Structure of Tate-Shafarevich groups of
elliptic curves over global function fields

M. L. Brown

Abstract The structure of the Tate—Shafarevich groups of a class of elliptic curves over
global function fields is determined. These are known to be finite abelian groups and
hence they are direct sums of finite cyclic groups where the orders of these cyclic com-
ponents are invariants of the Tate-Shafarevich group. This decomposition of the Tate—
Shafarevich groups into direct sums of finite cyclic groups depends on the behaviour of
Drinfeld—Heegner points on these elliptic curves. These are points analogous to Heegner

points on elliptic curves over the rational numbers.
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Part 1. Preliminaries
1.1. Introduction

Let F' be a global field of positive characteristic p > 0. Let E/F be an elliptic
curve with an origin, that is to say, a 1-dimensional abelian variety.

In [1] it is shown that, for a class of these elliptic curves E/F, the Tate—
Shafarevich group III(E/F) is finite and, for prime numbers [ belonging to a set
S of prime numbers given by arithmetic conditions, the [-primary component
III(E/F);~ has order which is explicitly bounded.

In this paper, we determine the structure of the finite abelian group
III(E/F);~ for the same class of elliptic curves and for all [ in the same set
of prime numbers S. (In the notation of Theorem 4.1.4 below, S is the set P
with the exclusion of the prime divisors of the order of the Picard group Pic(4).)
We also determine the structure of the Selmer groups of the elliptic curves in
question.

Let E/F be an elliptic curve, and let K be an imaginary quadratic extension
of F with respect to the place co of F (see Section 1.2). Let Spec A be the
nonsingular affine curve with function field F' and whose point at infinity is co
(see Section 1.2). Assume that F, K, co satisfy (a), (b), and (c¢) of Section 4.1.1.
This provides an infinite set of prime numbers P of positive Dirichlet density and
defined by arithmetic conditions (see Section 3.1). Indeed, P contains all except
finitely many prime numbers [ € Z of the form 2°n + 1 where s > 1 and n is odd
such that ¢ is a 2°th-power nonresidue modulo [ where ¢ is the order of the exact
finite field of constants of F.

Fix a prime number [ € P. There are sets of divisors A"(n), relative to I, on
F for all integers n > 1 such that each divisor in A"(n) is a sum of r distinct
prime divisors and there is a decreasing filtration on A"(1):

AT=A"(1)DAT(2)D

For any divisor ¢ € A"(n) there is a corresponding Drinfeld-Heegner point P, of
E(K]|c]), the group of K|[c|-rational points of E, where K|c| is the ring class field
of K with conductor ¢ (see Sections 1.4, 3.4.8).

On E(K]c]) there is the decreasing l-adic filtration

E(Klc]) 21E(K[c]) 2 I*E(K]c]) 2+
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Define
M, = Hel}g (max(n €N ‘ P.€l"E(K][c]))) for all integers r € N.

If the point Py € F(K) has infinite order in the group of K-rational points
E(K), then it can be shown that My, Mi,... is a decreasing sequence of non-
negative integers (see Lemma 5.1.2). One of the main results of this paper is the
following.

THEOREM 1.1.1

Suppose that Py has infinite order in E(K), the group of K -rational points of E.
Let I be a prime number in P that is coprime to the order of the Picard group of
the affine curve Spec A. Let e =+1 be the sign in the functional equation of the
L-function of E/F. Then the Tate-Shafarevich group WI(E/F) of E/F is finite
and its -primary component is given by

I(E/F)~= ] (@M Moz,
(—1)i=e
i>0

where the product runs over integers i € N such that (—1)' =e.

A similar statement holds for the Tate-Shafarevich group of the elliptic curve
E xp K over K (see Theorem 4.1.4) as well as the Selmer groups of these curves
(see Corollary 4.1.11). The main results of this paper are stated in Section 4.1.

It may be conjectured that for every global field F' of positive characteris-
tic there are infinitely many nonisomorphic elliptic curves E/F and infinitely
many imaginary quadratic field extensions K/F such that E, K, co satisfy the
hypotheses of Theorem 1.1.1 and those of Section 4.1. If this conjecture holds,
then the above theorem and those of Section 4.1 give infinitely many noniso-
morphic elliptic curves over a given global field of positive characteristic whose
[-primary components of the Tate-Shafarevich group are structurally known for
infinitely many prime numbers [ satisfying arithmetic conditions.

The method of this paper is related to that of Kolyvagin’s determination
of the structure of Tate—Shafarevich groups of a class of elliptic curves over the
rational numbers (see [2|, [3], [5]-[9]). The proofs of the main theorems of this
paper stated in Section 4.1 and Theorem 1.1.1 above require many preliminary
results which are explained in Parts 1-5.

Part 2 contains basics on Tate local duality, Selmer groups, and the Cassels
pairing on Tate—Shafarevich groups. In Section 3.1, the set P of prime numbers
is defined by arithmetic conditions. In Section 3.2, the sets A"(n) of divisors on
the global field F' are defined. Sections 3.3 and 3.4 construct the cohomology
classes ,,(¢), 0, (c) in the cohomology of the elliptic curve E/F.

In Section 4.1, the main results of this paper are stated, which are then
proved in Sections 5.3-5.5 after some further properties of v, (c), d,(c) are proved
in Parts 4 and 5. We show, in particular, that the cohomology classes d,,(c) define
characters via the Cassels pairing on III(E/F);~, which determine the structure
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of this group. The method of proof of the main results in Section 4.1 is by
the construction of many independent elements of the Tate-Shafarevich group
II(E/F);s. Finally, Section 5.6 contains complements to the main results.

While care has been taken to minimize the number of hypotheses required
for the main theorems of this paper, these hypotheses are still numerous (see,
e.g., Section 3.1, Definition 3.1.2). The assiduous reader will have an abundance
of interesting problems in their elimination.

1.2. Global fields of positive characteristic

The notation of this paper is mainly that of [1] and is detailed in the rest of
this section. A few differences arise, notably the sets of divisors A(n), which are

required for the more refined results of this paper.
Let

k be a finite field of characteristic p with ¢ = p™ elements;

k be an algebraic closure of k;

C/k be a smooth projective irreducible curve over k;

F be the function field of C. These hypotheses imply that the finite field
k is the exact field of constants of the global field F'. Furthermore, let

Y1, for any global field L, be the set of all places of the field L;

oo € ¥ be a closed point of C/k;

k(%) be the residue field at a place z € £ of F;

F, be the completion of F' at the place v € ¥p;

F*°P be the separable closure of F';

A be the coordinate ring I'(C' \ {00}, O¢) of the affine curve C'\ {c0};

Div, (A) be the semigroup of effective k-rational divisors on Spec A. That
is to say, Divy (A) is the semigroup of effective k-rational divisors on C/k which
are coprime to the place co; an element of Div,; (A) may be written as a finite
linear combination ), n;z; where n; € N and z; are prime divisors on Spec A for
all 4. Let

Supp(c), for a divisor ¢ € Div; (A), be the support of the divisor ¢ which
is the set of prime divisors with nonzero coefficient in c;

Pic(A) be the Picard group of A, the group of projective A-modules of
rank 1;

K be a separable imaginary quadratic extension field of F' with respect
to oo (That is to say, K is a quadratic extension field of F' in which the place co
remains inert.);

B be the integral closure of A in K

7 be the nontrivial element of the Galois group Gal(K/F).

1.3. Orders in imaginary quadratic field extensions

Let K/F be the imaginary quadratic field extension with respect to oo of Sec-
tion 1.2.
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An order O in K with respect to A is an A-subalgebra of B whose fraction
field is equal to K.

There is a bijection between orders O, of K with respect to A and effective
k-rational divisors ¢ in Divy (A) and it is given by

c— A+ BI(c),

where I(c) is the ideal of A cutting out the divisor ¢. The divisor ¢ is the conductor
of the order O.. For more details on orders in imaginary quadratic extensions,
see [1, Section 2.2].

1.4. Ring class fields
Let

O, be the order of K with respect to A and with conductor ¢ where
c € Divi(A) (see Section 1.3);

A,, for each place v of A, be the localization of A at v;

5070 be the completion of the semilocal ring O, ® 4 Ay;

G.=K3 11, (3:;1) be the subgroup of the idéle group of the global field K

whose components are the units of 6C’v for all places v # oo of F' and K7 for
the place v = oo and where in the product v runs over all places of F;

K|¢], for any divisor ¢ € Div;(A), be the ring class field with conductor ¢
with respect to oo (This is the finite abelian extension field of K defined by the
subgroup G, of the idéle group of K via the reciprocity map.); and

G(c/c) be the Galois group of the field extension Klc]/K|[c/] for divisors
c¢>c of Divy(A).

We have the following properties of the decomposition of primes in ring class
fields (for the proofs, see |1, Section 2.3.13])

(a) The primes ramified in K|[c]/K are precisely the primes in the support
of c.

(b) The extension Klc|/K is split completely at the place of K lying
above oo.

(c) If z ¢ Supp(c), then for any positive integer n, the Galois extension K[c+
nz]/K|[c] is totally ramified at all places of K|[c] above z.

See [1, Section 2.3] for more details on ring class fields.

1.5. Elliptic curves over global fields of positive characteristic

Let

C/k be a smooth projective irreducible curve over k (as in Section 1.2);

X/k be an elliptic surface over C' (That is to say, X/k is a smooth projec-
tive irreducible surface equipped with a morphism f: X — C which has a section
such that all fibers of f, except a finite number, are elliptic curves.);
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E/F be the generic fiber of f: X — C, which is an elliptic curve FE over
F equipped with an origin where F' is the function field of C.

The conductor of an elliptic curve E/F is an effective k-rational divisor on F’
supported only at the places of bad reduction of E and whose multiplicities are
defined in terms of the Galois representation of Gal(F®P/F) given by E. (See
[1, Sections B.11.1-B.11.4] for the definition of the conductor of E/F.)

1.6. The Drinfeld modular curve XP"*(7)

Let I be a nonzero ideal of A, and let X" (I) be the curve which is the coarse
moduli scheme of Drinfeld modules of rank 2 for A equipped with an I-cyclic
structure (see [1, Definition 2.4.2, p. 23|). This curve is compactified by a finite
number of cusps which correspond to “degenerate” Drinfeld modules. This curve
XPrn(I) is an analogue for the global field F' of the classical modular curve
Xo(N), which is the coarse moduli scheme of elliptic curves equipped with a
cyclic subgroup of order N, where N € N (for more details, see [1, Section 2.4]).

1.7. Analogue for I’ of the Shimura-Taniyama-Weil conjecture

Let E/F be an elliptic curve with split (Tate) multiplicative reduction at co. Let
I be the nonzero ideal of the ring A which is the conductor, without the place
at 0o, of the elliptic curve E/F.

According to the work of Drinfeld on the Langlands conjecture, there is a
finite surjective morphism of curves over F'

XPrin(r) - E.

This result is an analogue for the global field F' of the Shimura—Taniyama—
WEeil conjecture proved by Wiles for semistable elliptic curves over the rational
numbers.

For more details, see [1, Section 4.7, Appendix B].

1.8. Drinfeld-Heegner points

Let K be an imaginary quadratic extension field of F' with respect to co (as in
Section 1.2), and let I be a nonzero ideal of A.

Let D be a rank 2 Drinfeld module for A with complex multiplication by
an order O of the field K with respect to A; that is to say, O is a subring of
K which is integral over A. Let Z be an I-cyclic subgroup of D. Then the pair
(D, Z) represents a noncuspidal point of the modular curve X" (7). Such points
(D, Z) exist if the prime divisors in the support of I split completely in the field
extension K/F.

If the quotient Drinfeld module D/Z has the same ring of endomorphisms
O as D, then the point (D, Z) on XP"*(I) is called a Drinfeld-Heegner point.

If f: XP""(I) — E is a finite morphism of curves where E/F is an elliptic
curve (see Sections 1.5-1.7), then the point f(D, Z) of the elliptic curve E is also
called a Drinfeld—Heegner point.
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The Drinfeld-Heegner points (D, Z) and f(D,Z) are rational over the ring
class field K[c] where ¢ is the conductor of the order O of K relative to A.
See [1, Sections 2.2, 2.3] or Section 3.4 below for more details.

1.9. Groups and cohomology
If G is a discrete abelian group, denote by

G, the kernel of multiplication by the integer m € N on G;

mG the cokernel G/mG of multiplication by the integer m € N;

|G| the order of the group G, which is either a positive integer or +o0;

ord(g) the order of an element g € G, which is the cardinality of the
subgroup generated by g;

exp(G) the exponent of G, which is the maximum order of an element
of G,

G the Pontryagin dual of G, namely, the topological group Hom(G,Q/Z).

If G is a finite abelian group, then G may be identified with the group of
1-dimensional complex characters of G, that is to say, the group of homomor-
phisms Hom(G,C*). A character of a finite abelian group is always assumed to
be irreducible.

If F'/F is a Galois extension of a global field F' and if z € £ is a prime
divisor of F' unramified in F”, then we denote by Frob(z) or Frobp:,p(2), the
conjugacy class in Gal(F’/F) of Frobenius substitutions associated to z.

If L is a field, then we write H*(L, M) for the Galois cohomology group
H(Gal(L**? /L), M), where L°P is the separable closure of L. If L'/L is a finite
Galois field extension, then we write H*(L'/L, M) for H*(Gal(L' /L), M).

If F' is a global field and z is a place of F', then the restriction, or localization,
of a class c€ HY(L, M) is written ¢, € H'(F,, M), where F, is the completion of
F at z.

1.10. Torsion on elliptic curves E/F

Let E be an elliptic curve over a global field F' of positive characteristic p > 0 as
in Section 1.5. Let K be an imaginary quadratic extension field of F' with respect
to the place oo of F. As in Section 1.4, let K|[c| be the ring class field over K
with conductor ¢ € Div; (A4). Put

KlA= J K[
c€Div, (A)

That is to say, K[A] is a field which is the union of all the ring class fields K[|
in some algebraic closure of K.

Let S be a subset of N* such that if n; € S and ngq is any divisor of ni, then
ng € S. A quasigroup {Gp}nes relative to S is a family of abelian groups G,
indexed by the elements n of S such that nG,, =0 and if ng,n; € S are elements
where ng divides m, then there is a group homomorphism f,,n, : Gn, = Gn,
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satisfying the compatibility condition that if ng,n1,ns € S, ng divides ni, and
ny divides na, then fr,ne = frine © fron, (see [1, Section 7.1, p. 330]).

PROPOSITION 1.10.1 ([1, PROPOSITION 7.3.8])
The quasigroup

is trivial; that is to say, the order of the torsion group E(K[A]), is bounded

independently of n and there is a finite set £ of prime numbers such that for all
integers n prime to all elements of £ we have

E(K[A]), =0.

PROPOSITION 1.10.2 ([1, PROPOSITION 7.14.2])
Let € be the finite set of prime numbers of Proposition 1.10.1. For any divisor ¢
of Div (A), the restriction homomorphism

H\(K,E,)— H'(K[d, E,)’

is an isomorphism for all integers n prime to & where G, = Gal(K|c|]/K).

This follows from Proposition 1.10.1 and the Hochschild—Serre spectral sequence
H'(Ge, H (Kc], En(K*P))) = H™ (K, Eq(K*P))

(more details are given in [1, Proposition 7.14.2]).

1.11. Igusa’s theorem

This section is a summary of the results of Igusa for the Galois action on torsion
points of elliptic curves over global fields of positive characteristic.

1.11.1.
As in Section 1.2, let F' be a global field of positive characteristic p where k is
the exact field of constants of F', and let E/F be an elliptic curve. Let

G = Gal(F*°P/F), where F*°P is the separable closure of F;
n be an integer prime to p;

FE, be the finite F-group scheme of n-torsion points of E;
E be the torsion subgroup of E(F*P) of order prime to p.

The elliptic curve E/F is said to be isotrivial if there is a finite Galois extension
field F’ of F such that the curve E x r F" is definable over a finite subfield of F”.
1.11.2.

The action of the Galois group G on E,, provides a homomorphism

pn G — Awt(E,) = GL2(Z/nZ).
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The determinant
det : Aut(E,) — (Z/nZ)*
induces a homomorphism
G— (Z/nZ)".

Let H,, be the subgroup of (Z/nZ)* generated by the powers of ¢ = |k| modulo
n. Then H,, is naturally isomorphic to the Galois group of the field of nth roots
of unity over k. Let T',, be the subgroup of GLy(Z/nZ) defined by the exact
sequence of finite groups, where det is the restriction to I',, of the determinant
homomorphism on GLy(Z/nZ),

(1.11.1) 0 = SL(z/mz) — L, % m, = o0

1.11.3.
Passing to the projective limit of the previous exact sequence over all integers n
prime to p, we obtain the exact sequence of profinite groups

0 — SLyzZ®») — T — H — 0,
where H is the subgroup of AQN topologically generated by ¢, where
7)) — H 7
l#p

is the profinite prime-to-p completion of Z, and T is a closed subgroup of
GLy(ZP).

1.11.4.
Passing to the projective limit of the exact sequence (1.11.1) where n runs over
all powers of a prime number [ where [ # p, we obtain the exact sequence

0 — SLs(zZ;) — fl — fIl — 0.

THEOREM 1.11.1 (IGUSA [4])
Suppose that E/F is not isotrivial. Then the profinite group Gal(F(Ey)/F) is
an open subgroup of T'.

This result has the following consequence.

THEOREM 1.11.2

Suppose that E/F is not isotrivial. Then for all pmme numbers [ # P the profinite
group Gal(F(Ey~)/F) is an open subgroup of T; and is equal to T; for all but
finitely many .

REMARKS 1.11.3
(a) Suppose that the curve E/F is isotrivial. Then it is easy to show that the
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group Gal(F(E)/F) is an extension of a finite group by the abelian profinite
group Z®.

(b) Let F be an elliptic curve defined over a number field L. The Galois action
on the torsion points of E/L is known and depends principally on whether or
not F has complex multiplication.

See [12] and [12, Section 4.5] for the cases of complex multiplication and without
complex multiplication. See also [1, Remarks 7.2.8] for more details.

1.12. Consequences of Igusa’s theorem

For a finite group G and a Z[G]-module M, let H*(G, M) denote the standard
cohomology groups of G acting on M (see [1, Section 5.6]; see also [10, Chapter I]
for the Tate modified cohomology groups).

PROPOSITION 1.12.1

Let E/F be an elliptic curve, and let N®) be the set of positive integers coprime
to p, where p is the characteristic of F'. Write G,, for the group Gal(F(E,)/F).

(a) Leti=0 or 1. Then
{H (Gn,Ey)}

neN®)
is a trivial quasigroup.

(b) There is a finite set N of prime numbers including p such that for all
prime numbers | ¢ N we have

Hi(Gln,Eln) =0 foralln>1 and all i >0.

Proposition 1.12.1(a) may be restated as follows: for ¢ =0 or 1 and for all n
coprime to p, the order of the group H'(G,, E,) is bounded independently of n
and there is a finite set of prime numbers such that for all integers n coprime
to this set of prime numbers we have H'(G,,E,) = 0. For the proof of this
proposition, see [1, Proposition 7.3.1].

1.12.1.
For each prime number [ different from p, select once and for all a basis of the
Tate module T;(F) over Z;, the l-adic completion of Z; this fixes for the rest
of this paper, for every prime number [ # p, an isomorphism of Gal(F(E;=)/F)
with a subgroup of GL2(Z;) and the two groups may then be identified with each
other.

PROPOSITION 1.12.2

Let E/F be an elliptic curve which is not isotrivial. Let L be a finite extension
field of F in which k is algebraically closed. Then there is an infinite set S of
prime numbers of positive Dirichlet density such that for alll € S we have that
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(a) the fields F(FEj) and L are linearly disjoint over F;
(b) E(L);~ =0;
(©) (3%) € Gal(F(E)/F).

For the proof, see |1, Proposition 7.3.10].

Part 2. Local duality, Cassels pairings, and Tate-Shafarevich groups
2.1. Local duality of elliptic curves

This section is a brief summary of Tate—Poitou local duality for elliptic curves
over a local field. For more details on local duality of abelian varieties, see |10,
Chapter I; Chapter III, Section 7].

2.1.1.
Let

L be a nonarchimedean complete local field;

L*°P be the separable closure of L;

E/L be an elliptic curve over L;

n > 1 be an integer coprime to the characteristic of L;
G be the Galois group Gal(L**?/L).

2.1.2.

Let p, be the multiplicative subgroup of L*°P of nth roots of unity. Then p, is
a finite G-module. Let E,, denote the G-module of n-torsion points of E(LP).
We have an abelian group isomorphism

Z Z

n_Z@nZ

Il

E,

Denote by {-,-} the Weil pairing
{,'}:Ep X Ep = pin.

This is a perfect pairing of G-modules. In particular, we have an isomorphism of
G-modules

En = HomG(E7u ,Ufn)

2.1.3.
The Weil pairing induces a cup-product pairing in Galois cohomology

Hl(LaEn) X HI(L7ETL) - HQ(L7/~‘L7L)'

This is a nondegenerate antisymmetric pairing of abelian groups. By local class
field theory, we have a canonical isomorphism of groups, where Br(L) is the
Brauer group of L,
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This induces an isomorphism
Z
H*(L,pt,) =Br(L), = —

THEOREM 2.1.1 (TATE-POITOU LOCAL DUALITY)
The cup-product pairing

Z
(2.1.1) (Yo HY(L,E,) x HY(L, E,,) — —

n
obtained from the Weil pairing is an alternating and nondegenerate pairing of
Z/nZ-modules.

For the proof, see [10, Chapter I, Corollary 2.3].

THEOREM 2.1.2
Assume that n is prime to the residue field characteristic of L.

(a) The subgroup ,E(L) of H'(L, E,,) is isotropic for the alternating pairing
<.’ '>'u i

(b) The cup-product pairing (-,-), on H'(L,E,) induces a nondegenerate

pairing of abelian groups, where ,E(L)= E(L)/nE(L),
7
JoinE(L) x HY(L,E),, = —.
o £ B(L) % HY (L B =
For the proof, see [1, Theorem 7.15.6, p. 403] for part (a) and [10, Chapter I,
Corollary 3.4 and Remark 3.6; Chapter 3, Theorem 7.8] for part (b). Note that

part (b) holds without the hypothesis that n be coprime to the characteristic of
L (see [10, Chapter III, Section 7]).

2.1.4.
Suppose now that K is a global field of positive characteristic, that X is the

set of all places of K, and that the integer n is coprime to the characteristic of
K. Let E/K be an elliptic curve.

PROPOSITION 2.1.3
Let ¢ and ¢’ be two elements of H'(K,E,). Denote by ¢, and c, the induced
elements of HY(K,, E,,) for all places v € S of K, where K, is the completion
of K at v. Then we have

Z (Cyp, )y =0.

VEX K

Proof
The sum of the local invariants of a global class in H?(K,G,,) is zero. g
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2.2. Selmer groups and Tate-Shafarevich groups

2.2.1.
Let E/F be an elliptic curve as in Section 1.5, and let n € N be an integer coprime
to the characteristic p of the global field F'.

2.2.2.

For a place v of the field F', we write F, for the completion of F' at the place v
(as in Section 1.2). The exact sequence of commutative group schemes over F,
obtained from the morphism of multiplication by n,

0—FE,—>E-5SE—0

gives rise to a commutative diagram, where the maps res, are the restriction
homomorphisms at v and the rows are exact sequences of abelian groups:

0 — WB(F) — HYFEWF*),) — H'(FEF*®) — 0
i,resv i,resv i,resv

0 — LEF,) — Hl(FI,,E(Fjep)n) — Hl(Fv,E(Fjep))n - 0

As in Section 1.9, ,E(F) denotes the cokernel E(F)/nE(F) and E(F®P),
denotes the n-torsion subgroup of E(F*®°P).

2.2.3.
The Tate-Shafarevich group III(E/F) of E/F is defined as

I(E/F) = ker{Hl(F, E) - [ Hl(Fv,E)}.
VEX R
This group III(E/F) is known to be a torsion of cofinite type (see [11]).
The n-Selmer group is defined as

Sel,(E/F)= (1] res;'(,E(F.,))
VEX R
in terms of the commutative diagram of Section 2.2.2 and where res, denotes
the middle vertical homomorphism of the diagram. Therefore, Sel,,(E/F) is a
subgroup of H'(F, E(F®°P),) and is a finite abelian group. We then have the
exact sequence of torsion abelian groups from the commutative diagram of Sec-
tion 2.2.2, where III(E/F), is the n-torsion subgroup of III(E/F),

0— ,E(F)—Sel,(E/F)—>1I(E/F), —0.

2.24.

Let F'/F be a finite separable Galois field extension. We write III(E/F’) in place
of III(E x g F'/F’) for the Tate—Shafarevich group of E X F' over F’ obtained
by ground field extension from F' to F’; similarly, for the Selmer quasigroup, we
write Sel,,(E/F") in place of Sel,,(E xp F'/F’).
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PROPOSITION 2.2.1

Let r be the degree of the finite separable field extension F'/F. For any torsion
abelian group A write Aon-r) for the torsion subgroup of A of order coprime
to r. The restriction homomorphism provides isomorphisms for all integers n
coprime to r

res

II(E/F)mon-r) — ]_H(E/F/)(non_r)Gal(F’/F)7
Seln(E/F) i} Seln(E/Fl)Gal(F//F).

Proof
The definition of the Tate—Shafarevich groups provides a commutative diagram
with exact rows:
, , Gal(F'/F)
0 — LLI(E/F")GalF /F) _y fi(pr| p)Gal(F'/F) ( H Hl(F;,E))

VEX

) T T
0— II(E/F) — HY(F,E) — I #'(F..E)

VEX R

For any place v of F, the F,-algebra F, @ p F" is étale and is the product of the
completions of F’ at the places lying over v. The inflation restriction sequence
provides isomorphisms for any integer s coprime to the order of Gal(F’/F)

HY(F,E), =~ H\(F', E)SaI"/F),
H'(F,,E), = H'(F, ®p F',E)$F"/F) " for all places v of F.

The isomorphism of the proposition for the Tate—Shafarevich groups now follows
by a diagram chase. The corresponding isomorphism for the n-Selmer groups
follows from the commutative diagram with exact rows:

0— W E(F) — Sel, (E/F) — I(E/F), -0
= ! =
0 — (nE(F/))Gal(F /F) _ Seln(E/F/)Gal(F'/F) N H_I(E/F/)Sal(F /F) 50
as required. O
REMARK 2.2.2

This section is a generalized form of [1, Section 7.9].

2.3. The Cassels pairing

2.3.1.
Let E/F be an elliptic curve over the global field F' of characteristic p > 0 as in
Section 1.5. The Tate-Shafarevich group III(E/F) of E/F is equipped with the
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antisymmetric Cassels pairing
<'7 '>Cassels : H—[(E/F) X I-H(E/F> - Q/Z7
which is nondegenerate if III(E/F) is finite. The Tate-Shafarevich group
III(E/F) is a torsion group of cofinite type (see [11]).
In this section, the Cassels pairing is defined for E/F for the non-p part

HI(E/F)non-p) of ILI(E/F), that is to say, the subgroup of the Tate-Shafarevich
group of order coprime to the characteristic p.

2.3.2.

For any place v € ¥ of F', we have the commutative diagram with exact rows
obtained from restriction from F' to F, for any integer m where 9,, is the con-
necting homomorphism induced from the morphism of multiplication by m on E:

m

0 - E(F)w — E(F) — E(F) 2% HYFE. - H\F.E)n

1 { { 1 1
0 = E(F)m — E(F,) — E(F) 3 HYF,E. — H'(F,E)mn

2.3.3.
Let a,b € II(E/F)(non-p)- Let m > 1 be the order of a, and let n > 1 be the order
of b where m,n are coprime to the characteristic p of F'. Then we have that

acUI(E/F)pn, and beII(E/F)y.
Select elements
aV e HY(F,E,) and bV e HYFE,)

mapping to a and b, respectively, in the commutative diagram of Section 2.3.2.
For any element h € H'(F, E) denote by h,, the restriction of h to H'(F,, E)
for any place v of F' and similarly for cochains.

2.3.4.
Suppose first that a is divisible by n in H'(F,E), say, a = na; where a; €
HY(F,E),,,. We may select local points y, € , E(F,) such that

O (yy) =b1)  for all places v € X,

as bV maps to zero in H'! (F,, E). Let a1 ,, denote the localization in H'(Fy, E)mn
of a;. Note that since a € UI(E/F),, we have that a;, € H'(F,, E), for all v.
For any v € ¥, denote by
[ o HY(Fy, E)p % o E(F,) — z
’ ’ nZ

the local pairing as in Theorem 2.1.2. Then the Cassels pairing is given in terms
of the local pairing by the formula
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(2.3.1) (@,b)Cassels = Y _ [a1,0Yulos

VEX R

where the sum runs over all places of F'.

2.3.5.
We have that

Q1,0 = i*(cl,v)

for some ¢, € H'(F,,E,) for all v where i is the inclusion of group schemes
E, — E. We then have that the Cassels pairing is also given in terms of the
cup-product pairing (-,-), of Theorem 2.1.1 by

(232) <aab>Cassels = Z<Cl,vabq(;1)>u

v

as we have for all places v

[al,v7 yv]v - <Cl,1}7 an(yv>>v

2.3.6.

In Sections 2.3.4 and 2.3.5, the global element a; € H'(F, E),p,, such that na; =a
may not exist. Nevertheless, in a suitable sense it always exists locally, and in
general, the Cassels pairing is defined as follows.

Select elements a!) and b of H'(F,E,,) and H'(F,E,) mapping to a
and b, respectively. For each valuation v of F, let aq(jl) be the localization in
HY(F,,E,,) of a¥) € H'(F, E,,). For each valuation v of F, a maps to zero in
H(F,, F) and hence aq(,l) lies in the image of E(F,) under d,,. Then we can lift,
by the diagram where id is the identity map,

Om
E(F,) — HYF,Ep)
id T Tn

amn
E(F,) — HYF,,Emnn)

oV e HY(F,,E,,) to an element ai(,lj € H\(F,,E,,,) so that na )li =a'V and
ai()lyi is in the image of E(F,) under Op,.

Let 3 be a cocycle in Cocy* (F, E,,) representing a(t) € H'(F, E,,), and lift it
to a cochain 31 € Coch® (F, Epmp). Select a cocycle 8,1 € Cocy*(Fy, Epy) repre-
senting the element al(ji € H'(F,, Emn), and select a cocycle ' € Cocy' (F, E,,)
representing b € H(F, E,,).

The coboundary dp; of 5, takes values in E,, as 31 is a cochain lifting the
cocycle 8 with values in E,,. The cup product dB; U 3’ represents an element
of H3(Gal(F®°?/F),G,,) where G,, is the multiplicative group scheme over F
and where this cup product is induced by the Weil pairing E,, x E,, — G,, (see
Section 2.1.2). But this last cohomology group H3(Gal(F*?/F),G,,) is zero (see

[10, Chapter I, Corollary 4.18 or 4.21]). Hence we have that
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dpy U B =de

for some 2-cochain € € Coch?(F,G,,).
The cochain localized at v

((61},1 - ﬁl,v) U B;) + €y
is a 2-cocycle in Cocy?(F,,G,,). Denote by
inv, : Br(F,) = H*(F,,G,,) —» Q/Z

the canonical isomorphism (the invariant map) given by local class field theory.
Define

(a, b>Casse1s = Z invv(((ﬁv,l - 61,1)) U ﬁ:}) + ev) € Q/Z
VEX R
This can be checked to be independent of the selections made and defines the
pairing on I(E/F) mon-p)-

REMARKS 2.3.1

(a) For this paper, only that part of the construction of the Cassels pairing in
Sections 2.3.2-2.3.5 is required. This is because, under the hypotheses of the main
theorems of this paper stated in Section 4.1, the subgroup HI(E/K) of H' (K, E)
has the following divisibility property.

Under the hypotheses and notations of the main theorems of this paper
stated in Section 4.1, for all prime numbers [ € P where [ is coprime to Pic(A)
and for any integer n > 0 there is a subgroup H of H'(K, E) such that ["H =
I(E/K).

This divisibility holds because for any sufficiently large positive integer a
the group HI(E/K);~ is generated by the cohomology classes dys,(c) where ¢
ranges over the elements of A(a) (Theorem 5.6.2) and ["dpzy4n(c) = dnr, (¢) if
c€ AN(Mp+n) (Lemma 4.2.1(c)).

It would be interesting to have examples of elliptic curves E/K and prime
numbers [ for which III(E/K); is nonzero but does not have this divisibility
property as a subgroup of H!(K, E).

(b) The Cassels pairing for abelian varieties over global fields can be defined
in several ways. For a more geometric construction of the pairing than that given
above, see [10, Chapter I, Remark 6.11, p. 98|. For the special case of Jacobians
of curves, see [10, Chapter I, Remark 6.12, p. 100]. For the construction of the
pairing including the p-torsion part of the Tate—Shafarevich group, where p is the
characteristic of the base field, see [10, Chapter II, Theorem 5.6, pp. 247-248]|.

Part 3. The cohomology classes v,,(¢),d,(c)

3.1. The set P of prime numbers

We define a set P of prime numbers by arithmetic conditions. For prime numbers
l of P we shall consider in Parts 4 and 5 the structure of the [-primary component
of the Tate—Shafarevich group III(E/F) of elliptic curves E/F.
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3.1.1.
For a place v € X of the global field F', let

F,, denote the completion of F' at v;

E™ denote the maximal unramified extension of the local field F,, (that
is, F)'* is the field of fractions of the strict Henselization of the valuation ring
of F,);

O, denote the discrete valuation ring of the local field F,;

0o € X be a place of F;

K be a separable imaginary quadratic extension field of F' with respect
to the place co as in Section 1.2;

E/F be an elliptic curve (as in Section 1.5);

£ denote the Néron model over O, of the elliptic curve E x g F,/Fy;

&y denote the closed fiber of £/0,;

70(Eo) be the group of connected components of & as a Gal(F"/F,)-
module.

Define similarly K,,, K)," for a place w € Xk of the imaginary quadratic extension
field K of F.

THEOREM 3.1.1 ([10, CHAPTER I, PROPOSITION 3.8, P. 57])
Write G = Gal(F™/F,). There is an isomorphism

H'(G,E(F}")) = H" (G, m0(&))-

In particular, H'(G, E(F™)) is a finite group for all v and if the elliptic curve
E has good reduction at v, then H*(G, E(F™)) =0.

DEFINITION 3.1.2
Let P be the set of all prime numbers such that for all [ € P we have that

(a) p, 2, and the prime factors of |[B*|/|A*| are not in P;

(b) H(K(Ein)/K,Epn) =0 for all integers n > 1 and for all i > 0 (see Propo-
sition 1.12.1);

(c) the natural injection Gal(F(E;~)/F) — I is an isomorphism (see Sec-
tion 1.11 and Igusa’s Theorem 1.11.2);

(d) HY(K™/K,, E);~ =0 for all places z of K (see Theorem 3.1.1 above);

(e) K and F(Ej~) are linearly disjoint over F (see Proposition 1.12.2 or [1,
Proposition 7.3.10]);

(f) P excludes the prime numbers of the finite set £ of Proposition 1.10.1,
that is to say, we have E(K[A])m =0 for all [ € P, for all m > 1, where K[A4] is
defined in Section 1.10;

(8) (§°) € Gal(F(E;~)/F) (see Proposition 1.12.2, which is a consequence
of Tgusa’s Theorem 1.11.1).

REMARKS 3.1.3
(a) The first six conditions of Definition 3.1.2 hold for all except finitely many
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prime numbers [. Only condition (g) of Definition 3.1.2 fails to hold in general
for all but finitely many prime numbers. The set P is infinite and has positive
Dirichlet density.

The set P can therefore be obtained from the set S of prime numbers pro-
vided by Proposition 1.12.2 by deleting a finite number of elements. More pre-
cisely, the set P consists of all but finitely many prime numbers ! of the form
2°n + 1 where s > 1 and n is odd such that g = |k| is a 2°th-power nonresidue
modulo [ (see [1, Remarks 7.3.14(1) and Remarks 7.7.6(1)]).

(b) The set P of prime numbers of Definition 3.1.2 above coincides with the
set of prime numbers written P \ F of [1, Lemma 7.14.11]. The only difference
between Definition 3.1.2 of the set of prime numbers P and the similar definition
[1, Definition 7.10.3| is the extra hypothesis of Definition 3.1.2(f) above, which
excludes from P the finitely many prime numbers of the exceptional set &£ of
Proposition 1.10.1.

LEMMA 3.1.4
For any integers 0 < m <n and for all prime numbers | € P the inclusion of
group schemes Em — Epn induces an injection of cohomology groups

HYK,Em) — H (K, Ejn).

Proof
This follows from the long exact sequence induced by the isogeny on the finite
group scheme F,, of multiplication by {™

0— Epm (K) — B (K) — Eln—m (K)
— HY(K,Epm) = H (K, Epn) — HY (K, Epn-m) — - --

together with the nonexistence of K-rational [-torsion on E (by Proposition 1.10.1
and the definition of P, Definition 3.1.2(f)). O

3.1.2.
We write, where the limits are set-theoretic unions by Lemma 3.1.4,

HY(K,Ej~) =1lim H'(K,E)
—

and

Seli< (E/K) =lim Selix (E/K).

n

3.1.3.
Let Q(1), for any prime number [, be the additive group of rational numbers with
denominators a power of [; the quotient group Q(1)/Z is a divisible abelian group
where every element is annihilated by a power of [.

We have the exact sequence of abelian groups for all prime numbers [ € P
where E(K )ors denotes the torsion subgroup of F(K)
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EZ((I)ZB ®z Qél) — Selj (F/K) — II(E/K )jc — 0.
This exact sequence (3.1.1) is obtained from Lemma 3.1.4, the exact sequence of
Section 2.2.3, and because F(K) has no l-torsion (see Definition 3.1.2(f)).

The exact sequence (3.1.1) splits and gives the isomorphism

E(K) Q)

(K rore ®z 7 OII(E/K)js.
This holds because the abelian group E(K)/E(K)tors ®2z Q(1)/Z, where E(K) is
a finitely generated group, is injective in the category of abelian groups.

It follows from the isomorphism (3.1.2) that Selm (E/K) is precisely the
subgroup of Sel;~ (E/K) annihilated by {™; that is to say, we have for all m >0
and all [ € P that

(3.1.3) Selyn (E/K) 2 (Sel;= (E/K))

(3.1.1) 0—

(3.1.2) Selyw (B/K) 2

m N

3.2. Frobenius elements and the set A(n) of divisors

3.2.1.
Let

F be the function field of the curve C/k as in Section 1.2;

o0 € X be a closed point of C'/k;

K be a separable imaginary quadratic extension field of F' with respect
to oo as in Section 1.2;

7 € Gal(K/F) be the nontrivial element of the Galois group of K/F;

E/F be an elliptic curve with conductor I;

P be the set of prime numbers associated to F, F, K as in Section 3.1;

l € P be a prime number in P.

As in Section 1.12.1, for every prime number [ # p, an isomorphism is fixed
between Gal(F(E;~)/F) and a subgroup of GLa(Z;) by fixing a basis of the
corresponding Tate module.

3.2.2.
For each integer n > 1 and the chosen [ € P, let 7o, € Gal(K(En)/F) be the
unique element of this Galois group satisfying the two conditions:

(a) ToolF(Em) = (5 % ); that is to say, the restriction of 7. to the field exten-
sion F(Ep)/Fis (§ %);
(b) Too|k =7 is the nontrivial element of Gal(K/F).

The elements 7 and 7o, have exact order 2.
3.2.3.

For any Z[Gal(K/F')]-module M on which multiplication by 2 is an isomorphism,
we have a decomposition of M as a sum of eigenspaces under the action of 7, the
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nontrivial element of Gal(K/F),
M=M"e M,

where M7 is the submodule of M on which 7 acts as 1 and where M ~ is similarly
the submodule of M on which 7 acts as —1.

DEFINITION 3.2.1
(a) For a prime divisor z € ¥, unramified in the field extension K (E»)/F, let

Frob(z)

denote the conjugacy class of Gal(K(Ej~)/F) containing the Frobenius substi-
tutions of the prime divisors above z.

(b) For [ € P, let Al(n) be the set of prime divisors z in X, of support
coprime to co and Supp(]) and the discriminant of K/F', which satisfy

Frob(z) = [Too],

where [7] denotes the conjugacy class in Gal(K (En)/F) of 7o.

(c) For r > 0, let A™(n) be the set of effective divisors z; +- - - + 2, on the affine
curve Spec A which have r prime components z;, all of which have multiplicity 1
and belong to Al(n).

We conventionally put for all n > 1

A%(n) = {0},
which is the set consisting of the zero divisor on C/k.
(d) Put
AT =A"(1),
A(n) = [ J A" (n),
r>0
A= [JA).
n>1
We have that
Z1,...,2p are distinct prime divisors such

that, for all 4, z; is prime to co, Supp([),
and the discriminant of K/F and
Frob(z;) = [Teo] on K(Ejn)

A'(n)=4q 21+ + 2z €Divy(4)

The set A" has a decreasing filtration

AT=AT(1)DAT(2) DAT(3)D - .

REMARKS 3.2.2

(a) The prime divisors in A(n) are infinite in number, by the Chebotarev density
theorem, and remain prime in the field extension K/F, and their liftings to K
split completely in K (Fj»)/K. Furthermore, E has good reduction at all prime
divisors of A(n).
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Note that the prime number [ € P is considered to be fixed and the sets
A"(n) depend on [.

(b) The set A(n) is defined for any prime number [ in P and contains only
effective divisors on Spec A consisting of sums of distinct prime divisors whose
corresponding Frobenius conjugacy classes in Gal(K (Ej»)/F) are all the same
and equal to [Too]. This unique Frobenius conjugacy class is of a special kind; in
particular, its elements have order 2.

3.24.
For any prime number A distinct from the characteristic of F', let

p: Gal(F*P /F) — Autg, (Tr(E) @z, Q))

denote the Galois representation on the A-adic Tate module T (E) of the elliptic
curve F; that is to say,

T\(E) ®z, Qx = H& (E ®p F*P,Qx)",

where * denotes the dual Qy-vector space.
For z a prime of F, let I, be an inertia subgroup of Gal(F*P/F) at z, and
let

a. = Tr(p(Frob(2)) | (Ta(E) @z, Qx) ).

That is to say, a, is the trace of the Frobenius at z on the part of the Tate
module invariant under I,. Then we have a, € Z (see [1, Examples 5.3.18(1)]).

LEMMA 3.2.3

Suppose that z € X is a prime divisor of F, and suppose that | € P. Write k(z)
for the residue field at z.

(a) If z€ AY(n), then we have a, = |k(2)| +1=0 (mod I").

(b) If z € AY(n), & .. denotes the closed fiber over z of the Néron model of
E/F, and y is the prime divisor of K lying over z, then we have group isomor-
phisms, for 6 =+1 or —1,

€0 (5(y)) ), = 0.2 (K(2)) 0 = Z/1"Z.

Proof

(a) As a, is the trace of a Frobenius above z on the Tate module of E/F, we
have by the Grothendieck—Lefschetz trace formula, where (z) is the residue field
of F at z and & . is the closed fiber over z of the Néron model of E/F,

a, = |n(z)| +1- |507z (n(z))|

On the one hand, let K’ be the field K(FEj»). The characteristic polynomial
of the Frobenius Frobg/,r(2) above z acting on the l-adic Tate module of E/F
is equal to

X2 —a.X + |k(z)].
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On the other hand as z € Al(n), the prime z is a place of good reduction
of E/F (see Remark 3.2.2(a)). Therefore, the characteristic polynomial of the
Frobenius Froby//p(2) = [7o] above z acting on Ejn, the group scheme of I™-
torsion points of F, is equal to

X2 —1 (mod I")

by condition (a) of Section 3.2.2.

Comparing these two quadratic polynomials modulo [ proves the congru-
ences in part (a) of the lemma.

(b) Let y be the unique place of K lying over the place z of F where z € Al(n).
Then k(y) is a quadratic extension of x(z). Furthermore, as Frobg,p(2) = [Too]
where 7, has order 2 (see Section 3.2.2, Remark 3.2.2(b)), the prime y splits
completely in the extension K'/K. The map of reduction modulo a prime of K’
over z

E(K')in — &o.. (k(y))

ln
is an isomorphism. Hence, we have that

0. (5 = (1)

As [ is an odd prime number and the roots +1 of the characteristic polynomial
X2 —1 of 7o, on Ej» are rational over the prime field Z/1Z, the action of 7, on
&o.2(K(y))im decomposes into a sum over the eigenspaces of 7. Hence, we have
that for § = +1

Il

Eo.- (K(¥))), = Z/I"Z.

Furthermore, we have that

€02 (k)" =0,z (K(2))-
The result follows from this. O

REMARKS 3.2.4
(a) Let z € ¥ be a prime divisor which is coprime to oo, Supp(f), and the
discriminant of K/F and which is inert in the field extension K/F. Then it can
be shown, in a similar way to the proof of Lemma 3.2.3, that z € Al(n) if and
only if
a: = |k(z)| +1=0 (mod I")

and the Frobenius Frob(z) does not act as a homothety on T;(E) ®z, Z/1"7Z where
a is the trace of the Frobenius Frob(z) on the Tate module as in Section 3.2.4.

(b) Fix a prime [ € P. For two integers a, b € Z denote by v;(a, ) the valuation

at [ of the greatest common divisor of a and b. For a prime divisor z of Spec A
define «(z) by the equation

alz) = vl(|/~£(z)| + 1,az),
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where as in Section 3.2.4
a, = ‘/@(z)‘ +1-— ’50(5(2))‘

and where & is the closed fiber of the Néron model of F at z.
The prime divisors z of Spec A in the set A! have the property that they are
coprime to I, remain prime in K/F, and satisfy

a(z) =v(|6(z)|+1,az) > 1.
(c) If >0 and c € A", then we write

alc)= min a(z), a(0) = +o0.
z€Supp(c)

We have the equation
A"(n)={ceA"|a(c) > n},

where n is any integer > 1; a(c) is the greatest integer n such that ¢ € A"(n).
The set A" is then equipped with a decreasing filtration

A= AT(1) D AT(2) DAT(3) 2
(d) In the notation of the monograph [1, Section 7.11], we have A(n) = Djn.

3.3. Arefined Hasse principle for finite group schemes

The finite group schemes in question are Ej» /F, and the Hasse principle concerns
the localization at places of F' of finite groups of their principal homogenous
spaces.

3.3.1.
Suppose that

FE is an elliptic curve defined over F;

K is an imaginary quadratic field over F' with respect to oo;

1 € P is a necessarily odd prime number in the set P (see Section 3.1);
n > 1 is an integer;

L, is the field K(E}») which is Galois over F.
LEMMA 3.3.1
The restriction map from K to L, induces an isomorphism
H (K, Eyr(Ln)) > Homgai(z,, /x) (Gal(L3/ Ly, Epn (Ln)),
where L2P is the maximal separable abelian extension of L.

Proof
The Hochschild—Serre spectral sequence, where as in Section 3.3.1 L, = K(En),

H? (L /K, H(Ly, Ein (L)) = H?*(K, Epn (L))
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gives rise to a short exact sequence of low-degree terms
0= H'(Ln/K, Epn (L)) = HY(K, Epn (L)) = H" (L, Epn (L)) “ /%)
— H?(Ly /K, Ein(Ly)) — H*(K, Ejn (Ly)).

The two cohomology groups H'(L, /K, Ep(L,)) and H*(L,/K,Ei(L,)) are
zero by the definition of P (see Definition 3.1.2(b)); hence, this exact sequence
shows that the restriction map of the lemma is an isomorphism. We have that

Hl (Kv El” (Ln)) — Hl (Ln7 Eln (Ln))Gal(L”/K)

is an isomorphism of Gal(L,,/F')-modules. The isomorphism of the lemma follows
immediately. (]

PROPOSITION 3.3.2
If S is a finite subgroup of H'(K, En), then there is a finite abelian extension
Ls., of Ly, an isomorphism of Gal(L,,/K)-modules

Gal(Lg,n/Ly) = Hom(S7 B (Ln)),
(3.3.1)
o= do,

and an isomorphism of abelian groups (if S is a Z[Gal(K/F)]-module, then an
isomorphism of Z|Gal(K/F')]-modules)

S = HomGal(Ln/K) (Gal(Ls,n/Ln), Epn (Ln))

For the proof of Proposition 3.3.2, see [1, Corollary 7.18.10]. Note that the set
of prime numbers P\ F of [1, (7.18.1) and Corollary 7.18.10] coincides with the
set P of prime numbers defined in Section 3.1 above.

3.3.2.
For a prime divisor v of K, denote by

res, : HY (K, Epn) — HY(K,, Epn)

the restriction homomorphism at v where K, is the completion of K at v.
Let S be a finite subgroup of H'(K, Ej»). For s € S and v a place of K, we
have in the notation of Proposition 3.3.2 applied to the subgroup S

res, (s) =0 < ¢, (s) =0 for all 0 € D,

where v’ is a prime divisor of L,, above v, D, is the decomposition group of a
prime divisor of Lg, above v, and ¢, € Hom(S, Ej»(Ly,)) as in (3.3.1).

3.33.

Let 7o € Gal(L,,/F) be the element of order 2 of Section 3.2.2. The element 7o,
acts as —1 on the ["th roots of unity and preserves the Weil pairing on Ejn.
(With reference to the exact sequence (1.11.1), det(7o) = —1 acts on the {"th
roots of unity.)
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We obtain (see Section 3.2.3), because [ is odd, the decompositions into
eigenspaces under the action of 7,

HY(K,Epn) = HYK,En) " @ HY (K, Epn)~,
En (Ln) =~ B (Ln)+ @ Epn (Ln)_

We obtain that the 41 eigenspace

Hom(H' (K, Epn), Epn (L)) ©

is isomorphic to the profinite group of Z[7]-homomorphisms from H(K, E)
to Ein(L,) and hence we obtain an isomorphism between this 7.-invariant sub-
group and the profinite Pontryagin dual of the discrete torsion abelian group
H(K, Ep»); namely, we have an isomorphism, where a basis of T}(E) is fixed as
in Section 1.12.1,

Hom(H'(K, Epn), Ein (L)) " = H'(K, Epn )",
where the Pontryagin dual is given by
HY(K,E;»)* =Hom(H' (K, Ejn),Q/Z).
For a finite subgroup S of H(K, Ej») there is similarly an isomorphism

S 2Hom(S, Epn (L))"

PROPOSITION 3.3.3

Let S be a finite subgroup of H'(K,Ejn), and let x € S. For any integer t >
n, there is a set of positive Dirichlet density of prime divisors z € A*(t) of F
unramified in Ly = K (Ej) such that

X = QbFrob(zX )

for some prime divisor z* of Ly lying above z, where ¢pyon(»x) € Hom(S, Byt (Ly)) ™
is as in (5.3.1).

Proof
By Lemma 3.1.4, there is an injection of cohomology groups for all ¢t > n

HY(K,Epn) — HY(K, Eyt)

obtained from the inclusion of finite group schemes E;» C Ej:. The finite subgroup
S is then a subgroup of H' (K, E;+) for all t > n. Applying Proposition 3.3.2 to S
as a subgroup of H!(K, E;:) we obtain the abelian extension Lg;/L; where we
write Ly = K(Ey:).
By Proposition 3.3.2 there is an element o € Gal(Lg /L) such that
X =¢o-
We have that

Gal(Lgy/Li)t =8
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from the isomorphism of (3.3.1) and the isomorphism of Section 3.3.3
S = Hom(S, Ex (L))"

In particular, we have that ¢7> = ¢,. As the order of Gal(Lg,/L;) is odd, we
then have that o = p™=.p for some p € Gal(Lg/L;). By the Chebotarev density
theorem there is a set of positive Dirichlet density of prime divisors z € ¥ g of
F such that Frob(z) in Gal(Lg:/F) contains 7o.p and where z is unramified in
Lg./F. Note that the finitely many prime divisors ramified in the field extension
Ls+/F depend only on S and not on ¢.

Since the restriction of 7.p to L; is 7o, we have z € A1(t). We then have
that z has residue class extension degree 2 in L;/F for any prime divisor above
z in L;. Hence for any z*, a prime divisor of L; lying above z, we have that

Frob(2*) = (Teep)? = p™=.p = 0. O

PROPOSITION 3.3.4

Let S be a finite subgroup of H'(K,Epn), and let x € S. Then for any integer
t > 1 there is a set of positive Dirichlet density of prime divisors z € A (t) such
that, for the prime divisor y of K lying over z, there is a commutative diagram
of group homomorphisms

resy

S —  resy(5)

X N\ = |4

where 1 is an isomorphism of finite cyclic groups.

Proof
As A'(m), m > 1, is a decreasing filtration of A'(1), we may assume that t > n.
By Lemma 3.1.4, there is an injection of cohomology groups for all t >n

HY(K,Epn) — HY(K, Ey)

obtained from the inclusion of finite group schemes Ej» C Ej:. The finite subgroup
S is then a subgroup of H'(K, Ey:) for all t > n.

Select the prime divisor z € ¥ as in Proposition 3.3.3 applied to S,y and
where the divisors z are different from the finitely many prime divisors of F' where
the cohomology classes of the finite group S ramify, that is to say, the finitely
many prime divisors where the field extension Lg,/F of (3.3.1) is ramified. For
such a z, let y be the prime divisor of K above z.

The decomposition group of y in Gal(Lg/K) is generated by the Frobenius
element Frob(y) as the field extension Lg /K is unramified at y. By Section 3.3.2
we then have that

ker (S = H'(K,,Ep)) =ker(x).
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That is to say, the kernel in S of the restriction homomorphism at y of the
classes of S is equal to ker(x). Hence, the two finite cyclic groups res, (5), x(5)
are isomorphic and we obtain the isomorphism ¥ of the commutative diagram of
the proposition. O

COROLLARY 3.3.5
We have that

A"(n) s infinite for all integers r,n > 1;

A%(n)={0} for alln>1.

Proof

We have from Proposition 3.3.4 that A'(n) has infinitely many elements for all
integers n > 1. As A"(n) consists of all sums of r distinct prime divisors of A'(n)
(see Definition 3.2.1) and as A°(n) = {0}, the corollary then follows. O

REMARK 3.3.6
Proposition 3.3.4 implies that, under the hypotheses of the proposition, the kernel
of the natural homomorphism

Y HY (K, En)— [ H'(Kye), Ein)
z€A'(n)

is zero, where y(2) is the place of K over z € A(n). To show this, it is sufficient
to apply the proposition to a faithful character x of the finite cyclic group S
generated by any element of H'(K, Ejn).

The Hasse principle for the group scheme Ej» and the set of prime divisors Al(n)
is precisely that the kernel of the homomorphism 1 is zero. It says that a principal
homogeneous space of Ej» which is locally trivial at all places of F in A!(n) must
be globally trivial.

In this way, Proposition 3.3.4 is a refined form of the Hasse principle for the
finite group scheme FEj». It would be interesting to know to what other group
schemes the localization properties of finite subgroups of cohomology groups
given in Proposition 3.3.4 also hold. For more details on the Hasse principle, see
[10, pp. 142-150].

3.4. Drinfeld-Heegner points and the cohomology classes v,,(¢), ,,(¢)

3.4.1.
Let

E/F be an elliptic curve equipped with an origin, that is to say, E/F is
a 1-dimensional abelian variety;

I be the ideal of A which is the conductor of E/F without the component
at oo;
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e = £1 be the sign in the functional equation of the L-function of the
elliptic curve E/F.

Assume that (see also [1, Sections 4.3, 4.7, or 7.6]):

() E/F has split Tate multiplicative reduction at oo (see Section 1.7 or [1,
Section 4.7]);

(8) K is an (separable) imaginary quadratic field extension of F', with respect
to 0o, such that all primes dividing the conductor I split completely in K.

The hypothesis («) implies that E/F is covered by the Drinfeld modular

curve XP2(T) (see Section 3.4.4 below). The hypothesis (3) ensures the existence

of Drinfeld-Heegner points on XJ*(I). The two hypotheses together ensure that
there are Drinfeld-Heegner points on the elliptic curve E/F. Note that, from
Section 3.4.6 to the end of this Section 3.4, it is assumed that K # F ®p, Fg2
where F, is the exact field of constants of F'.

In this section we detail this construction of Drinfeld-Heegner points as well

as define the cohomology classes v, (c),d,(c).

3.4.2.

Let A be any prime number of Z distinct from the characteristic of F. Let p
be the 2-dimensional A-adic representation of Gal(F*°P/F) corresponding to F
where F*®°P is the separable closure of F'; that is to say, p is the continuous
homomorphism

p: Gal(F*P/F) — Endg, (HY (E @ F**,Q))).
For each place v of F' put
ay =Tr(p(Frob(v)) | Hi(E @ F*P,Qx)™)

where T), is the inertia subgroup of Gal(F*°?/F') over v. The representation p
satisfies (see [1, Example 5.3.18])

a, €7Z forallveXp.

3.4.3.
Let

B be the integral closure of A in K;

O, be the order of K, with respect to A, and of conductor ¢ for any divisor
c € Divy(A) (see [1, Section 2.2]);

7 be the nontrivial element of Gal(K/F);

IB = I 15 be a factorization of ideals of B where I, I are ideals of B such
that I7 = I; where I is the ideal of A which is the conductor of E/F without
the place at oo, as in Section 3.4.1; such a factorization exists because of the
hypothesis that the prime ideal components of I split completely in K/F (by
hypothesis () of Section 3.4.1).
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As in Section 1.4, K[c] denotes the ring class field of K of conductor ¢ €
Div (A). In particular, K[0] is the Hilbert class field of K; that is to say, K[0] is
the maximal unramified abelian extension of K which is split completely at oo.

3.44.
Let H(p) be the Heegner module of p and K/F with exceptional set of primes
those dividing I and the place co with coefficients in Z (see [1, Section 5.3]),
where I is the conductor of F, without the component at oco.

As in Section 1.7 (see also [1, Section 4.7 and Appendix B]), there is a finite
surjective morphism of curves over F' under the hypothesis («),

7 X§T(I) — E.

We may translate 7 in the group scheme E so that 7—1(0) consists of at least
one cusp of XP"(I) (as in [1, (4.8.1)]); this rigidifies the map 7. The cusps of
the modular curve XP'"(I) generate a torsion subgroup of the Jacobian of this
curve (see [1, Theorem 2.4.9]).

Let a be a divisor class in the Picard group Pic(O,) of the order O.. Assume
that ¢ and I are coprime. Then there is a Drinfeld—Heegner point

(a,I1,¢) € Xy (1) (K[c])

which is a noncuspidal point of X*"(I) and is rational over the ring class field

K|¢].

This point (a, I1,c) is constructed as follows. Fix an embedding K — F,
where F o, is the completion of the algebraic closure of F.., which is the com-
pletion of F' at co. Let L be a projective O.-module of rank 1 in the class a

and contained as a lattice in F. Then I;(O.) = I, N O, is an invertible ideal
of O. and L' = I(0.)"'L is a projective O.-module of rank 1 contained as a
lattice in Fo. Let D and D’ be the rank 2 Drinfeld modules for A over the
field F o, corresponding, respectively, to the lattices L and L’. Then D and D’
have general characteristic and complex multiplication by O.. The inclusion of
O.-modules L C L’ corresponds to an I-cyclic isogeny f: D — D', as its kernel is
isomorphic as an A-module to O./11(O.) = A/I. The pair (D, ker(f)) defines the
point (a, I1,c) on XP"(I)(F). That this point (a,I;,c) is defined over K|[c|
results from the main theorem of complex multiplication (see [1, Section 4.3| for
more details).

3.4.5.
The image
m(a,I1,c) € E(K[d])

is a Drinfeld-Heegner point of E rational over the ring class field K|[c| and is
written in the notation of [1, Section 4.8] as

(a,I1,c,m) € E(K]d]).
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By [1, Example 5.3.18] there is a homomorphism of discrete Gal(K®P/K)-
modules

H(m) : H(p)? — E(F*P),
(a,¢) — (a,I1,c,m)

for all ¢ € Divy (A) coprime to I, a € Pic(O.). The image of this homomorphism
H(m) consists of the Z-linear combinations of Drinfeld-Heegner points of E ratio-
nal over all the ring class fields K|c]| for all c.

Let (0,0) be the element of the Heegner module H(p)(®) given by the principal
class of Pic(B), where B is the integral closure of A in K. Let

(0,11,0,m) = H(m)((0,0))
be the corresponding Drinfeld-Heegner point of E(K[0]) (see [1, (4.8.2)]). Let
(3.4.1) Py = Triqoy/x (0, 11,0,7) € E(K).
That is to say, Py is the trace from KJ[0] to K of the point (0,I;,0,7); the point
Py belongs to E(K) and the point (0,1;,0,7) belongs to E(K]0]).

3.4.6.
We now impose for the rest of this section the hypothesis that K # F @p, F 2
where [, is the exact field of constants of F'; that is to say, K is not obtained
from F' by ground field extension.

Let ¢ € A(1); that is to say, ¢ is a sum of distinct prime divisors of Al(1)
with multiplicity 1. Let

Ye = 71—(071176) € E(K[C})a
so that y. = (0,I1,c,m). The field K[0] is the Hilbert class field of K. Let
G. = Gal(K[c]/K][0]).

As K # F ®r, Fg2 by hypothesis, we have that B* = A*, where A*, B* are the
unit groups of A, B, and hence (by [1, (2.3.8), p. 19]) there is a group isomorphism

G.=]]G-
z
where the product runs over the prime divisors z in the support of ¢ and
G. = Gal(K|d]/Klc—2])
is a cyclic group of order |k(z)| 4+ 1 as z is inert in K/F (by [1, (2.3.12), p. 20]).

Fix a generator o, of the cyclic group G, for all prime divisors z € A'(1).

3.4.7.
Write for any prime divisor z € Al(1) of F', where D, € Z[G.],

l=(2)]
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Here D, is the Kolyvagin element of the map h, : G, — Z where o, +— —i for all
0 <i <|k(z)|. Note the minus sign here which agrees with the Kolyvagin elements
of [1, Chapter 5, pp. 175-178].

3.4.8.
For any divisor ¢ € A(1), put

Dc = H Dza
z€Supp(c)
where D, € Z[G.]. Then D, is the Kolyvagin element of the map h: G. — Z given
by h= Hzesupp(z) hz. Let
G. = Gal(K|[d]/K),
where there is an exact sequence of finite abelian groups
0— Ge — G, — Gal(K[0]/K) — 0.

Let S be a set of coset representatives for G. in G.. Define the point P, € E(K]|c])

by
P.= Z sD.ye,
seS

where y. = 7(0,11,¢) is the element of E(K|c]) in Section 3.4.6.

3.4.9.
Suppose now that ¢ € A(n). We write P. (mod [™) for the image of P. in the
quotient group ;» E(K[c]). Then we have that P. (mod ™) belongs to

P. (mod I") € (1n E(K[c]))*".

This inclusion follows immediately from the formula in Z[G.]

(0. —1)D, =—|G(c/c—z)| + Z g
geG(c/c—=z)
for all z € Supp(c) and that |G(c/c — 2)| = |x(2)| + 1 is divisible by ™ for all
z € Supp(c). (For a detailed proof of this inclusion P, (mod I") € (;» E(K][c]))%
see [1, Lemma 7.14.9 and Lemma 7.14.11].) Furthermore, we have that

Po="Trkpo)/x (y0) € E(K),
where yg is defined in Section 3.4.6 and where this notation Py agrees with that

of (3.4.1). The point P, (mod ") in E(K]|c])/I" E(K]c]) coincides with the point
denoted P. in the book [1, Notation 7.14.10(iii) and Lemma 7.14.11].

3.4.10.

Let S be the ring Z/mZ where m is any nonzero integer. The morphism of
multiplication by m on the elliptic curve E then provides for any divisor ¢ of
Divy (A) prime to I the following commutative diagram with exact rows and an
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exact right-hand column (see [1, Section 7.14.5]):

(3.4.2)
0
!
H'(K[d]/K,E(K]d)),,
inf |
0>  wB(K) ~  HY(K,E,) 5 HYK.E)m — 0
1 res | quasi-isom. res |
0— ( E(K[)* & HYK[],E.)" — HY(K[]E)”
1
(Heg)%

Here (Hgog) is the c-component Heegner module with coefficients in the
ring S (see [1, (7.11.3) and Section 5.3]).

Let £ be the finite exceptional set of prime numbers of Propositions 1.10.1
and 1.10.2. The middle restriction homomorphism here in (3.4.2) is a quasi-
isomorphism of quasigroups in [N(”)]Z where the finite exceptional set of prime
numbers is £ and is independent of ¢ (see Propositions 1.10.1 and 1.10.2, or
alternatively [1, Proposition 7.14.2]). In particular, this middle restriction homo-
morphism is an isomorphism for all integers m which are powers of prime numbers
of P (Definition 3.1.2) as P excludes the finitely many prime numbers of €.

The map f is obtained by sending a generator (a,c) of Hg% to its image
(a,I1,c,m) € E(K]c]) as in Sections 3.4.4 and 3.4.5.

This diagram (3.4.2) then provides the Heegner homomorphism, for all inte-
gers m € N prime to &,

(H'))% — H'(K,E)
whose image belongs to H(K|c]/K, E(K[c]))m.

3.4.11.

Take m = [" where [ € P so that the middle quasi-isomorphism in diagram (3.4.2)
is an isomorphism. From the diagram (3.4.2), define ~,(c) and d,(c) by the
formulae

g

)

P. (mod I") € (nE(K][d]))
Yn(c) is the image of P. (mod I") in H' (K, Epn);
6n(c) is the image of v, (c) in H (K, E)n.
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This is the same as the construction in [1, Section 7.14.10], where we write here
Yn(€),0n(c) in place of y(c),d(c) to indicate their dependence on the integer n.

PROPOSITION 3.4.1
(a) The order of v (c) is equal to the order of P. (mod ™) in »n E(K]c]).
(b) The exponent t of the order It of 6, (c) is the least integer t such that
I"E(K|c])+ E(K)
re(d)

I'(P. (mod I")) €

Proof

Here P, (mod ™) denotes the image of P, € E(K]|c]) in j» E(K|[c]). These results
on the orders of v, (c¢) and d,/(c) follow immediately from their definition and the
commutative diagram (3.4.2). O

Part 4. Structure of the Tate-Shafarevich group and the Selmer group
4.1. Statement of the main theorems

This section contains no proofs. The main theorems of this paper, Theorems
4.1.4,4.1.8, 4.1.9, and 4.1.10, are finally proved in Sections 5.3-5.5.

4.1.1.
Throughout this section, we assume that

E/F is an elliptic curve where F' is a global field of characteristic p > 0;

T is the ideal of A which is the conductor of E/F without the component
at oo;

K is an imaginary quadratic extension field of F' with respect to oo;

[ € P is a necessarily odd prime number in the set of prime numbers P
(see Section 3.1);

e = =1 is the sign of the functional equation of the L-function L(E/F,s)
of E/F,

7 is the element of order 2 of the Galois group Gal(K/F);

P. € E(K|c]) are the points defined in Section 3.4.8 over the ring class
fields Kc] for all divisors ¢ € A(1) and where Py belongs to the group E(K) of
K-rational points;

a(c), for a divisor ¢ € A(1), is the largest integer n such that c € A(n) if
¢ # 0 and such that a(0) = 400 (see Remarks 3.2.4).

Assume that F, K, F satisfy the following hypotheses (as in 1, Section 7.6.1]):

(a) oo is a place of F with residue field equal to k;

(b) E/F has split Tate multiplicative reduction at oo (see Section 1.7 or [1,
Section 4.7]);

(¢) K is an (separable) imaginary quadratic field extension of F', with respect
to 0o, such that all primes dividing the conductor I split completely in K and
K # F @z, Fyp.
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These hypotheses (a), (b), and (c) are assumed for the rest of this paper.

4.1.2.
If M is a Gal(K/F)-module, then denote by M™* the submodule of M on which
7 acts by +1 and M~ is similarly the submodule on which 7 acts by —1.

4.1.3.
Let G be a finite abelian [-group. The invariants of G are the integers

TL>Tg T3>

such that G decomposes into elementary components

G= z 2] z @ z 5]
Y/ eV A Y/
The integers 1,72, 73, ... are uniquely determined by G the integers [™ "2 "3 ...

are also sometimes called the invariants of G.

4.1.4.

As the elliptic curve F is defined over F, the [-power torsion subgroup HI(E/K);~
of the Tate-Shafarevich group III(E/K) of the elliptic curve E xp K over K
decomposes into eigenspaces

II(E/K)j~ 2T(E/K)f @ T(E/K)ja

under the action of the element 7 € Gal(K/F).

The Cassels pairing on III(E/K) is antisymmetric and respects this decom-
position into eigenspaces. Furthermore, the Cassels pairing is nondegenerate if
this Tate-Shafarevich group III(E/K) is finite; therefore, if III(E/K) is finite,
then the invariants of the finite abelian I-group III(F/K);~ have even multiplic-
ity.

‘[lI:ldser the hypothesis that the Tate-Shafarevich group III(E/K);~ is finite, let
N1 >N3>Ns>---
and
Ny >Ny >Ng> -
be integers such that
N1,N1,N3,N3,N5, N5, ...

are the invariants of the finite abelian l-group II(E/K)f., which is the e-
eigenspace, and

N2>N27N47N45N67N63' ..

are the invariants of the finite abelian I-group II(E/K),, which is the —e-
eigenspace. That is to say, putting v(r) = (—1)"e we have isomorphisms for r =1
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orr=2,

(E/K)X " = @ @/1V+7)?.
s>0

DEFINITION 4.1.1
Let m > 1 be an integer, and let ¢ € A(m). Then the point P,, defined in Sec-
tion 3.4.8, belongs to E(K|[c]) and the point Py belongs to E(K).

(a) Write

™| P, if P.el™E(K|d])
and
|| P, if P.el™E(K[c]) \ " E(K][d]).
(b) For any integer r >0, let E(r) be the abelian group

B = @ aoB(KL).
ceAT(1)
where the sum runs over all divisors ¢ of A"(1) and where A(c) = 1), If
r >0, then the group E(r) is a direct sum of finite abelian I-groups of the form
E(K|c])/1*®) E(K]|c]). If r = 0, then E(0) is defined conventionally to be E(K][0]).
A point P, € E(K][c]), where ¢ € A"(1), induces an element in 4 Z(K[c]) and
hence an element of E(r) where all its components in E(r) are zero except pos-
sibly for that in 4. E(K][c]).
(c) Let P(r) be the subgroup of E(r) generated by the images in E(r) of the
points P. for all ¢c€ A™(1).

Define M, for any r >0 to be the largest integer n > 0 such that
P(r) CI"E(r).
If P(r) =0, then there is no such largest integer M, and we then put
M, = +o0.

CONJECTURE 4.1.2
For some r > 0 we have M, < +oo.

See [8, Conjecture A] and also [1, Conjecture 7.14.19] for an explanation of this
conjecture.

REMARKS 4.1.3
(a) The order of v,(c) is I"~™ for all n > m if and only if " || P. by Proposi-
tion 3.4.1. If M, is finite, then there is a divisor ¢ € A"(1) such that
Y, +1(c) # 0 and 7y, (¢) = 0; furthermore, vy, (¢c) =0 for any ¢ € A"(1) from
Proposition 3.4.1(a).

(b) We have that My < 400 if and only if Py has infinite order in F(K). This
equivalence requires that F(K) has no I-torsion, but this requirement holds by the
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restriction on the prime number [ given by Definition 3.1.2(b). See Lemma 5.1.1
below for details.

(¢) We have that a(c) is finite if and only if ¢ # 0 (see Remarks 3.2.4(b) and
3.2.4(c)). If ¢ # 0, then write

ord;(P.)
B {max{N (V| P} if this maximum is < af(e),
+00 if max{N : IV | P.} is > a(c).
Write
ord;(Py) = max{N : IV | Ry},

which is either an integer or 4+o00. If ¢ # 0, then we have ord;(P.) < o0 if and
only if [°"%(Fe) || P, and ord;(P.) < a(c).
(d) By definition, for all integers r > 0, M,. is given by

M, =min{ord;(P.) |c€ A"(1)}.

Note that M, < +oo if and only if there is ¢ € A"(1) such that
ord;(P.) < a(c)

with an evident interpretation in the case where r =0, ¢ =0, and a(0) = +o0.
Furthermore, M, < +oo implies that for this selection of ¢ € A"(1) we would have
IMe || Py c€ A" (a(c)), and M, < af(c).

Alternatively, if » > 0, then we have that M, < 4oc if and only if for some
c € A"(1) we have that

ceAN"(m+1)\A"(m+2)
and

ord;(P.) <m.

THEOREM 4.1.4

Suppose that Py has infinite order in E(K), the group of K -rational points of E.
Let | be a prime number in P coprime to the order of Pic(A), the Picard group
of A. Then the Tate-Shafarevich group III(E/K) is finite and the invariants Ny,
with multiplicity 2, of the subgroup II(E/K )« are given by
Ni:Mi_lfMi fO’I"LZl
That is to say, we have the isomorphisms of eigenspaces
m(E/K)i = [] @t Moz)?,
i even
i>0
I(E/K)< = ] @M Mez)?.

i odd
i>0
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REMARKS 4.1.5
(a) The image of the Drinfeld-Heegner point Py in E(K)/FE(K )ors is an eigen-
vector for 7 and its eigenvalue is equal to —e (by [1, Theorem 4.8.6, p. 98]; see
also [1, Lemma 7.14.11, p. 388|) where F(K )sors is the torsion subgroup of E(K).
(b) If the Drinfeld-Heegner point Py has infinite order in F(K), then by [1,
Theorem 7.7.5 and Remarks 7.7.6(3)] the Tate-Shafarevich group II(E/K) is
finite and therefore the alternating Cassels pairing on III(E/K) is nondegenerate
and by Sections 4.1.4 and 4.1.5 the invariants of the 7-eigenspaces of III(E/ K)o
have even multiplicity.

The next corollary is an immediate consequence of Theorem 4.1.4.

COROLLARY 4.1.6
Under the hypotheses of Theorem j.1./, the integers M; satisfy

M; — Miy1 > Miy2 — Miy3>0, foralli>0,
and if j is such that
Mj = Mj1 = Mjyo,

then the sequence Mj, M1, Mo, M; 3,... is constant.

DEFINITION 4.1.7
Let
G=G x -xG,

be a direct product of finite cyclic groups G;. The characters xi,...,x, of G
form a triangular basis for the dual G, relative to the product G =[], G;, if they
generate G and

xi(G;) =0, forall j>i.

THEOREM 4.1.8
Assume that Py has infinite order in E(K), and assume that l € P is a prime
number coprime to the order of the Picard group Pic(A). Suppose that the direct

product
D=]]D:

i>1
is a mazximal isotropic subgroup of III(E/K )~ for the Cassels pairing, and D;
is a finite cyclic group of order IVt for all i > 1, and we have direct products

D =[] Di.

i odd

D<= ][ D

i even
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Then there are effective divisors ¢ < co <--- on F such that ¢; € Ai(Mi_l) for
all 1> 1 and the characters

d— <d, 5Mi_1(ci)>

form a triangular basis of characters of D relative to the product D =[], D;.

for all i

Cassels

THEOREM 4.1.9

Assume that Py has infinite order in E(K), and assume that 1 € P is coprime to
the order of Pic(A). Let

M., = min M;.

i€EN
Then the group ZPy has finite index in E(K) and the highest power of | dividing
the index [E(K) : ZPy) equals ™M ; that is to say,
|(E(K)/ZPy),..| =1".
Furthermore, we have that

[MI(E/K ) | = 12Mo=Me),

THEOREM 4.1.10

Assume that Py has infinite order in E(K), and assume that | € P is coprime to
the order of Pic(A). Then for all integers m > 0, the natural surjection from the
Selmer group to the Tate—Shafarevich group

(411) 7rm:Sellm(E/K)—>HI(E/K)lm

splits and we have isomorphisms of eigenspaces

(4.1.2) Selpm (B/K)* 2 (m BE(K))™ @ I(E/K)E, for all m > 0.
Furthermore, we have isomorphisms for all m >0

(1 B(K))™ = Z/I"Z,
(4.1.3)
(1 E(K)) 20,

The next corollary follows immediately from Theorems 4.1.4 and 4.1.10.

COROLLARY 4.1.11
Under the hypotheses of Theorem J.1.10, put

]/\71' = min(m, Mi—l — MZ)

for all i and for all integers m. Then for all integers m > 0, the invariants of the
Selmer —e-eigenspace Selym (E/K)™¢ are m, Ny, No, Ny, Ny, ... and the invariants
of the Selmer e-eigenspace Selym (E/K)¢ are N1, Ny, N3, N3, ....

REMARK 4.1.12
The main result on the finiteness of Tate—Shafarevich groups proved in the mono-
graph [1, Theorem 7.6.5 and Theorem 7.7.5] is required for the proofs of the main
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results of this paper stated in this section; in particular, this paper does not pro-
vide a different proof of finiteness independent of the book [1]. This is also the
principal reason why hypotheses (a), (b), and (c) of Section 4.1.1 are required.

4.2. Cochains for the cohomology classes ,,(c), d,,(c)

The notation and hypotheses of Sections 4.1.1 and 4.1.2 hold in this section.

LEMMA 4.2.1
Let c € A(n).

(a) The cohomology class v, (c) is represented by the cocycle

-1)P, P, P,
—% toe = h Gal(K™P/K) = B(K™)n,

where [(o — 1)P.]/I™ is the unique ["™-division point of (o0 —1)P, in E(K]|c]) and
P./I" is a fized I™-division point of P,.

(b) The cohomology class 6,(c) is represented by the cocycle, where
[(0 —1)P.]/I™ is the unique I™-division point of (o — 1)P. in E(K]|c]),

—1)P,
o —(”l%, Gal(K*°P/K) — E(K*P).
(¢) Let n>m be positive integers, and let ¢ € A(n). Then we have that

M0 (c) = 0p—m(c),

I vn(c) = Yn-m(c).

Proof

(a), (b) These two formulae for cocycles representing the cohomology classes
vn(c) and 0, (c) can be extracted from Step 2 of the proof of [1, Lemma 7.14.14].
We re-prove these formulae here.

From the diagram (3.4.2), the restriction homomorphism, where G. =
Gal(Kd]/K),
H' (K, Epn (K°P)) — H' (K[c], En (K™P)) %
is an isomorphism as the prime number [ belongs to P. The point P. belongs to
E(K]c]).
Let P./I"™ € E(K®P) be a fixed ["th division point of P.; that is to say, P./I"
is any point which satisfies {"(P,/I™) = P.. Then the cocycle
P\ P,
0:9-9(5) = 7
represents a cohomology class in H'(K|c], Ey» (K®P))9% which is the image of
P. (mod ") € (;n E(K[c]))9: under the coboundary map (see the diagram (3.4.2))

Gal(K*P/K|c]) — Epn (K*P),

O+ (1 B(K[A))* — H (Klel, B (K*7)) ™.
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The inflation of ¢ to Gal(K®°P/K) is given by the cocycle
se se PC PC
¢ : Gal(K* /K) > B(K™), g g(55) = 7o
which need not necessarily be annihilated by (™.
For any element g € Gal(K*P/K), denote by
(g - 1)Pc
[n
the unique ["th root of (9 — 1) P, in E(K|[c]). This root exists because P, belongs
to (;n E(K|[c])9; furthermore, it is unique because E(K|[c]);~ =0 (by Defini-
tion 3.1.2(f), Proposition 1.10.1, and [1, Lemma 7.14.11(i)]).
The cochain

(g_ 1)Pc

o

¥ : Gal(K>P/K) — E(K[d]), g —
is a cocycle whose restriction to the subgroup Gal(K®°P/K|c]) is the zero cochain.
But ¢ need not be annihilated by {". The cochain

¢ + 1 : Gal(K5P/K) — E(K>P), gﬁg(ﬂ) B (g-DF

" n o
is a cocycle which is annihilated by {"™ and whose restriction to Gal(K*®P/K]|c])
is the cocycle
¢ : Gal(K*P /K|[c]) — Epn (K>P).
Hence, the cochain ¢ 4+ is a cocycle
OF + 1 : Gal(K5P /K) — Epn (K°P)

and this cochain represents the cohomology class 7, (c) in H*(K, Ej»). Therefore,
the cohomology class &, (c) of H'(K|c|/K, E);» is represented by the cocycle

¥ Gal(K[c]/K) — E(K*P), gH_(g_linl)Pﬁ

as required.

(c) This follows immediately from the explicit cocycle formulae of parts (a)
and (b). O

LEMMA 4.2.2

Denote by a superscript £1 the eigenspaces under the action of the nontrivial
element of Gal(K/F). If c € A"(n), then we have

P, (mod ") € ((im B(K1e])) ™) ",
Yule) € HM(K, Epn) ™),
on(c) € H'(K[d/K, E),",
where G. = Gal(K|[c]/K),
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r 1s the number of distinct prime divisors in the support of ¢, and € is the sign
in the functional equation of the L-function of E/F.

For the proof, see [1, Lemma 7.14.11]. Note that the set of prime numbers P is
contained in the set of prime numbers denoted P\ F in [1, Lemma 7.14.11].

4.3. Points P, defined over local fields

The notation and hypotheses of Section 4.1.1 hold in this section. The Drinfeld—-
Heegner points (a, I1,c¢), (a,I1,c,m) are defined in Sections 3.4.4 and 3.4.5.

PROPOSITION 4.3.1

Suppose that c € A(1) and z € A*(1) is a prime divisor disjoint from the support
of the divisor c. Let y be the unique prime of K lying over z, and let K be the
completion of K at y. Then the point (a,I1,c) € XP"™(K|c]) is definable over
Ky ; that is to say,

(a,I1,c) € XP™(K,).
Furthermore, we have that
(a,I1,¢,m) € E(Ky)

is a point of the elliptic curve E definable over K.

Proof

The prime z is inert and unramified in K/F by Definition 3.2.1 and
Remark 3.2.2(a). Furthermore, the elliptic curve E/F has good reduction at z
by Remark 3.2.2(a). As I is the conductor of E/F without the component at oo,
by Section 4.1.1, we have that z is disjoint from the support of I and hence the
curve XD (1) /F also has good reduction z where there may be several disjoint
components in the closed fiber over z.

By [1, Theorem 4.6.19(ii)], because z is inert and unramified in K/F, the
reduction (a,I;,c¢) mod z is defined over the quadratic extension field k(y) of
#(z). That is to say, (a,I;,c) mod z is a point of the reduction at z of XP*2([)
which is defined over x(y).

Let F, be the completion of F at z. As X "(I) has good reduction at z, it
follows that the point (a,I,c) is defined over the field K, as this is the unique
quadratic extension field of the local field F, which is unramified over z. It then
immediately follows that (a,Iy,c,7), which is the image of (a,I;,c) under the

morphism 7 : XP'" — E of F-schemes (see Sections 3.4.4, 3.4.5), is a point of
the elliptic curve E defined over K,,. O
PROPOSITION 4.3.2

If z€ AY(1) is a prime divisor disjoint from the support of the divisor c € A(1)
and y is the prime of K lying over z, then the image of P. in nE(K,) via
Proposition 4.5.1 is uniquely determined by P..
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Proof
We have the isomorphism

K] ® K, = H K[c]s,,

where the z;’s are the places of K|c| over the place y of K and K]c|,, is the com-
pletion of K|[c] at z;. The Galois group G. = Gal(K|c]/K) permutes transitively
the places x; and the completions K{c],,. We then have that

nE(K[d @k K,) le

The point P. belongs to E(K][c]) by construction. Hence, the point
P, (mod I") of n E(K[c]) induces an element (q1,qs2,...) of n E(K|[c] @k K)

where
(Z17(I2a . E Hl"

and
¢ € 1nE(K[d,,) for alli.

By Proposition 4.3.1, P, is definable over K, ; that is to say, P. € E(K,)
and so we have ¢; € ;» E(K,) for all i. But P. (mod I") € (; E(K][c]))% by Sec-
tion 3.4.11 (see also Lemma 4.2.2). It follows that (q1, gz, .. .) is invariant under G..
But the elements ¢; € ;» E(K,) are permuted transitively by G.. Hence, the ele-
ments ¢; are all equal and P, (mod ") is the point (qi,q1,...) € [[; " E([c|s,)
which is in the image of the diagonal map ;» E(K,) — ], i» E(K|[c]s,). Hence,
the components of the point P, (mod {") in ;» E(K|[c] @k K,) are independent
of the place x; and depend only on P, as required. O

4.4. Themap Y.

The notation and hypotheses of Section 4.1.1 hold in this section.

PROPOSITION 4.4.1

Let z € A(n) be a prime divisor, and let £/k(z) be the closed fiber of the Néron
model of E/F at the place z. Let a, € Z be the trace of the Frobenius at z on the
inertia invariant part of the Tate module of E as in Section 5.2.). Let y be the
unique place of K over z. Let ¢ € A(n) be a divisor whose support contains z,
and put ¢ =c—z € A(n) so that ¢’ has support coprime to z.

(a) The endomorphism |G(c/c')|Frob(z) — a, of the elliptic curve Ey/k(z)
annihilates the abelian group Ey(k(y)).
(b) The group homomorphism

h:m€o(k(y)) — go(ﬁ(y))lm N (\G(C/C’N Fll;ob(z) — az)x

is an isomorphism which commutes with T.
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Proof

(a) As in Section 1.4, G(c¢/c’) denotes the Galois group Gal(K|c]/K|c']). The
Frobenius Frob(z) acts on the Tate module of the elliptic curve &/k(z) with
characteristic polynomial

X? - Xa. + |k(2)].

Writing F for Frob(z), we have that F? — Fa, + |x(2)| annihilates the abelian
group &y(k(y)). But F? is the identity automorphism on & (k(y)) as k(y)/k(2)
is a quadratic extension of finite fields. Hence, F? — Fa, + F?|x(z)| annihilates
Eo(k(y)). That is to say, F'(F(1+ |k(z)|) — a,) annihilates & (k(y)). As F is an
automorphism of & (k(y)) we obtain that F(1+ |x(z)|) —a, annihilates & (x(y)).

As K # F ®p, Fg2 (by the hypothesis (c) of Section 4.1.1) we have that the
unit group B*/A* is the trivial group. The Galois group

G(c/d") = Gal(K[c]/K[c])
therefore has order (see [1, (2.3.8), (2.3.12)])
|G(c/d)| = |r(z)|+ 1.

Hence the endomorphism |G(c/c")|Frob(z) — a, of & annihilates the abelian
group &y(k(y)) as required.

(b) Let a, 8 € C be the complex roots of the characteristic polynomial of the
Frobenius Frob(z) acting on the Tate module of & /k(z)

X? - Xa. + |k(2)].

Then we have by the trace formula for the Frobenius automorphism, where
G(c/c) is cyclic of order |k(z)| +1 as in the proof of part (a),

|&0(k(2))| = |G(c/d)| —a— B=]|G(c/d)| —a.
and
|€0(k(y))| = |/$(z)|2 +1-a?=B°=(|G(c/d)| —a.)(|G(c/)| +a).

We then obtain the decomposition into eigenspaces under the action of the invo-
lution 7, the nontrivial element of Gal(K/F),

Eo(r(y)) =& (r(2)) ® & (Kly))
where
|50(/~€(y))6’ =|G(c/d)| —ba. for § ==£1.

Hence, the order of the [*°-torsion is given by

g S
€0 (K(y)) | =1 @,
where [°(9) is the highest power of [ dividing §|G(c/c’)| — a..
By Lemma 3.2.3(b), we have group isomorphisms for the ["-torsion

Eo(r(y))), = % for § = +1;
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that is to say, these groups are cyclic of order {". It follows from this that there
are isomorphisms for the [*°-torsion

§ o Z
g()(/ﬂ?(y))loc = m for § = £1.
We obtain that the [>-torsion subgroups of &y(k(y));~ and & (k(y));% are both
cyclic. Denoting by | -|; the normalized [-adic absolute value on Q we have

5 ~1
1€0(k(y)) ) | = [6|G(c/¢)| —a.|, " for 6 ==+1.
Let g be the homomorphism
|G(c/c")| Frob(z) —a
9= n
where the integers |G(¢/c’)|, a, are both divisible by {™ by Lemma 3.2.3(a). The
homomorphism induced by ¢ on the x(y)-rational points of &

9:& (k) = Eo(k(y))

is annihilated by ™ by part (a); furthermore, the subgroup I"&y(k(y)) of & (k(y))
belongs to the kernel of g again by part (a). Hence, g induces a homomorphism

h:m&o(K(y)) — & (/{(y))ln.

On each eigencomponent (;»&y(k(y)))° under the action of 7, the nontrivial
element of Gal(K/F), and where § = +1, the map ¢ is multiplication by the
integer

z 2504)50,

_8|G(e/d)| —a. _ d]&(k(y))°]

o In - In :

It follows from this formula for N(§) that the restriction of h to each eigencom-
ponent (;2&y(k(y)))° is an injection. As 7 commutes with h, the homomorphism

N(9)

h preserves the T-eigencomponents and therefore h is an injection. As ;»&y(k(y))
and & (k(y));» have the same number [?" of elements it follows that h is an
isomorphism. O

PROPOSITION 4.4.2

Let z be a prime divisor of F which belongs to A*(n). Let y € X be the unique
place of K lying over z. Assume that the prime number l € P is coprime to the
order of Pic(A), the Picard group of the ring A. Then there is a homomorphism

Xz E(Ky) = H' (Ky, Epn)
with the following properties.
(a) Let x be a place of the ring class field K[z] above the place z of K. Then
the image of x. is contained in the subgroup H'(K|z],/Ky, Ein (K |[z])).
(b) The homomorphism x. is injective.

(¢c) The composition of x. with the homomorphism, obtained from the inclu-
sion of group schemes Ejn C F,

HY(K,,Epn) — H' (K, E)»
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is an isomorphism
mE(K,) =2 H (K, E)p.

(d) For all divisors ¢ € A(n) such that z belongs to Supp(c), the cohomology
class yn(c) satisfies

Yn(C)y = Xz (Pc—z (mod ln))a

where P,_, (mod ™) is an element of n E(K,,) (see Proposition 4.5.2) and ¢ —z
has support coprime to z.

Proof

For all divisors d € A(n) with support coprime to z, by Propositions 4.3.1 and
4.3.2 the point Py € E(K[c]) induces an element of » E(K,) which is uniquely
determined by P; where y is the place of K over z (see Remark 3.2.2(a)). Select
a divisor ¢ € A(n) with support containing z, and put

d=c—z€A(n),

where Supp(c’) is coprime to z.

Let 2’ be a prime divisor of K[c¢'] over the place y, which is the place of K
over z. The prime divisor 2’ is totally ramified in the field extension K{c]/K|[c'];
this follows via class field theory from the definition of the ring class field K[|
(see Section 1.4; more details are given in [1, (2.3.13)]). Let z* be the unique
prime divisor of K|c] lying over z’.

The cohomology class 4, (c) belongs to H'(K|[c]/K, E(K]|c]))», which is con-
tained via the inflation map in H*(K, E(K5P));n (see diagram (3.4.2)).

Let £ /k(z) be the closed fiber above z of the Néron model of E/F. We then
define a composite isomorphism ® as follows where the maps i, h, j are explained
below:

(4.4.1) ®: 0 E(K,) = & (r(y) == Eo(r(y)) . —2 B(K, ).

Here i : n E(K,) — n&(k(y)) is the isomorphism obtained from the sur-
jective homomorphism E(K,) — &y(k(y)) of reduction at z whose kernel is a
pro-p-group. The map h : =& (k(y))—Ep(k(y))in is the isomorphism of Propo-
sition 4.4.1(b). The map j : Ey(k(y))im —E(Ky)» is the isomorphism obtained
from reduction modulo y; the map j is an isomorphism because E has good
reduction at y and the prime number [ is distinct from the characteristic of F'.
The map ® is an isomorphism as i, h,j are isomorphisms.

Let o’ be a prime of K[0] lying over y, and let & be the unique prime of
K|[z] over ’, where y is the prime of K over z. The prime x over 2’ is uniquely
determined by z’ because K|[z]/K|[0] is totally ramified at =’ (see Section 1.4).
The restriction of elements of the Galois group G(c/c¢’) to the fields K[z] and
K|[z], induces isomorphisms

(4.4.2) Gal(K[z],/K[0],) 2 G(2/0) 2 G(c/c - 2),
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where these groups are cyclic of order |k(z)| + 1 (by [1, (2.3.12), p. 20], and as
B*/A* is the trivial group by hypothesis (c) of Section 4.1.1). Put
G =Gal(K|[z]y/K[0]y).
We have the exact sequence of Galois groups
0— G — Gal(K[z],/K,) — Gal(K[0],/K,) — 0.

As the field extension K|[z]/K[0] is totally ramified at the place =’ of K[0] over z,
the restriction homomorphism of G(¢/0) to K[0],s gives the isomorphism

G = G(2/)0)

of (4.4.2).
As the field extension K|z|,/K][0],s is totally ramified, we have that the
group G acts trivially on Ej(K|z],) and that

Eln (K[Z}T) = Eln (K[O]r/) .
Hence we have an isomorphism
(4.4.3) H'(G,En (E(K[z]:))) = Hom(G, Ejn (K[0]4)).

We have already fixed in Section 3.4.6 a generator o, of G(c/c'). Let 0 € G
be the generator induced by ¢, under the isomorphism G(c/c’) = G of (4.4.2).
For any P € ;» E(K), define a homomorphism

(444) fp :G— Epn (Ky)
as follows. Put
fr(o)=2(P),

where o is the chosen generator of the cyclic group G. As ®(P) is a point of
Ein(Ky) and as the order of the cyclic group G is equal to |k(z)| + 1, which
is divisible by ("™, the homomorphism fp is well defined. Hence, fp defines a
cohomology class in H' (G, Ei=(K,)) where G acts trivially on Epn (K).

As @:nE(K,) = E(K,)» is an isomorphism (see (4.4.1)) and G is cyclic of
order divisible by (™, this map P +— fp defines a group isomorphism

(4.4.5) fimB(K,)—H'(G,En(K,)), P fp.
We have the Hochschild—Serre spectral sequence
By = H'™ (K[« /Ky, Epn (K[c].x)),
where we write
G.x 12 = Gal(K[d],x /K[c].)
and

By’ = H' (K[ / Ky, HY (G por, B (K] ))).
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The short exact sequence of low-degree terms attached to this spectral sequence
in part takes the form

0 Ey° — H' (K[c].x /Ky, Epn (K[c].x ) — Byt — E3°.

As the order of Pic(A) is coprime to [ we have that the order of the place y
above z in Pic(B) is coprime to [, as y is the unique place of K over z. It follows
that the degree of the field extension K|c'],//K,, which is equal to the degree of
the residue field extensions, is coprime to [. Hence, we have

H' (K[ /Ky, H (G,x )., Epn (K[c],x))) =0 for all i >1

as the group Hj(sz/z,,Eln (K|c],x)) is I-power torsion for all ¢. The above short
exact sequence of low-degree terms then becomes an isomorphism

H' (K[c].x /Ky, Epn (Klc],x))
~ HY (K[ /Ky, H (G.x o, Ein (K[c] % )))-

As the field extension K|c|,x/K][c],, is totally ramified, we have
Epn (Klc].x) = Epn (K['].+) and the group G.x ., acts trivially on Ep (K[c].x ).
This last isomorphism of (4.4.6) then becomes the isomorphism

H (K [clox /Koy Eoe (K[e)ox)) 2 HO (K1) /Ky, Hom(Gos o, Eon (K[)21)),
where G x /. acts trivially on Ep» (K[c]./). This then provides the isomorphism
H (K[ /Ky, H (G, )2, Ere (K[c].x))) 2 Hom (G, x /., Ein (Ky)).

(4.4.6)

This isomorphism combined with the isomorphism of (4.4.6) gives the isomor-
phism

(4.4.7) H' (K[« /Ky, Ern (Klc],x ) 2 H (G.x /2, Ein (Ky)),
where G x /. acts trivially on Ep (K,).

Now, take ¢ = z in the isomorphism of (4.4.7) where 2’ is a place of K[0] over
y and z is the unique place of K|[z] over z’; we have that the composition of this
isomorphism (4.4.7) with the isomorphism f of (4.4.5) gives the isomorphism
(4.4.8) ¢ 10 B(Ky)—H' (K[2]o/ Ky, B (K[2])).

The inflation map from Gal(K[z]./K,) to Gal(K;°?/K,) is an injective
homomorphism
(4.4.9) HY (K[2]./ Ky, B (K[2]2)) 25 HY (K, Ei (KP)).

The composite of this injective inflation map of (4.4.9) with the isomorphism
¢ of (4.4.8) is then defined to be the injective homomorphism x.
Xz i E(Ky) — H' (K, Epn),
(4.4.10)
P—{oc— ®(P)}.
Here {0 — ®(P)} denotes the cohomology class fp of (4.4.4) and (4.4.5)
defined by o — ®(P) where o € G is the chosen generator of Gj; this fp then
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defines a cohomology class in H'(K|z],/K,, Ein(K[z],)) by the isomorphism of
(4.4.7) for ¢ = z. By inflation, this fp gives a cohomology class of Gal(K;P/K,)
and hence an element of the cohomology group H 1(Ky7 E;») and this defines the
homomorphism x,. This map x, of (4.4.10) is injective by construction.

To prove property (a), by construction the homomorphism

Xz tin B(Ky) — HY (K, Epn)

takes a point P € nE(K,) to an element fp of H'(G,E(K|z];)) which is
inflated to an element of H'(K,, E;n(K®°P)), and this proves property (a) of
the map x.

To prove property (b), the map

Xz i B(K,) — HY(K,, Epm), P {o— ®(P)}

is injective by construction, as already noted.

For property (c), we have by definition that the map x, of (4.4.10) is the
composition of the isomorphism ¢ of (4.4.8) with the inflation map of (4.4.9).
That is to say, the map x, factors as

(4411) 0 B(E,) 55 B (K[o /Ky B (K[2].)) 25 B (K, B (K3)).

where ¢ is an isomorphism and inf is an injection.
We have an exact sequence obtained from the inclusion of group schemes
En CFE,

0— mE(K,) 2% HY(K,, B ) -2 HN(K,, E)».

The morphism of multiplication by [™ on the Néron model of E over the ring
of valuation integers of F' at the place z is étale; therefore, the image of O
consists of unramified cohomology classes, and more precisely, the image of O»
belongs to the subgroup Hl(K;r/Ky, Epn) of HY (K, Ejn) where K" is the max-
imal separable unramified extension of K. The intersection of H'(K}" /K, Ejn)
with HY(K|[z]./ Ky, Ein(K[2],)), which are both subgroups of H'(K,, E), is
therefore contained in H'(K|[0], /Ky, Ein(K|[0],)); this follows by considering
representative cocycles and because the field extension K|z],/K|[0],s is totally
ramified and K[0],s /K, is unramified. But the order of the Picard group Pic(A)
is coprime to [ by hypothesis; therefore, the order of the place y over z in Pic(B)
is coprime to ! as y is the unique place of K over z. It follows that the degree of
the field extension K|0], /K, is coprime to [, and therefore we have that

H'(K[0] /Ky, Ein (K[0]2)) =0.
It follows that the composition of the injective inflation map
H' (K[2)./ Ky, B (K[2]2)) 25 HY (K, Eim (K3P))
with ¢ : HY(K,, Ejn) — H' (K, E);» is an injection
(4.4.12) H'(K[2]s/Ky, Epn (K[2]3)) — H' (Ky, E)n.
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By arithmetic flat local duality, there is an isomorphism of discrete groups
(4.4.13) HY(K,,F)~Hom(E(K,),Q/Z).

For the proof of this using flat cohomology and local class field theory, see [10,
Chapter III, Theorem 7.8]; we only require the prime-to-p version of this duality
(4.4.13), whose simpler proof is explained in [10, Chapter I, Remark 3.6]. From
(4.4.13) we obtain the isomorphism of discrete groups

(4.4.14) HY(K,,E);» 2 Hom(;» E(K,),Z/I"Z).

It follows from (4.4.14) that H'(K,, E);» and ;» E(K,) have the same number of
elements. As Ejn(K,) is isomorphic to ;» E(K,) by the isomorphism ® of (4.4.1),
we have that H' (K, E)» and Ej» (K, ) have the same number of elements.

From (4.4.7) for ¢ = z, we have the isomorphism, where G is cyclic of order
divisible by ™ and which acts trivially on Ejn (Ky)

H' (K[2]s/Ky, Ein (K[2],)) 2 H' (G, Epn (Ky)) = Epn (Ky).

It now follows that the finite groups H'(K[z],/ Ky, Ein(K|[2]2)), Em(Ky),
and H 1(Ky,E)ln have the same number of elements and hence the injective
homomorphism of (4.4.12)

H'(K|z]o/Ky, B (K(z])) — H' (Ky, E)»

is an isomorphism. It follows that the natural homomorphism, obtained from the
inclusion of group schemes Ej» C E,

HY(K,, Epn) -5 HY(K,, E)

composed with x, where y, factors through the group H* (K2, /Ky, Ei» (K |[2]4))
as in (4.4.11),

. W
mE(K,) X% HY(K,, Epn) — HY(K,, E)m»
is an isomorphism
nE(Ky) = H (K, E)n.

This proves property (c).
It only remains to prove property (d). For all divisors d € A(n), as in Sec-
tion 3.4.9 we shall write P; (mod [") for the image of P; € E(K|[d]) in ;» E(K|[d]).
From Lemma 4.2.1, we have that the cohomology class 7, (c) in H'(K, Ep)
is represented by the cocycle

(4.4.15) Ty (c):o— —w + & — & Gal(K*P /K) — E(K*P)n,

o
n moom

where [(0 —1)P.]/I™ is the unique ["-division point of (¢ — 1)P. in E(K]|c])

and P./I™ is a fixed ["-division point of P., and the cohomology class d,(c)

in HY(K, E);» is represented by the cocycle

(4.4.16) An(c): o _("_l#, Gal(K*P /K) — E(KP).
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The cohomology class 6, (c), € H' (K, E(K;®)) is the restriction at y of the
class 8, (c) € HY(K, E(K*P)). Let Q € E(K]|c]) be the element given by

(4.4.17) Q== VF

ln
where o, is the fixed generator of the cyclic group G(c/c’).
The definition of P, (as in [1, Section 7.14.10, pp. 386—-387] and Section 3.4.8
above) is the following. Let ¢=>"'_, z; be the decomposition of ¢ as a sum of
distinct prime divisors, where we write z = z;. Then we have that

P.= ZSDcym
seS

where
(4.4.18) ye = (0,11,¢,7) € E(K[c])

as in Section 3.4.6 and where S is a set of coset representatives for G(¢/0) in
Gal(K|c]/K) and D, is the Kolyvagin element of Section 3.4.8.
We have an exact sequence of abelian groups

0— G(c/d)— G(c/0) = G(c'/0) — 0.

We obtain a corresponding decomposition in the group algebra Z[G(c/0)] of the
Kolyvagin element D,

D.=D._.D,.

We have already selected in Section 3.4.6 a generator o, of the cyclic group
G(c¢/c— z). We may then define a map of sets

hy:G(c/c—2) =7

by
o, °——s, fors=0,1,..., G(c/c—z)‘ —1.
The Kolyvagin element of h, is then, as in Section 3.4.7,
|G(c/c—z)|—1
D,=— Z roy.
r=1

We have that
(4.4.19) (0. —1)D,=—|G(c/c—2)| + e(eje—s
where e (c/c—~) is the element of the group algebra Z[G(c/c — z)| given by
€G(c/c—z) = Z g.
9€G(c/c—z)
The element P. € E(K]|c]) may then be written as
(4.4.20) P.=Y sD. .D.ye,
seS

where we write y. = (0,11,¢,7) as in Section 3.4.6 and (4.4.18).
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We have that (see [1, (4.8.3), Table 4.8.5])

|0% |
¢ TrK K| Ye = QzYc!
|A*| [/ K[ Y

where a, € Z is as in Proposition 4.4.1 and Section 3.2.4 and where y. =
(0,11,c 7). By definition @ = —((o, — 1)P.)/I"™ (see (4.4.17)); hence, we have
from (4.4.19) that

Q=— ZsDcfz((az_l#)yc

sES
G(e/c A*| a
_ZSDC z(| r{ )|yc_ ||O*||l_;yc’)
sES c

As K is not obtained from F by ground field extension (hypothesis (c) of Sec-
tion 4.1.1), we have A* = O%,; hence we obtain that

s€ES

As at the beginning of this proof, let y be the unique place of K over z, let
z' be a prime of K|[c'] over the place y of K, and let z* be the place of K[|
over the prime 2’ of K[¢/] where the field extension K|c|/K[c'] is totally ramified
at z’. Also &y/k(z) denotes the closed fiber above z of the Néron model of E/F.

We write Qg for the image of @ modulo z* in & (k(z*)) by passage to
the residue field x(z*). From the isomorphism (4.4.7), where 0, (c), belongs to
HY(K[c].x /Ky, Ein(K][c].x)), we have that the reduction of 6,(c), at y belongs
to Hom(G(c/c'),E(k(y)))im and is given by the cocycle (see (4.4.16))

(g—1F X ’ ~ /

A T (mod z™), Gal(K|c].« /K[c].) 2 G(c/c) — & (k(y)).
We have that —[(g — 1)P.]/l™ modulo z* belongs to the {"-torsion subgroup
Eo(k(y))im rational over k(y). Hence, the point @, the reduction of @ modulo z*,
belongs to & (k(y))n. Note that —(g — 1) P. modulo z* reduces to zero, for all
g€ G(c/c), as K|[c]/K|c] is totally ramified at z’.

Denote by Frob(z) the Frobenius automorphism x + x!*(*)l of the closed
fiber £/k(z) over z of the Néron model of E/F. Theorem 4.8.9 of [1] gives that
for the prime 2z’ of K[c'] above z we have

(4.4.22) Frob(2)y. =y~ (mod 2'),

where y. = (0,11,¢,7) as in (4.4.18).

We obtain from Proposition 4.3.1 that y. mod z* is defined over the subfield
k(y) of kK(z*) where k(y) is the quadratic extension field of the finite field x(z).
Hence we have from (4.4.22) that

! 2 G(c/)|Frob(z) — a,
(4.4.23) [Gle/e)l, & e = [Gle/e)| Frob(z) — a yer (mod 2').

n c e n
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The point P.r € E(K|(]) is given by (see Section 3.4.8)

P = Z S$De_ ycr.
seS

We then have from (4.4.21) and (4.4.23) that

Q=) sD._. (Myc - %yc/)

" n
sES

(4.4.24) ©
|G(c/d")| Frob(z) —a.
=Qo= o

From Lemma 4.2.2 or [1, Lemma 7.14.11(ii)], we have that P, (mod ")
belongs to the —v(c’)-eigenspace for 7 on ;» E(K|[c]), where v(c') = (—1)"e, r
is the number of prime divisors in the support of ¢/, and ¢ is the sign in the
functional equation of the L-function of E/F (as in Lemma 4.2.2). As z is inert
in K/F, it follows that the image of the reduction Pl’, of P. modulo 2’ belongs
to the —v(c’)-eigenspace for 7 on nE(k(z")). Let

G(c/c)| Frob(z) — a,
hibo(s(w) - Eo(x(w),.  w e ((KLATDE 202,

be the isomorphism which commutes with 7 of Proposition 4.4.1. As Qg belongs
to the subgroup & (#(y)) as already noted and also as P?, (mod I") is an element
of n&y(k(y)) by Proposition 4.3.2, we have by (4.4.24) that

Qo =h(P. (mod I™)).
With the notation of (4.4.1) we then have
Qo=hoi(Py (mod ")),

P,/ (mod 2').

where 4 is the reduction isomorphism »E(K,) — »&(k(y)) and where
P, (mod ") belongs to ;» E(K,) by Proposition 4.3.2. Furthermore, by (4.4.1)
and as ® = j o hoi we have that

(4.4.25) ®(Py (mod ™)) =j(Qo)

is the unique ["-torsion point of E(K,) whose reduction at y is Qo.
Let Z be any prime of K*°P above z*. Restrict the cocycle

Ty(c): Gal(K®P /K) — E(K®P)n

of (4.4.15), which represents 7, (c), to the decomposition group of z. As K|c]/ K|/
is totally ramified at z’ we have that the Kolyvagin element D, restricted to the
residue field of z* satisfies

D, = —’n(z)|(|/{(z)| + 1)/2.

Furthermore, ™ divides |k(z)| + 1 and [ is different from 2; hence we have that
(from (4.4.20)) the reduction P? of P, at z* satisfies P? € I"Ey(k(2*)) and hence
as F has good reduction at z* we have that

P.cl"E(K[c].x).
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We then have that the cocycle T'y,(c) of (4.4.15) satisfies
Ln(c)(p) =0 for all p e Gal(K[c]}F/K]c],«),

and this cocycle, restricted to the decomposition group of Z, factors through the
subgroup Gal(K|c],« /K, ). Furthermore, since o, which is the selected generator
of G(e/c’), is in the inertia group of y we have that

P, P,

92 T
reduces to zero modulo z*. Hence,

Ty — 1 Pc Pc PC
Da(e)(on) =~ Z ey o B T
" m o n
is the unique {"-torsion point congruent to ¢ (mod z*) where @ is given by
(4.4.17); that is to say,
(0, —1)P.

T (mod 2).

(4.4.26) Iy (c)(o2)
But from (4.4.25), we then obtain
(4.4.27) Iy (c)(0.) = ®(Pe (mod I™)).

Then (4.4.27) shows, as ', (¢)(0,) is the unique ["-torsion point with reduction
at y coinciding with the reduction of Q@ = —[(o, — 1)P,]/I™ at y, that we have an
equality of cohomology classes in H'(K,, Ejn)

Tn(C)y = Xz (PC_Z (mod l”)),

where P._. (mod [") is an element of ;» E(K,). This proves property (d) and
completes the proof of Proposition 4.4.2. O

REMARKS 4.4.3
(a) Proposition 4.4.2 and its consequence stated in Proposition 4.5.1(d) below
are extensions of [1, Lemma 7.14.14(ii)|. It would be of interest to eliminate the
hypothesis that the prime number [ be coprime to the order of the Picard group
Pic(A) from Propositions 4.4.2 and 4.5.1(d).

(b) The homomorphism x. interchanges the 7-eigenspaces such that for
0 ==+1 we have

s _
X:((nE(Ky))") C HY (K, Em) .
This property, which is not required for this paper, follows from the group
Gal(K|c]/F) being generalized dihedral.
4.5. Localizations of the classes ,,(c) and d,,(¢)

The notation and hypotheses of Section 4.1.1 hold in this section. Let III(E/K)
be the Tate-Shafarevich group of the elliptic curve E xp K over K.
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PROPOSITION 4.5.1
Let c € A(n), let z be a prime divisor in A*(n), and let y be the place of K over
the place z of F.

(a) Let v be a place of K coprime to c¢. Then we have v, (c), € On(E(Ky));
that is to say, we have §,(c), =0.

(b) If ¢ is coprime to z, then we have v, (c)y = 0n((Pe (mod I™)),).

(c) IfI™| P., then we have 6,(c) =0. If I" | P._, for all prime divisors w in
the support of ¢, then we have 6,(c) € HI(E/K ).

(d) Assume that the prime number I € P is coprime to the order of Pic(A),
the Picard group of the ring A. If z € Supp(c), then we have

ord oy, (¢)y = ordy,(c)y = ordy,(c— 2)y
= ord((P.—. (mod l"))y),
where (P.—, (mod I")), is an element of n E(K,).

Proof
(a) The field K|[c] is a subfield of K, as oo is split completely in K[c]/K (see [1,
Chapter 2, (2.3.13)]). We have that the localization d,,(c)o at oo of 9, (c) satisfies
80 (€)oo € HY (K o, E)n and the localization (P, (mod I™))s at oo of P, (mod (")
satisfies (P. (mod I"))s € n E(Ko ). It then follows from the diagram (3.4.2)
that d,,(¢)e = 0.

Suppose now that v is a place of K such that v # oo and v ¢ Supp(c). We
have by construction that

dn(c) € H' (K[d]/ K, BE(K]c]))

The field extension K|c|]/K is unramified at v (see [1, (2.3.13)]). Hence we have
that the localization §,,(c), at v satisfies

Sn(c)o € H' (KJ" /Ky, E(K}T))

i’

1 ©HY (K B(E)),0.

where K" is the maximal unramified separable extension of the local field K.

But HY (K" /K,, E(K""))» =0 by Definition 3.1.2(d) of the set of prime num-

bers P to which [ belongs. Hence, we have that d,,(c), = 0; this last vanishing is

equivalent to v, (¢), € 9,(E(K,)), as required.

(b) By Lemma 4.2.1, the cohomology class v, (c) is represented by the cocycle

(c —1)P. P. P.

e ST TS

where [(c —1)P.]/I™ is the unique ["-division point of (¢ — 1)P. in E(K]c]).

Furthermore, by the same Lemma 4.2.1, the cohomology class d,(c) €
HY(K,E(K*%));n is represented by the cocycle

(e=DF:

n ’

Gal(K*°P/K) — E(K"P);n,

Gal(K*P/K) — E(KP).

By part (a) as z ¢ Supp(c), we have that d,(c), = 0; hence, a cocycle representing
dn(c) when localized at v is cohomologous to zero. Therefore, there is an element
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a € E(K;P) such that

—1)P,
—(Ul% =o0a—a, foralloe Gal(K;P/K,).

Hence, we have
—(o—=1)(P.+1"a) =0, for all o € Gal(K;"/K,).
This implies that
P.+1"a € E(K,).

By Proposition 4.3.1, the localization at y of the point P, lies in E(K)
where y is the place of K over z. Furthermore, by Proposition 4.3.2 the point
(P (mod ™)), belongs to ;» E(K,) and its image in this group is uniquely deter-
mined by P..

It follows from this and the above cocycle formulae for ~,(¢) and §,(c) that
the cohomology class v,(c), is represented by the cocyle

P P

o O'l—n - l—n,
That is to say, we have v, (¢)y = 0, ((P. (mod I™)),).

(c¢) From Lemma 4.2.1(b), the cohomology class d,,(c) is represented by the

cocycle

Gal(K5P /K ) — E(KP)m.

-1)P,
o f%, Gal(K*P | K) — E(K*P).
We then evidently have that if ™ | P., that is to say, P. € I"E(K|c]), then

dn(c) =0.

Suppose that I | P._, for all prime divisors z in the support of ¢. Then for
any prime divisor y of K lying over the prime divisor z dividing ¢ we have 6,,(c), =
0 by Proposition 4.4.2(d). It then follows from Proposition 4.5.1(a) that é,(c), =
0 for all places v of K and hence that d,(c) belongs to the Tate-Shafarevich
group II(E /K)o .

(d) From Proposition 4.4.2(d), we have

’Yn(c)y =Xz ((Pc—z (mod ln))y)a
where (P._, (mod [")), is an element of ;» E(K,) by Proposition 4.3.2. As the
homomorphism Y is injective (Proposition 4.4.2(b)), we obtain

ord (s (c)y) =ord((P.—. (mod l”))y),

where again (P.—. (mod [")), denotes an element of ;» E(K,).
From Proposition 4.5.1(b), we have

(e —2)y = an((PC*z (mod ln))y)’

where z is coprime to the support of ¢ — z. Hence, we obtain

ord((P.—. (mod l”))y) =ord(yn(c— 2)y).
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From Proposition 4.4.2(c), we have that the composition of x, with the
homomorphism, obtained from the inclusion of group schemes Ej» C F,

0: Hl(Ky,Eln) — Hl(Ky,E)ln
is an isomorphism
mE(Ky) %Hl(Ky,E)ln.

Hence, the image in H*(K,, E);» under 6 of x,(P._, (mod ™)) is the cohomology
class 0, (c), because this is the image under 6 of v, (c), € H*(K,, E;»). Further-
more, because 6 o x. is an isomorphism, ord(d,(c),) is the same as
ord((P.—, (mod I")),), which completes the proof of the proposition. O

4.6. The Cassels pairing with a class §,,(¢)

The notation and hypotheses of Section 4.1.1 hold in this section. The torsion
abelian group Z/nZ for n # 0 is considered to be a subgroup of Q/Z via the map
1+ 1/n. Let

II(E/K) be the Tate-Shafarevich group of the elliptic curve E xp K
over K;

(*, ) cassels be the Cassels pairing on HI(E/K) (see Section 2.3);

[ )w: H (K, E)y X nE(Ky) — Z/nZ be the local Tate pairing for any
place w € ¥k of K and any integer n coprime to the characteristic of F'.

PROPOSITION 4.6.1

Let m and n be integers greater than or equal to 1, and let ¢ € A(m+n). Suppose
that 6,,(c) belongs to the Tate—Shafarevich group I(E/K ). Suppose that the
element s € UI(E/K)je has order at most ™. Lift the element s € II(E/K);=
to an element S € HY (K, E;n), and select points x(w) € E(K,,) such that S, =
O (z(w)) for all w € . Then we have

(4.6.1) (3(€),8) cosers = > [Om+n(S)ys2(y)] s
yEX i divides Supp(c)

where the sum runs over the places of K which divide an element of Supp(c).

Proof
The construction of the Cassels pairing is given in Section 2.3. As in the statement
of the proposition, we may lift the element s € III(E/K); of order I™ to an
element S € H'(K, Ej»). The points z(w) € E(K,,) are then selected such that
Sy = O (x(w)) for all w € Xk.

By Lemma 4.2.1(c) we have

"0 pmgn(c) = dm(c).

From the formula (2.3.1) for the Cassels pairing, we then obtain
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(4.6.2) <6m<c)’S>Cassels: Z [Omin (C)w, z(w)]

WEX K
where the sum runs over all places w of K.

By Proposition 4.5.1(a), we have that ,,4,(c), =0 for all places w € Lk
which do not divide an element of Supp(c). Hence, there is no contribution to the
Cassels pairing in the sum (4.6.2) when w does not divide an element of Supp(c).
Hence, we obtain the formula (4.6.1). |

PROPOSITION 4.6.2

Let m and n be integers greater than or equal to 1, and let c € A(m+n), d € A(n).
Suppose that §,,(c) and 6,(d) belong to the Tate-Shafarevich group IN(E/K ).
Assume that the prime number | € P is coprime to the order of Pic(A). Then we
have

<5m(0)’ 5n(d)>Cassels
= Z [5m+n(c)ya (Pd (mod ln))y]y’

yEX K divides Supp(c)\Supp(d)

(4.6.3)

where the sum runs over the places of K which divide an element of Supp(c) \
Supp(d).

Proof

The element v, (d) € H' (K, Ej») is a lifting of §,,(d) € II(E/K), which has order
at most {"™. Suppose that z € Supp(c), and suppose that y is the unique place of
K lying over the place z of F. If z also satisfies z € Supp(d), then by Proposi-
tion 4.5.1(d), we have

Tn (d)y =0,
because 0, (d), =0 as we have ¢,,(d) € III(E/K). If on the other hand z satisfies
z ¢ Supp(d), then by Proposition 4.5.1(b), we have
Yn(d)y = 0 ((Pa (mod 1)) ),

where (P; (mod ™)), denotes the localization at y of P; (mod (™). The formula
(4.6.3) to be proved now follows from the formula (4.6.1) of Proposition 4.6.1. O

Part 5. Construction of cohomology classes and proofs of the main theorems
5.1. M, is finite for some r

5.1.1.
Throughout Part 5, the notation of Section 4.1.1 remains valid, and the elliptic
curve E/F and quadratic field extension K/F satisfy hypotheses (a), (b), and
(c) of Section 4.1.1.

In this section, we further let

Nt N~ be the eigenspaces under the action of the involution 7 whenever
N is a Z[Gal(K/F)]-module on which multiplication by 2 is an isomorphism;
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€ = £1 be the sign of the functional equation of the L-function L(E/F,s)
of E/F;

v(r) = (—1)"¢ for any natural number r € N;

v(c) = (—1)"¢ for any divisor ¢ of F' with exactly r distinct prime divisors
in its support;

P. € E(K]|c]) be the Drinfeld-Heegner points of Section 3.4.8 for all
ce A1), where Py € E(K);

M, for all r € N, be the quantities in NU {400} given in Definition 4.1.1;

III(E/K) be the Tate-Shafarevich group of the elliptic curve E x p K over
K (see Section 2.2);

Sel,,(E/K) be the n-Selmer group of F xp K over K for any integer n
coprime to the characteristic of F' (see Section 2.2);

Sely (E/K) = linSelan(E /K) for any number a coprime to the charac-

n
teristic of F' (see also Section 3.1.2).

In Section 5.1 some consequences are presented of the hypothesis that M,
be finite for some r.

LEMMA 5.1.1
The Drinfeld—Heegner Py has infinite order in E(K) if and only if My is finite.
If Py has infinite order, then we have

M = |(B(K)/ZR) . |
ordYazy+m (0) =1",  for all m >0,

Yig+m(0) € Selie (E/K)™¢  for all m > 0.

Proof
From Definition 4.1.1, we have

My = ord;(Py) =max{m | Py € " E(K[0]) }.

The group E(K[0]) has no I-torsion (as [ € P; see Proposition 1.10.1 and Defi-
nition 3.1.2(f)) and is a finitely generated group by the Mordell-Weil theorem.
Hence, Py has infinite order in E(K) if and only if Mj is finite.

We have vaz,4+m(0) € Seli= (E/K)™¢, for all m > 1, by Lemma 4.2.2 and
because Yazy+m (0) = Oprg+m (Fo).

Assume now that Py has infinite order. By [1, Theorem 7.6.5], the point P,
generates a subgroup of E(K) of finite index. (Note that, in the notation of [I,
Theorem 7.6.5], we have Py = xy.)

By definition we have that

|(E(K)/ZR),..| =max{l™ | Py e I"E(K)},

where the group E(K0]) has no [*°-torsion (as [ € P; see Proposition 1.10.1 and
Definition 3.1.2(f)).
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We have the Hochschild—Serre spectral sequence
H'(Gal(K[0]/K),H? (K[0], Ejn)) = H™ (K, Ep»).

The short exact sequence of low-degree terms of this spectral sequence is in part

0 — H' (Gal(K[0]/K), Epx (K[0])) = H'(K, Epn) — H (K[0], Eyn ) S KOV

— H?(Gal(K[0]/K), Ei» (K[0])).
The two extreme terms H'(Gal(K|[0]/K), E;»(K[0])) and H?(Gal(K[0]/K),
Ei»(K[0])) are both zero because Ej»(K|0]) is zero as already noted. Hence,

this short exact sequence provides the isomorphism
(5.1.1) HY(K,Ep) = H' (K[OLEW)Gal(K[O]/K)’
which is induced from the injection E(K) — E(K][0]). The short exact sequence
of sheaves for the étale topology on Spec K
0— Epn S E-o

then provides the commutative diagram of cohomology groups

o

0 — EnK) — EK) — EK) — HYK,En) — ...
) \J \ 1

0 — En(K[0]) — E(K[0)) - E(K[0]) — HY(K[0],En) —> ...

The isomorphism H' (K, Ejn) = H*(K|[0], By ) G2 KO/ K) of (5.1.1) together with
this commutative diagram then shows that the homomorphism
E(K)/I"E(K) — E(K[0]) /1" E(K[0)

is injective. Hence, these two numbers (Mo and |(E(K)/ZP,);=| are equal. We
obtain that the order of vas,+m (0) is equal to I™ from Proposition 3.4.1(a). O

LEMMA 5.1.2

Assume that the prime number | € P is coprime to the order of Pic(A). Suppose
that M, is finite for some integer r > 0. Then My is finite for all s >r and

M’MMT+17MT+27 s

is a decreasing sequence of monnegative integers.

Proof
Suppose that M, is finite for some s > 0. Then there is a divisor

ce N (Ms+1)

which satisfies M || P. and M, < a(c); hence, the cohomology class v, 11(c) is
nonzero (by Proposition 3.4.1(a)). From Proposition 3.3.4, where we take n =
M + 1, we obtain a prime divisor

(5.1.2) ze AY (M, +1)
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coprime to ¢ such that the localization yas,11(c), is nonzero where y is the unique
prime of K lying over z (see Remark 3.2.2(a)). Then by Proposition 4.5.1(b), we
have that P. ¢ [™-T1E(K,); that is to say,

(5.1.3) ord((Pe (mod lMS'H))y) > 1.

It follows from Proposition 4.5.1(d) that ord~y,(c+ z), > 1, where n =M, +1,
and in particular we have 7, (¢+ z) # 0. Therefore, by Proposition 3.4.1(a) or the
definition of v, (c + z), we have that P.,. ¢ IMsT!E(K[c+ z]). It follows that

c+ze MM, +1)

and M1 is finite, and we have that M1 < M. As M, is finite by hypothesis,
we then have that M is finite and Mg > M, for all s > r by induction. O

LEMMA 5.1.3

Suppose that M,._1 is finite where r > 1. Assume that the prime number l € P is
coprime to the order of Pic(A). Let c € A"(M,_1), and put v(c) = (—1)"e. Then
we have that

(a) Sm,_,(c) € (E/K);2;
() Y, (¢) € Sely (E/K) () ; and
(c) the order of Syr,_, (c) is at most [Mr—1=Mr,

Proof
By Lemma 5.1.2, we have that M, is finite and M,._y > M,.. The set A"(M,_1)
is nonempty by Corollary 3.3.5; therefore, there is an element ¢ € A"(M,_1). It
follows from the definition of the M;’s that [ | P, and [M—1 | P,_ for all prime
divisors z in the support of ¢. From Proposition 4.5.1(c) and Lemma 4.2.2 we
obtain

Sar,, (c) € TII(E/K) ™).

Hence, a7, (¢) belongs to the Selmer group Selj~ (E/K) () (see Lemma 4.2.2).
The order of the element dy7,_, (c) is at most (Mr—1=Mr by Proposition 3.4.1(b).
]

LEMMA 5.1.4
Let z € A (n) be a prime divisor. Let y be the unique prime of K lying above z.

(a) The Tate pairing on H* (K, En) of Theorem 2.1.1 induces a nondegen-
erate pairing
J n
(nE(K,))" x HY(K,,E)}. — Z/I"Z,
where 6 = 1, of eigenspaces under the action of T which are finite cyclic groups
of order ™.
(b) The image of the homomorphism X, : n E(K,) — H' (K, Epn) is an

isotropic subgroup for the alternating Tate pairing on H* (K, Ej») and Im(x,)° =
ZJI"Z for § = +1.
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Proof
(a) We have isomorphisms of Gal(K/F)-modules

nB(Ky) 2 E(Ky)»,  HY(Ky,, E)» = Hom(un (Kin), B(K,)).

The first isomorphism here follows from Proposition 4.4.1. As |k(z)] + 1=
0 (mod ™) and k(y)* has |k(2)[* — 1 elements we have that - (K,) has "
elements and is contained in the —1 eigenspace under 7 of x(y)*. Hence, we have
for 6 =+£1

l"E(Ky)5 = Hl(Kvva)l_n(S

and these groups are cyclic of order I by Lemma 3.2.3(b).

(b) The map Y is defined in Proposition 4.4.2. We have by Proposition 4.4.2(c)
that the composite of x, with the surjective homomorphism H'(K,, Ein) —
H'(K,,E)» is an isomorphism. This implies that we have for § = 1, where
Im(x) denotes the image of . in H'(K,, Ejn),

Im(x.)® = B (K, B).
Hence, part (a) on Tate duality implies that for § = £1
Im(x.)’ = Z/I"Z.

This evidently shows that Im(x)° is an isotropic subgroup of H!(K,, Ej«) for the
antisymmetric Tate pairing. Since the cup product on H' (K, Ejn) is Gal(K/F)-
equivariant it follows that Im(x.) = Im(y,)*! @ Im(x,)~! is an isotropic sub-
group of H'(K,, Epn). O

LEMMA 5.1.5

Let z € AY(n) be a prime divisor where n > 1. Let y be the unique prime of K
lying above z. Let S be a finite set of prime divisors of A'(n) not containing z.
Let § = 41. Then there is a nonzero element h € H' (K, Ejn)° in the 6-eigenspace
satisfying these two conditions:

(a) hy € O (E(Ky)) for any place x of K not lying over a place of SU{z};
(b) hy € Im(xw) for all w € S where x is the unique place of K over w and
where X 1 n B(K,) — HY (K, Ejn) is the homomorphism of Proposition /./.2.

Proof

The places of S remain inert in the field extension K/F'; for any u € S denote
by u? the corresponding place of K over u. For any place v € S of K we have
the exact sequence

(5.1.4) 0— 1w B(K,) 2 HY(K,, Epn) — HY (K, E)jn — 0,

where the extremities of this sequence are in duality by Theorem 2.1.2.
Let 6 = £1. The elliptic curve E/F has good reduction at all places of SU{z}
(see Remarks 3.2.2). Let U be the finite subset of X of places of F' given by

U =S U{z}U{bad reduction places of E/F in X}.
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Let Uk be the finite set of all places of K over the places of U. For all v € Uk
dividing an element u of U \ {z} put

H,=Im(x,)’ ifues,
H,=0n(BE(K,))’ ifucU\ (SU{z}).
Then we have
|H,|* = ’Hl(KU,Eln)‘;‘ for all v dividing a place u € U \ {z}.

For the case where u € S this follows from Lemma 5.1.4(b). For the case where
uwe U\ (SU{z}), that is to say, a place of bad reduction, this follows from the
exact sequence (5.1.4) and that the extremities of this sequence are in duality.

From Tate local and global duality, there is a self-dual exact sequence (see
[10, Chapter I, Theorem 4.10, p. 70])

H'(Ky /K, Epn)—~ @ H' (K, En) - H (Ky /K, Ein)*,
veUk

where N*, for a Z/I"Z-module N, denotes Hom(N,Z/I"Z) and where Ky is
the maximal extension of K unramified outside Uy. Hence, the image I of

HI(KU/K,EM) in @veUK
Tate pairing, of the group

HY(K,, Ej») is a maximal isotropic subgroup, for the

P v (K, Em).
veUK
Since at the place y lying over z we have H'(K,, Ejn)° # 0 by Lemma 5.1.4(a),
the subgroup I° is of order strictly larger than that of
@ HY (K, Epn)?

H,
u€sS ut

Hence, the natural homomorphism

HY(K,:, Epn)?
HY(Ky/K,Epn)’ — @(H—ul)

u€es
hasnonzerokernel. Therefore, wemay select anonzeroelement h € H' (Ky /K, Epn)°
in this kernel. Then h satisfies condition (b); that is to say, we have h,s € H,: for
all u € S. Furthermore, h satisfies condition (a) by the selection of H, if v € X is
a bad reduction place of E and because we have H' (K /K, Ejn) = O (E(K,))
if v € ¥k is a good reduction place of E, where K" is the maximal unramified
separable extension of K. O

REMARK 5.1.6

Lemma 5.1.5 is a technical result required for the proof of Proposition 5.2.1 in
the next section.

5.2. Aclass 7, (c) in the Selmer group

The notation and hypotheses of Section 5.1.1 also hold for this section.
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PROPOSITION 5.2.1

Let r > 1 be an integer, and put v(r) = (—1)"e. Let G be a subgroup of the Selmer
eigenspace Selj (E/K)~"") such that

rank(G) <r.

Assume that M,_; is finite and that | € P is coprime to the order of Pic(A).
Then there is a cohomology class v, _,(c) for some divisor c € A™(M,_1) such
that

(a) v, _, (c) belongs to the Selmer eigenspace Seljs (E/K)—u(r);
(b) Yam,_,(c) has order er—l—Mr;
(¢) Zryar,_, ()N G ={0}.

Proof
The group Selj (F/K) is an [*°-torsion group; that is to say, every element is
annihilated by a power of [. Hence, the subgroup G of finite rank is finite.

Let exp(G) be the exponent of G, that is to say, the largest order of an
element of the abelian [-group G. Select an integer

m>1
such that
"™ > max{exp(G), M},

and put

L=K(Em).
Put

t =rank(G),
where

rank(G) = dimg ;7 G /IG

and where ¢ <r by hypothesis. Note that G is a subgroup of Hom(Gal(L*P /L),
Epn (L)), as I™ > exp(G) (see Lemma 3.3.1), and the elements of Al(m) are
unramified in L/F. As in Section 1.2, for any divisor ¢ on F', Supp(c) denotes
the set of distinct prime divisors in the support of c.

For any divisor ¢ in A"(1), put

Z(c) = Supp(c) N A (m);

—_
=

that is to say, Z(c) is the set of prime divisors in the support of ¢ which belong to
Al(m). In particular, Z(c) depends on m. For any prime divisor z of F in Al(1),
select a place 2% of L = K(Epm) lying over z. Let I'(c) C G be the subgroup
of characters of the abelian group G generated by the set of characters (as in
Proposition 3.3.2 and (3.3.1), applied to the finite group G, and Proposition 3.3.3)

{¢Hob(zx) |Z € E(C)}
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Put

) I(c)+IG
s(c) = dim _—
(c) ziz— =

That is to say, s(c¢) is the dimension of the image of I'(¢) in the vector space
G/IG of dimension t¢; the nonnegative integer s(c¢) is then at most equal to t. Put

n(c) =|=(9)];
that is to say, n(c) is the cardinality of Z(c) and is a nonnegative integer at most

equal to r, the number of prime divisors in the support of c.
Define the defect A(c) of a divisor ¢ € A"(1) on F to be

A(c) =max(t — s(c),r — n(c)).
Then we have
0<Ale)<r

and we have

A(c)=0 if and only if I'(c) = G and c € A"(m).
This equivalence holds because s(c) =t if and only if T'(¢) = G by Nakayama’s
lemma.
We have that M,._y > M, by Lemma 5.1.2, and in particular, M, is finite as
M, _; is assumed to be finite. We may then select a divisor

(5.2.1) de A"(M, +1)
such that
M || Py.

Then the cohomology class vas, 1(d) is defined, belongs to H' (K, Ejar,+1) "7 ("),
and has exact order ! by Lemma 4.2.2 and Proposition 3.4.1(a).

Suppose that M, = M,_;. Then vy, _,(d) is equal to zero and evidently
belongs to the Selmer eigenspace Selj (E/K)~*(") which proves the lemma in
this trivial case where M, = M,._1. We may suppose for the rest of the proof of
this proposition that M,_1 > M,..

Assume that the defect of the divisor d already selected in (5.2.1) satisfies

A(d) > 0.

That is to say, either (where s(d) <t) the image of I'(d) is a proper subspace of
G/IG or (where n(d) <r) d ¢ A"(m). These two possibilities that s(d) < ¢ and
that n(d) < r for the divisor d are not mutually exclusive.

We select a character ¢ € G and a prime divisor zg € Supp(d) with the
following recipe.

Selection of the character 1.
If s(d) < t, then select a character ¢) € G such that

(5.2.2) Y(v41(d) 0 if a0 (d) €G
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and
(5.2.3) Y eG\ (N(d)+1G),

where the condition (5.2.2) is vacuous if v, 41(d) ¢ G. A character ¥ € G exists
which satisfies the two conditions (5.2.2) and (5.2.3) because a finite group cannot
be the union of two proper subgroups.

If s(d) =t and n(d) <r, then select any character ¢ € G such that

(5.2.4) b (1 (d) 20 i a1 (d) €,

where the condition (5.2.4) is vacuous if a7, +1(d) ¢ G.
Selection of the divisor zy € Supp(d).
If s(d) < t, then select a prime divisor zy € Supp(d) such that

{¢Frob(z><) ‘ zE E(d - ZO)}
is a generating set for I'(d) modulo IG. This choice is possible because ¢t < r and
Supp(d) has r distinct elements.
If s(d) =t and n(d) < r, then select a prime divisor zg € Supp(d) such that

20 & At(m).
We have now defined the pair 1, zo for the divisor d where the defect A(d) > 0.
By Lemma 5.1.5 we may select a cohomology class h in the v(r)-eigenspace

he HY(K,E)"™
of the group scheme E; such that
(5.2.5) h#0;
(5.2.6) h, €0 (E(K,))
for all places v of K coprime to Supp(d); and
(5.2.7) hy € Im(x)

for all z € Supp(d — z9) where y is the prime of K lying over z and x, is the
homomorphism of Section 4.4.
Note that H'(K, E;)*(") is a subgroup of H'(K, Eym) by Lemma, 3.1.4.

Since h is in a different eigenspace from G and 7y, +1(d), which both belong
to the —v(r)-eigenspace, we have that

(G + Z’}/M7,+1 (d)) NZh = O,

where G + Zyps, 11(d) is the subgroup of H'(K, Eym)~"(") generated by G and
v, +1(d) and where Zh is the subgroup of H!(K, Eym)*(") generated by h.
Let D be the subgroup of H'(K, Eym) generated by G, vas,+1(d), and h,

D =G+ Zy, +1(d) + Zh.

Then D is a finite subgroup of H(K, Eym) by Lemma 3.1.4. As D is isomorphic
to the direct product of G + Zvp, +1(d) and Zh, we can select a homomorphism

x:D—Q/Z
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such that (by (5.2.2), (5.2.4), and (5.2.5))

(5.2.8) Xle =3
(5.2.9) X(’YMT+1(d)) #£0;
(5.2.10) x(h) #0.

By Proposition 3.3.3 applied to the finite group D, there is a prime divisor
(5.2.11) 21 € AY(m)
distinct from the elements of Supp(d) such that, in the notation of (3.3.1),
(5.2.12) X:QSFmb(le),
where 27 is a prime divisor of L = K(E;=) above z;. We then obtain the coho-
mology class vyar,+1(d + z1) associated to the divisor d + z;.

For all places v of K, denote the alternating cup product induced by the
Weil pairing of h with yas.11(d + 21) localized at v by (see Theorem 2.1.1)

<’7MT+1(d + Zl)v; hv>

which is an element of Q/Z. The sum of local pairings over all places of K

(5.2.13) > (W1, 41(d+ 21)v, by ), =0

all places v of K

U,

is zero by Proposition 2.1.3.
If v does not divide any element of Supp(d + z1), then

’yMT_H(d + Zl)v € alM,.+1 (E(Kv))
by Proposition 4.5.1(a) and
hv S Bl (E(Kv))

by (5.2.6); that is to say, both localized elements vz, +1(d + 21), and h, are in
the image of the map

Opm : B(K,) — HY (K, Em).

But the image of this map 9y in H!(K,, Ey=) is an isotropic subgroup for the
alternating pairing (-,), (see [1, Theorem 7.15.6, p. 403] or Theorem 2.1.2(a)).
Therefore, we have that

<7M7‘+1(d + 21) v, h“>u =0 for all v coprime to Supp(d+ z1).

If y is a place of K which divides an element z of Supp(d — zp), then we have
hy € Im(x) by (5.2.7) and

Y, +1(d + 21)y € Im(x)

by Proposition 4.4.2(d), which is the main property of the map y.. As Im(y.) is
isotropic for the cup product {-,-), by Lemma 5.1.4(b), we have that

<7M7\+1(d +21)y, hy>y =0 for all y dividing an element of Supp(d — zo).
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Therefore, the only possible nonzero termsinthesum ", (var, +1(d + 21) v, Ao )o
of (5.2.13) are for the places of K lying over the places zg and z;. For these
places z; € A! of F, for i =0, 1, denote by y; the corresponding place of K lying
over the place z; which remains inert in K/F.

From (5.2.9) and Section 3.3.2 and that x = Prrob(zx) PY (5.2.12), we have
that this localization yas,+1(d),, at y1 is nonzero; hence by Proposition 4.5.1(d)
the localization

6Mr+1(d + Zl)y1 eH! (Ky1 ) E);IISITT-)H
is nonzero. Furthermore, we have that
v(r)
hyl €0 (E(KU1 )) "

by (5.2.6) and h,, is nonzero by (5.2.10) and (5.2.12). Hence, we have by
Lemma 5.1.4(a) that

(Yag,41(d+ 21)y,, hy, ), F#0.

Since the sum > (var,+1(d 4 21)v, hy)o of (5.2.13) is zero, this implies that the
local term at g

Y1

(va,41(d + 21) g0, B ),

is nonzero. Hence, we have yas, 41(d + 21)y, # 0 and so by Proposition 4.5.1(d)
Piioy—ng M TIE(K,).

Hence we obtain, where 2; € A(m),

(5.2.14) P Py s,

because we have (Mr | Py, ., and d+ z; — 29 € A"(M, + 1) as well as d €
A"(M, +1) and 21 € Al (m).
Put

61:d+21—ZOEAT(MT+1).

On the one hand, we have that if s(d) < t, then the group I'(c;) is generated by
I'(d) and %,

(5.2.15) I(c1) =T(d) + Zv,

because xy = ¢F‘rob(z1><) by (5.2.12) and x|g =% by (5.2.8) in this case where
s(d) < t. The condition that z; € A(m) is satisfied by the choice of z; in (5.2.11).
We then have from (5.2.15) if s(d) <, as ¢ ¢ I'(d) + IG by (5.2.3),

: I(c1) +1G
s(c1) = dimg;z % =s(d)+ 1.

On the other hand, if s(d) =t and n(d) <r, then n(c;) =n(d)+1 as z; €
Al(m) by (5.2.11) and zg ¢ A'(m) by the selection of zg € Supp(d). Hence, we
have in both cases that the defect of ¢; is given by

Aler) = A(d) — 1.
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We may by this method construct by induction a sequence of divisors
€1,¢2,¢3,-.. in A"(M, 4+ 1) such that their defects are strictly decreasing

A(d) > A(Cl) > A(CQ) >
and where, as in (5.2.14),
(5.2.16) M| P, for all 4.

This sequence must terminate in a divisor ¢ with zero defect A(c) =0, that is to
say, I'(c) = G, by Nakayama’s lemma, and ¢ € A"(m) where

(5.2.17) M-

P..

The cohomology class v,,(c) is therefore defined, and as I'(c) = G we have,
where z* is a place of K(E;m) over z,

(5.2.18) {g € G | drrob(2x)(g) =0 for all z € Supp(c)} =0.
We have from Lemma 5.1.3(b) that
(5.2.19) a1, (¢) € Selye (B/K) V™),

We have by the definition of M,_; that v, ,(c —2) =0 for any prime divisor
z in the support of ¢ as ¢ — z has r — 1 elements in its support. But by Proposi-
tion 4.5.1(d), we have for any z € Supp(c), where y is the place of K over z,

ord YM—y (C)y = ord VM, (C - Z)y

Hence we obtain for any z € Supp(c) that vas,_, (¢)y, =0 where y is the prime of
K over z. We then obtain from (5.2.18), as g, = dmrob(2x)(9) Where y is the place
of K above z, that

Gn Z’YMT—I (C) =0.

Since [Mr || P, by (5.2.17), we have that ~,,(c) has order I"~M+ for all m > M,
by Proposition 3.4.1(a). Hence, vas,_, (¢) has order [Mr—1=Mr and belongs to the
Selmer group Sel;(E/K)™"(") by (5.2.19), which proves the proposition. O

5.3. Proof of Theorem 4.1.10

5.3.1.
The notation from Section 5.1.1 also holds for this section.

LEMMA 5.3.1

Let A be a finite abelian p-group where p is a prime number and with invariants
I >I,>--->1.. Let B be a subgroup of A with invariants Iy > Iy > --- > I
where s <r. Then there is a subgroup C' of A such that

A=B&C;

that is to say, A is the direct sum of the subgroups B,C. The invariants of C are
Is+1 Z Is+1 Z ZIT
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The proof of this result follows from the structure theorem of finite abelian groups
and is omitted.

Fof the proof of Theorem 4.1.10, as Py has infinite order in E(K), the Tate—
Shafarevich group III(F/K) is finite and Py generates a subgroup of finite index
in E(K) by [1, Theorem 7.6.5], which is one of the principal results of [1].

The image of Py in jm E(K) belongs to the —e-eigenspace of jm E(K) for all m
(by [1, Lemma 7.14.11] or Lemma 4.2.2 above). It follows from the decomposition
into eigenspaces

i E(K) = (im B(K)) @ (m B(K)) ™
that the e-eigenspace (;m E'(K))€ is a finite abelian group of order bounded inde-
pendently of m, and hence, E(K)¢ is a finite abelian group. As E(K) has no
[-torsion (as | € P; see Proposition 1.10.1 and Definition 3.1.2(f)), it follows that

(5.3.1) (mB(K)) =0 for all m
and that
(5.3.2) (imB(K)) “=Z/I™Z for all m,

which proves the isomorphisms (4.1.3).
The [I™-Selmer group Selym(E/K)* belongs to an exact sequence of
eigenspaces

(5.3.3) 0— (1mE(K))" — Selym (B/K)* — I(E/K)E — 0.
Hence, this exact sequence induces an isomorphism of e-eigenspaces
(5.3.4) Seljoo (B/K) 2 T(E/K )joo.-

The largest invariant of the —e-eigenspace Sel;m (E/K)™¢ is at most equal
to m. But this group Sel;m (E/K)™¢ contains the subgroup (;m E(K))™ ¢ = Z/I"™Z
with invariant m. By Lemma 5.3.1 applied to the eigenspace Sel;m (E/K)~¢ and
the subgroup (jm E(K))™¢, we have that the —e-eigencomponent of the exact
sequence (5.3.3) splits. Hence, we obtain an isomorphism of —e-eigenspaces

(5.3.5) Selym (E/K) = mE(K)®I(E/K),. for all m.

The isomorphisms (5.3.4) and (5.3.5) prove the theorem. O

5.4. Proofs of Theorems 4.1.4 and 4.1.8

5.4.1.
The principle of the proof is to construct inductively divisors ¢, € A*, k =
1,2,..., such that the cohomology classes dps, ,(cx) in the Tate-Shafarevich

group HI(E/K);~ form a basis of a maximal isotropic subgroup with respect to
the Cassels pairing and where &y, , (cx) has order (V¢ for all k. The inductive
step is provided by Lemma 5.4.1.
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5.4.2.
The notation and hypotheses from Section 5.1.1 also hold for this section. We
further denote by, where [ € P,

Yk the set of all places of the global field K;
[,]o 1 m B(K,) x HY(K,, E)m — Z/I™Z the nondegenerate local pairing
at the place v of K induced by the cup product, as in Theorem 2.1.2.

If z; € A*(1) is a prime divisor of F' indexed by an integer 4, then denote by
y; the prime divisor of K lying above the place z; of F' where this place z; is
inert in the field extension K/F.

LEMMA 5.4.1

Assume that | € P is coprime to the order of Pic(A). Let s > 1 be a positive inte-
ger, and let r,t >0 be nonnegative integers. Let S be a subgroup of Sel;s(E/K).
Let e € Sel;s (E/K)™"U*tY) and ~,(c) € Selys (B/K)™"("), where ¢ € A7(s +t), be
elements of the Selmer group where

SN (e,fys(c)) =0

and where (e,7s(c)) is the subgroup of the Selmer group generated by e and ~;(c).
Suppose also that e and vs(c) both have order I™ where n < s. Then there are
infinitely many prime divisors z € A (s +t) coprime to Supp(c) such that if y is
the place of K over z, then we have that

(a‘) Sy = O;
(b) the value in Z/I"Z of the local pairing at y with the class ds(c+ 2)

[58(C+Z)vay]y

has order 1" where wy € ;n E(Ky) is a point such that e, = O (wy).

Proof
Note that the isomorphism from (3.1.3), we have that Sel;» (E/K) is the subgroup
of Sel;s (F/K) annihilated by ", and in particular, Sel;» (E/K) contains e and

vs(c).
Let T be the subgroup of the Selmer group Sel;: (E/K) generated by S, e,
and vs(c). Then we have an isomorphism

T=Sd (e,7s(c)).
For a fixed nonzero element = € T', the set of characters
x:T—=Z/°Z
such that
ord(x(z)) < ord(z)

is a proper subgroup of T. This follows as the subgroups of Z/I°Z are linearly
ordered Z/I°Z DIZ/I°Z D 1?Z/I°*Z D ---. As a group cannot be the union of two
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proper subgroups, there is then a character x : T'— Z/I°Z such that
ord(x(e)) = ord(e),
ord(x (vs(c))) = ord(vs(c)),
x(S) =0.

By Proposition 3.3.4 applied to the subgroup T and the character x, we may
select a prime divisor z € Al(s +t) satisfying, where y is the place of K lying
over z,

ord(ey) = ord(e),

ord(’ys(c)y) = ord(’ys(c)),
Sy =0,

where the subscript y denotes the restriction at y of elements of the Selmer group
Sel;s (E/K). In particular, condition (a) of the lemma is satisfied for this z. The
class d,(c + z), associated to the divisor ¢+ z € A""1(s + ), then belongs to
HY(K, E)Z_S”(TH) and e belongs to H' (K, Eys)~(+1),

We may select a point wy, € (;» B(K,)) """+ such that e, = jn (w,) where
e € Selin(E/K) as already noted. Then w, has order {" in ;»nE(K}) as e, has
order [".

Furthermore, because

ord(7s(c)y) = ord(vs(c))
and by Proposition 4.5.1(d) we must have that

ord(0s(c+ z),) = ord(vs(c)) =1

The class 6,(c+ z)y, of order I, belongs to the subgroup H'(K,, E),," "V

of Hl(Ky,E)l:V(TH), and w,,, which is of order I", belongs to (j» E(K,))~"" 1.
In particular, §;(c+ z) and w, both belong to the —v(r + 1)-eigenspaces of their
respective spaces. Hence, the local term

[5S(c+z)y,wy}

Yy

has order [™. This follows from the nondegeneracy of the local pairing: by
Lemma 5.1.4(a), if z € A'(n) and y € Xk is the place of K over z, then the
two elements

ferB(Ky), de H'(Ky, E)m
give via the Tate pairing an element

[fvd}y

which is nonzero if they are in the same 7-eigenspace and the product of their
orders is greater than or equal to {". Therefore, condition (b) is satisfied by z,
which proves the lemma. (|
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We now simultaneously prove Theorems 4.1.4 and 4.1.8.

As Py has infinite order in F(K), the Tate—Shafarevich group III(E/K) is
finite and Py generates a subgroup of finite index in E(K) by [1, Theorem 7.6.5].
By the definition of the invariants N; of the finite abelian group III(E/K);~
in Section 4.1.5, there is a maximal isotropic subgroup D of II(E/K);~, with
respect to the nondegenerate antisymmetric Cassels pairing, where

D=]]D:

each D; is a cyclic group of order Vi,

D =[] bs,

i odd
and
D<= T[] D
From Theorem 4.1.10, we have the decomposition of eigenspaces
(5.4.1) Selm (B/K)* = (;m B(K)) " @ II(E/K)E,  for all m >0,

where the projection onto the second factor is given by the natural surjection
Tm - Sellm(E/K) — Hl(E/K)lm

Let m be an integer such that {"™ is greater than or equal to the exponent of
the finite group II(E/K);~; that is to say, m > max; N;. For each integer i, let
d; € I_H(E/K)l::(z) be a generator of D;, and let

(5.4.2) e; €Selpm (E/K)™"9 | where mp,(e;) = dy,ord(e;) =1V,

be the lifting of d; to the Selmer eigenspace Sel;w(E/K)~*() via the decom-
position (5.4.1) such that e; has zero component in the subgroup ;= E(K); in
particular, we take e; to have order equal to I™¢ for all ¢ and to belong to the
—v(i)-eigenspace as d; has order I™Vi. For each valuation v of K and each i, select
Wi € 1v; E(Ky) such that the localization e; , of e; at v satisfies

(543) Civ = 611\% (wi,v)-
Here
(5.4.4) o, 1 B(K) — HY(K,, E)n,)

denotes the connecting homomorphism associated to the morphism (Vi : E — E
of multiplication by V¢,

The cohomology class vz, +n, (0) belongs to the Selmer group Selym (E/K)~¢
and has order I™ as Mo || Py, by Lemma 5.1.1 or Proposition 3.4.1(a),

ord (Yary+av, (0)) = 1N
The element e; € Selym (E/K)¢ has the same order

ord(e;) = 1M,
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Let S be the subgroup of the Selmer group Sel;= (E/K) generated by e; for all
i > 2. The element vpz,+n, (0) belongs to the component ;= E(K) in the decom-
position (5.4.1) of Sel;m (E/K). Hence, we have that the subgroup of Sel;m (E/K)
generated by S, e1, v+, (0) is the direct sum

S & Zey & Zynig+n, (0).

We may now apply Lemma 5.4.1 to S and the elements ey, vaz,+n, (0) where
we take the parameters of the lemma to be

(5.4.5) c=0, r=0, s =My + Ny, t=0, n=Nj.

There is according to the lemma a prime divisor z; € A'(My+ N1) which satisfies
the following two conditions, where y; € Xk is the prime divisor of K lying over
z1, where the subscript y; denotes localization at y;, and where the point wy ,,
in (E(K,,)/IN'E(K,,)) is such that d;n, (w1 ,) = €1.4,:

(5.4.6) ord [8azy+ N, (Zl)ywwl,yl]yl =M
and
(5.4.7) S,, =0.

Here in (5.4.6), daz,4n, (21) is the cohomology class in H' (K, E)$y, n, associated
to z7.
Let

Oty (21) € HI(E/K)je

be the cohomology class associated to this prime divisor z; € AY(My + Ny);
that dps,(21) belongs to the Tate—Shafarevich group III(E/K)S. follows from
Lemma 5.1.3(a).

On the one hand, ™ is the maximum order of an element of III(E/K)S...
From Proposition 5.2.1 and the isomorphism of (5.4.1), there is an element
in the Selmer group Selj~(E/K)¢, and hence in the Tate-Shafarevich group
HI(E/K)fw, of order IMo=Mi Tt follows that we have the inequality

(5.4.8) My — My < Ny.

On the other hand, the Cassels pairing gives, as "0y, (21) = dpy—n(21) if
n < My, that

<5M0 (Zl )’ lnd>Cassels <ln5M0 (Zl)’ d>Cassels

(5.4.9)
= <5Mo —n(21), d>Cassels’
where

N6 01048, —n(21) = Onty—n(21).

By the construction of the Cassels pairing as a sum of local pairings, more
precisely from Proposition 4.6.1 and equation (4.6.1), we obtain from (5.4.9) that
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for all 0 <n < N; — 1 where IV is the order of d;

<5M0(Z1)7lndi>casselsz Z [5M0+Nifn(21)vvwi,v]v

b
(5.4.10) ven

= [5M0+N7:—n(21)y1’wiyyl]ylv

where e;, = O, (w;,) as in (5.4.3) for all v € ¥k, as we have that
OMo+N;—n(21)» = 0 for all places v of K not dividing z; (by Proposition 4.5.1(a)).
The term

[6M0+N,i—n(zl)y1 ’ wlﬁyl] U1

is zero if ¢ > 2 by (5.4.7). Hence we have from (5.4.10) that

(5.4.11) (006 (21)5di )y uge =0 for i >2.
Let ¢ = 1. From the sum formula (5.4.10) we have that
(5.4.12) <5M0 (2’1), lndl >Cassels = [5M0+N1—n(21)y1 5 w17y1j|y1 .

By (5.4.6), the term [Saz,+n, (21)y1 » W14, |y, has order V1. Hence by (5.4.12),
the element (a7, (21),d1)cCassels Of Q/Z has order [V, Hence, the character

d0—><(5M0(2’1),lnd> H_[(E/K)leoo —)Q/Z,

Cassels’

is nonzero for all n such that 0 <n < N; — 1 and more precisely

<6Mo (Zl)’ lnd1>Cassels

is nonzero for all n such that 0 <n < N; — 1.
Therefore, the character

d— <6M0(Zl),d>

vanishes on [ [,~, D; (by (5.4.11)) and its restriction to D generates the dual D;.
Hence, the element S, (21) of II(E/K)f. has order at least {1, as this is the
order of the cyclic group D;. Since dpz,(21) has order at most (Mo~ by the
definition of the cohomology class dpz, (21) (see Lemma 5.1.3(c)), we obtain that

Ny < My— M.

HI(E/K)j= = Q/Z,

Cassels’

Hence we must have from the inequality (5.4.8) that
(5.4.13) Ny = My — M.
It follows from this equality that dpz,(z1) has order [Mo=M: Therefore, [Mi+1
does not divide P,,, and hence, we have that
Mo P,
In summary, we have shown that &y, (z1) has order [N = [Mo=Mi M|

P.,, Sy, =0, the character d— (as,(21),d)Cassels vanishes on [],o, D;, and its

restriction to D, generates the dual lA)l.
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We now proceed by induction. Suppose that there are prime divisors
21,..., 21 € AY(Mgy + Np) such that

(5.4.14) eiy; =0 for all i # j and for all j such that 1 <j <k
and if
cj =21+ -+ 24,
then
(5.4.15) IMi || Py, 0, (¢j) € TI(E/K)2XY), for all 1< j <k,
and the characters
s> (Bar,y(5),d)

vanish on [[;5,,, D; and form a triangular basis of the dual of [[;,, D; such

1<j<k,

Cassels’

that the restriction of x; to the cyclic subgroup D; is a basis for the dual ﬁj for
all j=1,...,k. Suppose further, as we have shown, that

5.4.16 M; 1 —M;=N;, forl1<j<k,
J J j
and
5.4.17 orddy. . (c;) =14, for 1 <j<k.
j—1\"]

We have already proved the existence of the divisor ¢; = z; and these proper-
ties of the previous paragraph of e; ., , Pe,, das,(c1), X1, N1 = My — My, including
(5.4.14), (5.4.15), (5.4.16), and (5.4.17) for k=1. Let y; € Xk be the place of K
above z; foralli=1,... k.

Let m be the integer already selected such that I"™ > exp(III(E/K);~). The
order of dps,_,(cx) in II(E/K);~ is the same as its order as a character on
D via the nondegenerate Cassels pairing. Since D is an isotropic subgroup of
II(E/K ), it follows that

(5.4.18) Zép,,_, (c) N D =0.
We have that

YMi4Ni41 (Ck) = lNkiNkJrl’yqu (Ck)

as Ny = My_1 — My, from (5.4.16) and where Ny — Ngy1 >0 by the definition
of the integers N; as the invariants of III(E/K ), in decreasing order. It follows
from the induction hypothesis that the cohomology class daz, 4, , (cx) has order
INi+1, by (5.4.17), and belongs to II(E/K )X ™.

We have that [™* || P., by the induction hypothesis (5.4.15). Hence by
Proposition 3.4.1(a), the cohomology class vz, + N, ., (cx) then has the same order
as its homomorphic image dps, 1N, (cx), namely, [Nkt

Let S be the subgroup of the Selmer group Sel;= (E/K) generated by the ele-
ments e; for all i # k+ 1. Let T be the subgroup of the Selmer group Sel;m (E/K)
generated by 7y, 4N, (Ck),€xs1,S. From the isomorphism (5.4.1) and that
LN, + Ny, (k) has trivial intersection with D by (5.4.18), there is an equality of
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subgroups of the Selmer group Sel;m (E/K), where the sums on the right-hand
side are direct,

T =ZyMy4-Nysr (Ck) © L 41 B S.

We may now apply Lemma 5.4.1 to S and the elements ex1,var, + ., (ck)
where we take
(5.4.19)
c=cg, r==k, s =My + Ng41, t=My+ Ny — s, n=Ngii.

There is then according to the lemma a prime divisor zx11 € A (Mg + N1) which
satisfies the following two conditions:

(5.4.20) ord [6Mk+Nk+1 (ck + 2k41)s wk+1’y’“+1]yk+1 — [Ne+1
and
(5.4.21) Syrir =0,

where ypy1 € X is the prime divisor of K lying over zpyi, the subscript
Yr+1 denotes localization at ypy1, and the point wgiiy,,, in (E(Ky,.,,)/
INe1 E(Ky, )€ is such that Oy (Wet1,yp 1) = Chtiiyes -

For this selection of 241 € A'(My + Ny), note that My + Ny < Mo + Ny
and so t > 0, where ¢ is the parameter of (5.4.19), because M,, N, are both
decreasing sequences of integers, and note that H! (K, E, vy 4844, ) 18 @ subgroup
of HY(K, Ejmo+n, ) by Lemma 3.1.4.

Let cgy1 be the divisor which is the sum of the z;, for i=1,...,k+1,

k+1
(5.4.22) Chi1 =Y %)
j=1

Let
Or, (exs1) € HI(E/K) LY

be the cohomology class associated to this divisor ¢,y € A¥F1(My + Ny); that
dn, (ck+1) belongs to the Tate-Shafarevich group III(E/K );ﬁ’(kﬂ) follows from
Lemma 5.1.3(a).

Then for 0 <n < Nig41 — 1 by the construction of the Cassels pairing as a
sum of local terms, more precisely from Proposition 4.6.1 and (4.6.1), we have

the following sum formulae as d; has order [VV::

<6Mk (Ck""l)’ lndi>Cassels = <5Mk—n (Ck"’l)’ di>Cassels
(5.4.23) = Y [6ar—ntn (1), win]
VEX K
k+1
= Z [6Mk*n+Ni (Ck+1)yj ) w’i;yj]yj ’
j=1

because d s, —nt N, (Ck+1)» = 0 for allv € ¥ g not dividing an element of Supp(cg+1)
by Proposition 4.5.1(a). Here w; ,,, € v, E(K,,) is an element already chosen (see

J
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(5.4.3)) such that
8lNi (wi,yj) = ei,yj .
We have the following sum for the Cassels pairing, obtained from those of

(5.4.23):

k+1
(5.4.24) <6Mk (Ck+1), lndi>Casscls = Z [6Mk7’ﬂ+Ni (C}g+1)yj 5 wi,yj] v

j=1
We have w;,, =0 for all i # j and all j such that 1 <j <k +1 by (5.4.14)
for j <k and by (5.4.21) for j =k + 1. It follows that for ¢ > k + 1 all terms
(000, —n+ N (Chy1)y;» Wiy, ly; of this sum (5.4.24) are zero except the last

(001, —n+N: (Ch41) yrsr > Wiyynir Jyss, and the entire sum is zero for i > k + 1.
By (5.4.20) the local term

[5Mk+Nk+1—n(Ck+1)yk+1 ) wk+1,yk+1] Y1

is nonzero for all integers n such that 0 <n < Ny — 1.
Therefore the character, by (5.4.24),

Xiet1 1 d > (Oar, (Cht1), d)

Cassels

vanishes on [[;., ., D; and its restriction to Dy, generates lA)kH, as Dy has
order [Vk+1 by definition. Hence, xj41 extends the triangular basis x1,...,Xs to
generate [[; ;.4 D; and 8y, (ces1) has order at least [N+ Since it has order
at most [Msi—Mi+1 by the definition of the cohomology class day, (cri1) (see
Lemma 5.1.3(c)), we conclude that

(5.4.25) Nip1 < My, — Myiq
and also
(5.4.26) Nt <ord G, (cpn) <OV ML,

Let C} be the subgroup of the Selmer eigencomponent Selym (E/K)~*(+1)

given by
—v(k+1
Cr = (Vo4 (0), €1, s e, varo (€1)s - Vg (i) (k)

If k is even, then C}, is generated by e1,vas, (€1), €3, Yar,(C3) s+ -+ s €k—1, YMy_o (Ck—1)
of which there are k in number. If k£ is odd, then Cj is generated by
Yio+N: (0)s €2, (€2)s €4, Yars (Ca)y - - -y €k—1, Vo, _, (Ck—1) of which there are k in
number. We then have for all integers k that

(5.4.27) rank(Cy) < k.

The elements ey, ..., e, generate a subgroup of Sel;w (FE/K) isomorphic to
[[;<; Di by the decomposition (5.4.1) of the Selmer group. Furthermore, the
elements vz, (c1),- .-, (ck) generate a subgroup of Selym (E/K) isomorphic
to the dual of [[,., D; because y;,_,(¢;) has the same order as dp,_,(¢;) for
all i=1,...,k (see (5.4.15), (5.4.16), (5.4.17), and Proposition 3.4.1(a)). In the
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decomposition (5.4.1) of Selym (E/K), take S to be the subgroup m E(K) ®1<i<k
[1Di ® D, <i<i Zym, , (¢;). Then we have Cj, = S7V(*+1),

If a finite abelian group G is a direct product Gy x Go of two subgroups
and g € G is such that Zg N Gy = 0, then the order of the element g is at
most the exponent of GGo. Then by the previous remark where we take G =
Selym (E/K)~*+1) and G = C},, we have that [V¢+1 is the maximum order of
an element c € Selym (E/K)~v(F+1) if

ZcNCL=0

by the decomposition (5.4.1) of the Selmer group Sel;m (E/K).

On the other hand, by Proposition 5.2.1 and (5.4.27) applied to subgroup Cj
of the Selmer group there is an element in Sel;m (E/K)~"*+1) of order [Ms=Mu+1
satisfying Zc N Cy = 0. Hence, we have that

My — My41 < N
and so by (5.4.25) we have that

(5.4.28) Nip1 = My — Mys1.
It follows from this equality and (5.4.26) that
(5.4.29) ord Sy, (py) = 1M Mt

Therefore, [M++111 does not divide P.

My 41
oy and [MrHL | P,

w1 and hence we have

(5.4.30) M+ || P,

k+1°

The properties (5.4.28), (5.4.29), and (5.4.30) complete the proof of the induction
step and this proves Theorems 4.1.4 and 4.1.8. O

5.5. Proofs of Theorems 1.1.1 and 4.1.9

Proof of Theorem 1.1.1

From Proposition 2.2.1, we have, because [ € P is an odd prime number, that
I(E/F)~ = I(E/K);X!. The theorem now follows immediately from Theo-
rem 4.1.4. O

Proof of Theorem 4.1.9
As Py has infinite order, by Lemma 5.1.1 and [1, Theorem 7.6.5] we have that
M is finite, the group ZP, has finite index in E(K), and the highest power of [
dividing the index [E(K) : ZPy] is equal to
Mo = |(E(K)/ZP)
By Theorem 4.1.4, we have that

LB/ K)o | = [ 1200 M) = (2(0Mo=Moc)
i>0

e -

where

M =min M,

1EN
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and where this minimum exists because the M;’s form a decreasing sequence of
nonnegative integers by Lemma 5.1.2. ]

5.6. Generators of Tate-Shafarevich groups

5.6.1.
The notation from Section 5.1.1 also holds for this section. We further denote
by

Yk the set of all places of the global field K;
[,]o 1 m B(Ky,) x HY(K,, E)m — Z/I™Z the nondegenerate local pairing
at the place v of K induced by the cup product, as in Theorem 2.1.2.

THEOREM 5.6.1

Let [ be a prime number belonging to P; assume that [ is coprime to the order of
Pic(A). Suppose that Py has infinite order in E(K), and let a be an integer such
that a > 2My. Then we have that

(a) the classes O, (c), for all c € A'(a), generate NI(E/K)fw; and
(b) the classes dur, (c), for all c € A*(a), generate II(E/K);.

THEOREM 5.6.2
Under the hypotheses of Theorem 5.6.1, the classes dpr.(c), for all ¢ € A"(a),
generate IU(E/F) = where r= (3 —¢€)/2.

Proof
This obviously follows from Theorem 5.6.1 and Proposition 2.2.1. ]

Proof of Theorem 5.0.1
By Theorem 4.1.4 above or [1, Theorem 7.6.5], the group III(E/K);~ is finite.
By Lemmas 5.1.1 and 5.1.2, the quantities My, M7, Ms, ... are all finite and form
a decreasing sequence of nonnegative integers. We fix an integer a > 2M,. The
classes &y, (2), for z € Al(a), and the classes Sy, (21 + 22), for 21 + 22 € A2(a),
belong to II(E/K);~ by Lemma 5.1.3(a). We now prove separately the two parts
of the theorem.

(a) Suppose that d € II(E/K)f. has order exactly I™ for some M >0 and
is in the e-eigenspace of III(E/K);e. By Theorem 4.1.10 there is an isomorphism
of e-components

(5.6.1) Sel (E/K) 2 TI(E/K )

induced from the natural surjection of the Selmer group onto the Tate—Shafarevich
group.

By Theorem 4.1.4, we have M < Mj. By the isomorphism (5.6.1), we may
lift d to an element of the Selmer group e € Sel;~(E/K)¢ of order [M. The
cohomology class vaz,+a(0) belongs to the —e-eigenspace Selj (E/K)~€ of the
Selmer group and has order ™ by Lemma 5.1.1.
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We may apply Lemma 5.4.1 to the elements e, vaz,+a(0) and the subgroup
S =0 where we take the parameters of the lemma to be

(5.6.2) ¢=0, r=0, s=My+ M, t=a—(My+ M), n=M.

Note that t > 0 as a > 2My > My + M. There is according to the lemma a prime
divisor z € Al(a) which satisfies the following condition:

(5.6.3) ord[§M0+M(z)y7wy]y =M

where y € Xk is the prime divisor of K lying over z, where the subscript y
denotes localization at y, and where the point w, in (E(K,)/IME(K,)) is
such that Ojm(wy) = ey. Here in (5.6.3), dar,+a(2) is the cohomology class in
HY(K, E);my+n associated to z.

Let dp,(2) be the cohomology class of III(E/K)S. associated to z, where
this class belongs to the Tate—Shafarevich group by Lemma 5.1.3.

The Cassels pairing gives, as (", (2) = dpgy—u(2) if u < My,

(5.6.4) <5M0(Z),lud> = <5M0_u(z),d>

Cassels Cassels’

Because d has order M and that we have
MO0ty 4 ar—u(2) = Oaty—u(2),

by the construction of the Cassels pairing in terms of local Tate pairings (see
Proposition 4.6.1 and (4.6.1)) we obtain from (5.6.4)

<6MD (Z)7 lud>Cassels = [6M0+M_u(z)y’ U}y] y’

where as above
ey = 81M (wy)7

and where wy € ;u E(K,) as we have that dpgy+ar—v(2), =0 for all places v of K
not dividing z by Proposition 4.5.1(a).
By (5.6.3) the element given by the Tate pairing
[5M0+M7u(2’)yv U)y} y

of Q/Z is nonzero for all integers u such that 1 <wu < M — 1 and hence
<6M0 (Z), lud>

is nonzero for all integers u such that 1 <wu < M —1. We obtain that the character,
where z € Al(a),

f = <5M0 (z)’ f>Cassels’ HI(E/K)IOO - Q/Z

of II(E/K);~ when restricted to Zd generates the dual Zd of this subgroup Zd.
As d is any element of the abelian group III(E/K)f~, the nondegeneracy

Cassels

of Cassels pairing implies that the classes {0y, (2),2 € A'(a)} generate the e-
eigenspace III(E/K )., which proves the part of the theorem for III(E/K ).

(b) Suppose that f € III(E/K);- has order exactly M and is in the —e-
eigenspace of III(E/K);~. We have M’ < M, by Theorem 4.1.4.
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We have from Theorem 4.1.10 an isomorphism compatible with the 7-
eigenspaces

Selim (E/K) 2 mE(K)®II(E/K);~ for all m > Ny

from which as stated in this theorem we obtain the isomorphism, taking m =a >
2My = Ny,

A, :Selie(B/K) 2 Z/I°Z® I(E/K)<.

The projection of Selj« (E/K) onto the second factor III(E/K);~ of this direct
sum is the natural surjection of the Selmer group onto the Tate—Shafarevich
group.

Lift f to g € Selja (F/K)~¢ via this isomorphism A, for the integer a where
¢ has order (M " and has zero component in the first term Z/I*Z of this decompo-
sition of the Selmer group. By Theorem 4.1.4 or alternatively Proposition 5.2.1,
there is an element d € III(E/K ). of order exactly [M0=%1_Via the isomorphism
(5.6.1), lift d to an element of the Selmer group e € Sel;« (/K )¢ which is also of
order [Mo=M1_ The cohomology class Y21, ar, (0) belongs to the —e-eigenspace
Sel;a (E/K)~¢ of the Selmer group and has order [M~Mt by Lemma 5.1.1.

Let T be the subgroup of Sel;a(E/K) generated by the three elements
~YaMo—n1, (0), e, and g. As the two elements vapz,—as, (0) and g belong to the dif-
ferent components of Sel;« (E/K)~¢ under the isomorphism A, and as e belongs
to a different eigenspace Sel;a (E/K)€, the group T is the direct sum of the sub-
groups generated by these three elements; that is to say, we have that

T = Zyansy—n, (0) © Ze & Zg.

We may apply Lemma 5.4.1 to the subgroup S = Zg and the elements
~Yanmo—n, (0) and e of the Selmer group; we take the parameters of the lemma
to be

CZO, TZO, 512]\4()7]\417
(5.6.5)
t:a—(2MofM1), ’n,:MofMl.

Note that ¢ > 0 as a > 2Mj. There is according to the lemma a prime divisor
21 € A'(a) which satisfies the following two conditions:

(5.6.6) ord [6an7,—a, (Zl)ylval]yl
(5.6.7) (Zg)y, =0,

— [Mo—M
)

where y; € ¥k is the prime divisor of K lying over z; and where the point w,,
in (B(K,,)/IM=ME(K,,))¢ is such that 9w, (wy,) = e,,. Here in (5.6.6),
82My—, (21) is the cohomology class in H!(K, E);2nm,-n, associated to 21.

Let

5]”0 (Zl) S HI(E/K)IEOO

be the cohomology class associated to this prime divisor z; € A'(a); that &y, (21)
belongs to III(E/K)j. follows from Lemma 5.1.3(a).
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The Cassels pairing gives, as (", (21) = Ipgy—u(21) if © < My,
<5M0 (Zl)’ lud>Cassels = <lu5M0 (21)’ d>Cassels

(5.6.8)
= <5M0—u(21), d>

Cassels’

where

M= Moo n -y —u(21) = Oty —u(21)-

By the construction of the Cassels pairing as a sum of local terms, more
precisely from Proposition 4.6.1 and (4.6.1), we obtain from (5.6.8) that for all
0<u<My— M; —1 where My — Mj is the order of d

<6M0(zl>7lud>Casscls: Z [62M0—M17u(21)v7wv]v
VEX K

(5.6.9)

= [(52M07M17u(21)y17wy1]y17

where e,, = O;mo -, (w,,) for all v € X i, and where we have that dapzy— ar —u(21)0 =
0 for all places v of K not dividing z; (by Proposition 4.5.1(a)).
From the sum formula (5.6.9) we have that

(Saty (21), 1) = [0anto—a—u(21)y,, Wy, |

Cassels Y1

By (5.6.6), [62n19— 1, (21)yy s Wy, ]y, has order (Mo=Mr,

Hence, the map
s (Oagy(21),1%s)
is nonzero for all u such that 0 <wu < My — M; — 1 and more precisely
<5M0 (1), l“d>

is nonzero for all u such that 0 <u < My — M; — 1.
Therefore, the character

5= (0015 (21), 5) Gacsele? HI(E/K)j~ — Q/Z

HI(E/K)j= — Q/Z

Cassels’

Cassels

is such that its restriction to Zd generates the dual Zd. Hence, & M, (z1) has order
at least [Mo—M1 ag this is the order of the cyclic group Zd. Since dp,(21) has
order at most [M0~M:1 by the definition of the cohomology class ds,(21) (see
Lemma 5.1.3(c)), we obtain that dz,(z1) has order given by

ord G, (21) = 1Mo M1,

We have [M1 | P, by the definition of M. It follows that v, (21) has order
less than or equal to [Mo=21 Ly Proposition 3.4.1(a). As &y, (z1) has order
[Mo=M: by the previous paragraph and dyz,(z1) is a homomorphic image of
Y, (z1) we must have that vy, (21) has order exactly given by

ordya, (21) = [Mo—My
Therefore, we have by Proposition 3.4.1(a) that

Mo P,,.
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We may apply Lemma 5.4.1 to the subgroup S =0 and the two elements
Y +m(z1) and g of the Selmer group which both have order ZM/; we take the
parameters of the lemma to be
c= 2z, r=1, s=M; + M,
(5.6.10)
t:a—(Ml—i—M’), n=M".

Note that ¢ >0 as a > 2My and M’, M; < My. There is according to the lemma
a prime divisor zo € A!(a) which satisfies the following condition:

(5.6.11) ord [Sar, 1 arr (21 + 22)ys 5], =1,

where y» € Xk is the prime divisor of K lying over 22 and where the point z,, in

(BE(K,,)/IM E(K,,))c is such that & (zy,) = e,,. Here in (5.6.11),

Sar, v (21 + 22) is the cohomology class in H* (K, E)m, +mr associated to z; + 2.
Let

On, (21 + 22)

be the cohomology class of III(E/K);-$ associated to the divisor 21 + 22 € A%(a),
where this class belongs to the Tate—Shafarevich group by Lemma 5.1.3(a).
Then the Cassels pairing gives, as I"dp, (21 +22) = Opr —u (21 + 22) if u < M7,

(5.6.12) (O, (21 + 22), 1" F) oers = (00t —u (21 + 22), Fppcere-
Because f has order M and that we have
M a1y a0 —u(21 + 22) = Oaty —u(21 + 22),

by the construction of the Cassels pairing (see Proposition 4.6.1 and (4.6.1)) we
obtain from (5.6.12) that

(5.6.13)  (Oan (214 22, " s = D [Onr4nrr—ulz1 + 22)ys ]
2€Supp(2z1+22)

where

(5.6.14) gy = Oy (Ty)

and

Ty € (lM’E(Ky))ﬂy

because we have that 07, +a—w(21 + 22), =0 for all places v of K not divid-
ing z1 + z2 by Proposition 4.5.1(a). Here in (5.6.13) and (5.6.14), z runs over
the places 21,29 and y € X runs over the place of K above z, that is to say,
above 21, 2o.

The first term [dar, + a7 —u(21 + 22)ys, Ty, |y, in the sum (5.6.13) is zero by
(5.6.7) and (5.6.14).

By (5.6.11), the second term, an element of Q/Z,

[5M1+1\/I’7u(zl + Z2)y2a$yz]y2
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is nonzero for 0 <wu < M’ —1 and hence s, (21 + 22) has order at least M We
obtain from this and (5.6.13) that the Cassels pairing

<5M1 (Zl + 22)’ luf>Cassels - [6M1+M’—u(zl + ZQ)yl ) xyl} Y1
is nonzero for all u such that 0 <wu < M’ — 1. Hence, this character

s (6ar, (21 + 22), 5) HI(E/K);:s = Q/Z

Cassels’

has restriction to Zf, which generates the dual of this subgroup Zf of order I "

As f is any element of the abelian group III(E/K),.5, the nondegeneracy
of the Cassels pairing on III(E/K);.S implies that the classes dps, (21 + 22), for
divisors z1 + 22 € A*(a), generate the —e-eigenspace II(E/K)S, which proves
the part of the theorem for HI(E/K),S. O
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