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An Application of Liaison Theory to Zero-dimensional Schemes

Martin Kreuzer, Tran N. K. Linh*, Le Ngoc Long and Tu Chanh Nguyen

Abstract. Given a 0-dimensional scheme X in an n-dimensional projective space P
over an arbitrary field K, we use liaison theory to characterize the Cayley-Bacharach
property of X. Our result extends the result for sets of K-rational points given in [8].
In addition, we examine and bound the Hilbert function and regularity index of the
Dedekind different of X when X has the Cayley-Bacharach property.

1. Introduction

The theory of liaison has been used very extensively in the literature as a tool to study
projective varieties in the n-dimensional projective space P%-. The initial idea was to
start with a projective variety, and look at its residual variety in a complete intersection.
Since complete intersections are well understood in some sense, one can get information
about the variety from its residual variety or vice versa, and so it would be easier to
pass to a “simpler” variety instead of considering a complicated one. This idea has been
also generalized by allowing links by arithmetically Gorenstein schemes (see, e.g., [24]).
Currently, liaison theory is an area of active research [2,/4H6}(8l/13,23,25,[26], and has many
useful applications, for instance, constructing interesting projective varieties [2},23, 26|, or
computing invariants and establishing properties of projective varieties [4-6,/10].

In this paper we are interested in applying the theory of liaison to investigate the
geometrical structure of O-dimensional subschemes of the n-dimensional projective space
P over an arbitrary field K. This approach was introduced by Geramita et al. [§]
in their study of finite sets of K-rational points with the Cayley-Bacharach property.
Classically, a finite set of K-rational points X in P% is called a Cayley-Bachrach scheme
if any hypersurface of degree less than the regularity index of the coordinate ring of X
which contains all points of X but one automatically contains the last point. One of main

results of [§] is stated as follows:
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Theorem 1.1. Let W be a set of points in Py which is a complete intersection, let X C W,
let Y =W\ X, and let Iy, Ix and Iy denote the homogeneous vanishing ideals of W, X
and Y in P = K[Xo,...,Xy], respectively. Set ay,wy = min{i € N | (Iy/Iw):; # (0)}.

Then the following conditions are equivalent.
(a) X is a Cayley-Bachrach scheme.

(b) A generic element of (Iy) does not vanish at any point of X.

ay /w

(c) We have Iy : (Iy) = Ix.

Qy /w

This result nicely leads to an efficient algorithm for checking whether a given set X is
a Cayley-Bacharach scheme. Later investigations of the Cayley-Bacharach property have
included the work of Fouli, Polini, and Ulrich |7], Robbiano [18], Gold, Little, and Schenck
9], and Guardo [12]. Moreover, this property has also been extended for 0-dimensional
schemes in P, (see [14,|15,/17,122]). When X C P?% is a 0-dimensional scheme over an
algebraically closed field K, Robbiano and the first author [18] considered subschemes of
X of degree deg(X) — 1 to show that the conditions (a) and (c) of Theorem are still
equivalent. However, we get no further information for a generalization of condition (b)
in this case. It is worth noting here that if K is not algebraically closed then the scheme
X may have no subschemes of degree deg(X) — 1. For example, the 0-dimensional scheme
X=Z(2Xj+ XX - X}) C Pb is of degree 4, but it has no subscheme of degree 3.

Our focus in this paper is to look at an extension of the Cayley-Bacharach property
and to generalize the above theorem for 0-dimensional schemes X in P% over an arbitrary
field K. In particular, we will look closely at the natural question whether conditions (a)
and (b) of the above theorem are equivalent for our more general setting. Our approach is
to use the notion of maximal p;-subschemes of X which are introduced and studied in the
papers |15,/16]. Also, we discuss a characterization of the Cayley-Bacharach property of
degree d with d € N in terms of the canonical module of the coordinate ring of X and apply
this result to bound the Hilbert function of the Dedekind different of X and determine
its regularity index in some special cases. As explained above, liaison is inherently a
technique from projective algebraic geometry. Therefore we found it convenient to use the
usual notation for O-dimensional subschemes of projective space throughout this paper.
Frequently, however, we need to choose a coordinate system, and in particular a hyperplane
Z(Xy) at infinity. Thus, by paying the price of being a little bit less “canonical”, the paper
could have been written in the language of 0-dimensional subschemes of affine spaces, as
well. To reach a wide audience, we chose to stay as close as possible to the usual notation
of projective algebraic geometry, and we leave it to the interested reader to change the

notation to the affine setting, if desired.
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This paper is structured as follows. In Section [2] we introduce the relevant informa-
tion about Hilbert functions, maximal pj-subschemes, standard sets of separators, and
liaison techniques. Especially, we give an explicit description of the residual scheme in
a 0-dimensional arithmetically Gorenstein scheme of a maximal p;-subscheme of X. In
Section |3| we prove the generalization of the results mentioned above (see Theorems
and . We also give Example to show that the condition (b) in Theorem is,
in general, only a sufficient condition, not a necessary condition, for X being a Cayley-
Bacharach scheme. In the final section, we characterize the Cayley-Bacharach property
of degree d using the canonical module of the coordinate ring of X, and then look at
the Hilbert function of the Dedekind different of X and its regularity index when X has
the Cayley-Bacharach property of degree d. In particular, we obtain a new characteriza-
tion of O-dimensional arithmetically Gorenstein schemes via the Hilbert function of their
Dedekind different.

All examples in this paper were calculated by using the computer algebraic system
ApCoCoA (see [1]).

2. Basic facts and notations

Throughout the paper, we work over an arbitrary field K. The n-dimensional projective
space over K is denoted by P’% and its homogeneous coordinate ring is the polynomial
ring P = K[Xy,...,X,| equipped with the standard grading. Our object of interest is
a O-dimensional subscheme X of P%. Its homogeneous vanishing ideal in P is denoted
by Ix and its homogeneous coordinate ring is given by Rx = P/Ix. The set of closed
points of X is called the support of X and is denoted by Supp(X) = {pi1,...,ps}. We
always assume that Supp(X) N Z(Xy) = 0. Under this assumption, the image x¢ of Xy in
Rx is a non-zerodivisor, and Rx is a 1-dimensional Cohen-Macaulay ring. To each point
p; € Supp(X) we have the associated local ring Oxp;- Its maximal ideal is denoted by
myx ., and the residue field of X at p; is denoted by k(p;). The degree of X is defined as
deg(X) = Ej':l dimK(OX,p]-)~

Given any finitely generated graded Rx-module M, the Hilbert function of M is a map
HFjr: Z — N given by HF /(i) = dimg (M;). The unique polynomial HP/(2) € Q[z] for
which HF /(i) = HP,(4) for all i > 0 is called the Hilbert polynomial of M. The number

ri(M) = min{i € Z | HF 3;(j) = HP;(j) for all j > i}

is called the regularity index of M (or of HFjs). Whenever HF /(i) = HPj (i) for all
i € Z, we let ri(M) = —oo. Instead of HFr, we also write HFx and call it the Hilbert
function of X. Its regularity index is denoted by rx. Note that HFx(i) = 0 for ¢ < 0 and

1 =HFx(0) < HFx(1) < --- < HFx(rx — 1) < deg(X)
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and HFx (i) = deg(X) for i > rx.

Definition 2.1. Let 1 < j < s. A subscheme X' C X is called a pj;-subscheme if we have
Oxp; # Oxrp, and Oxr p, = Ox p, for k # j. A pj-subscheme X’ C X is called mazximal if
deg(X') = deg(X) — dimg k(p;)-

In case X has K-rational support (i.e., all points py, ..., ps are K-rational), a maximal
pj-subscheme of X is nothing but a subscheme X’ C X of degree deg(X') = deg(X) —1 with
Oxr p; # Oxp;- According to [16, Proposition 3.2], there is a one-to-one correspondence
between a maximal p;-subscheme X and an ideal (s;) in Ox p,, where s; is an element in
the socle Annp, (mx,p]) of Ox p,. The vanishing ideal of the scheme X’ in Rx is denoted
by Iy /x and its 1n1t1a1 degree is given by ax//x = min{i € N | (IX//X) (0)}. We find
a non-zero element fy € (Ix//x)i, © > ax//x, such that 7(fy) = (0,...,0, SJTZ 0,...,0),
where the map

7 RXHQh HOX,pJTpT ]
j=1
is the injection given by 7(f) = (f,, 1%, - - ., fp.T?), for f € (Rx); withi > 0, where [p; is the
germ of f at p;. Here the ring Q"(Rx) is the homogeneous ring of quotients of Rx defined
as the localization of Rx with respect to the set of all homogeneous non-zerodivisors of
Rx (cf. |16} Section 3]).
Let 5 := dimg s(p;), and let {e;1, ..., €5, } € Ox,, be elements whose residue classes

form a K-basis of x(p;j). For a € Ox,., we set
p(a) :==min{i e N| (0,...,0, aT;, 0,...,0) €%(Rx)}.

. .. -1 . . .
Since the restriction map o[(gy), 1 (Bx)ry (HJ 1 Oxp; (15, T ])Tx is an isomorphism
of K-vector spaces, we have pu(a ) < rx for all a € Oxp,. Using this notation, we recall

from [15, Section 1] the following notion of separators.

Definition 2.2. Let X’ be a maximal p;-subscheme as above, and let

X ~ (€ 85)
f]k] =1 1((0’707€Jk]83T] k5 70,...70))

X — /’L(ejk ])
and fj;, = x ;kj for kj =1,..., ;.

(a) Theset {f5,..., f;‘%j} is called the set of minimal separators of X' in X with respect

to sj and {ej1,. .., e, }.

(b) Theset {fj1,..., fjx,;} is called the standard set of separators of X' in X with respect

to s; and {ej1,...,€jx, }
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(¢) The number
Mxr/x = maX{deg(f}kkj) [ kj=1,..., 5}

is called the maximal degree of a minimal separator of X' in X.
Remark 2.3. Let X' be a maximal p;-subscheme of X.

(a) The maximal degree of a minimal separator of X’ in X depends neither on the
choice of the socle element s; nor on the specific choice of {e;1,...,ej,,} (see [16,

Lemma 4.4]). Moreover, we have ux /x S TXC

(b) For kj = 1,...,;, let Fji, (respectively, ijkkj) be a representative of fj (respec-
tively, f;kj) in P. We also say that the set {Fji,...,Fj,;} is a standard set of
separators of X’ in X and the set {F;‘l, cee Ff%j} is a set of minimal separators of X’
in X.

(c) According to [15, Proposition 2.5(c)], one may choose a set of minimal separators

{ T ;‘%j} of X’ in X such that
i—deg(f7; ) % * .
(I /x)i = <$o o ik, | deg(fix,) < Z>
K

for all 7 > 0.

Recall that a O-dimensional scheme X is called a complete intersection if Ix can be gen-
erated by n homogeneous polynomials in P, and it is called an arithmetically Gorenstein
scheme if Rx is a Gorenstein ring. Note that every complete intersections are arithmeti-
cally Gorenstein, however, except for the case n = 2, an arithmetically Gorenstein scheme
is not a complete intersection in general (see |16, Example 2.12]).

The graded Rx-module wg, = Hom g, (Rx, K[zo])(—1) is called the canonical module
of Rx. Its Rx-module structure is defined by (f - ¢)(g) = ¢(fg) for all f,g € Rx and
© € WRy. It is also a finitely generated graded Rx-module and

HF,,, (i) = deg(X) — HFx(—1)

UJRX

for all i € Z (see e.g., |3, Theorem 4.4.5]). Moreover, by [11, Proposition 2.1.3], the scheme
X is arithmetically Gorenstein if and only if wg, = Rx(rx —1).

In what follows, we let W C P’ be a 0-dimensional arithmetically Gorenstein scheme,
let X be a subscheme of W, and let Ix,w be the ideal of X in Rw. Then the homogeneous
ideal Anngy, (Ix/w) € Rw is saturated and defines a 0-dimensional subscheme Y of W.

Definition 2.4. (a) The subscheme Y C W which is defined by the saturated homoge-
neous ideal Iy w = AnnRW(Ix/W) is said to be the residual scheme of X in W. We
also say that X and Y are (algebraically) G-linked by W.
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(b) Two G-linked schemes X and Y by W are said to be geometrically G-linked by W if

they have no common irreducible component.

Remark 2.5. From the point of view of the saturated ideals, the schemes X and Y are
geometrically G-linked by W if and only if Iy = IxNIy and neither Ix nor Iy is contained in
any associated prime of the other (see [24], Section 5.2]). In this case, if we write Supp(X) =

{p1,...,ps} and Supp(Y) = {p},...,p;}, then we have Supp(W) = {p1,...,ps, 0}, ..., D} }
and Supp(X) N Supp(Y) = @. In particular, we have Oy, = Oxp, for j = 1,...,s and

OW,p} = OY,pg fOI‘ j = 1, e ,t.
First we collect some useful results about the G-linked schemes X and Y by the arith-

metically Gorenstein scheme W.
Proposition 2.6. (a) We have Ix,w = Anngy, (Iy/w)-
(b) We have deg(W) = deg(X) + deg(Y) and rw = rx + ayw = ry + ax/w-
(c) The Hilbert function of Iy w satisfies
HFp, (i) = deg(X) — HFx(rw —i — 1) for alli € Z.

Proof. Claims (a) and (b) follow from [5]. To prove (c), we use (a) and [11, Proposi-
tion 2.2.9] to get the following sequence of isomorphism of graded Ry-modules
Iy jw = Anngy, (Ix/w) = Hompy, (Rw/ Ix /v, Rw)
= HOInRW(Rx, Rw<7"w - 1))(—7‘W + 1) = HomRW(RX,wRW)(—T’W + 1)

= wp (—rw + 1).

Since HF,,, (i) = deg(X) — HFx(—i) for all i € Z, we get the desired formula for the

Hilbert function of Iy w and claim (c) follows. O
In the following we shall use “=” to denote residue classes modulo Xj.
Lemma 2.7. For every d € {1,...,7x}, we have (Iyy)py, (TY)QY/W+(TX_d) = (Ix)q-

P?“OOf. Clearly, we have IX . IY gifw ThlﬁS implies (TX)d Q (Tw)rw : (TY)Oéy/W+(Tx—d)'
Eor the otherinclusion, let f e (Iw)ry : (IY)ay/w+(rx—d > |
fe (Annﬁw((I Y /W) ay /W+(rx—d)))d' Since W is arithmetically Gorenstein, the ring Ryy is

)- In Ry = Ryy/(x0), we have

a 0-dimensional local Gorenstein ring with socle (Ryy);, = K. Thus we can argue in the

same way as Lemma 4.1 and Proposition 4.3.a of [8] to get

(Anng ((Ty/w)ay v+ (re—ay))a = (Anng, ((Tyjw)ry—a))d

Consequently, we have f € (Ix /w)d, and hence f € (Ix)q, as desired. dJ
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The next lemma follows for instance from [21, 3.15 and 16.38-40].
Lemma 2.8. Let A/K be a finite Gorenstein algebra.

(a) There is a non-degenerate K-bilinear form ®: A x A — K with the property that
O(zy, z) = ®(z,yz) for all z,y,z € A.

(b) Let I be a non-zero ideal of A, and let I° = {x € A | ®(I,x) = 0}. Then we have
Ann(I) = I° and dimg I + dimg Anny (1) = dimg A.

A concrete description of the residual scheme in W of a maximal p;-subscheme of X is

given by the following proposition.

Proposition 2.9. Let W C P be a 0-dimensional arithmetically Gorenstein scheme, let
X and X' be subschemes of W, let Y and Y’ be the residual schemes of X and X' in W
respectively, and let p; € Supp(X). Then X' is a (mazimal) pj-subscheme of X if and only

if Y contains Y as a (mazimal) pj-subscheme.

Proof. As sets, we have Supp(W) = Supp(X) U Supp(Y) by [24, Proposition 5.2.2]. Let
us write Supp(W) = {p1,...,p,} and consider the ring epimorphism 6: Ry — D'y :=
[T5=; Owyp; given by f = (fpis---s fp,). According to [14, Lemma 1.1], the restriction
Ol(Ry), is an injection for 0 < i < ry and is an isomorphism for all i > rw. By Ig W
(respectively, Ig, o Iy o Ty /W) we denote the image of Ix w (respectively, Ix/ jw, Iy w,
Iy ) under 6. We verify that I3 W= Annr, (I3 /W)' Clearly, the equality Iy =
Anng,, (Ix/w) implies I w S Annry, (I3 /W). Also, Proposition (b) and Lemma [2.8
yields

dimg I5 jyy = dimg (Iyw)r, = deg(W) — deg(Y) = deg(X)
= deg(W) — dimg (Ix/w)ry, = deg(W) — dimg Iy

= dimg Annr,, (Ig w)-

So, the equality Ig v = Annr, (13 /W) holds true. In I'y, we have Ig y C Ig, y and
the quotient 1%, W /1% /W is non-zero and its support has exactly one minimal prime ideal,
which is also a minimal prime ideal of I'yy corresponding to the point p;. Hence we get
I3 W= Annr,, (Ig /W) 2 Annr, (I3, /W) = I3, W with a non-zero quotient whose support
has exactly the same minimal prime ideal. This proves the asserted correspondence,
without the adjective “maximal”. Now suppose that X’ is a maximal p;-subscheme of X
and let g, q' be the kernels of Owp, = Oxp;s Owp, — Oxr,p; respectively. Note that
Oyp, = (’)ij/Ann@W’pj (q) and Oy . = (’)ij/Ann@W’pj (q'). Then [16, Proposition 3.2]
yields
0 — k(pj) — Oxp, — Oxrp, —> 0
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which, dually, gives
0— WOy, T WO, k(p;j) — 0.

But WOy, = Annow,pj (¢q') and WOy, = Annowypj (q), so we get
0 — k(p;j) — Oyrp, —> Oyp, — 0.

Therefore Y is a maximal p;-subscheme of Y’ O

3. The Cayley-Bacharach property and liaison

In this section we use liaison techniques to characterize the Cayley-Bacharach property of
a 0-dimensional scheme X in P’%.. First we recall the notions of the degree of a point in X

and the Cayley-Bacharach property (see |15, Section 4]).

Definition 3.1. Let d > 0, let X C P be a 0-dimensional scheme, and let Supp(X) =
{p1,...,ps}.

(a) For 1 < j <'s, the degree of p; in X is defined as
degx(p;) := min {,uX//X | X’ is a maximal pj-subscheme of X},

where fixs/x is the maximal degree of a minimal separator of X" in X.

(b) We say that X has the Cayley-Bacharach property of degree d (in short, X has
CBP(d)) if degx(p;) > d+ 1 for every j € {1,...,s}. In the case that X has
CBP(rx — 1) we also say that X is a Cayley-Bacharach scheme.

According to Remark a), we have 0 < degx(p;) < rx. So, the number rx —1 is the
largest degree d > 0 such that X can have CBP(d). Hence it suffices to consider the Cayley-
Bacharach property in degree d € {0,...,rx — 1}. Using standard sets of separators of X,

we can characterize the Cayley-Bacharach property as follows (see [15, Proposition 4.3]).

Proposition 3.2. Let 0 < d < rx, let Supp(X) = {p1,...,ps}, and let »; = dim k(p;).

Then the following statements are equivalent.
(a) The scheme X has CBP(d).

(b) If X' C X is a mazimal pj-subscheme and {fj1, ... , fix;} C Rx is a standard set of
separators of X' in X, then there exists kj € {1,..., 3} such that xgx_d 1 fik,-

(c) If X' € X is a maximal pj-subscheme and {Fj,...,Fj,,} € P is a standard
set of separators of X' in X, then there exists k; € {1,...,5} such that Fik; ¢
<X5X_d’ (IX)TX>P-
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or all p; € Supp(X), every mazimal p;-subscheme X' C X satisfies
d) For allp; €S X I pj-subsch X CX i

dimK(IX//X)d < ;.

Now we give two useful lemmas that will be used in the proof of Theorem

Lemma 3.3. Let W C P} be a 0-dimensional arithmetically Gorenstein scheme, let X be
a subscheme of W with its residual scheme Y, and let 0 < d < rx. Furthermore, let X' C X
be a mazximal pj-subscheme, and let {Fj1, ..., Fj,} C Py be a standard set of separators
of X' in X. Suppose that (Fji,...,Fj,. )k & (ng_d, (Ig)ryg)p and (Fj1,..., Fj)x C
<X6X7d717 (IX)TX>P7 and write ijj = Fjl'kj + X6X7d71ijj with Fj/'kj S (IX)TX and ijj €
Pd+1-

Then there is kj € {1,..., 5} such that G, & (Iw)ry = (Iy)ry—d—1-

Proof. Suppose that G, € (Iw)ry : (Iy)ry—a—1 for all kj =1,..., 5. By modulo Xy we
have G, (Iy)ry—d—1 C (Iw)ry- Note that rw = oy w + rx by Proposition (b) Thus
Lemma yields that éjkj € (Ix)gr1- This allows us to write Gjr, = G;kj + XoHjk,
with G;.kj € (Ix)ay1 and Hjp, € Py It is clear that Hj, € (Ix)q. From this we
get Fj, = (Fj’k] + xpEdt ;kj) + ng_dekj for all k; = 1,...,5;. It follows that
Fy, € <X6X_d, (Ix)ry)p for all k; = 1,..., 2. This is a contradiction to our hypothesis,

and hence the claim is completely proved. O

Lemma 3.4. Let A be a 0-dimensional local affine K-algebra with mazimal ideal m, let g
be a m-primary ideal, let R = A/q, and let m: A — R be the canonical epimorphism. Let
g € A be an element such that w(g) € Anng(mw(m)) is a non-zero socle element of R, and

suppose h € Anny(q) and gh # 0.
(a) We have gh € Anna(m) and (0) :(y (h) C g.
(b) Ewvery element f € A with w(f) € (w(g))r \ {0} satisfies fh # 0.

(c) Let g1,...,9- € A\ {0}. If the set {m(g1),...,7(gr)} C (7w(9))r is K-linearly inde-
pendent, then the set {gih,...,g-h} is K-linearly independent.

Proof. For (a), let a € m be a non-zero element. In R we have 7(a) € w(m), and so we
get m(ag) = m(a)w(g) = 0 or ag € q. It follows that agh = 0. Hence gh € Anng(m).
Moreover, for f € (0) :() (h) we have f = gf’ for some f' € A and gf'h = fh = 0. Since
gh is a socle element of A and bgh # 0 for b € A\ m, we have Anny(gh) = m. This implies
f'em. Thus f =gf' €q.

To prove (b), we consider an element f € A with n(f) € (n(g9))r \ {0}. Writing
7w(f) = w(g)m(f') for some f' € A\ {0}, we see that f' ¢ m is a unit and f = gf" + f”
with f” € q. So, we obtain fh = f'gh+ f"h = f'gh # 0.
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Next, we prove (c). Suppose that there are ay,...,a, € K such that ajg1h + --- +
argrh = (a1g1 + -+ + argr)h = 0. Since 7(a191 + -+ + argr) € (7(g))r, it follows from
(b) that w(a191 + - + argr) = a1w(g1) + -+ + a,7w(g,) = 0. By assumption, we get
ap=---=a, =0. O

The first main result of this section is the following characterization of the Cayley-
Bacharach property, which is a generalization of results for finite sets of K-rational points
or for the case that K is an algebraically closed field found in [8, Theorem 4.6] and [18]
Theorem 4.1]. For i > 0 we write F), for the image in Oy, of F' € P; under the composition
map P; — (Rw); — Hpesupp(w) Ow,p — Ow,p. Notice that F' € Iy if and only if F,, =0
for all p € Supp(W) (cf. [14, Lemma 1.1}).

Theorem 3.5. Let W C P% be a 0-dimensional arithmetically Gorenstein scheme, let X
be a subscheme of W, let Y be the residual scheme of X in W, and let 0 < d < rx — 1.

Then the following statements are equivalent.
(a) The scheme X has CBP(d).

(b) Every subscheme Y' C W containing Y as a mazimal p;-subscheme, where p; €
Supp(X), satisfies HFr, ., (rw —d — 1) > 0.

(c) We have Iy : (Iy)ry—d—1 = Ix.
(d) We have (Iw)ry—1 : (Iy)ry—d—1 = (Ix)d-

e) For all p; € Supp(X) and for every mazimal p;-subscheme X' C X with standard set
j j
of separators {Fj1,. .., Fj,,} there exists a homogeneous element H; € (Iy)py—d—1
such that Hj . <F}'1, ey Fj%j>K 7,(1 Iw.

Proof. First we prove the implication (a) = (b). Let p; € Supp(X), let »; = dimg x(p;),
let Y C W be a subscheme containing Y as a maximal p;-subscheme, and let X' be
the residual scheme of Y’ in W. Proposition shows that X’ is exactly a maximal
pj-subscheme of X of degree deg(X') = deg(X) — 5;. By Proposition we observe
that rx + ay w = rw = rx + ayw, and HFr, . (i) = deg(X) — HFx(rw — i — 1) and
HFzr, ., (1) = deg(X')—HFx/ (rywy—i—1) for all ¢ € Z. So, for all ¢ € Z, we have HFp, . (i) =
»j—HF[, p (ryy—i—1). According to Proposition the Hilbert function of Iy x satisfies
HFIX//X(d) < ;. Consequently, we get HF (rw—d—1) = s — HF[X,/X(d) > 0, as
wanted.

Now we prove the implication (b) = (c). Clearly, Ix C Iw : (I'y)ry—d—1. Suppose for
a contradiction that F' € Iw : (Iy),,—d—1 and F' ¢ Ix. There is a point p; € Supp(X)
such that F},, # 0. By [20, Lemma 4.5.9(a)] there is a; € Ox, such that a; - F},, is a
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socle element of Ox ;. This socle element defines a maximal p;-subscheme X" of X by [16),
Proposition 4.2]. Then the residual scheme Y’ of X’ in W satisfies HFp, . (rw—=d—1) >0
by Proposition and (b). On the other hand, letting G € (Iy)y,—d—1, then FG € Iy
and G - Ix C Iyw. Since Iy is saturated, we have G - (F, Ix)%" C Iw. So, G - Ix» C Iy or
G € (Iy))ry—d—1, as Ixy C (F, Ix)**. Hence we get HFIY/Y’ (rwy—d—1) = 0, a contradiction.

Moreover, the implication (¢) = (d) is clear. Next, we prove the implication (d) = (e).
Let X’ C X be a maximal p;j-subscheme with set of minimal separators {F'f T F ]T"%j}.
If there exists some index k; € {1,...,5;} such that deg(F;‘kj) < d, then Gj, =

d—deg(F, )
X, "F ¢ (Ix)a, and so claim (d) implies G, & (Tw)ry—1 ¢ (Iv)ry—a-1. Let

Hj € (Iy)ry—a—1\ {0} be such that Gy, H; & (Iw)ry—1. Since Xp is a non-zerodivisor for
Ryy, we have Fj, Hj = ngfdeijj ¢ Iyw. In case deg(F;‘kj) >dforal kj=1,...,x,
we see that Fj. ¢ <X6X_d, (Ix)rg)p- Let 1 < 6 < rx — d be the smallest number such
that (Fju,..., Fje;) i & (X8, (Ix)re) p. Write Fji, = Ffy + X0~' Gy, with Fjy € (Ix)r,
and G, € Pry—s41. Then Lemmaylelds that Gk, & (Iw)ry (IY)QY/W+6 1 for some
kj € {1,...,5}. So, there is an element H € (IY)ozv/WJrE 1 such that G, Hj & (Iw)ry,
Set H; = ng —d- §H € (Iy)ry—d—1- Since F jH € Iy, we get Fjp Hj ¢ Iyy.

Finally, we prove the implication (e) = (a). For a contradiction, assume that X does
not have CBP(d), and let X’ C X be a maximal pj-subscheme such that its minimal
separators satisfies deg(F;kj) < dforall kj = 1,...,5. Set Gy, = Xs_deg(ijj)F;‘kj
for kj = 1,...,%;. By (e) there exists H; € (Iy)ry—d—1 and some k; € {1,... %}
such that G, Hj ¢ (Iw)ry—1. Without loss of generality, we assume that G H; ¢
(Iw)ry—1- Notice that, as sets, Supp(W) = Supp(X) U Supp(Y). In Ow,y,;, we have
(Gj1Hj)p, # 0 and (Gj1Hj), = 0 for any p € Supp(W) \ {p;}. Also, by writing Ox;, =
Owy p,/q; for some ideal q; of Oy, we have q; - (H;),, = (0) in Ow, and (Gj1)p, €
Oxp; is a socle element with (Gjg;)p, € <(Gj1)pj>0x,pj \ {0} for all k; =1,...,5¢. In
particular, by the definition of minimal separators, the set {(Gj1)p;,---,(Gjx;)p; } 15 K-
linearly independent. Thus Lemma yields that (Gj1H;)p, is a socle element of Oyy
and {(Gj1H;)p,;,- -, (Gjs; Hj)p, } € Owyp, is K-linearly independent. Set J := (G H; +
Iy | 1 < k < ) Ry,. Obviously, we have

dim e Jry 140 = dimp (G Hj)p;s -5 (G Hi)ps ) 56 = 525

for all 4 > 0. Furthermore, using |15, Lemma 2.8] we write

75
XiGﬂ + Ix = Z CjkleOijj + Ix
k=1

for some c¢;yy, . .. s Csesl € K, where 0 < i <nand 1 <! < s;. Then we get
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7
XiGuHj+ Iy =Y cjniXoGjn, Hj + I,
k=1
and subsequently dimg Jp,—14; = 2 for all ¢ > 0. Consequently, the homogeneous ideal
J defines a maximal p;-subscheme W' C W such that dim g (Iyy jw)ry—1 = 3¢j. Therefore
Proposition [3.2]implies that W is not a Cayley-Bacharach scheme. But W is arithmetically
Gorenstein, and so it is a Cayley-Bacharach scheme by [16, Proposition 4.8], and this is a

contradiction. O
Let us apply Theorem [3.5] to a concrete case.

Example 3.6. Let K be a field with char(K) # 2,3, and let W C P2 be the 0-dimensional
complete intersection defined by Iy = (F,G), where F' = X;(X; — 2X0)(X1 + 2X))
and G = (Xo — X0)(X? + X3 —4X2). Then W has degree 9 and the support of W is
Supp(W) = {p1,...,pr} withpy = (1 :0:1),po = (1:0:2), pg=(1:0:-2),
pa=(1:2:1),ps=(1:2:0),ps=(1:-2:1),and p;y = (1: —2:0). A homogeneous
primary decomposition of Iy is Iwy = I1 N --- N Iz, where I; is the homogeneous prime
ideal corresponding to p; for i # 5,7, Iy = (X1 — 2Xo, X3), and I7 = (X1 + 2X¢, X3). So,
the scheme W is arithmetically Gorenstein, but not reduced at ps and ps.

Now we consider the 0-dimensional subscheme X of W defined by the ideal Ix =
LNnIsnIyNnI; € P. Then deg(X) = 5 and X is not reduced. The residual scheme of
X in W is denoted by Y. It is easy to see that X and Y are geometrically G-linked. We
have rw = 4 and rx = axyw = ry = ay,w = 2. In this case there is a homogeneous
polynomial H € (Iy)s such that its image in Rx is a non-zerodivisor, for instance, H =
Xg + XoXq + iX% — %XOXQ — %X]_XQ. This polynomial satisfies the condition (e) in
Theorem Therefore X is a Cayley-Bacharach scheme.

Exampleshows that, setting I'y x := (Iy+Ix)/Ix, the condition Annp, ((Iy x)ry—d—1)
= (0) is a sufficient condition for X having CBP(d) in this case. In general case, this is
also true. Indeed, if Anng, ((Iyx)ry—d—1) = (0) then for each maximal p;-subscheme
X’ € X with standard set of separators {Fji,..., Fj,;} there is a non-zero homogeneous
element H; € (Iyx)ry—a—1 such that (Hj), € Oxp, \ mxp,, and so (Hj),, ¢ myy,, and
(HjFjk;)p; # 0 in Ow,p,. This means that H;Fj, ¢ Iw. Subsequently, the condition (e)
of Theorem (3.5|is satisfied, and hence X has CBP(d).

However, the above condition is not a necessary condition for X having CBP(d), as

our next example shows.

Example 3.7. Let K be a field with char(K) # 2,3, let W C P% be the 0-dimensional
complete intersection given in Example and let X’ be the set of points in W with
its homogeneous vanishing ideal Iy, = I} N I3 N Iy N I, where I} = (X1 — 2X, X»)
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is the homogeneous prime ideal corresponding to ps. Then the residual scheme Y’ of
X" in W has the homogeneous vanishing ideal Iy, = I, N IL N Ig N I7. It is clear that

T = Qxrw = ry = oy w = 2 and
Iy = (X§ — X7 — 1X0Xo — 1 X1 X0, Xo X1 Xo + X1 X0, X0 X5 + 1 X1X5 — £X3).

In this case it is not difficult to verify that the scheme X’ is a complete intersection,
and hence it is a Cayley-Bacharach scheme. However, there is no element H in (ly)2
such that Hp, # 0 in Oxs,,. Hence the condition Annpg,, ((Iyx)ry—ry) = (0) is not
satisfied, even when X’ is a Cayley-Bacharach scheme. Moreover, we see that the element
Fs = X? —2X; X5 is a minimal separator of X'\ {p5} in X’ and (F5H3),, is a socle element
of Oy ps, where Hs = X2 — 1 X% — X0 Xo — 1 X1 X5 € (Iyr)o.

It is interesting to examine the natural question whether the condition that X has
CBP(d) is equivalent to Annp, ((Iy x)ry—d—1) = (0). When the schemes W, X and Y are
finite sets of K-rational points in P% and W is a complete intersection, this question has
an affirmative answer as was shown in [8, Theorem 4.6]. In our more general setting, this

result can be generalized as follows.

Theorem 3.8. Let X and Y be geometrically G-linked by a 0-dimensional arithmetically
Gorenstein scheme W, and let Iy x = (Iy + Ix)/Ix. Then the scheme X has CBP(d) if
and only if we have Annp, ((Iy x)ry—d—1) = (0).

Proof. From the argument before Example it suffices to show that Anng, ((Iy x)ry—d—1)
= (0) if X has CBP(d). To this end, let X’ C X be a maximal pj-subscheme with stan-
dard set of separators {Fji,...,Fj,,;} € Pn. Since X has CBP(d), Theorem [3.5| yields
that there is an element H; € (Iy)py—q—1 such that Hj - (Fj,..., Fj ) K ¢ Iw. With-
out loss of generality, we assume that H;Fj; ¢ Iw. Since X and Y are geometrically
G-linked, (Fj1)p, is a socle element in Oy . = Ox,,. Since (H;Fj1), = 0 in Ow, for
every p € Supp(W) \ {p;} and (H;Fj1)p, # 0, we get (H;),, ¢ mx,,. Consequently, for
each point p; of Supp(X), we can find an element H; € (Iy),—q—1 such that (H;), is a
unit of Ox .. By [14, Lemma 1.1], this condition is exactly the right condition to have

Annpy (Iy x)ry—d—1) = (0). O
Remark 3.9. Let X C P’ be a 0-dimensional scheme.

(a) If X is reduced and has K-rational support, then there is a complete intersection
consisting of distinct K-rational points W containing X such that X and its residue

scheme by W are geometrically G-linked (see, e.g., |8, Remark 4.11]).

X p,; 1s not a Gorenstein local ring for some point p; € Supp(X), then there is no
b) If Ox,; isnot a G tein local ring fi int p; €S X), then there i
0O-dimensional arithmetically Gorenstein scheme W C P containing X such that X

and its residual scheme in W are geometrically G-linked.
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We end this section with the following immediate consequence of Theorem [3.5] This
result allows us to check whether X has CBP(d) by using a truncated Grobner basis
calculation (cf. [19, Section 4.5]). For the case of sets of distinct K-rational points and

d =rx — 1 see also [8, Corollary 4.10].

Corollary 3.10. In the setting of Theorem the scheme X has CBP(d) if and only if
HFP/(IW:(IW:IX)TW—d—l)(d) = HFx(d).

4. A bound for the Hilbert function of the Dedekind different

In this section, we let X C P% be a 0-dimensional scheme and we let 0 < d < rx. The aim of
this section is to characterize the Cayley-Bacharach property using the canonical module
of the homogeneous coordinate ring Rx, and apply these results to bound the Hilbert
function and determine the regularity index of the Dedekind different of X under some
additional hypotheses. As an application, we get a new characterization of 0-dimensional
arithmetically Gorenstein schemes in terms of their Dedekind differents.

The following two lemmas give us some more information about the canonical module

WRy -

Lemma 4.1. For every homogeneous element ¢ € (wpy)_q its restriction g = (p‘(RX)dJrl :
(Rx)a+1 — K is a K-linear map such that (xo(Rx)q) = (0). Conversely, if p: (Rx)d+1 —
K is a K-linear map such that (xo(Rx)q) = (0), then there exists a homogeneous element

¢ € (Wpy)—a such that 90|(Rx)d+1 =3.

Proof. Clearly, for every homogeneous element ¢ € (wgy)_q its restriction @ = ¢|(g,),.,

is a K-linear map. Also, we have

?(2o(Rx)a) = ¢(wo(Rx)a) = zop((Rx)a) € wo(K[xo])-1 = (0).

Now let @: (Rx)q+1 — K is a K-linear map such that @(xo(Rx)qs) = (0). Let h; =
HFx(i) — HFx (i — 1) for i € N. Note that (Rx); = xfj "*(Rx)r, and h; = 0 for all i > rx.
To define an element ¢ € (wg,)_q with the desired properties, we start taking a K-basis
G153 950 e b of (Rx)g+1. Fori =d+2,...,rx, we choose IS st lo 2 90 s b
such that the set

i—d—1 i—d—1
{'TO gi,---,% gZngngrlhk"'"gZOSk<ihk+1’”"gzogkgihk}

forms a K-basis of (Rx);. Then we get

_ [ gidt yid-1 LETx g
= 0 917...7 0 gzogk§d+1hk7"'7 0 gZO§k<Txhk+l’...’ 0 gZOSkSTth K
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for all i > rx. Let ¢: Rx — K[xo| be the homogeneous K-linear map of degree —d defined
as: for f € R; with ¢ < d we let p(f) =0, and for f € R; with i > d + 1 we write

f= > ajrg g+ > ajxg g

ISjSZOSde-H hi ZOS"’<7’X hk+1§j§20§k§rx hy

and let o(f) = El§j§20<k<d+1hk a;at " 1%(g;). The condition H(xo(Rx)4) = (0) implies
that the map ¢ is K[zg]-linear. Hence ¢ € (wpgy)—q is the desired element that we wanted

to construct. O

Lemma 4.2. The canonical module wg, satisfies Anng, ((wry)—d) = (0) if and only
if for every p; € Supp(X) and for every mazimal p;-subscheme X' C X there exists a
homogeneous element ¢ € (Wry)—a such that Ix/ x - ¢ # (0).

Proof. We need only to prove that if for every p; € Supp(X) and for every maximal p;-
subscheme X' C X there exists a homogeneous element ¢ € (wg, )—q such that Iy /X P F
(0) then Annpg, ((wry)—a) = (0). Suppose for a contradiction that f - (wry)—a = (0)
for some f € (Rx); \ {0} with i > 0. Since f # 0, we may assume the germ f, # 0
for some j € {1,...,s}. In the local ring Ox, we find an element a € O, such
that s; = af,, is a socle element of Ox,. (cf. [20, Lemma 4.5.9(a)]). Now let g =
7(0,...,0,5,T;%,0,...,0)) and h =7 1((0,...,0,aT;*,0,...,0)). Then g,h € (Rx)r,
satisfies g = fh. Also, the ideal (g) defines a maximal pj-subscheme X’ of X, that is, we
have Iy /x = (g)**". Thus there is ¢ € (wgy)—q such that (g)*** - ¢ # (0), in particularly,
g-¢ # 0. It follows that g - ¢(g) # 0 for some non-zero homogeneous element g € Rx.
Hence we get 0= (f-¢)(hg) = (fh-¢)(9) = (259 ©)() = (9-#)(249) = 4(g-¥)(9) # 0,
a contradiction. O

Using the above properties we prove the following characterization of the Cayley-

Bacharach property in terms of the canonical module.

Proposition 4.3. Let X C P} be a 0-dimensional scheme, and let 0 < d < rx. Then the

following conditions are equivalent.
(a) The scheme X has CBP(d).
(b) We have Annpg, ((wry)—q) = (0).

Proof. Suppose that X has CBP(d). Let X’ C X be a maximal pj-subscheme with set
of minimal separators {f/,..., J’-‘%j}. By Proposition there exists an index k €
{1,...,55} such that p = deg(f;,) > d+ 1 and f}; & wo(Rx),-1. Without loss of
generality, we assume that k = 1. So, we can define a K-linear map @, : (Rx), — K such
that @;(zo(Rx)p—1) = (0) and §;(f;;) # 0. Using Lemmawe lift this map to obtain a
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homogeneous element ¢; € (wpry)—p+1 such that p;(f7;) # 0. Since z is a non-zerodivisor
of Ry, it follows that £ % %) # 0. Especially, we have 2574 ) € (wry)_q and
Ix x - (:Ug_d_l ;) # (0). Hence Lemma yields the condition Annp, ((wry)—q) = (0).

Conversely, assume for a contradiction that X does not have CBP(d). There is a

maximal p;-subscheme X’ C X such that its set of minimal separators { fi ;‘%j}
satisfies deg(f;,) < d for all k = 1,..., ;. By Remark (a)f(c), we may assume that,
deg(f;k;j)

for ¢ > 0, the set {:1::)7 Tk | deg(f;-‘kj) < i} is a K-basis of (Iy//x)i. In this case
for every ¢ € (wpry)-a we have p(f};) = 0 for all k = 1,...,5;. We shall show that
ke =0forallk=1,...,5;. Let i >0andlet h € R;\ {0} be a homogeneous element.
If hf7, = 0 then (f;‘k ~o)(h) = p(h Ji"k) = 0. Suppose that hf7, = 0. Since hf € I x,

. i-+deg(f, )—deg(f*
this allows us to write hf;-‘k = 7:71 cjlxz;r sl/i) eg(f’l)f;‘l for some cj1,...,¢j; € K.
. i+deg(f, ) —deg(f*
This implies (f;k @) (h) = ¢(h ;k) =240 lev'U(l)Jr el eg(fﬂ)tp( ;l) = 0. Hence we have
shown f5 - ¢ = 0for all k =1,...,5;. In addition, we have Iy x = (fi- s JT"%],>. It

follows that Ix//x - p = (0) for any homogeneous element ¢ € (wg,)—4. Therefore we get
Annp, ((wry)—d) # (0), a contradiction. O

As a consequence of the proposition, we get the following property. Here we recall that
a O-dimensional scheme X is called locally Gorenstein if the local ring O ., is a Gorenstein

ring for every point p; € Supp(X).

Corollary 4.4. Let K be an infinite field, let X C P% be a 0-dimensional locally Goren-
stein scheme, and let 0 < d < rx. Then X has CBP(d) if and only if there exists an
element ¢ € (Wry)—q such that Anng, () = (0).

Proof. Since X is locally Gorenstein, there is for each point p; € Supp(X) a uniquely
maximal p;-subscheme X;- of X. So, the condition (b) of Propositionis equivalent to the
condition that for each j € {1,...,s} there exists ¢; € (wry)_q such that Iy - j # (0).
This is in turn equivalent to that there exists ¢ € (wpgy)—q such that IX} /x @ # (0)
for j = 1,...,s, since the base field K is infinite, and this condition is exactly the right
condition to make Anng, (¢) = (0). O

Remark 4.5. This corollary is a generalization of a result for the case d = rx — 1 found
in [16, Proposition 4.12]. Moreover, the hypothesis in the corollary that K is infinite is
necessary (cf. [16, Example 4.14]).

Now let us apply the above results to look at the Hilbert function of the Dedekind
different of X. For this purpose, we assume, in what follows, that X is locally Gorenstein,
and we let Ly = K[rg,z;']. The homogeneous ring of quotients of Ryx is Q"(Rx) =
[15=1 Oxp; [Tj,Tj_l]. According to [16, Proposition 3.3], the graded algebra Q"(Rx)/Lo

has a homogeneous trace map o of degree zero, i.e., o € (Homp,(Q"(Rx), Lo))o satisfies
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Homp, (Q"(Rx), Lo) = Q"(Rx) - 0. Thus there is an injective homomorphism of graded

Rx-modules
®: wr, (1) = Homp, (Q"(Rx), Lo) = Q"(Rx) - 0 = Q"(Rx)
p=pQ idLo

The image of ® is a homogeneous fractional Rx-ideal €% of Q"(Rx). Tt is also a finitely
generated graded Rx-module and

HF¢g (i) = deg(X) — HFx(—i —1) foralli € Z.

Definition 4.6. The R-module €% is called the Dedekind complementary module of X (or
of Rx/K]|xo|) with respect to o. Its inverse,

0% = (€)™ ={f € Q"(Rx) | f- € C Rx},
is called the Dedekind different of X (or of Rx/K|xo|) with respect to o.

The following basic properties of the Dedekind different of X are shown in [16, Propo-
sition 3.7].

Proposition 4.7. Let o be a trace map of Q"(Rx)/Lo.
(a) The Dedekind different 6§ is a homogeneous ideal of Rx and ngX € 0%.

(b) The Hilbert function of 6% satisfies HFsg (i) = 0 for i < 0, HFsg (i) = deg(X) for
i > 2rx, and 0 < HFs¢ (0) < --- < HFg¢ (2rx) = deg(X). In particular, the regularity
index of 6% satisfies rx < ri(0%) < 2rx.

When X has CBP(d), the Hilbert function of the Dedekind different and its regularity
index can be described as follows. We use the notation o = min{i € N | (6%); # (0)}.

Proposition 4.8. Let K be an infinite field, let o be a trace map of Q"(Rx)/Lo, and
suppose that X has CBP(d) with 0 < d <rx — 1.

(a) We have d+1 < a5 < 2rx and HFs¢ (i) < HFx(i —d —1) for all i € Z.

(b) Let ig be the smallest number such that HFsq (i9) = HFx(io —d — 1) > 0. Then we
have HF 5¢ (i) = HFx (i —d — 1) for all i > ip and

ri(0%) = max{ig, rx +d + 1}.

Proof. Since €% = wp, (1), Corollary |4.4] implies that there is g € (€%)_4_1 such that
X X X

Annp, (g) = (0). Notice that z is a non-zerodivisor of Rx. Then we find a non-zerodivisor
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g € (Rx)ry such that g = xarx_d_lﬁ by |16, Proposition 3.7]. Observe that g - (6%); C
xSXerH(RX)i,d,l. This implies (6%); = (0) for i < d, and so d + 1 < a5. Moreover, for

all ¢ € Z, we have
HF(;% (2) = dimK(égg)i = dimK(ﬁ- (5%),)
< dimg (2T (Rx)i_g_1) = HFx (i — d — 1).

Thus claim (a) is completely proved.

Now we prove claim (b). Clearly, we have d + 1 < iy < 2rx. By induction, we only
need to show that HFs¢(ig + 1) = HFx(io — d) > 0. Let f € (Rx)i,—a \ {0}. There
are go, ..., gn € (Rx)ig—d—1 such that f = xzogo + 101 + - - - + Tngn. By assumption, we
have § - (69)i, = =" (Rx)iy_a_1. This enables us to write $6X+d+1gj = gh; for some
hj € (6%)i,, where j € {0,...,n}. Thus we have

$6X+d+1f _ $6X+d+l (xogo + x191 + - -+ + Tpgn) = xogho + x1gh1 + - - + THGhn
= g(xoho + x1h1 + - + xnhy)

and so 25" f € G- (62)iy11. Hence 205 (Rx)io—a = G- (6%)ig+1. In other words, we

get HFsq (io + 1) = HFx(io — d).

Let k = max{ip,rx +d+ 1}. In order to prove the equality ri(0g) = k, we consider the
following two cases.

Case 1. Let ig > rx +d + 1. Then we have k = ig. Observe that

deg(X) > HFsg (k) = HFx(k —d — 1) > HFx(rx) = deg(X).

It follows that HFs¢ (k) = deg(X), and hence k > 1i(0%). Moreover, for i < k = i, we
have HFs¢ (1) < HFx(i —d — 1) < HFx(k — d — 1) = deg(X). Thus we get ri(6%) = k.
Case 2. Let ig < rx+d+1. Then we have k = rx+d+1 and HF@}%(k) = HFx(k—d—-1) =
HFx(rx) = deg(X). This implies k > ri(dg). Fori < k, we have HF ¢ (i) < HFx(i—d—1) <
HFx(rx — 1) < deg(X). Hence we obtain ri(d%) = k again. O

In the special case that X is a locally Gorenstein Cayley-Bacharach scheme, the regu-

larity index of the Dedekind different attains the maximal value. This also follows from [15,

Proposition 4.8] with a different proof.

Corollary 4.9. In the setting of Proposition A8, assume that X is a Cayley-Bacharach

scheme.
(a) The regularity index of the Dedekind different 6§ is 2rx.
(b) The scheme X is arithmetically Gorenstein if and only if the Hilbert function of 6
satisfies HF 5¢ (1) = HFx (i — rx) for all i € Z.

Proof. Claim (a) follows directly from the proposition, and claim (b) follows by |16, Propo-
sition 5.8]. O
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