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A Non-stationary Combined Ternary 5-point Subdivision Scheme with C4

Continuity

Zeze Zhang*, Hongchan Zheng, Weijie Song and Baoxing Zhang

Abstract. In this paper, a family of non-stationary combined ternary 5-point subdivi-

sion schemes with multiple variable parameters is proposed. The construction of the

scheme is based on the generalized ternary subdivision scheme of order 4, which is

built upon refinement of a family of generalized B-splines, using the variable displace-

ments. For such a non-stationary scheme, we study its smoothness and get that it can

generate C2 interpolating limit curves and C4 approximating limit curves. Besides,

we investigate the exponential polynomial generation/reproduction property and ap-

proximation order. It can generate/reproduce certain exponential polynomials with

suitable choices of the variable parameters, and reach approximation order 5.

1. Introduction

Subdivision schemes are efficient tools to design smooth curves and surfaces from a given

initial polyline/polyhedral mesh and they play an important role in fields like computer

graphics, wavelets and Isogeometric Analysis [2]. They are generally classified into two

main categories: interpolating and approximating schemes. As a matter of fact, these

two types of schemes are deeply connected. Maillot and Stam [14] presented a push-

back method which is applied at each refinement step to an approximating polyline, and

obtained an interpolating polyline finally. Besides in order to obtain interpolating refine-

ment rules from approximating ones, Beccari et al. [1] multiplied the associated generating

functions by a proper link polynomial. There exists a class of parameter-dependent sub-

division schemes, called combined subdivision schemes, which can be regarded either as

a member of the approximating one or of the interpolatory one according to the specific

values assumed by the parameters, without changing the length of the subdivision masks.

Levin [13] firstly proposed a combined subdivision scheme which is specially designed for

the task of interpolating nets of curves. Pan et al. [17] presented a combined approx-

imating and interpolating subdivision scheme which can generate C2 limit curves. For
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other references on the combined subdivision scheme refer to [15,18,20,23] and references

therein. However, previous works are restricted to the stationary schemes which can only

generate/reproduce algebraic polynomials. Zheng and Zhang [25] were the first to gener-

alize the push-back operation to the non-stationary case and construct a non-stationary

combined approximating and interpolatory subdivision scheme. Considering nice perfor-

mances of combined schemes, a new non-stationary combined ternary subdivision scheme

is presented here, which is obtained from the generalized ternary subdivision scheme of or-

der 4 by using the variable displacements. For such a combined scheme, we investigate its

Cr convergence and exponential polynomial generation/reproduction property and show

that it can reach C4 smoothness and generate/reproduce exponential polynomial with

suitable choices of the parameters. In the interpolatory case, the approximation order of

the proposed scheme is increased by 1, compared to the scheme in [16].

The remainder of this paper is organized as follows. Basic notions and definitions are

introduced in Section 2. We firstly introduce the underlying basis functions and then define

the corresponding ternary generalized subdivision scheme in Section 3. The new family

of non-stationary combined ternary 5-point subdivision schemes introduced in this paper

is constructed in Section 4 while its properties, including the support, smoothness, expo-

nential polynomial generation/reproduction and approximation order, are investigated in

Section 5. In Section 6, we conclude the paper with a short summary and further research

work.

2. Preliminaries

We start by providing a few basic definitions and results about subdivision which form

the basis of the rest of this paper. Given a sequence of initial control points P 0 = {P 0
i :

i ∈ Z} ∈ l0(Z), where l0(Z) denotes the linear space of real sequences with finite support.

The set of control vertices P k+1 = {P k+1
i : i ∈ Z} at the (k + 1)st level generated by a

non-stationary ternary subdivision scheme is defined by

(P k+1)i = (SakP
k)i :=

∑
j

aki−3jP
k
j , k ≥ 0,

where Sak is the k-level subdivision operator mapping l0(Z) to l0(Z), the sequence ak =

{aki : i ∈ Z} is the k-level mask with finite length and we denote this subdivision scheme

by {Sak}k≥0. The k-level symbol corresponding to the mask ak is ak(z) =
∑

i∈Z a
k
i z
i.

By attaching P ki to i/3k for i ∈ Z, k ≥ 0, we say the scheme {Sak}k≥0 converges to a

continuous function fP 0 ∈ C0, for the bounded initial control sequence P 0, if

lim
k→∞

∥∥∥∥fP 0

(
i

3k

)
− P ki

∥∥∥∥
∞

= 0.
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In this case, we say the scheme {Sak}k≥0 is C0 convergent. If fP 0 ∈ C l, {Sak}k≥0 is said

to be C l convergent.

To investigate the convergence and smoothness of non-stationary ternary subdivision

schemes, the following definitions and results are needed.

Definition 2.1. [10] We say two non-stationary ternary subdivision schemes {Sak}k≥0

and {Sbk}k≥0 are asymptotically equivalent, if∑
k∈Z+

‖Sak − Sbk‖∞ <∞ with ‖Sak‖∞ = max

{∑
j

|aki−3j | : i = 0, 1, 2

}
.

Theorem 2.2. [10] If the non-stationary subdivision scheme {Sak}k≥0 is asymptotically

equivalent to a stationary subdivision scheme Sa which is C0 convergent and has a finitely

supported mask, then the non-stationary {Sak}k≥0 is also C0 convergent.

Theorem 2.3. [10] Let a non-stationary ternary subdivision scheme {Sak}k≥0 and a

stationary ternary subdivision scheme {Sa} be two asymptotically equivalent subdivision

schemes having finite masks support. If {Sa} is Cm and

∞∑
k=1

3mk‖Sak − Sa‖∞ <∞,

then the non-stationary ternary subdivision scheme {Ska}k≥0 is Cm.

Apart from convergence and smoothness, the property of exponential polynomial re-

production is also important for subdivision schemes due to the ability to reproduce the

function from which the data is sampled and the close relationship with approximation

order. Thus we now review the definition of exponential polynomial spaces.

Definition 2.4. [21] Let T ∈ Z+ and γ = {γ0, γ1, . . . , γT } with γT 6= 0 a finite set of

real or imaginary numbers. The T -dimensional space of exponential polynomials VT,γ is

defined by

VT,γ :=

{
f : R→ C, f ∈ CT (R) :

T∑
j=0

γjD
jf = 0

}
,

where Dn denotes the n-th order differential operator.

The exponential polynomial space VT,γ can also be characterized by the following

lemma.

Lemma 2.5. [21] Let γ(z) =
∑T

j=0 γjz
j and denote by {θl, τl}l=1,...,N the set of zeros

with multiplicity satisfying

γ(r)(θl) = 0, r = 0, . . . , τl − 1, l = 1, . . . , N.



1262 Zeze Zhang, Hongchan Zheng, Weijie Song and Baoxing Zhang

Then

T =
N∑
l=1

τl, VT,γ := span{xreθlx, r = 0, . . . , τl − 1, l = 1, . . . , N}.

The following two theorems will be useful in discussing the generation/reproduction

property of non-stationary ternary subdivision schemes.

Theorem 2.6. [4] A non-stationary ternary subdivision scheme associated with symbols

{ak(z)}k≥0 generates VT,γ if

drak(εzkl )

dzr
= 0, r = 0, . . . , τl − 1

for ε ∈
{
e2πi/3, e4πi/3

}
and zkl := e−θl/3

k+1
, l = 1, . . . , N .

Theorem 2.7. [4] Let zkl := e−θl/3
k+1

, l = 1, . . . , N . A non-stationary ternary subdivision

scheme associated with symbols {ak(z)}k≥0 reproduces VT,γ if it generates VT,γ and there

exists a shift parameter τ such that for each k ≥ 0,

drak(zkl )

dzr
= 3(zkl )2τ−rqr(2τ), qr(z) =


∏r−1
j=0(z − j) if r = 1, . . . , τl − 1,

1 if r = 0.

3. Ternary generalized subdivision of order m

In this section, we firstly recall the underlying generalized B-spline basis functions and

then give the ternary generalized subdivision rule of order m.

Definition 3.1. [9] Let T be a given set of uniform knots {ti = il}i∈Z with interval size l

and ω be a given frequency parameter, where ω =
√
α, α ∈ R and α ≤ (π/l)2. Generalized

B-spline basis functions of order m, Ni,m(t) are defined by the following recurrence relation

Ni,m(t) = 1
l

∫ t
t−lNi,m−1(s) ds for m ≥ 3, where

(3.1) N0,2(t) =


ωl sinωt

2(1−cosωl) , 0 ≤ t < l,

ωl sin(2ωl−ωt)
2(1−cosωl) , l ≤ t < 2l,

0, otherwise

and Ni,2(t) = N0,2(t− il). In (3.1), the basis function can be evaluated by the L’Hospital

rule about w, when w = 0.

Remark 3.2. [9] Depending on the type of α (or ω), the definition space of generalized

B-spline basis functions is respectively as follows:
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(1) When α = 0 (i.e., ω = 0), generalized B-spline basis functions are defined over the

space spanned by {1, t, t2, . . . , tm−1};

(2) When α > 0 (i.e., ω ∈ R+), generalized B-spline basis functions are defined over the

space spanned by {cosωt, sinωt, 1, t, . . . , tm−3};

(3) When α < 0 (i.e., ω is a pure imaginary number), generalized B-spline basis functions

are defined over the space spanned by {coshωt, sinhωt, 1, t, . . . , tm−3}.

Remark 3.3. Let Ni,m(l, t) denote the bases of order m, which are based on a set of uniform

knots T := {ti = il}i∈Z and supported on [il, (m+ 1)l]. If we partition the parameter axis

with interval length l/3, that is taking T ′ := {ti = il/3}i∈Z as knots, we have a new set

of bases with this new set of knots. Denote these new bases of order m by Ni,m(l/3, t),

following Definition 3.1 we easily have

l

3

∫ t

t−l/3
Ni,2(l/3, s) ds = Ni,3(l/3, t),

l

3

∫ t−l/3

t−2l/3
Ni,2(l/3, s) ds = Ni+1,3(l/3, t),

l

3

∫ t−2l/3

t−l
Ni,2(l/3, s) ds = Ni+2,3(l/3, t).

In the following, we derive the refinement formula of generalized B-spline curves in the

ternary case according to expressing the same curve by the bases Ni,m(l, t) and Ni,m(l/3, t),

respectively.

Theorem 3.4. Let pm(t) be a generalized B-spline curve of order m (m ≥ 3) with interval

size l and control points {Pi}ni=1, that is pm(t) =
∑n

i=1 PiNi,m(l, t), where Ni,m(l, t) are

the bases defined in Definition 3.1 and t ∈ [ml, (n + 1)l]. Then pm(t) can also be defined

over the bases Ni,m(l/3, t) as

pm(t) =

3n−2m+3∑
i=2

Pmi Ni+2m−1,m(l/3, t),

where

(3.2)



P 3
3i−1 =

2 cos ωl3
1 + 2 cos ωl3

Pi +
1

1 + 2 cos ωl3
Pi+1,

P 3
3i =

1

1 + 2 cos ωl3
Pi +

2 cos ωl3
1 + 2 cos ωl3

Pi+1,

P 3
3i+1 =

1

(1 + 2 cos ωl3 )2
Pi +

4(cos ωl3 )2 + 4 cos ωl3 − 1

(1 + 2 cos ωl3 )2
Pi+1 +

1

(1 + 2 cos ωl3 )2
Pi+2,

and Pmi = 1
3(Pm−1

i + Pm−1
i+1 + Pm−1

i+2 ) for m > 3.
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A proof of Theorem 3.4 will be given in Section 7, which is in analogue to the binary

case in [9].

For the sake of conciseness, we denote cos ωl3 by v0 in (3.2). Let

(3.3) vk =
1

2

(
et/3

k+1
+ e−t/3

k+1)
for all k ∈ N0 which is iteratively updated by the rule

vk+1 =
1

2
Re
((
vk +

√
(vk)2 − 1

)1/3
+
(
vk +

√
(vk)2 − 1

)−1/3)
,

where v0 ∈ (0,+∞) and Re stands for the real component. As a consequence, the pa-

rameter sequence {vk : k ∈ N0} satisfies limk→∞ v
k = 1. Following Theorem 3.4, the

generalized ternary subdivision scheme Sm of order m (m ≥ 3) is defined as follows.

The generalized ternary subdivision S3 of order 3 is defined by

P k+1
3i−1 =

2vk

1 + 2vk
P ki +

1

1 + 2vk
P ki+1,

P k+1
3i =

1

1 + 2vk
P ki +

2vk

1 + 2vk
P ki+1,

P k+1
3i+1 =

1

(1 + 2vk)2
P ki +

4(vk)2 + 4vk − 1

(1 + 2vk)2
P ki+1 +

1

(1 + 2vk)2
P ki+2,

and the generalized subdivision Sm of order m (m > 3) is iteratively defined by

(SmP
k)i =

1

3

(
(Sm−1P

k)i + (Sm−1P
k)i+1 + (Sm−1P

k)i+2

)
.

For instance, the generalized ternary subdivision scheme S4 of order 4 is defined by

(3.4)



P
k+1
3i−1 =

4(vk)2 + 4vk + 2

3(1 + 2vk)2
P ki−1 +

8(vk)2 + 8vk

3(1 + 2vk)2
P ki +

1

3(1 + 2vk)2
P ki+1,

P
k+1
3i =

2vk + 2

3(1 + 2vk)2
P ki−1 +

12(vk)2 + 8vk − 1

3(1 + 2vk)2
P ki +

2vk + 2

3(1 + 2vk)2
P ki+1,

P
k+1
3i+1 =

1

3(1 + 2vk)2
P ki−1 +

8(vk)2 + 8vk

3(1 + 2vk)2
P ki +

4(vk)2 + 4vk + 2

3(1 + 2vk)2
P ki+1.

4. A non-stationary combined ternary 5-point subdivision scheme

Based on the generalized ternary subdivision scheme of order 4 introduced in Section 3,

the main purpose of this section is to construct a new non-stationary combined ternary

5-point subdivision scheme by the variable displacements.

From the generalized ternary subdivision scheme of order 4 in (3.4), we get the matrix-

form 
P
k+1
3i−1

P
k+1
3i

P
k+1
3i+1

 =


4(vk)2+4vk+2

3(1+2vk)2
8(vk)2+8vk

3(1+2vk)2
1

3(1+2vk)2

2vk+2
3(1+2vk)2

12(vk)2+8vk−1
3(1+2vk)2

2vk+2
3(1+2vk)2

1
3(1+2vk)2

8(vk)2+8vk

3(1+2vk)2
4(vk)2+4vk+2

3(1+2vk)2



P ki−1

P ki

P ki+1

 .
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By adding variable parameters αk, βk, γk, ξk, where αk, βk, γk, ξk are real numbers

depending on k, the ternary combined 5-point subdivision scheme can be written in the

matrix-form 
P k+1

3i−1

P k+1
3i

P k+1
3i+1

 =


P
k+1
3i−1

P
k+1
3i

P
k+1
3i+1

+


αk βk γk

0 ξk 0

γk βk αk




∆P ki−1

∆P ki

∆P ki+1

 ,

where


∆P ki−1

∆P ki

∆P ki+1

 =


−1 2 −1 0 0

0 −1 2 −1 0

0 0 −1 2 −1





P ki−2

P ki−1

P ki

P ki+1

P ki+2


,

i.e., the new non-stationary combined ternary 5-point subdivision scheme is obtained as

P k+1
3i−1 = −αkP ki−2 +

(
4(vk)2 + 4vk + 2

3(1 + 2vk)2
+ 2αk − βk

)
P ki−1

+

(
8(vk)2 + 8vk

3(1 + 2vk)2
− αk + 2βk − γk

)
P ki

+

(
1

3(1 + 2vk)2
− βk + 2γk

)
P ki+1 − γkP ki+2,

P k+1
3i =

(
2vk + 2

3(1 + 2vk)2
− ξk

)
P ki−1 +

(
12(vk)2 + 8vk − 1

3(1 + 2vk)2
+ 2ξk

)
P ki

+

(
2vk + 2

3(1 + 2vk)2
− ξk

)
P ki+1,

P k+1
3i+1 = −γkP ki−2 +

(
1

3(1 + 2vk)2
− βk + 2γk

)
P ki−1

+

(
8(vk)2 + 8vk

3(1 + 2vk)2
− αk + 2βk − γk

)
P ki

+

(
4(vk)2 + 4vk + 2

3(1 + 2vk)2
+ 2αk − βk

)
P ki+1 − αkP ki+2,

(4.1)

with the k-level symbol

ak(z) =
7∑

i=−7

aki z
i

= −γk(z7 + z−7)− αk(z5 + z−5) +

(
1

3(1 + 2vk)2
− βk + 2γk

)
(z4 + z−4)

+

(
2vk + 2

3(1 + 2vk)2
− ξk

)
(z3 + z−3) +

(
4(vk)2 + 4vk + 2

3(1 + 2vk)2
+ 2αk − βk

)
(z2 + z−2)(4.2)
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+

(
8(vk)2 + 8vk

3(1 + 2vk)2
− αk + 2βk − γk

)
(z + z−1) +

12(vk)2 + 8vk − 1

3(1 + 2vk)2
+ 2ξk.

Remark 4.1. The non-stationary combined ternary subdivision scheme (4.1) is obtained

by moving the points P
k+1
3i−1, P

k+1
3i , P

k+1
3i+1, provided by the generalized ternary subdivision

scheme (3.4) of order 4, to new points P k+1
3i−1, P k+1

3i , P k+1
3i+1, according to the variable

displacements αk∆P ki−1 + βk∆P ki + γk∆P ki+1, ξk∆P ki , γk∆P ki−1 + βk∆P ki + αk∆P ki+1,

respectively.

Remark 4.2. The new scheme (4.1) is a combined approximating and interpolatory one in

the sense that it generates an approximating scheme if ξk 6= 2vk+2
3(1+2vk)2 and an interpolatory

scheme if ξk = 2vk+2
3(1+2vk)2 . In particular, if αk = −ωk + 2vk+2

3(2vk−1)(1+2vk)3 , γk = −ωk,

βk = 2vkωk(4(vk)2 − 3) + 4vk(1+vk)
3(1+2vk)3(2vk−1)

, where ωk ∈ R is the free parameter, and

ξk = 2vk+2
3(1+2vk)3 , the scheme reduces to the non-stationary ternary 5-point interpolatory

C2 subdivision scheme in [16] assuming ωk converges to ω ∈ (1/324, 1/162) with the rate

O(3−2k) as k →∞.

Setting αk = − 4vk+3
27(vk+1)(2vk+1)2 , βk = − 4vk(vk+1)

27(1+2vk)2 , γk = 1
54(vk+1)(2vk+1)2 and ξk =

− (8vk+7)(2vk−1)
54(vk+1)(2vk+1)

, the non-stationary combined ternary subdivision scheme (4.1) turns into

an approximating subdivision scheme

P k+1
3i−1 =

4vk + 3

27(vk + 1)(2vk + 1)2
P ki−2 +

2(20(vk)3 + 40(vk)2 + 25vk + 6)

27(vk + 1)(1 + 2vk)2
P ki−1

+
128(vk)3 + 256(vk)2 + 136vk + 5

54(1 + vk)(1 + 2vk)2
P ki

+
4(vk)3 + 8(vk)2 + 13(vk) + 10

27(vk + 1)(1 + 2vk)2
P ki+1 −

1

54(vk + 1)(2vk + 1)2
P ki+2,

P k+1
3i =

32(vk)3 + 64(vk)2 + 64vk + 29

54(1 + vk)(1 + 2vk)2
P ki−1 +

76(vk)3 + 152(vk)2 + 71vk − 2

27(1 + vk)(1 + 2vk)2
P ki

+
32(vk)3 + 64(vk)2 + 64vk + 29

54(1 + vk)(1 + 2vk)2
P ki+1,

P k+1
3i+1 = − 1

54(vk + 1)(2vk + 1)2
P ki−2 +

4(vk)3 + 8(vk)2 + 13(vk) + 10

27(vk + 1)(1 + 2vk)2
P ki−1

+
128(vk)3 + 256(vk)2 + 136vk + 5

54(1 + vk)(1 + 2vk)2
P ki

+
2(20(vk)3 + 40(vk)2 + 25vk + 6)

27(vk + 1)(1 + 2vk)2
P ki+1 +

4vk + 3

27(vk + 1)(2vk + 1)2
P ki+2.

(4.3)

Figure 4.1 shows the limit basic functions of the subdivision scheme (4.3) with v0 = 0.2,

1 and 5.
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Figure 4.1: The basic limit functions of the approximating scheme (4.3).

Suppose the refinement rules in (4.1) do not depend on the level k, then the scheme

reduces to the stationary combined one

P k+1
3i−1 = −αP ki−2 +

(
10

27
+ 2α− β

)
P ki−1 +

(
16

27
− α+ 2β − γ

)
P ki

+

(
1

27
− β + 2γ

)
P ki+1 − γP ki+2,

P k+1
3i =

(
4

27
− ξ
)
P ki−1 +

(
19

27
+ 2ξ

)
P ki +

(
4

27
− ξ
)
P ki+1,

P k+1
3i+1 = −γP ki−2 +

(
1

27
− β + 2γ

)
P ki−1 +

(
16

27
− α+ 2β − γ

)
P ki

+

(
10

27
+ 2α− β

)
P ki+1 − αP ki+2

(4.4)

with the symbol

a(z) =

7∑
i=−7

aiz
i = −γ(z7 + z−7)− α(z5 + z−5) +

(
1

27
− β + 2γ

)
(z4 + z−4)

+

(
4

27
− ξ
)

(z3 + z−3) +

(
10

27
+ 2α− β

)
(z2 + z−2)

+

(
16

27
− α+ 2β − γ

)
(z + z−1) +

19

27
+ 2ξ,

where α, β, γ, ξ are real constants.

Remark 4.3. Note that the stationary scheme (4.4) is also a combined one. If ξ 6= 4/27, the

scheme (4.4) is an approximating subdivision scheme. In particular, when (α, β, γ, ξ) =

(0, 0, 0, 0), (0, 5/216 − a, 0, 5/216 − a), (0, 5/54, 0, 4/27 − a), the scheme (4.4) turns into

the ternary cubic B-spline scheme, the ternary 3-point approximating subdivision scheme

in [22] and the ternary 3-point approximating subdivision scheme in [19], respectively. If
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ξ = 4/27, the scheme (4.4) reduces to an interpolating subdivision scheme. In particular,

when (α, β, γ, ξ) = (0, β, 0, 4/27), (4/81−a, 8/81+2a,−a, 4/27), the scheme (4.4) becomes

the ternary 3-point interpolating scheme in [11] and the ternary 5-point interpolating

scheme in [24], respectively.

5. Properties of the non-stationary combined ternary 5-point subdivision scheme

In this section, we discuss the properties of the proposed non-stationary combined ternary

subdivision scheme (4.1), including the support, smoothness, exponential polynomial gen-

eration/reproduction and approximation order.

5.1. Support

The support of a subdivision scheme represents how far one vertex affects its neighboring

points, and its size directly reflects local support property of the subdivision curve. In

this subsection, we study the support of the proposed non-stationary combined ternary

subdivision scheme (4.1).

For convenience, we rewrite the refinement rules of the non-stationary combined ternary

subdivision scheme (4.1) as

P k+1
3i−1 = ak5P

k
i−2 + ak2P

k
i−1 + ak−1P

k
i + ak−4P

k
i+1 + ak−7P

k
i+2,

P k+1
3i = ak3P

k
i−1 + ak0P

k
i + ak−3P

k
i+1,

P k+1
3i+1 = ak7P

k
i−2 + ak4P

k
i−1 + ak1P

k
i + ak−2P

k
i+1 + ak−5P

k
i+2,

(5.1)

where

ak−1 = ak1 =
8(vk)2 + 8vk

3(1 + 2vk)2
− αk + 2βk − γk, ak−2 = ak2 =

4(vk)2 + 4vk + 2

3(1 + 2vk)2
+ 2αk − βk,

ak−3 = ak3 =
2vk + 2

3(1 + 2vk)2
− ξk, ak−4 = ak4 =

1

3(1 + 2vk)2
− βk + 2γk,

ak0 =
12(vk)2 + 8vk − 1

3(1 + 2vk)2
+ 2ξk, ak−5 = ak5 = −αk, ak−7 = ak7 = −γk.

Theorem 5.1. Let φm := limk→∞ Sam+kSam+k−1 · · ·Samδ0 (m ≥ 0) be the basic limit func-

tions generated by the proposed ternary non-stationary combined subdivision scheme (4.1).

Then the length of the support is 7, i.e., the basic limit function vanishes outside the in-

terval [−7/2, 7/2].

Proof. The proof adapts the idea discussed in [3, 7, 10] to the non-stationary case. In

fact, assuming [l(k), r(k)], k ≥ 0, are the supports of the k-level masks associated with a

non-stationary subdivision scheme, the support of the limit basic function φm is proved

to be included in [Lm, Rm] =
[∑∞

k=m 3m−k−1l(k),
∑∞

k=m 3m−k−1r(k)
]
.
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From (5.1) we have l(k) = −7, r(k) = 7, for k ≥ 0. Thus, for m ≥ 0, the left endpoint

Lm =

∞∑
k=m

3m−k−1l(k) = −7× 3m−1
∞∑
k=m

3−k = −7

2
,

while the right endpoint

Rm =
∞∑
k=m

3m−k−1r(k) = 7× 3m−1
∞∑
k=m

3−k =
7

2
,

which completes the proof.

5.2. Convergence and smoothness analysis

Goal of this subsection is to discuss the smoothness of the non-stationary combined ternary

subdivision scheme (4.1), and what choices of the parameter sequence {αk, βk, γk, ξk} can

yield its C l convergence. To this aim, first we recall the following result and discuss the

smoothness of the stationary subdivision scheme (4.4), which is the stationary counterpart

of the non-stationary combined ternary subdivision scheme (4.1).

Theorem 5.2. [12] Let S be a stationary ternary subdivision scheme with the symbol

a(0)(z) and its jth order difference scheme Sj (j = 1, . . . , n+1) exist with symbol a(j)(z) =(
3z

1+z+z2

)j
a(0)(z). Suppose the symbol a(l)(z) satisfies∑

i

a
(l)
3i =

∑
i

a
(l)
3i+1 =

∑
i

a
(l)
3i+2, l = 0, . . . , n.

If there exists an L ≥ 1 such that ‖(1
3Sn+1)L‖∞ < 1, then the scheme S is Cn convergent,

where ∥∥∥∥∥
(

1

3
Sn+1

)L∥∥∥∥∥
∞

= max

{∑
j

|bLi−3Lj | : 0 ≤ i < 3L
}
,

bL(z) =

L−1∏
l=0

b(z3l), b(z) =
1

3
a(n+1)(z).

By Theorem 5.2, we have the following result on the C l convergence of the scheme (4.4).

Corollary 5.3. Consider the scheme defined by (4.4). Then

(i) it generates C0 limit curve when

(α, β, γ, ξ) ∈ G0

:=
{

(α, β, γ, ξ) ∈ R4 : max{2|γ|+ 2|α− β + γ + 1
27 |+ |2β − 2α+ 7

27 |,

|γ|+ |β − γ − ξ + 1
9 |+ |α− β + ξ + 2

9 |+ |α|} < 1
}

;
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(ii) it generates C1 limit curve when

(α, β, γ, ξ) ∈ G1

:=
{

(α, β, γ, ξ) ∈ R4 : max{6|α+ γ|+ |6ξ − 6β + 1
3 |,

9|γ|+ |6β − 3α− 3ξ + 2
9 |+ |6α− 3β + 1

9 |} < 1
}

;

(iii) it generates C2 limit curve when

(α, β, γ, ξ) ∈ G2 :=
{

(α, β, γ, ξ) ∈ R4 : α = −β − γ + ξ,

max{18|γ|+ |18β + 18γ − 12ξ + 1
9 |,

3|γ|+ 3|β − 2γ − ξ|+ |19 − 12β − 9γ + 9ξ|} < 1
}

;

(iv) it generates C3 limit curve when

(α, β, γ, ξ) ∈ G3 :=
{

(α, β, γ, ξ) ∈ R4 : α = 2γ + 1
2β, ξ = 3γ + 3

2β,

max{108|γ|+ 27|12β + 8γ|, 54|γ|+ |27β + 270γ + 1|} < 1
}

;

(v) it generates C4 limit curve when

(α, β, γ, ξ) ∈ G4

:=
{

(α, β, γ, ξ) ∈ R4 : 0 < γ < 1
486 , α = − 1

81 − 2γ, β = − 2
81 − 8γ, ξ = −9γ − 1

27

}
.

Proof. The claimed result is a straightforward consequence of Theorem 5.2 by considering

L = 1.

The following theorem provides the conditions to be satisfied such that the non-

stationary combined ternary subdivision scheme defined in (4.1) indeed produces Cr limit

curves with r = 1, . . . , 4.

Theorem 5.4. Let vk be defined by (3.3) which satisfies |1 − vk| ≤ c3−rk (k → ∞)

with some constant c > 0. If the stationary combined ternary subdivision scheme (4.4),

which is the stationary counterpart of the non-stationary combined ternary subdivision

scheme (4.1), is Cr in Gr, and αk, βk, γk, ξk converge to α, β, γ, ξ with the rate

O(3−rk) respectively as k → ∞, then the non-stationary subdivision scheme (4.1) is Cr

with r = 1, . . . , 4.

Proof. Let bk(z) = 1+z+z2

3 ak(z). In order to prove the proposed non-stationary subdivision

scheme (4.1) to be Cr, it is sufficient to show that the scheme {Sbk}k≥0 corresponding to

bk(z) is Cr−1 where r = 1, . . . , 4. As k tends to ∞, bk(z) tends to

b(z) = −3γ(z5 + z−7) + 3γ(z4 + z−6)− 3α(z3 + z−5)
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+

(
3α− 3β + 3γ +

1

9

)
(z2 + z−4) +

(
3β − 3γ − 3ξ +

1

3

)
(z + z−3)

+

(
3α− 3β + 3ξ +

2v

2v + 1

)
(1 + z−2)−

(
6α− 6β − 7

9

)
z−1.

From Corollary 5.3, we know the scheme Sb associated with {b(z)} is Cr−1 in Gr where

r = 1, . . . , 4. Note that

‖Sbk − Sb‖∞

= max

{ ∑
j∈Z+

|bk3j − b3j |,
∑
j∈Z+

|bk3j+1 − b3j+1|,
∑
j∈Z+

|bk3j+2 − b3j+2|
}

= max

{
12|α− αk|+ 12|β − βk|+ 12|γ − γk|+ 4

∣∣∣ 1

(1 + 2vk)2
− 1

9

∣∣∣,
3|α− αk|+ 6|β − βk|+ 3|γ − γk|+ 3|ξ − ξk|+

∣∣∣ 1

1 + 2vk
− 1

3

∣∣∣}
= max

{
12|α− αk|+ 12|β − βk|+ 12|γ − γk|+

∣∣∣4(vk + 2)(vk − 1)

9(1 + 2vk)2

∣∣∣,
3|α− αk|+ 6|β − βk|+ 3|γ − γk|+ 3|ξ − ξk|+

∣∣∣ 2(vk − 1)

3(1 + 2vk)

∣∣∣}.

(5.2)

Together with αk, βk, γk, ξk converging to α, β, γ, ξ with the rate O(3−k) respectively as

k →∞, we know that {Sbk}k≥0 is asymptotically equivalent to the stationary scheme Sb.

In order to show the non-stationary subdivision scheme {Sbk}k≥0 corresponding to

bk(z) is Cr−1, in view of Theorem 2.3 we only need to prove that∑
k∈Z+

3(r−1)k‖Sbk − Sb‖∞ ≤ ∞,

where r = 1, . . . , 4, which can be easily verified, since (5.2) and αk, βk, γk, ξk converge to

α, β, γ, ξ with the rate O(3−rk) respectively as k →∞, where r = 1, . . . , 4.

5.3. The exponential polynomial generation/reproduction property

In this subsection, we discuss the exponential polynomial generation/reproduction prop-

erty of the non-stationary combined ternary subdivision scheme (4.1). By Theorems 2.6

and 2.7, we can obtain a result on the exponential polynomial generation/reproduction

property of the scheme (4.1).

Theorem 5.5. The non-stationary combined ternary subdivision scheme (4.1)

(i) generates the space EPΓ1,Λ1 := span{xr, eλx, r ∈ Γ1 = {0, 1}, λ ∈ Λ1 = {±t}} if

βk = 2αkvk + (4vk − 8(vk)3)γk, ξk = (4(vk)2 − 1)(αk − γk),
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while reproduces EPΓ1,Λ1 if

αk =
3(2vk − 1)(2vk + 1)3γk + 2vk + 2

3(2vk − 1)(2vk + 1)3
, ξk =

2(vk + 1)

3(2vk + 1)2
,

βk =
−2vk[3(2vk − 1)(4(vk)2 − 3)(2vk + 1)3γk − 2vk − 2]

3(2vk − 1)(2vk + 1)3
;

(ii) generates the space EPΓ2,Λ1 := span{xr, eλx, r ∈ Γ2 = {0, 1, 2}, λ ∈ Λ1} if

αk = −1 + 18γkvk(2vk + 1)2

9(2vk + 1)2
, ξk = −(2vk − 1)(1 + 9γk(2vk + 1)3)

9(2vk + 1)
,

βk = −2vk[1 + 18γk(vk + 1)(2vk − 1)(2vk + 1)2]

9(2vk + 1)2
,

while reproduces EPΓ2,Λ1 if

αk =
8(vk)2 + 12vk + 1

9(2vk − 1)(2vk + 1)4
, βk =

2vk(8(vk)3 + 16(vk)2 + 18vk + 9)

9(2vk + 1)4
,

γk = − 4(vk)2 + 6vk + 5

9(2vk − 1)(2vk + 1)4
, ξk =

2(vk + 1)

3(2vk + 1)2
;

(iii) generates the space EPΓ3,Λ1 := span{xr, eλx, r ∈ Γ3 = {0, 1, 2, 3}, λ ∈ Λ1} if

αk = − 4vk + 3

27(vk + 1)(2vk + 1)2
, βk = − 4vk(vk + 1)

27(1 + 2vk)2
,

γk =
1

54(vk + 1)(2vk + 1)2
, ξk = − (8vk + 7)(2vk − 1)

54(vk + 1)(2vk + 1)
;

(iv) generates the space EPΓ1,Λ2 := span{xr, eλx, r ∈ Γ1, λ ∈ Λ2 = {±t,±2t}} if

αk = − 4(vk)3 + 4(vk)2 − 1

3(vk + 1)(2vk − 1)3(2vk + 1)4
, βk = − 4vk(vk + 1)

3(1 + 2vk)4(2vk − 1)2
,

γk =
1

6(vk + 1)(2vk + 1)4(2vk − 1)3
, ξk = − 4(vk)2 + 2vk − 1

6(vk + 1)(2vk + 1)2(2vk − 1)2
;

(v) generates the space EPΓ1,Λ2,Γ1 := span{xr, xreλx, r ∈ Γ1, λ ∈ Λ2} if

αk = −2(vk)2 + 4vk + 1

6vk(1 + 2vk)4
, βk = −4vk(vk + 1)

3(1 + 2vk)4
,

γk =
1

12vk(2vk + 1)4
, ξk = −4(vk)2 + 4vk − 3

12vk(2vk + 1)2
.

Proof. In view of Theorem 2.6, if the kth level symbol ak(z) in (4.2) satisfies

(5.3) ak(ε) = Dak(ε) = ak(εe±tk+1) = 0
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for ε ∈ {e2πi/3, e4πi/3}, the scheme (4.1) generates the space EPΓ1,Λ1 . By solving (5.3), we

obtain

(5.4) βk = 2αkvk + (4vk − 8(vk)3)γk, ξk = (4(vk)2 − 1)(αk − γk).

Thus in this case the scheme (4.1) generates the space EPΓ1,Λ1 .

Similarly, from Theorem 2.7, if besides (5.4), the k-level symbol ak(z) satisfies

(5.5) ak(1) = ak(e±tk+1) = 3, Dak(1) = 0,

the scheme (4.1) reproduces the space EPΓ1,Λ1 . Thus by solving (5.4) and (5.5), we get

that the non-stationary combined ternary subdivision scheme (4.1) reproduces the space

EPΓ1,Λ1 if

αk =
3(2vk − 1)(2vk + 1)3γk + 2vk + 2

3(2vk − 1)(2vk + 1)3
, ξk =

2(vk + 1)

3(2vk + 1)2
,

βk =
−2vk[3(2vk − 1)(4(vk)2 − 3)(2vk + 1)3γk − 2vk − 2]

3(2vk − 1)(2vk + 1)3
.

In analogue to the above process to guarantee the generation/reproduction of the

space EPΓ1,Λ1 , we can derive conditions on the multiple variable parameters αk, βk, γk,

ξk, which guarantee the generation of the spaces EPΓ2,Λ1 , EPΓ3,Λ1 , EPΓ1,Λ2 , EPΓ1,Λ2,Γ1 and

the reproduction of the space EPΓ2,Λ1 , by the non-stationary combined ternary subdivision

scheme (4.1) following Theorems 2.6 and 2.7.

Remark 5.6. Note that when reproducing the space EPΓ2,Λ1 , the non-stationary combined

ternary subdivision scheme (4.1) reduces to an interpolating 5-point ternary subdivision

scheme which is C2. When generating the spaces EPΓ3,Λ1 , EPΓ1,Λ2 and EPΓ1,Λ2,Γ1 re-

spectively, the non-stationary combined ternary subdivision scheme (4.1) turns into a C4

approximating 5-point ternary subdivision scheme.

Setting

(αk, βk, γk, ξk) =

(
8(vk)2 + 12vk + 1

9(2vk − 1)(2vk + 1)4
,
2vk(8(vk)3 + 16(vk)2 + 18vk + 9)

9(2vk + 1)4
,

− 4(vk)2 + 6vk + 5

9(2vk − 1)(2vk + 1)4
,

2(1 + vk)

3(1 + 2vk)2

)
and(
− 4vk + 3

27(vk + 1)(2vk + 1)2
,− 4vk(vk + 1)

27(1 + 2vk)2
,

1

54(vk + 1)(2vk + 1)2
,− (8vk + 7)(2vk − 1)

54(vk + 1)(2vk + 1)

)
,
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the non-stationary combined ternary subdivision scheme (4.1) turns into an interpolating

scheme

P k+1
3i−1 = − 8(vk)2 + 12vk + 1

9(2vk − 1)(2vk + 1)4
P ki−2

+
2(32(vk)5 + 48(vk)4 + 16(vk)3 + 2(vk)2 + 9vk − 2)

9(2vk − 1)(1 + 2vk)4
P ki−1

+
2(64(vk)4 + 128(vk)3 + 96(vk)2 + 29vk − 2)

9(1 + 2vk)4
P ki

− 32(vk)5 + 48(vk)4 + 16(vk)3 − 4(vk)2 + 13

9(2vk − 1)(1 + 2vk)4
P ki+1

+
4(vk)2 + 6vk + 5

9(2vk − 1)(2vk + 1)4
P ki+2,

P k+1
3i = P ki ,

P k+1
3i+1 =

4(vk)2 + 6vk + 5

9(2vk − 1)(2vk + 1)4
P ki−2

− 32(vk)5 + 48(vk)4 + 16(vk)3 − 4(vk)2 + 13

9(2vk − 1)(1 + 2vk)4
P ki−1

+
2(64(vk)4 + 128(vk)3 + 96(vk)2 + 29vk − 2)

9(1 + 2vk)4
P ki

+
2(32(vk)5 + 48(vk)4 + 16(vk)3 + 2(vk)2 + 9vk − 2)

9(2vk − 1)(1 + 2vk)4
P ki+1

− 8(vk)2 + 12vk + 1

9(2vk − 1)(2vk + 1)4
P ki+2,

(5.6)

which generates C2 limit curves, and an approximating scheme (4.3) which is C4, re-

spectively. We compare these schemes with the interpolating 5-point ternary subdivision

scheme defined in [16] which generate C2 limit curves.
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Figure 5.1: Different limit curves for Apple generated by the scheme introduced in [16],

the schemes (5.6) and (4.3) with v0 = 0.8 (from left to right).
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Figure 5.1 illustrates the limit curves, which have the same control polygon, generated

by these schemes with v0 = 0.8. Figure 5.2 displays the reproduction of the circle (left),

hyperbola (center) and quartic function (right) with v0 = cos π3 , cosh 2
3 and 1 by the

interpolating scheme (5.6), respectively.
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Figure 5.2: Limit curves generated by the scheme (5.6) with v0 = cos π3 , cosh 2
3 , 1 (from

left to right).

5.4. The approximation order

The approximation order has the close relationship with the property of exponential re-

production. Based on Subsection 5.3, we investigate the approximation order of proposed

non-stationary combined ternary subdivision scheme (4.1) in this subsection. For sim-

plicity, in the following we rewrite T -dimensional space of exponential polynomials VT,γ

introduced in Definition 2.4 as VT := span{ϕ0(x), . . . , ϕT−1(x)}, and Wn
∞(R), n ∈ N

denotes the Sobolev space.

Definition 5.7. [5] Suppose that {Sak}k≥0 is a non-stationary ternary scheme and f0 =

{f0
i : i ∈ Z} is sampled from an underlying function f with density 3−k0 for some k0 ∈ Z.

The largest exponent d > 0 such that

‖S∞akf
0 − f‖L∞(K) ≤ C3−k0d

with a constant C > 0 independent of k0, where K is a compact subset of R, is called the

approximation order of the scheme {Sak}k≥0.

Definition 5.8. [6] A non-stationary subdivision scheme {Sak}k≥0 is said to be asymp-

totically similar to a stationary subdivision scheme Sa if the masks {ak}k≥0 and {a} have

the same support D (i.e., aki = ai = 0 for i /∈ D) and satisfy

lim
k→∞

akα = aα, α ∈ D.

Theorem 5.9. [8] Assume a non-stationary ternary scheme {Sak}k≥0 is VT -reproducing

and is asymptotically similar to a convergent ternary stationary scheme {Sa}. Assume
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further that the initial data are of the form fd := {fdi = f(3−di), i ∈ Z} for some fixed

d ≥ 0 and for some function f ∈ W γ
∞(R) where γ ∈ N, γ ≤ T . If the Wronskian matrix

WVγ (0) of Vγ ⊆ VT is invertible, where the T × T Wronskian matrix is defined by

WVT (x) :=

(
1

β!

dβϕα(x)

dxβ
, α, β = 0, . . . , T − 1

)
,

then

‖gfd − f‖L∞(R) ≤ Cf3−γd, d ≥ 0

with a constant Cf > 0 depending only on f , where gfd is the limit of the subdivision

scheme obtained from the initial data fd.

In the following corollary, we give the approximation order of the non-stationary com-

bined ternary subdivision scheme (4.1) by Theorem 5.9.

Corollary 5.10. The non-stationary ternary combined subdivision scheme (4.1) has ap-

proximation order 4 when reproducing the space EPΓ1,Λ1, and the approximation order is

5 when reproducing the space EPΓ2,Λ1.

Compared to the scheme in [16], the approximation order of the new scheme (4.1)

in the interpolating case is increased by 1. Table 5.1 shows the maximal smoothness

order, generation, reproduction and approximation order of the non-stationary ternary

interpolating 5-point subdivision scheme in [16] and the new non-stationary combined

ternary 5-point subdivision scheme (4.1).

Subdivision
Type Support Continuity Generation Reproduction

Approximation

scheme order

The scheme in [16] Interpolating 7 C2 EPΓ1,Λ1
EPΓ1,Λ1

4

The combined
Interpolating 7 C2 EPΓ2,Λ1

EPΓ2,Λ1
5

scheme (4.1)

The combined
Approximating 7 C4

EPΓ3,Λ1 ,

{1, x} 2
scheme (4.1)

EPΓ1,Λ2 ,

EPΓ1,Λ2,Γ1

Table 5.1: Comparison of the non-stationary ternary schemes.

6. Conclusion

In this paper, by suitably using the variable displacements, we have presented a family of

non-stationary combined ternary 5-point subdivision schemes based on the ternary gen-

eralized subdivision of order 4, which can reach C2 in the interpolating case, and C4 in
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the approximating scheme with suitable parameters. Moreover we investigate its gener-

ation/reproduction property and the approximation order. Compared to [16], the new

scheme in the interpolating case has better reproduction property and the approximation

order is increased by one. In the future, we may focus on the construction of non-stationary

ternary subdivision schemes, which have better properties, such as smaller support, higher

order of smoothness and better generation/reproduction property, by suitably using the

displacement based on the odd order ternary generalized subdivision scheme.

7. Proof of Theorem 3.4

We prove Theorem 3.4 by induction on m. For m = 3,

n∑
i=1

PiNi,3(l, t) =

n∑
i=1

Pi

(
1

l

∫ t

t−l

Ni,2(l, s) ds

)

=

n∑
i=1

Pi
1

3× l
3

((∫ t

t−l/3

+

∫ t−l/3

t−2l/3

+

∫ t−2l/3

t−l

)
Ni,2(l, s) ds

)

=

n∑
i=1

Pi

[
1

(1 + 2 cos ωl
3 )2

N3i,3(l/3, t) +
1

1 + 2 cos ωl
3

N3i+1,3(l/3, t)

+
2 cos ωl

3

1 + 2 cos ωl
3

N3i+2,3(l/3, t) +
4 cos2 ωl

3 + 4 cos ωl
3 − 1

(1 + 2 cos ωl
3 )2

N3i+3,3(l/3, t)

+
2 cos ωl

3

1 + 2 cos ωl
3

N3i+4,3(l/3, t) +
1

1 + 2 cos ωl
3

N3i+5,3(l/3, t)

+
1

(1 + 2 cos ωl
3 )2

N3i+6,3(l/3, t)

]
.

Since Ni,3(l/3, t) = 0 for i = 3, 4, 5, 6, 3n + 3, 3n + 4, 3n + 5, 3n + 6 and t ∈ [3l, (n + 1)l],

we get

n∑
i=1

PiNi,3(l, t)

=

n−2∑
i=1

[(
2 cos ωl

3

1 + 2 cos ωl
3

Pi +
1

1 + 2 cos ωl
3

Pi+1

)
N3i+4,3(l/3, t)

+

(
1

1 + 2 cos ωl
3

Pi +
2 cos ωl

3

1 + 2 cos ωl
3

Pi+1

)
N3i+5,3(l/3, t)

+

(
1

(1 + 2 cos ωl
3 )2

Pi +
4 cos2 ωl

3 + 4 cos ωl
3 − 1

(1 + 2 cos ωl
3 )2

Pi+1 +
1

(1 + 2 cos ωl
3 )2

Pi+2

)
N3i+6,3(l/3, t)

]
+

(
2 cos ωl

3

1 + 2 cos ωl
3

Pn−1 +
1

1 + 2 cos ωl
3

Pn

)
N3n+1,3(l/3, t)

+

(
1

1 + 2 cos ωl
3

Pn−1 +
2 cos ωl

3

1 + 2 cos ωl
3

Pn

)
N3n+2,3(l/3, t)
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=

3n−3∑
i=2

P 3
i Ni+5,3(l/3, t).

Thus (3.2) holds.

Assume that the conclusion holds for m− 1 (m ≥ 4), i.e.,

n∑
i=1

PiNi,m−1(l, t) =

3n−2m+5∑
i=2

Pm−1
i Ni+2m−3,m−1(l/3, t),

Pm−1
i =

Pm−2
i + Pm−2

i+1 + Pm−2
i+2

3
.

(7.1)

For any m, in view of Definition 3.1 and (7.1), we have

n∑
i=1

PiNi,m(l, t)

=
n∑
i=1

Pi

(
1

l

∫ t

t−l
Ni,m−1(l, s) ds

)

=
1

3× l
3

(∫ t

t−l/3
+

∫ t−l/3

t−2l/3
+

∫ t−2l/3

t−l

)( 3n−2m+5∑
i=2

Pm−1
i Ni+2m−3,m−1(l/3, s) ds

)

=
1

3

[ 3n−2m+5∑
i=2

Pm−1
i Ni+2m−3,m(l/3, t) +

3n−2m+5∑
i=2

Pm−1
i Ni+2m−2,m(l/3, t)

+

3n−2m+5∑
i=2

Pm−1
i Ni+2m−1,m(l/3, t)

]
.

(7.2)

Due to N2m−1,m(l/3, t) = N2m,m(l/3, t) = N3n+3,m(l/3, t) = N3n+4,m(l/3, t) = 0 for t ∈
[ml, (n + 1)l], after dropping terms involving these basis functions and rearranging the

remaining terms in (7.2), we arrive at

n∑
i=1

PiNi,m(l, t)

=
1

3

[
(Pm−1

2 + Pm−1
3 + Pm−1

4 )N2m+1,m(l/3, t) + (Pm−1
3 + Pm−1

4 + Pm−1
5 )N2m+2,m(l/3, t)

+ · · ·+ (Pm−1
3n−2m+3 + Pm−1

3n−2m+4 + Pm−1
3n−2m+5)N2m+1,m(l/3, t)

]
= Pm2 N2m+1,m(l/3, t) + Pm3 N2m+2,m(l/3, t) + · · ·+ Pm3n+3−2mN3n+2,m(l/3, t)

=
3n−2m+3∑

i=2

Pmi Ni+2m−1,m(l/3, t).

This proves the theorem.
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