yield a sequence of complete Riemannian manifolds N;
(homeomorphic to M) with sectional curvature not smaller than —1. Further-
more, thanks to Lemma 13, we can suppose that the sequence (N;,p) con-
verges to (Z,zg). Since sup{R;(¥;);i € N,X; € ¥y} < 0o, there is R > 0 such
that

Bur, (25, Ri(%5)) € Bar, (p, R/2)

for all i € N and for every component 3; of ¥y. Consider a compact K of Z
which is homeomorphic to [0, 1] and contains Bz(zp,R) UdZ. Let A be the con-
stant given by the fibration theorem (Theorem 9), and set Y = K — U, where
U is empty or a small open neighborhood of 0Z according to whether or not
the boundary of Z is empty. Without loss of generality, the fibration theorem
(Theorem 9) gives us a sequence N; of compact and connected 3-dimensional
submanifolds of M, a sequence 7; > 0 that converges to zero, and a sequence of
T;-approximations p; : N; — Y which induces a structure of locally trivial bundle
on N; whose fibers are either spheres or 2-dimensional tori.

LEMMA 18
The fibers of p; : N; =Y are tori.

Proof
Since the fibers are either spheres or tori, it suffices to eliminate the first pos-
sibility. Hence, let us suppose for a contradiction that the fibers are spheres.
Given z; € Z — B and a positive constant § < diamy(K), consider a sequence
of points ¢; € N; — X converging to z; and such that dgg(g:,21) < ¢ for all
1€ N.

CLAIM 19
There exists i9g € N such that, for every ¢ > ip, we can find a homotopically
nontrivial loop v; (in M — X)) based on ¢; whose length does not exceed 4.

Proof

Consider the loops based on ¢; which are constituted by two minimizing geo-
desic segments with the same ends and having equal lengths bounded by %. Note
that these loops are always homotopically nontrivial. To say that a point ¢; is
not a base point for a loop as mentioned above is equivalent to saying that its
injectivity radius is not less than g. This is a contradiction to the assumption of
collapsing and therefore the claim follows. O
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Now fix i > i, and consider a boundary sphere of A; associated with an unbound-
ed component of Z — K. By construction, this sphere separates M into two
components: one of these components contains the singular link Yo # () (recall
that ¥; C ¥o by hypothesis) and the other contains a homotopically nontriv-
ial loop as stated in the claim. Since M — ¥ is irreducible, this cannot hap-
pen, and therefore, the fibers must be solid tori. This establishes the lemma.

O

As in the 2-dimensional case, the components of N; — N; which have been
associated with unbounded components of Z — Y are tori. When Z is homeo-
morphic to [0,00), Shioya and Yamaguchi [SY, Theorem 0.5, Table 1] showed
that the component of N; — N; associated with the bounded component of
Z —Y is homeomorphic to either a solid torus or a twisted S'-bundle over a
Mébius band M6 x S', that is, the quotient of S* x [0,1] x S* by an involu-
tion

T(e?,t,e") = (ei((”’r), 1—te ™).

By being irreducible, M is accordingly homeomorphic to a lens space or a prism
manifold. ]

3.2.3. Case where Z has dimension 0
This case was treated in [SY]. For the convenience of the reader, we state their
result here.

THEOREM 20 (COLLAPSING: DIMENSION 0)

Suppose there is a point p € X1 such that the sequence (M;,p) converges to a
0-dimensional pointed Alexandrov space (Z, zo). If sup{R;(21);i € N} < 0o, then
M is a Euclidean, spherical, or Nil manifold.

3.3. Some consequences of Theorem 2
Let M be a closed, orientable, and irreducible 3-manifold, and let ¥ =X, U---UY;
be a fixed embedded link in M.

Given a convergent sequence M; of hyperbolic cone manifolds with topolog-
ical type (M, %), let

pi:m (M — %) — PSLy(C)

be an associated sequence of holonomy representations. Denote by Vol(p;) the
volume of the representation p; (see [Fra], [Dun] for definitions and details). It
is well known that Vol(p;) coincides with the Riemannian volume of M; — 3.

When the sequence Vol(p;) converges to zero, the sequence M; necessarily
collapses. It is a consequence of the definition. Unfortunately, it is not immediate
that the lengths of singular links remain uniformly bounded. However, we have
the following corollary.
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COROLLARY 21
If the sequence p; converges to a representation poo : m1(M — X) — PSLa(C) sat-
isfying
Volpr—s(pso) =0
(in particular, if peo is reducible), then M is Seifert fibered or a Sol manifold.

Proof

According to the previous discussion, the sequence M; collapses. Since the conver-
gence hypothesis trivially implies condition (1), the result is a direct consequence
of Theorem 2. O

Let us finish with the proof of Corollary 4. Due to Remark 3, the proof of Corol-
lary 5 is the same.

Proof of Corollary 4

Let M,, be a convergent sequence as in the statement of the corollary. Since M
is a hyperbolic manifold, it is not Seifert fibered or a Sol manifold. Therefore, in
the presence of hypothesis (2), it is a consequence of Theorem 2 that the sequence

M., cannot collapse. O
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