Biharmonic surfaces with parallel mean
curvature in complex space forms

Dorel Fetcu and Ana Lucia Pinheiro

Abstract We classify complete biharmonic surfaces with parallel mean curvature vec-
tor field and nonnegative Gaussian curvature in complex space forms.

1. Introduction

The biharmonic maps were suggested in 1964 by J. Eells and J. H. Sampson
as a generalization of harmonic maps (see [9]). Whereas a harmonic map ¢ :
(M,g) = (N,h) between two Riemannian manifolds is a critical point of the
energy functional

1
B(o) =3 | ldelv,

a biharmonic map is a critical point of the bienergy functional

Bae) =3 [ )0,

where 7(¢) = trace V dy is the tension field that vanishes for harmonic maps. The
Euler-Lagrange equation corresponding to the bienergy functional was obtained
by G.Y. Jiang in 1986 (see [16]):

To(p) = AT(p) — traceR(dcp,T(go)) dy
=0,

where 72(y) is the bitension field of p, A = trace(V¥)? = trace(V¥V¥ — V)
is the rough Laplacian defined on sections of ¢~ !(T'N), and R is the curvature
tensor of N, given by R(X,Y)Z =[Vx,Vy|Z — V|xy]Z. Since any harmonic
map is biharmonic, we are interested in nonharmonic biharmonic maps, which
are called proper-biharmonic.
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A biharmonic submanifold in a Riemannian manifold is a submanifold for
which the inclusion map is biharmonic. In Euclidean space the biharmonic sub-
manifolds are the same as those defined by Chen [6], characterized by AH =0,
where H is the mean curvature vector field and A is the rough Laplacian.

Many classification results for proper-biharmonic submanifolds in space
forms, that is, spaces with constant sectional curvature, were obtained in the
last decade (see, e.g., [2]-[4]) and the next step was to look for such submanifolds
in spaces with nonconstant sectional curvature. Some very important examples
of such ambient spaces are the complex space forms, that is, simply connected
Kahler manifolds with constant holomorphic sectional curvature. Recent papers
such as [12], [13], [21], [24], and [27] treated the subject of proper-biharmonic sub-
manifolds in complex space forms, and several classification results and examples
were found.

On the other hand, submanifolds with parallel mean curvature vector (pmc
submanifolds) or with constant mean curvature (cmc submanifolds) in Riemann-
ian manifolds proved to be very good candidates for providing nice examples of
proper-biharmonic submanifolds (see, e.g., [2]-[4], [14]. [22], [27]).

In this article, we first consider pmc surfaces in complex space forms and
prove a Simons-type formula for the Laplacian of the squared norm of the holo-
morphic differential Q> defined on such a surface, introduced in [11]. Then
we use this formula to show that if Y2 is a complete pmc surface with non-
negative Gaussian curvature, then the surface is flat or Q(2:0)
Next, we investigate the biharmonicity of these surfaces, and using a reduction
of the codimension theorem of J. H. Eschenburg and R. Tribuzy in [10] and the
above-mentioned result, we obtain the following classification theorem.

vanishes on 32.

THEOREM 4.10
Let X2 be a complete proper-biharmonic pme surface with nonnegative Gaussian
curvature in CP"(p). Then X2 is totally real and one of the following holds.

(a) 2 is pseudo-umbilical and its mean curvature is equal to \/p/2. More-
over,

»2 = n(X2) cCP"(p), n>3,

where 7 : S2T1(p/4) — CP"(p) is the Hopf fibration and the horizontal lift £2 of
%2 is a complete minimal surface in a small hypersphere S?*(p/2) C S*"+1(p/4).

(b) X2 lies in CP?(p) as a complete Lagrangian proper-biharmonic pme sur-
face. Moreover, if p=4, then

(o) 50 w0 (1) e () o

where 7 : S?(1) — CP?(4) is the Hopf fibration.
(c) X2 lies in CP3(p) and

¥2 =71 x 72 C CP3(p),
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where v1 : R — CP%(p) C CP3(p) is a holomorphic heliz of order 4 with curva-

tures
_ ] _1 /5 _3 /P
M=Ve TV BT\ a

and complex torsions

114/14 V70

42 7'232—7'14:37

and vy : R — CP3(p) is a holomorphic circle with curvature k = /p/2 and com-
plex torsion T2 = 0. Moreover, the curves y1 and v2 always exist and are unique
up to holomorphic isometries.

Tig = —T34 = T13 = T24 = 0,

CONVENTIONS

We work in the C'°°-category, which means that manifolds, metrics, connections,
and maps are smooth. The Lie algebra of vector fields on a surface ¥2? is denoted
by C(T%?). The surfaces are always assumed to be connected and orientable.

2. Preliminaries

Let N™(p) be a complex space form with complex dimension n, complex structure
(J,{-,-)), and constant holomorphic sectional curvature p, that is, N"(p) is either
CP"(p), C™, or CH"™(p), according to whether p >0, p =0, or p < 0, respectively.
Then the curvature tensor of (N(p),J,(-,-)) is given by

R(X,Y)Z =2 {(V.2)X ~ (X, 2)Y + (JY.2)JX ~ (JX, 2)JY
2 +2(X,JY)IZ).

Let ¥2 be a surface immersed in N"(p). The second fundamental form o of
Y2 is defined by the equation of Gauss
VxY =VxY +0(X,Y),

while the shape operator A and the normal connection V+ are given by the
equation of Weingarten

VxV=-AyX + V%V,

for any vector fields X and Y tangent to the surface and any vector field V'
normal to 32, where V and V are the Levi-Civita connections of N"(p) and 2,
respectively.

DEFINITION 2.1

If the mean curvature vector H of the surface ¥? is parallel in the normal bundle,
that is, V- H = 0, then X2 is called a pmc surface.

We end this section by recalling some notions and results from the theory of
Frenet curves in complex space forms, which we shall use later. Let v: I CR —
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N™(p) be a curve parameterized by arc length. Then ~ is called a Frenet curve
of osculating order r, 1 <r < 2n, if there exist r orthonormal vector fields {X; =
v, ..., X,} along 7 such that

vxle = r1 X2, leXi = —ki—1Xi—1 + ki Xit1,
leX'r = —Kr1 X1,

foralli € {2,...,r—1}, where {x1,Ka,...,kr—1} are positive functions on I called
the curvatures of . These equations are called the Frenet equations of ~.

A Frenet curve of osculating order r is called a helix of order r if k; = const >
0 for 1 <i<r—1. A helix of order 2 is called a circle, and a helix of order 3 is
simply called a heliz.

S. Maeda and Y. Ohnita [20] defined the complex torsions 7;; of the curve y
by 7;; = (X, JX;), where 1 <i < j <r. A helix of order r is called a holomorphic
heliz of order r if all its complex torsions are constant. We note that a circle is
always a holomorphic circle.

In [19] the following existence results are proved.

THEOREM 2.2 ([19])

For given positive constants k1, Ko, and K3, there exist four equivalence classes
of holomorphic helices of order 4 in CP?(p) with curvatures k1, k2, and k3 with
respect to holomorphic isometries of CP?(p). The four classes are defined by
certain relations on the complex torsions and they are as follows. When k1 # K3,

Ii: Tia=T3a=p, To3 = Tia = Koft/ (K1 + K3), T13 = To4 = 0,
Iy:  Ti2=1T34=—L, To3 = Tia = —kopt/ (K1 + K3), T13 = To4 = 0,
Is:  Tia=-T3u=v, To3 = —Ti4 = KoV /(K1 — K3), Tiz3 = T4 =0,
Iy T12 = —T34 = —V, 7'23:—7'14:—521//(51—53), T13 = T24 =0,
where

K1+ K3 K1 — R3

w= > - and V= > =
K5+ (K1 + K3) K3 + (k1 — K3)

and when k1 = k3 the classes I3 and I are substituted by

I Tio=Tsa=T13=721=0, Toz3 = —T14 = 1,
I: Tio=Tsa=T13=T2a=0, Toz3 = —T14 = —1.
THEOREM 2.3 ([19])

For any positive number k and for any number T such that |7| < 1, there exists a
holomorphic circle with curvature k and complex torsion T in any complex space
form.
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3. A Simons-type formula for pmc surfaces in complex space forms

Let (N™(p),J,{-,-)) be a complex space form, with constant holomorphic sec-
tional curvature p and complex dimension n, and let 2 be a pmc surface in
N"™(p).

In [11] it is proved that the (2,0)-part Q) of the quadratic form Q defined
on Y2 by

(3.1) QUX,Y) =S| H*(Ay X, Y) + 3p(X, T){Y, T),

where T is the tangent part (JH)T of JH, is holomorphic.
Using this holomorphic differential we shall prove the following result.

THEOREM 3.1
Let X2 be a complete nonminimal pme surface with nonnegative Gaussian curva-

ture K isometrically immersed in a complex space form N™(p), p#0. Then one
of the following holds:

(a) the surface is flat; or
(b) there exists a point p € X2 such that K(p) >0 and Q) vanishes on ¥2.

Proof
First, we recall a Simons-type equation obtained by S.-Y. Cheng and S.-T. Yau
[8, (2.8)], which generalizes a result of J. Simons [26]. Let M be an m-dimensional
Riemannian manifold, and consider a symmetric operator S on M that satisfies
the Codazzi equation (VxS)Y = (Vy S)X, where V is the Levi-Civita connection
on the manifold. Then, we have that
m
(3.2) A|S|2 |VS|? —&-Z/\ (trace S);; Z Rijii(Ni — \j)3,
=1 1,0=1

where \;, 1 <4 <m, are the eigenvalues of S, and the R;;x;’s are the components
of the Riemannian curvature of M.

Next, let us consider the following operator S, defined on our surface X2 by

(3.3) S = 8|H|* A + 3p(T, )T — (32—”\T|2 +8|H)L

We shall prove that |S|? is a bounded subharmonic function on the surface.
First, it is easy to see that

trace @

which implies that S is symmetric and traceless. It is also easy to see that Q(%0)
vanishes on X2 if and only if S =0 on the surface.

Using (3.4), since Q0 is holomorphic, just as in [5, Proposition 3.3] one
can prove that S satisfies the Codazzi equation (VxS)Y = (Vy S)X, where V
is the Levi-Civita connection on the surface. Then, from (3.2) and the fact that
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trace S =0, we easily get that
1
(3.5) 5A\S|2 =2K|S|? + |VS|?,

where K is the Gaussian curvature of the surface.
Now, let us consider the local orthonormal frame field {E5 = H/|H|, E4,
., Ean} in the normal bundle, and denote A, = Ag,_ . It follows that trace Az =
2|H| and trace A, =0, for all o> 3.
From the definition (3.3) of S, we have, after a straightforward computation,
that

1
det Ay = [H|? - S - e 3P s ),

det Ay =
s 128[H]° 256|H|6| GA[H|®

IH |H[?
and then, by using the equation of Gauss for £2 in NV,

R(X,Y)Z = §{<Y, Z)X — (X, Z)Y + (JY, Z)JX — (JX, Z)JY
(3.6)

2n
+2X,IVVIZY+ Y {(AaY, 2)AuX — (AuX, Z) ALY },
a=3

the Gaussian curvature can be written as

p 2 2 1
K="La 0) + | H|? -
g1+ 3cos”6) +|H] 128|H|6|S| 256\H|6| 3
(3.7) 3
P
ST,T) det Aq,
+64|H\6< —i—Z e

a>3

where 0 = (JE1, E») is the Kihler angle function of ¥?, {E}, F2} being a local
orthonormal positively oriented frame field in the tangent bundle.

Since trace A, = 0, it follows that det A, <0, for all a > 3. Therefore, as
K >0, we get the following global formula:

3p
24 T.T
128|H\2‘S| 64|H\6<S’ ) 256\H|6

From |(ST,T)| < (1/v/2)|T|S|, since |T| < |JH| = |H|, we have that p(ST,T) <
(|p|/v/2)|H|?|S|, which implies that

—_|T|* + |H|*> + (1+3cos 6) >

3|p|
S|%+ S|+ |HI>+Z(1+3cos?0
| 64\/§|H|4| [+ HF ( )2

In the following we shall prove that | S| is bounded. We have two cases: p <0
or p> 0. If p <0, then we have that

_;|5|2 _ 3%
128|H|° 64+/2|H |4

and then |S] < (1/9p2 + 256|H|* — 3p) \H| /V2. When p > 0, we get that

 128|H|S

IS|+ |H|?>>0

S|+ |H|*+p >0,

- +
128|H|6| | 64\/§|H\4
which is equivalent to |S| < (1/9p2 + 256p|H|? + 256|H|* + 3p)|H|?/V/2.
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Since the surface is complete and has nonnegative Gaussian curvature, we
see, using a result of A. Huber [15], that X2 is a parabolic space. From the above
calculation and (3.5), we get that |S|? is a bounded subharmonic function, which

implies that |S| is a constant. Then, from (3.5), we get that K =0 on X2 or there
exists a point p € ¥? such that K(p) > 0 and then S =0 on the surface, which,
as we have seen, is equivalent to Q9 =0. ([

REMARK 3.2
For a surface Y2 as in Theorem 3.1 we have |S| = const and V.S = 0.

4. Biharmonic pmc surfaces in CP"(p)

To prove our main result we shall need the following theorem.

THEOREM 4.1 ([3])
A submanifold X™ in a Riemannian manifold N, with second fundamental form
o, mean curvature vector field H, and shape operator A, is biharmonic if and

only if

—~ALtH +traceo (-, Ag-) + trace(R(-, H)-)*+ =0,
2 grad |H|? + 2 trace Ay g (-) + 2 trace(R(-, H)-) " =0,

where AL is the Laplacian in the normal bundle and R is the curvature tensor
of N.

Using the formula (2.1) of the curvature tensor of a complex space form N(p),
we get the following result.

COROLLARY 4.2
Let X2 be a pmc surface in a complex space form (N(p),J,(-,-)). Then 2 is
biharmonic if and only if

(4.1)  traceo(-, Ay) = §{2H 3T} and  (JT)T =0,
where T is the tangent part of JH and (JT)* and (JT)T are the normal and
the tangent part of JT, respectively.

REMARK 4.3
It is easy to see, from the first equation of (4.1), that for a proper-biharmonic
pmc surface

0<|Anl = 2{2lH[? +3|T)},

which implies that p > 0, and therefore, such surfaces exist only in CP"(p).

PROPOSITION 4.4
If 2% is a proper-biharmonic pme surface in CP™(p), then T has constant length.
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Proof
The map p € $2 — (Ag — ul)(p), where p is a constant, is analytic, and therefore,
either ¥? is a pseudo-umbilical surface (at every point), or H is an umbilical
direction on a closed set without interior points (see [1], [11]). We shall denote
by W the set of points where H is not an umbilical direction. Since in the second
case this set is open and dense in X2, when the surface is not pseudo-umbilical
we shall work on W and then extend our results throughout X2 by continuity. If
Y2 is pseudo-umbilical, then JH is normal to the surface, that is, T =0 on the
surface (see [25]).

Let us assume now that 3?2 is not pseudo-umbilical, and let N be the normal
part of JH. Then, for any vector field X tangent to the surface, we have that

VxJH=-JVxH=-JAgX
=VxT+0o(X,T)— AxnX + VXN
and, therefore,
(4.2) (VxT,T)=(AnX,T)+ (AxX,JT) = (AN X,T),

since, from the second equation of (4.1), we know that J7T is normal.
It is easy to see that

(N,H)=0 and (N,JT)=0

and, again by using (4.1), that
(N,JX)=0, VXecC(TZ?).

Then, from the first equation of (4.1), we get that
(4.3) trace(AgAn) =0.
Moreover, using the Ricci equation
(44) (RYX,Y)H,V)={([Ag, Av]X.Y)+ (R(X,Y)H,V), VVeC(NE?),
we obtain that
(4.5) [Ar, AN]T =0,

since R (X,Y)H =0 and (R(X,T)H, N) =0, for tangent vector fields X and Y.

Next, consider a point p € W and an orthonormal basis {e1,e2} in 7,32 such
that Age; = \je;, @ € {1,2}. Obviously, we have that A; # Ay and we can write
Ap and Apx with respect to {e1,ez2} as

)\1 0 a b
A - A =
H <o )\2> and Ay (b —a)’
since N L H, that is, trace Ay = 0. From (4.3) we get a =0 and then (4.5)

becomes

()\2 — )\1)b(<T, 62>€1 - <T,€1>€2) =0.
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Therefore, at p, we have that either T'=0 or b = 0. We can see that in both cases
(ANX,T) =0, which implies that (4.2) reduces to

X(|IT?) =2(VxT,T) =0

for any tangent vector X. It follows that X (|T)?) = 0 for any tangent vector field
X on 2, which means that |T| is constant on the surface. O

REMARK 4.5

If |T| = const # 0, then we have that VxT = Ay X =0 for any tangent vector
field X. Indeed, if T # 0 everywhere, then since J7T is a normal vector field, it
follows that X2 is a totally real surface. Then we get that

VxJH=—-JVxH=—-JAgX € C(NX?),

which means that VxT = Ay X. On the other hand, we have that (R(X,Y)H,
N) =0 for any tangent vector fields X and Y, and then, from the Ricci equation
(4.4), one sees that [Ag, Ay] = 0. Using this equation and (4.3) in the same way
as in the proof of Proposition 4.4 and since T # 0 implies that H is not umbilical
on an open dense set, we obtain that Ay =0 on this set and, therefore, on the
whole surface.

PROPOSITION 4.6

If 32 is a complete proper-biharmonic pmc surface in CP™(p) with nonnegative
Gaussian curvature K and T =0, then n >3 and ¥? is pseudo-umbilical and
totally real. Moreover, the mean curvature of ¥? is |H| = /p/2.

Proof
From Corollary 4.2 we see that the pmc surface 2 with T = 0 is proper-
biharmonic if and only if

(4.6) trace (-, Ag-) = gH.

Now, from Theorem 3.1, we know that either the Gaussian curvature K van-
ishes identically on the surface, or there exists a point p € %2 such that K(p) >0
and Q% =0 on X2

In the second case, since T =0 and Q% =0, it is easy to see that %2 is
pseudo-umbilical and then totally real (see [25]). From (4.6), we get that |Axy|* =
(p/2)|H|?, but since ¥? is pseudo-umbilical, we also have that |Ay|? = 2|H|*,
which means that |H|=/p/2.

If the surface is flat, then we shall prove first that it is also totally real. Since
JH is a normal vector field to ¥£2, we have that

VxJH=JVxH=—-JAgX
= —AyjgX +VyJH.

Let us now consider an orthonormal basis {ej,es} in T,£?, where p € ¥2,
such that Age; = \je;, i € {1,2}. Tt follows that JAge; = \;Je;, and for i # j,
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we have that
(Asmei e;) = (JAme;, e;) = Ni(Jei, e;5).

Thus, we obtained that A\ (Jey,es) = Aa(Jeq,e1), which means that
0= (A +X2)(Jer,e) = 2|H|*(Jeq, e2).

Therefore, we have that (Jej,ez) = 0; that is, X2 is totally real.

In the following, we will prove that 3?2 is also pseudo-umbilical. Assume that
it is not so, and we will work on the set W defined in the proof of Proposi-
tion 4.4. Let p be a point in W, consider a basis {e1,es} in T,%% such that
Age; = A\e;, and extend the e;’s to vector fields E; in a neighborhood of p.
First, using the expression (2.1) of the curvature tensor of CP"(p), we obtain that

(R(E2,E1)H,JE;) =0 and then, from the Ricci equation (4.4), ([Ag, Ayg,|E1,
E5) =0, which can be written at p as

(A2 — M){Ayg, E1, Ey) =0.

In the same way, we can also show that (A; — A2)(A g, Es, E1) =0.
First, since A1 # Ao, we get that (A;g, F1,E9) = (Aygp,F2,E1) = 0. Using
the fact that X2 is totally real, it is easy to verify that

(0(X,)Y),JZ)=(0(X,2),JY), VX,Y,Ze€C(T?),
and then, at p, we obtain that
(A, Br, Er) = (0(E1, Er), JE) = (0(Ey, Ea), JE) ) = (A, By, Es) =0
and
(Ajp, B2, Ba) = (Ajg, E2, E1) = 0.

Since JH being normal to X2 is equivalent to trace A g, = trace A;p, =0, we
have just proved that Ayp, = Ayg, =0 at p.

Next, for any normal vector field U which is also orthogonal to H, JFE, and
JE,, we have that (R(X,Y)H,U) =0 and then, from the Ricci equation (4.4),
[Af, Ay] =0. Since H is not umbilical on W, this implies that, with respect to

{ElaEQ}v at D,

_ (a+|H 0 (b 0
AH_( 0 —a+|HP and - Av={y )

with a # 0. From (4.6) we have that trace(Ag Ay) = 0, which implies, using the
above expressions, that Ay = 0.

Now, we consider a local orthonormal frame field in the normal bundle of 2
as follows: {E3 = H/|H|,E4 = JE1,E5 = JE3, Fs, ..., Ea,}. Since the surface is
flat, by the Gauss equation (3.6) of ¥£2 in CP"(p), at p we get that

a2

0=K= :
[H|?

LS

2n
+ZdetAa:§+detA3:§+|H\2—
a=3
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From (4.6) we have that |Ag|? =24 + 2|H|* = (p/2)|H|? and, therefore, K =
2|H|? at p, which means that |H| = 0. This is a contradiction, since %2 is proper
biharmonic. Hence, the surface is pseudo-umbilical in this case too.

Finally, we have that, for any vector field X tangent to the surface, the vector
field JX is normal and orthogonal to both H and JH, which are also normal
vector fields. Therefore, one obtains that n > 3 and we conclude. O

PROPOSITION 4.7

If X2 is a complete proper-biharmonic pme surface in CP™(p) with nonnegative
Gaussian curvature K and T # 0, then the surface is flat and VAg =0.

Proof

Since |T'| = const # 0 on Y2, from the second equation of (4.1), we know that
our surface is totally real. In [7] it is proved that the (2,0)-part Q>? of the
quadratic form

QX,Y)=(AuX,Y),
defined on a pmc totally real sur@ce, is holomorphic. Consider the traceless part
b = Ap — |H|*T of Ap. Since Q>0 is holomorphic, working in the same way
as in [5, Proposition 3.3], we can prove that ¢p satisfies the Codazzi equation
(Vx2u)Y =(Vy@g)X. Hence, from (3.2), we have that

1
§A|¢H|2 =2K|¢u|* +|Voul>.

Let us assume now that there exists a point p € %2 such that K (p) > 0. Then,
from Theorem 3.1, we have that S =0, which implies that
(6ul? = | Anf? = 21 = 22711 = const £ 0
128|H|* ’
which means that K =0 on X2. This is a contradiction.

Hence, the surface is flat. Since X2 is proper-biharmonic, it follows, from
the first equation of (4.1), that |¢g|? is bounded. Thus, |¢x|? is a bounded
subharmonic function on a parabolic space and, therefore, a constant, which
implies that VAg = Vog =0. O

REMARK 4.8

In the proof of Proposition 4.7 we used the fact that 6(2’0) is holomorphic when
Q is defined on a totally real pme surface in a complex space form. In [18] it is
proved that if Y2 is a proper-biharmonic surface with constant mean curvature

in a Riemannian manifold, then @(2’0) is holomorphic.

Before proving our main result, let us briefly recall a property of the Hopf fibra-
tion (see [23]). Let m:C"*1\ {0} — CP"(p) be the natural projection, and
let S?"H(p/4) = {z € C"*L : (2,2) = 4/p}. The restriction of 7 to the sphere
S2ntl(p/4) € C**L is the Hopf fibration 7 : S?"*1(p/4) — CP"(p) and it is a
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Riemannian submersion. Now, let i : ¥™ — CP"(p) be a totally real isometric
immersion. Then this immersion can be lifted locally (or globally, if ™ is sim-
ply connected) to a horizontal immersion 7 : £™ — $27+1(p/4). Conversely, if 7 :
™ 5 §2n+1(p/4) is a horizontal isometric immersion, then 7 () : £™ — CP"(p)
is a totally real isometric immersion. Moreover, we have that m.0 = o, where &
and o are the second fundamental forms of the immersions i and 1, respectively.

We shall also use the following theorem.

THEOREM 4.9 ([2])

Let ™ be a proper-biharmonic cme submanifold in S™(p/4) with mean curvature
vector field H. Then |H| € (0,/p/2] and, moreover, |H| = /p/2 if and only if
Y™ is minimal in a small hypersphere S*~1(p/2) C S™(p/4).

We are now ready to prove our main result.

THEOREM 4.10
Let X2 be a complete proper-biharmonic pmc surface with nonnegative Gaussian
curvature in CP™(p). Then X2 is totally real, and one of the following holds.

(a) X2 is pseudo-umbilical and its mean curvature is equal to /p/2. More-
over,

»? = n(X?) cCP™(p), n>3,

where 7 : S (p/4) — CP"(p) is the Hopf fibration and the horizontal lift »2 of
%2 is a complete minimal surface in a small hypersphere S?*(p/2) C S*"+1(p/4).

(b) X2 lies in CP?(p) as a complete Lagrangian proper-biharmonic pme sur-
face. Moreover, if p=4, then

(o 2502 o (L5012 o

where 7 :S?(1) — CP?(4) is the Hopf fibration.
(c) %2 lies in CP3(p) and

52 =1 x 72 CCP(p),
where 1 : R — CP?(p) C CP3(p) is a holomorphic heliz of order 4 with curva-

tures
_7p 1 /5p 3 /p
MEVe MToVay T\

and complex torsions

11v14 B V70

49 T23 = —T14 = 12
and vo : R — CP3(p) is a holomorphic circle with curvature k =+/p/2 and com-
plex torsion T2 = 0. Moreover, the curves y1 and vo always exist and are unique
up to holomorphic isometries.

Ti2 = —T34 = T13 =T24 =0,
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Proof

Let X2 be a complete proper-biharmonic pme surface with nonnegative Gaussian
curvature K and mean curvature vector field H in CP™(p). Let T' and N be the
tangent and the normal parts of JH, respectively. As we have seen in Propo-
sition 4.4, the length of T' is constant along the surface. We shall consider two
cases: T=0or T#0 on X2.

Case I: T =0. From Proposition 4.6 we know that n > 3 and the surface
is pseudo-umbilical and totally real with mean curvature |H| = ,/p/2. Consider
the Hopf fibration  : S2"+1(p/4) — CP"(p) and the horizontal lift $2 of %2 to
$27+1(p/4). Then, from [23, Theorem 1], we have that %2 is pseudo-umbilical
in S$?"T1(p/4) and has parallel mean curvature vector field. Moreover, its mean
curvature is constant and equal to \/p/2. Next, using the relation between the
bitension fields of the immersions i : £2 — CP"(p) and 7 : 52 — S2+1(p/4), given
in [12, Theorem 3.3], together with (JH)" =T =0, we get that %2 is proper-
biharmonic if and only if 32 is proper biharmonic. We apply Theorem 4.9 to
conclude that 22 is a complete minimal surface in a small hypersphere S7(p/2) C
S*H(p/4).

Case II: T # 0. In this case X2 is totally real and, from Proposition 4.7, flat.
From the same Proposition 4.7 we also know that VAg = 0, which means that
the eigenfunctions of Ay are actually constants. Since 2 being pseudo-umbilical
implies that T =0, it follows that the surface does not have umbilical points.

Now, let U be a normal vector field orthogonal to H and to J(T'%?). Then,
it is easy to see that (R(X,Y)H,U) =0, and from the Ricci equation (4.4), we
get that [Ay, Ay] =0. Since H is not umbilical, this implies that Ay and Ay
can be simultaneously diagonalized.

On the other hand, the first equation of (4.1) shows that trace(AgAy) =0
and, therefore, that Ay =0.

Let us consider the global orthonormal frame field {Ey = T/|T|, E2} on the
surface. We know, from Remark 4.5, that VE; =0 and then VE5 =0.

Next, if |T| =|H]|, that is, if JH is a tangent vector field, then we consider
the subbundle L = span{JE;, JE>} of the normal bundle. Since JH is tangent,
we get that H € L, and therefore, for any normal vector field U L L, we have that
Ay =0, which means that Imo C L. It is also easy to see that dim(T¥? @ L) =4
and J(TX? @ L) = TY? @ L, which implies that R(X,Y)Z € L, for all vector
fields X,Y,Z € TY? @ L; that is, TX? @ L is invariant by R. In the following,
we shall prove that L is parallel; that is, if U is a normal vector field orthogonal
to L, then U is also orthogonal to V+ L. Indeed, for all tangent vector fields X
and Y, we obtain that

(VxJY,U) = (VxJY,U) = (JVxY,U)=(JVxY + Jo(X,Y),U) =0,

since Imo C L and J(TY? @ L) = T%? @ L. Therefore, since VR =0, we can
use [10, Theorem 2| to show that there exists a 4-dimensional totally geodesic
submanifold of CP"(p) such that Y2 lies in this submanifold. Since J(TX?@® L) =
TY?® L, we get that X2 is a complete Lagrangian proper-biharmonic pmc surface
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in CP2%(p). When p =4, these surfaces were determined in [24] as follows:

=0 250 w0 (/) e (L) corn

Now, assume that |T| < |H|. Since 2 is totally real, we can consider the
following local normal orthonormal frame field:

1 1
7N Bo= [ Er,....Ean},

where E3, E4, E5, and Eg are globally defined. It can be easily verified that H
is orthogonal to E4, Eg, and E,, where « € {7,...,2n}, and, therefore, that

(4.7) H = —|T|E; — |N|Es.

{E3 — JE,,Ey—= JEy, Es —

All vector fields E,, a > 7, are orthogonal to H and to J(T'%?), which means
that A, =0, > 7, and therefore, Imo C L = span{E3, E4, E5, Eg}. Moreover,
the bundle T2 @ L is invariant by J and by R. Let U be a normal vector field,
orthogonal to L. Using the facts that VI'=0, Imo C L =span{Fj3, E4, F5, Fg},
and J(TY? @ L) =T¥? @ L, one obtains that

(VxJY,U) = (VxJY,U) = (JVxY,U) = (JVxY + Jo(X.,Y),U) =0,
(VxN,U)=(Vx(JH-T),U)=(-JApX —o(X,T),U) =0
and
(VxJN,U)=(Vx(—H —JT),U)={-Jo(X,T),U) =0,

which show that L is parallel. We again use [10, Theorem 2] to conclude that ¥2
lies in CP3(p).

In the following we shall determine the shape operators Az, Ay, As, and Ag.
First, since N is orthogonal to H and to J(TX?), we have that Ag = 0. Next,
since ¥? is totally real, we have that

<U(X7Y),JZ>=<U(X,Z),JY>, VXY, Z € C(T%?),
and using this property together with
trace Az = 2(FEs5, H) = —2|T| and trace Ay = 2(Ey4, H) =0,

we see that A3z and A4 can be written as

_ (a—|T| b B b —a—|T|
AS‘( b —a—|T> and A4‘(—a—|T| b )

As for As, we have that trace A5 = 2(E5, H) = —2|N| and then

_ [c—|N]| d
A5‘< d —c—|N>'

Taking into account that Es is orthogonal to J(T%2) we obtain that (R(X,
Y)H, E5) =0, and from the Ricci equation (4.4), we see that [Ay, As] = 0. Then,
from (4.7), we see that [As, As] = 0. After a straightforward computation, we get
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that
(4.8) ad = be.
Next, we have (R(FEs, E1)H,JE>) = —(p/4)|T| and then, again using the
Ricei formula (4.4),
([Af, As)Ey, Ey) = (R(Ey, E1)H, JEy) = —£|T\7
which can be written as

(4.9) bOIT] +dIN) + (a+|T]) (alT] + | N]) = |71,

Since Y2 is proper biharmonic, from the first equation of (4.1), taking into
account that Fj is orthogonal to H and to F3, we see that trace(AgAy) =0,
which, using (4.8), gives that

(4.10) b T| + d|N| = 0.

Assume now that there exists a point p € ¥2 such that b# 0 or d # 0 at p. Then,
from (4.8), (4.9), and (4.10), we obtain that |T'| = 0 at p, which is a contradiction.
Therefore, from (4.10), it follows that b=d =0 on X2, and then (4.9) becomes

p
(411) (a4 71) (alT] + €l N]) = 217
Finally, again using the first equation of (4.1), we have that
5
trace(ApgAs) = —Zp|T| and trace(Ag As) = —g|N|,

or equivalently,

5p—8|H|?)|T
(4.12) a(alT| + | N|) = %
and
—4|H|?)|N
(4.13) c(a|T|+ ¢|N|) = %,
respectively. From (4.11), (4.12), and (4.13) one obtains that
—8|H|H)|T —4|H|?)|N
) o GoSHPIT] (o 4HEIN]
AQRIH? = p) 22|H* = p)
and
(4.15) 16|H|* — 10p|H|? — 3p|T|?* 4 2p* = 0.

The surface 2 is flat, and therefore, by its Gauss equation from (3.6) in
CP"(p), it follows that

O:K:

=~

5
+ ) det Aq,
a=3
which, together with (4.14), gives that
(4.16) 16| H|* + 4p|H|*> — 48|T | H|? + 22p|T|> — 4p* = 0.
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From (4.15) and (4.16) we obtain that |H|> = p/3, |T|*> = 4p/27, and |N|? =
5p/27. Hence, the shape operator A is given by

1 [p/-LL 0 1 /pf0 1
Ag= /(73 A==,/
323(0 1>’ 42\/;10’

(4.17)

Now, since E; and E5 are parallel, they determine two distributions which
are mutually orthogonal, smooth, involutive, and parallel. Therefore, from the
de Rham decomposition theorem and by taking into account that the surface
is complete and using its universal cover if necessary, it follows that ¥2 is the
standard product 1 X 72, where v : R — CP3(p), k € {1,2}, are integral curves
of Ey and Es, respectively, parameterized by arc length, that is, vf = F; and
4 = E5 (see [17]). In the following, we shall determine these curves in terms of
their curvatures and complex torsions.

Let us denote by k;, 1 <i < 6, the curvatures of v; and by {X}}, 1<j<7,
its Frenet frame field. Using (4.17), we first have that

_ 11 1 /5
Vi By =0 (Ey, By) =—€\/§E3 - 2\ 2 Es,

and then, the first Frenet equation of v, gives that
11v/14 V70
= — 1 = — — 5.
K1 = 5 and X5 12 FEs ) FEs5
Next, since VE; = VEy =0 and 0= V*H = —|T|V+E3 — |[N|V+E5, we get
that

p

(VE,Es3,E) =0, (Vg Es, Es) =0,

and
1 - 1 _
(VﬁlEg,E(g) = W(VEIJEl,JH—T> = W((AHEl,E1> + |T|(VE1E1,E3>)
1 /5p
= —(AsF,FE) = =4/ —.
< 5441, 1> 6 3

It follows that Vi Es = (1/6)y/5p/3Es. In the same way, one obtains that
Vg, Es = (—1/3)\/p/3Es. Thus, after a straightforward computation,

_ 1 /5
VE1X21 = —I<L1E1 — 5 4—5E6,

Ko ==\ —= and X3 = —Fgs.

— 1 /5 1
Ve X =5y §E3§\/§E5

which means that

It follows that
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and then

V70 1114
k3= =y/-= and X = By — ;é_Eg).

2\ 42 42
Finally, we get that Vg, X} = —k3X3, and therefore, 1 is a helix of osculating
order 4. A simple computation gives its complex torsions
11V14 V70
42 T23:—7'14:Ea
Hence, 7, is a holomorphic helix of order 4.
Consider now the subbundle L = span{FEs, E5, Fg} in the normal bundle
of v1. It is easy to see that L is parallel and Ty, @ L is invariant by J and R.
Then, since X2 € L, we apply [10, Theorem 2] to conclude that ~; lies in CP?(p).
Moreover, it can be easily verified that ~; is of class I5.

Ti2 = —T34 = T13 =T24 = 0.

For the curve 2 we have that

= 1 1 /5
Vi, By =0(E2, Ep) = 5\/§E3 3 ngs”

and then its first curvature is k = \/p/2 and X3 = (v/6/6)F3 — (v/30/6)Fs. It can
be easily verified that Vﬁz E3 = Va FE5 =0, and then one obtains that @EQ X22 =
—kEy. Therefore, the curve 7y, is a holomorphic circle in CP3(p) with curvature
K= \/m and complex torsion 712 = 0. Then, we use Theorems 2.2 and 2.3 to
conclude. O

REMARK 4.11

By working in the same way as in the case when p =4, considered in [24], the
result in Theorem 4.10(b) can be extended to surfaces in CP™(p). However, for
the sake of simplicity we present here only this particular case.

Acknowledgments. The authors wish to thank Cezar Oniciuc for many useful
comments and helpful discussions. The first author would like to thank the
Department of Mathematics of the Federal University of Bahia in Salvador for
providing a very stimulative work environment during the preparation of this
article.

References

[1] H. Alencar, M. do Carmo, and R. Tribuzy, A Hopf theorem for ambient spaces
of dimensions higher than three, J. Differential Geom. 84 (2010), 1-17.
MR 2629507.

2] A. Balmusg, S. Montaldo, and C. Oniciuc, Classification results for biharmonic
submanifolds in spheres, Israel J. Math. 168 (2008), 201-220. MR 2448058.
DOT 10.1007/s11856-008-1064-4.

, Biharmonic PNMC' submanifolds in spheres, Ark. Mat. 51 (2013),
197-221. MR 3090194. DOI 10.1007/s11512-012-0169-5.



http://www.ams.org/mathscinet-getitem?mr=2629507
http://www.ams.org/mathscinet-getitem?mr=2448058
http://dx.doi.org/10.1007/s11856-008-1064-4
http://dx.doi.org/10.1007/s11856-008-1064-4
http://www.ams.org/mathscinet-getitem?mr=3090194
http://dx.doi.org/10.1007/s11512-012-0169-5
http://dx.doi.org/10.1007/s11512-012-0169-5

854

(4]

(5]

(7]

(8]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

20]

Dorel Fetcu and Ana Lucia Pinheiro

A. Balmug and C. Oniciuc, Biharmonic submanifolds with parallel mean
curvature vector field in spheres, J. Math. Anal. Appl. 386 (2012), 619-630.
MR 2834772. DOI 10.1016/j.jmaa.2011.08.019.

M. H. Batista da Silva, Simons type equation in S* x R and H? x R and
applications, Ann. Inst. Fourier (Grenoble) 61 (2011), 1299-1322. MR 2951494.
DOT 10.5802/aif.2641.

B.-Y. Chen, A report on submanifolds of finite type, Soochow J. Math. 22
(1996), 117-337. MR 1391469.

B.-Y. Chen and K. Ogiue, On totally real submanifolds, Trans. Amer. Math.
Soc. 193 (1974), 257-266. MR 0346708.

S. Y. Cheng and S. T. Yau, Hypersurfaces with constant scalar curvature,
Math. Ann. 225 (1977), 195-204. MR 0431043.

J. Eells, Jr. and J. H. Sampson, Harmonic mappings of Riemannian manifolds,
Amer. J. Math. 86 (1964), 109-160. MR, 0164306.

J.-H. Eschenburg and R. Tribuzy, Existence and uniqueness of maps into affine
homogeneous spaces, Rend. Sem. Mat. Univ. Padova 89 (1993), 11-18.
MR 1229038.

D. Fetcu, Surfaces with parallel mean curvature vector in complex space forms,
J. Differential Geom. 91 (2012), 215-232. MR 2971287.

D. Fetcu, E. Loubeau, S. Montaldo, and C. Oniciuc, Biharmonic submanifolds
of CP™, Math. Z. 266 (2010), 505-531. MR 2719418.
DOT 10.1007/s00209-009-0582-z.

D. Fetcu and C. Oniciuc, Biharmonic integral C-parallel submanifolds in
7-dimensional Sasakian space forms, Tohoku Math. J. (2) 64 (2012), 195-222.
MR 2948819. DOIT 10.2748/tmj/1341249371.

D. Fetcu, C. Oniciuc, and H. Rosenberg, Biharmonic submanifolds with parallel
mean curvature in S” x R, J. Geom. Anal. 23 (2013), 2158-2176. MR 3107694.
DOT 10.1007/s12220-012-9323-3.

A. Huber, On subharmonic functions and differential geometry in the large,
Comment. Math. Helv. 32 (1957), 13-72. MR 0094452.

G. Y. Jiang, 2-harmonic maps and their first and second variational formulas,
Chinese Ann. Math. Ser. A 7 (1986), 389-402. MR 0886G529.

S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, I,
Interscience, New York, 1963. MR 0152974.

E. Loubeau and C. Oniciuc, Biharmonic surfaces of constant mean curvature,
Pacific J. Math. 271 (2014), 213-230. MR 3259766.
DOI 10.2140/pjm.2014.271.213.

S. Maeda and T. Adachi, Holomorphic helices in a complex space form, Proc.
Amer. Math. Soc. 125 (1997), 1197-1202. MR 1353391.
DOT 10.1090/50002-9939-97-03627-7.

S. Maeda and Y. Ohnita, Helical geodesic immersions into complex space forms,
Geom. Dedicata 30 (1989), 93-114. MR 0995941. DOI 10.1007/BEF02424315.


http://www.ams.org/mathscinet-getitem?mr=2834772
http://dx.doi.org/10.1016/j.jmaa.2011.08.019
http://dx.doi.org/10.1016/j.jmaa.2011.08.019
http://www.ams.org/mathscinet-getitem?mr=2951494
http://dx.doi.org/10.5802/aif.2641
http://dx.doi.org/10.5802/aif.2641
http://www.ams.org/mathscinet-getitem?mr=1391469
http://www.ams.org/mathscinet-getitem?mr=0346708
http://www.ams.org/mathscinet-getitem?mr=0431043
http://www.ams.org/mathscinet-getitem?mr=0164306
http://www.ams.org/mathscinet-getitem?mr=1229038
http://www.ams.org/mathscinet-getitem?mr=2971287
http://www.ams.org/mathscinet-getitem?mr=2719418
http://dx.doi.org/10.1007/s00209-009-0582-z
http://dx.doi.org/10.1007/s00209-009-0582-z
http://www.ams.org/mathscinet-getitem?mr=2948819
http://dx.doi.org/10.2748/tmj/1341249371
http://dx.doi.org/10.2748/tmj/1341249371
http://www.ams.org/mathscinet-getitem?mr=3107694
http://dx.doi.org/10.1007/s12220-012-9323-3
http://dx.doi.org/10.1007/s12220-012-9323-3
http://www.ams.org/mathscinet-getitem?mr=0094452
http://www.ams.org/mathscinet-getitem?mr=0886529
http://www.ams.org/mathscinet-getitem?mr=0152974
http://www.ams.org/mathscinet-getitem?mr=3259766
http://dx.doi.org/10.2140/pjm.2014.271.213
http://dx.doi.org/10.2140/pjm.2014.271.213
http://www.ams.org/mathscinet-getitem?mr=1353391
http://dx.doi.org/10.1090/S0002-9939-97-03627-7
http://dx.doi.org/10.1090/S0002-9939-97-03627-7
http://www.ams.org/mathscinet-getitem?mr=0995941
http://dx.doi.org/10.1007/BF02424315
http://dx.doi.org/10.1007/BF02424315

(21]

(22]

Biharmonic surfaces with parallel mean curvature 855

S. Maeta and H. Urakawa, Biharmonic Lagrangian submanifolds in Kdahler
manifolds, Glasg. Math. J. 55 (2013), 465-480. MR 3040876.
DOI 10.1017/S0017089512000730.

Y.-L. Ou and Z.-P. Wang, Constant mean curvature and totally umbilical
biharmonic surfaces in 3-dimensional geometries, J. Geom. Phys. 61 (2011),
1845-1853. MR 2822453. DOI 10.1016/j.geomphys.2011.04.008.

H. Reckziegel, “Horizontal lifts of isometric immersions into the bundle space of
a pseudo-Riemannian submersion” in Global Differential Geometry and Global
Analysis 1984 (Berlin, 1984), Lecture Notes in Math. 1156, Springer, Berlin,
1985, 264-279. MR 0824074. DOI 10.1007/BFb0075098.

T. Sasahara, Biharmonic Lagrangian surfaces of constant mean curvature in
complex space forms, Glasg. Math. J. 49 (2007), 497-507. MR 2371514.
DOI 10.1017/S0017089507003886.

N. Sato, Totally real submanifolds of a complex space form with nonzero parallel
mean curvature vector, Yokohama Math. J. 44 (1997), 1-4. MR 1453345.

J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. (2) 88

(1968), 62—105. MR 0233295.

W. Zhang, New examples of biharmonic submanifolds in CP™ and S*™ ', An.
Stiing. Univ. Al 1. Cuza lagi. Mat. (N.S.) 57 (2011), 207-218. MR 2985674,
DOI 10.2478/v10157-010-0046-0.

Fetcu: Department of Mathematics and Informatics, Gheorghe Asachi Technical

University of lasi, Bulevardul Carol I, 11, 700506 lasi, Romania; and Department of

Mathematics, Federal University of Bahia, Avenida Adhemar de Barros s/n,
40170-110 Salvador, Bahia, Brazil; dfetcu@math.tuiasi.ro

Pinheiro: Department of Mathematics, Federal University of Bahia, Avenida Adhemar
de Barros s/n, 40170-110 Salvador, Bahia, Brazil; anapinhe@ufba.br


http://www.ams.org/mathscinet-getitem?mr=3040876
http://dx.doi.org/10.1017/S0017089512000730
http://dx.doi.org/10.1017/S0017089512000730
http://www.ams.org/mathscinet-getitem?mr=2822453
http://dx.doi.org/10.1016/j.geomphys.2011.04.008
http://dx.doi.org/10.1016/j.geomphys.2011.04.008
http://www.ams.org/mathscinet-getitem?mr=0824074
http://dx.doi.org/10.1007/BFb0075098
http://dx.doi.org/10.1007/BFb0075098
http://www.ams.org/mathscinet-getitem?mr=2371514
http://dx.doi.org/10.1017/S0017089507003886
http://dx.doi.org/10.1017/S0017089507003886
http://www.ams.org/mathscinet-getitem?mr=1453345
http://www.ams.org/mathscinet-getitem?mr=0233295
http://www.ams.org/mathscinet-getitem?mr=2985674
http://dx.doi.org/10.2478/v10157-010-0046-0
http://dx.doi.org/10.2478/v10157-010-0046-0
mailto:dfetcu@math.tuiasi.ro
mailto:anapinhe@ufba.br

	Introduction
	Preliminaries
	A Simons-type formula for pmc surfaces in complex space forms
	Biharmonic pmc surfaces in CPn(rho)
	Acknowledgments
	References
	Author's Addresses

