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A Non-stationary Combined Ternary 5-point Subdivision Scheme with C*
Continuity

Zeze Zhang*, Hongchan Zheng, Weijie Song and Baoxing Zhang

Abstract. In this paper, a family of non-stationary combined ternary 5-point subdivi-
sion schemes with multiple variable parameters is proposed. The construction of the
scheme is based on the generalized ternary subdivision scheme of order 4, which is
built upon refinement of a family of generalized B-splines, using the variable displace-
ments. For such a non-stationary scheme, we study its smoothness and get that it can
generate C? interpolating limit curves and C* approximating limit curves. Besides,
we investigate the exponential polynomial generation/reproduction property and ap-
proximation order. It can generate/reproduce certain exponential polynomials with

suitable choices of the variable parameters, and reach approximation order 5.

1. Introduction

Subdivision schemes are efficient tools to design smooth curves and surfaces from a given
initial polyline/polyhedral mesh and they play an important role in fields like computer
graphics, wavelets and Isogeometric Analysis [2]. They are generally classified into two
main categories: interpolating and approximating schemes. As a matter of fact, these
two types of schemes are deeply connected. Maillot and Stam [14] presented a push-
back method which is applied at each refinement step to an approximating polyline, and
obtained an interpolating polyline finally. Besides in order to obtain interpolating refine-
ment rules from approximating ones, Beccari et al. [1] multiplied the associated generating
functions by a proper link polynomial. There exists a class of parameter-dependent sub-
division schemes, called combined subdivision schemes, which can be regarded either as
a member of the approximating one or of the interpolatory one according to the specific
values assumed by the parameters, without changing the length of the subdivision masks.
Levin [13] firstly proposed a combined subdivision scheme which is specially designed for
the task of interpolating nets of curves. Pan et al. [17] presented a combined approx-

imating and interpolating subdivision scheme which can generate C? limit curves. For
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other references on the combined subdivision scheme refer to |15}/18,20,23| and references
therein. However, previous works are restricted to the stationary schemes which can only
generate/reproduce algebraic polynomials. Zheng and Zhang [25] were the first to gener-
alize the push-back operation to the non-stationary case and construct a non-stationary
combined approximating and interpolatory subdivision scheme. Considering nice perfor-
mances of combined schemes, a new non-stationary combined ternary subdivision scheme
is presented here, which is obtained from the generalized ternary subdivision scheme of or-
der 4 by using the variable displacements. For such a combined scheme, we investigate its
C" convergence and exponential polynomial generation/reproduction property and show
that it can reach C* smoothness and generate/reproduce exponential polynomial with
suitable choices of the parameters. In the interpolatory case, the approximation order of
the proposed scheme is increased by 1, compared to the scheme in [16].

The remainder of this paper is organized as follows. Basic notions and definitions are
introduced in Section[2] We firstly introduce the underlying basis functions and then define
the corresponding ternary generalized subdivision scheme in Section The new family
of non-stationary combined ternary 5-point subdivision schemes introduced in this paper
is constructed in Section [4] while its properties, including the support, smoothness, expo-
nential polynomial generation/reproduction and approximation order, are investigated in
Section[5} In Section[6], we conclude the paper with a short summary and further research

work.

2. Preliminaries

We start by providing a few basic definitions and results about subdivision which form
the basis of the rest of this paper. Given a sequence of initial control points PY = {PZ-O :
i € Z} € lo(Z), where lp(Z) denotes the linear space of real sequences with finite support.
The set of control vertices P¥+1 = {PF*! . i € Z} at the (k 4 1)st level generated by a

non-stationary ternary subdivision scheme is defined by

(P]H_l)i = (SakPk)l = Zaf_gjpjk7 k>0,
J

where S, is the k-level subdivision operator mapping lo(Z) to lp(Z), the sequence a* =
{aF¥ : i € Z} is the k-level mask with finite length and we denote this subdivision scheme
by {Sar k>0. The k-level symbol corresponding to the mask a” is a*(z) = Y, ak2".

By attaching PF to i/3* for i € Z, k > 0, we say the scheme {Sx }x>0 converges to a
continuous function fpo € CV, for the bounded initial control sequence PO if

: L Y

o0
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In this case, we say the scheme {Sgx }x>0 is CO convergent. If fpo € O, { Sy b0 is said
to be C! convergent.
To investigate the convergence and smoothness of non-stationary ternary subdivision

schemes, the following definitions and results are needed.

Definition 2.1. [10] We say two non-stationary ternary subdivision schemes {Sgt }r>0

and { Sy }x>0 are asymptotically equivalent, if

D 1Sk = Spelloo <00 with  [[Serfleo = max{z laf o] i = 0,1,2}.

kEZ J
Theorem 2.2. [10] If the non-stationary subdivision scheme {S,k }r>0 is asymptotically
equivalent to a stationary subdivision scheme S, which is C° convergent and has a finitely

supported mask, then the non-stationary {S,x } k>0 is also C° convergent.

Theorem 2.3. [10] Let a non-stationary ternary subdivision scheme {Sy}i>0 and a
stationary ternary subdivision scheme {S,} be two asymptotically equivalent subdivision

schemes having finite masks support. If {S,} is C™ and

[e.e]

D 3Gk = Salloo < o0,
k=1

then the non-stationary ternary subdivision scheme {Sk}p>o is C™.

Apart from convergence and smoothness, the property of exponential polynomial re-
production is also important for subdivision schemes due to the ability to reproduce the
function from which the data is sampled and the close relationship with approximation

order. Thus we now review the definition of exponential polynomial spaces.

Definition 2.4. [21] Let 7' € Z4 and v = {y0,71,...,77r} with 77 # 0 a finite set of
real or imaginary numbers. The T-dimensional space of exponential polynomials Vr , is
defined by

T
Vi = {f: R—C,feCT(R): Y vDif= o},
j=0
where D™ denotes the n-th order differential operator.

The exponential polynomial space V7, can also be characterized by the following

lemma.

Lemma 2.5. [21] Let vy(z) = Z;TF:O vj27 and denote by {0,,7,}1=1._ N the set of zeros
with multiplicity satisfying

AM@,)=0, r=0,...,m—1,1=1,...,N.



1262 Zeze Zhang, Hongchan Zheng, Weijie Song and Baoxing Zhang

Then

N
T:Zn, Vi = span{xreelx,r:Q...,Tl—l,l: 1,...,N}.
=1

The following two theorems will be useful in discussing the generation/reproduction

property of non-stationary ternary subdivision schemes.

Theorem 2.6. [4] A non-stationary ternary subdivision scheme associated with symbols

{ak(z)}kzo generates Vp ~ if

d"a®(ezf)
7dzr :0, T‘ZO,...,Tl—l
foree {627”/3,64”"/3} and zlk = e_el/SkH, l=1,...,N.
Theorem 2.7. [4] Let zlk = 6_91/3k+1, l=1,...,N. A non-stationary ternary subdivision

scheme associated with symbols {a*(2)}x>o reproduces Vr~ if it generates V.~ and there
exists a shift parameter T such that for each k > 0,
drak Zk _ Hr;l(z_]) ifT:17"'aTl_1)
D _gekprraen, g = {0
< 1 if r=0.

3. Ternary generalized subdivision of order m

In this section, we firstly recall the underlying generalized B-spline basis functions and

then give the ternary generalized subdivision rule of order m.

Definition 3.1. [9] Let 7" be a given set of uniform knots {¢; = il},cz with interval size [
and w be a given frequency parameter, where w = /a, a € R and a < (7/1)%. Generalized
B-spline basis functions of order m, N; ,,(t) are defined by the following recurrence relation
Nim(t) = %ftt_l Nim-1(s)ds for m > 3, where

I sinwt
2(uijcg:wl)’ 0<t<l,
(3.1) Noa(t) = q el - <y < 9,
0, otherwise

and N;2(t) = No2(t —il). In (3.1)), the basis function can be evaluated by the L’Hospital

rule about w, when w = 0.

Remark 3.2. [9] Depending on the type of « (or w), the definition space of generalized

B-spline basis functions is respectively as follows:
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(1) When a = 0 (i.e., w = 0), generalized B-spline basis functions are defined over the

space spanned by {1,¢,¢2,... ™ 1},

(2) When a > 0 (i.e., w € RT), generalized B-spline basis functions are defined over the

space spanned by {coswt,sinwt, 1,t,... ,tm*i”};

(3) When a < 0 (i.e., w is a pure imaginary number), generalized B-spline basis functions

are defined over the space spanned by {coshwt,sinhwt, 1,¢,...,tm 3},

Remark 3.3. Let N; (1, t) denote the bases of order m, which are based on a set of uniform
knots T' := {t; = il};cz and supported on [il, (m + 1)I]. If we partition the parameter axis
with interval length [/3, that is taking 7" := {t; = il/3},cz as knots, we have a new set
of bases with this new set of knots. Denote these new bases of order m by N; ,(1/3,t),

following Definition [3.1] we easily have

I t 1 t—1/3
/ Ni72(1/3,8) ds = Ni73(l/3,t), / Ni72(l/3,8) ds = Ni+173(l/3,t),
3 Jiiys 3 Ji—21/3

=
: /t O Niall/3.8)ds = Neaali/3.).

In the following, we derive the refinement formula of generalized B-spline curves in the
ternary case according to expressing the same curve by the bases N; ., (1, t) and N; . (1/3, 1),

respectively.

Theorem 3.4. Let p,,(t) be a generalized B-spline curve of order m (m > 3) with interval
size I and control points {P;}7_,, that is pm(t) = > iy PiN;m(l,t), where N; (1 t) are
the bases defined in Definition and t € [ml, (n+ 1)l]. Then py(t) can also be defined
over the bases N;,(1/3,t) as

3n—2m+3
pm(t) = Z P"Niyom—1m(l/3,1),
i=2
where
( l
2 cos & 1
il 1+2cos%l ‘ 1+QCOS%Z "
1 2 cos ¢
3.2 Py = ;+ P,
(3:2) 3 1—|—2COS%Z ’ 1—&-2008%[ T
1 4(cos 92 +4cos ¥ — 1 1
Py = wlha i : s Pt o P,
(14 2cos %5 )? (14 2cos g)? (14 2cos %5 )2

and P = (P71 + P[_’Hl + Pﬂgl) form > 3.
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A proof of Theorem [3:4] will be given in Section [7], which is in analogue to the binary
case in [9].

For the sake of conciseness, we denote cos ‘%l by v’ in (3.2)). Let

(3.3) oF = %(et/3k+1 + e—t/3k+1)

for all k¥ € Ny which is iteratively updated by the rule

Pt = %Re ((vk +4/(vF)2 — 1)1 ’

/ -1/3
(o))

where v¥ € (0,+0c) and Re stands for the real component. As a consequence, the pa-

rameter sequence {vF : k € Ng} satisfies limj_,oo v* = 1. Following Theorem the

generalized ternary subdivision scheme Sy, of order m (m > 3) is defined as follows.

The generalized ternary subdivision S5 of order 3 is defined by

Pk+1 _ 2Uk Pk—i- 1 Pk‘
3i—1 1 +2Uk 7 1 +2'Uk i+1>
1 20%
k+1 _ k k
Bt = Tl T e
el 1 po AR H 4t -1, N L o
3i+1 — (1_{_2,0k)2 7 (1—1—2Uk)2 141 (1+2vk)2 142
and the generalized subdivision Sy, of order m (m > 3) is iteratively defined by
1
(SmP"); = g((Sm—lPk)i + (Sm—1P®)is1 + (Sme1PF)isa).
For instance, the generalized ternary subdivision scheme Sy of order 4 is defined by
— 4(vk)? + 40k + 2 8(vk)? + 8uk 1
Pgltll: (v%)" + 40" + z‘k—l Mpik_i_ipﬁrh
3(1 + 20k)2 3(1 + 20k)2 3(1 + 20k)2
— 20% +2 12(v%)2 + 8k — 1 20% +2
(3.4) pett_ 2 Ee pk (v%)" + 8v ko Lpi/j_l’
3(1 + 2vk)2 3(1 + 2vk)2 3(1 + 2vk)2
P+ _ 1 P (M2 +8vF . 4(wF)2 4k 42,
L 3i+1 — 3(1+2’L)k)2 i—1 3(1+2vk)2 i 3(1+2Uk)2 i+1*

4. A non-stationary combined ternary 5-point subdivision scheme

Based on the generalized ternary subdivision scheme of order 4 introduced in Section [3]
the main purpose of this section is to construct a new non-stationary combined ternary

5-point subdivision scheme by the variable displacements.

From the generalized ternary subdivision scheme of order 4 in (3.4]), we get the matrix-
form

—k+1 4(v*)2 440k 42 8(v*)24+8v* 1 k

Py (15 20F )2 3(1+20%)2 320 )2 B,

P = 20k 42 12(vk)248vk -1 20k 42 pk
3i 3(1+2vF)2 3(1+2vF)2 3(1+2vF)2 i

Plﬁ-l 1 8(v¥)24-8vF 4(vP)2 +4vF 42 pk
3i+1 3(1+2vF)2 3(1+20F)2 3(1+20F)2 i+1
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By adding variable parameters af, g%, ~%, ¢*, where o, ¥, ~*, ¢F are real numbers
depending on k, the ternary combined 5-point subdivision scheme can be written in the

matrix-form

P\ (Psh) (of BF 4F) [APE,
Pl =[P 1+ o ¢ of]| apr |,
pi) \Pah) \ot 8 of) \apk,
where

Pr,
APk, -1 2 -1 0 o0)\[Pr,
APF |=l0 -1 2 -1 0 PF 1,
art,) oo a2 )| e

Pl

i.e., the new non-stationary combined ternary 5-point subdivision scheme is obtained as

4(vF)2 4 4ok + 2

2 4 &k
( T+ T O‘k+2ﬁk_7k>Pik

*-( 1+2k} ﬁk+27>flm VP,

20k + 2 12(vk)? + 80k — 1
PEHL = k) pk 2e% ) PF
3 ( stz )Pt Ty TR b

(4.1)

207 + 2
- Pk
+ (3(1+2vk)2 § > o+

k1 k pk
P?nj»l__fy Pi—2+<

k k
2 P
3(1 + 2vk)2 A+ >

vk)2 + 8vF

8( k E k) pk
o\Wwr)” Tovt o8k _ p
+<3(1+2vk)2 " +25° -7 | B

)2+4vk+2

N (4(#

with the k-level symbol

7
= g ale

i=—7

= —’yk(z7 + 277) —

200k 4+ 9
4.2 -
(4.2) + <3(1 + 20k)2

k_gk) pk _ ok
3(1 + 20k)2 +207 - B >Pi+l a’Pfyy,

k k\ (4 ,—4
F(2% 4+ 2 +(31+2k ,6+2’y>(z+z )

Uk
5)(2 + 2z~ )+<4(3() :;k)+2 2ak—ﬁk) (22 4+ 272
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12(v%)? + 8k — 1
3(1 + 2vk)2

(8(1}’“)2 + 8v*

2",
301 + 20F)? T

—af 4 2pF —'yk> (z+ 274+

Remark 4.1. The non-stationary combined ternary subdivision scheme (4.1)) is obtained

by moving the points F];:__ 11, ?’;f 1, F’;fjb provided by the generalized ternary subdivision

scheme (3.4) of order 4, to new points P?ﬁfll, Pfiﬂ, P:fziﬁ, according to the variable
displacements o*APY | + BFAPF + A*APE | ¢EAPF, AFAPF | + BFAPF + oFAPE

respectively.

Remark 4.2. The new scheme (4.1)) is a combined approximating and interpolatory one in

the sense that it generates an approximating scheme if £¥ =

eock o 20k42 : e ko k 20k 42 k _
scheme if &% = m In particular, if o = —w —I—m, yE = —wh,

BF = 20Fwk(4(v*)? - 3) + %, where wf € R is the free parameter, and

ek = 3&3’:672‘52)3, the scheme reduces to the non-stationary ternary 5-point interpolatory

C? subdivision scheme in [16] assuming w” converges to w € (1/324,1/162) with the rate
O(37%) as k — oo.

_ k42 :
3(1+205)2 and an interpolatory
k

. E o 4vk43 E o 4oF@F41) ko 1 kE _
Setting o = TR ) (20 1 1)2 B = 27(1+20%)2 Y= 54(vF+1)(20F +1)2 and & =

k k__
_%, the non-stationary combined ternary subdivision scheme (4.1)) turns into

an approximating subdivision scheme

Pl _ 4ok +3 p 2(20(v%)3 4 40(vF)? 4 250" + 6)

+l , ph
3=1 7 97(vk +1)(20F +1)2 2 + 27(vF + 1)(1 + 20F)2 i—1
128(vk)3 4 256(v*)2 4 1360F + 5P.’f
54(1 + vk) (1 4 20k)2 ¢
n 4(vF)3 4+ 8(vF)2 + 13(vF) + 10 ko 1 i
27(vk + 1)(1 4 20k)2 i+1 54(vk + 1)(20F + 1)2 P20
phtl _ 32(v*)® + 64(v*)* + 640* +29 N 76(vF)3 + 152(0%)2 + T1oF — 2
(4 3) 3i 54(1 + Uk)(l + 2’[)’“)2 -1 27(1 + ’Uk)(l + 2Uk)2 i
' 32(vF)3 + 64(vF)2 + 640k +29 _,
54(1 + ’Uk:)(l + QUk)Q i+1
phtl — _ 1 P AW 8(0F) 4 13(0F) +10
3i+1 54(vk + 1)(2’Uk + 1)2 i—2 27(Uk + 1)(1 + 2,U]g)2 i—1
128(0%)* + 256(v%)” + 1360% +5
54(1 + vk) (1 4 20k)2 ¢
2(20(v%)3 4 40(v*)? + 250% + 6) pEo 4ok +3 i
27(vk 4 1)(1 + 20k)2 LT o7 (0k £ 1) (20F + 1) Y

Figure shows the limit basic functions of the subdivision scheme (4.3) with v" = 0.2,
1 and 5.
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1r *
% Initial control points
os b v°=0.2
V=1
— — —\%=5
06 Pt
Q
Y/
y QA
0.4 | N
\
02 AN
A
X
N
= R
0 ‘ T — x
-4 -3 0 1 2 3 4

Figure 4.1: The basic limit functions of the approximating scheme ({4.3]).

Suppose the refinement rules in (4.1)) do not depend on the level k, then the scheme

reduces to the stationary combined one

10 16

1
+<—5+2’Y>P£1—7P£27

27
4 19 4
k1 k k k
(4.4) Pyttt = (27 - §> Py + (27 + 25) P+ <27 - f) Pl
Pk-‘rl _ Pk i _ 2 Pk‘ E _ — k
31 = —YBilo+ o B+2y| Pl + o7 a+28—v|F

10
+ (g5 +20-8) Phaarty

with the symbol

7
" i_z—7ai2i =T+ —al@ +27) + <217 — B+ 27) (27

+ <247 —5) (B +273) + (;2 +2a — ﬁ) (2 +27%)

16 19
+<27—a+2ﬁ—7> (z+ 2 )+277+2€’

where a, 3, 7, £ are real constants.

Remark 4.3. Note that the stationary scheme is also a combined one. If £ # 4/27, the
scheme is an approximating subdivision scheme. In particular, when («, 3,v,&) =
(0,0,0,0), (0,5/216 — a,0,5/216 — a), (0,5/54,0,4/27 — a), the scheme (4.4 turns into
the ternary cubic B-spline scheme, the ternary 3-point approximating subdivision scheme

in and the ternary 3-point approximating subdivision scheme in [19], respectively. If



1268 Zeze Zhang, Hongchan Zheng, Weijie Song and Baoxing Zhang

& = 4/27, the scheme (4.4) reduces to an interpolating subdivision scheme. In particular,
when («, 8,7,£) = (0,5,0,4/27), (4/81—a,8/81+2a,—a,4/27), the scheme (4.4) becomes
the ternary 3-point interpolating scheme in [11] and the ternary 5-point interpolating

scheme in [24], respectively.

5. Properties of the non-stationary combined ternary 5-point subdivision scheme

In this section, we discuss the properties of the proposed non-stationary combined ternary
subdivision scheme (4.1]), including the support, smoothness, exponential polynomial gen-

eration/reproduction and approximation order.

5.1. Support

The support of a subdivision scheme represents how far one vertex affects its neighboring
points, and its size directly reflects local support property of the subdivision curve. In
this subsection, we study the support of the proposed non-stationary combined ternary
subdivision scheme ({4.1J).

For convenience, we rewrite the refinement rules of the non-stationary combined ternary

subdivision scheme (4.1)) as
(5.1) P,k.“ = a3Pk L+ aOPk +a 3P+1,

Pyt =dbPF, + afPF | + afPf + d", P + dF P,

where
ali?):alz’f::,m&, ali4zalz§:3(1+12vk)25k+27kv
= B e b= ak= o, ok, = ab= b

Theorem 5.1. Let ¢y, 1= limy_yo0 Sym+kSymir—1 -+ Semdg (m > 0) be the basic limit func-
tions generated by the proposed ternary non-stationary combined subdivision scheme (4.1)).

Then the length of the support is 7, i.e., the basic limit function vanishes outside the in-
terval [—7/2,7/2].

Proof. The proof adapts the idea discussed in [3,/7,/10] to the non-stationary case. In
fact, assuming [I(k),r(k)], k > 0, are the supports of the k-level masks associated with a

non-stationary subdivision scheme, the support of the limit basic function ¢,, is proved
to be included in [Ly,, Rp) = [ 350, 3™ F1(k), > 00, 3™ = 1r(k)].
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From (j5.1) we have I(k) = =7, r(k) =7, for k£ > 0. Thus, for m > 0, the left endpoint

Ly, = io: 3m_k_1l(k‘) =7 x3m! i 37k =
k=m k=m

while the right endpoint

Rp=Y 3" (k) =7x3m 1Y 37F=
k=m k=m
which completes the proof. O

5.2. Convergence and smoothness analysis

Goal of this subsection is to discuss the smoothness of the non-stationary combined ternary
subdivision scheme , and what choices of the parameter sequence {aF, 5%, 4%, £F} can
yield its C! convergence. To this aim, first we recall the following result and discuss the
smoothness of the stationary subdivision scheme , which is the stationary counterpart

of the non-stationary combined ternary subdivision scheme (4.1).

Theorem 5.2. [12] Let S be a stationary ternary subdivision scheme with the symbol
a9 (2) and its jth order difference scheme S; (j =1,...,n+1) exist with symbol a\9)(z) =
J j (J ) ) )

(2 )]a(o)(z). Suppose the symbol aV)(z) satisfies

142422
@ _
g a Z asi g = aziio, L=0,...,n.
)

If there exists an L > 1 such that ||(3Sn+1)"|lec < 1, then the scheme S is C™ convergent,
_maX{Z|bZ 5, y:0§i<3L},

where
1 L
=S,
||(3 W)

L(z) = g b(zgl), b(z) = %a("ﬂ)(z).

By Theorem we have the following result on the C! convergence of the scheme ([4.4).
Corollary 5.3. Consider the scheme defined by (4.4)). Then

(i) it generates C° limit curve when

(o, B,7,€) € B
={(a,8,7,€) € R* i max{2}y| + 2o — B+ + 5| + 28 — 2a + 5|,
M+18 =7 =E+gl+la—B+E+ 5] +lal} <1};
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(ii) 4t generates C' limit curve when

(@, B,7,€) € By
= {(a.8,7,€) € R : max{6|a + | +[66 — 65 + 3],
9y +168 — 3a — 3¢ + 2|+ |6 — 38 + 5[} < 1};

(iii) it generates C? limit curve when

(avﬁ7’7>£) € 62 = {(aa67’77£) € ]R4 Po= _5_7_‘_57
max{18|y| + |183 + 18y — 12¢ + |,
37| + 38 — 2y — & + |5 — 128 — 97 + 9¢[} < 1};

(iv) it generates C® limit curve when

(a,8,7,€) € B3 :={(a,8,7,) €R* 1 a =27+ 3B, =3y + 35,
max{108|y| + 27|38 + 87|, 54|y| + 278 + 270y + 1|} < 1};

(v) it generates C* limit curve when

(04767775) € 64
= {(a75777€) ER4:0<7< ﬁva: _8711 _277/3: _8%_87752 _9’7_ %7}

Proof. The claimed result is a straightforward consequence of Theorem by considering
L=1. O

The following theorem provides the conditions to be satisfied such that the non-
stationary combined ternary subdivision scheme defined in (4.1]) indeed produces C” limit

curves with r =1,...,4.

Theorem 5.4. Let v* be defined by which satisfies |1 — vg| < e37% (K — o0)
with some constant ¢ > 0. If the stationary combined ternary subdivision scheme ,
which is the stationary counterpart of the non-stationary combined ternary subdivision
scheme , is C" in &,, and o, B*, 4*, €F converge to o, B, v, & with the rate
O(377%) respectively as k — oo, then the non-stationary subdivision scheme is C"
withr =1,...,4.

Proof. Let bF(z) = #ak(z). In order to prove the proposed non-stationary subdivision
scheme (4.1]) to be C7, it is sufficient to show that the scheme {Syk };>¢ corresponding to
b*(z) is C"~! where r = 1,...,4. As k tends to oo, b¥(z) tends to

b(z) = =3v(2° + 277 4+ 3y(z* + 27%) — 323 + 275)
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+ (Ba—3ﬁ+37+;> (2 + 27+ (3ﬁ—37—3§+;’> (z+27%)

<3a—35+3§+22+1>(1+z2)—<6a—65—g>z1.

From Corollary we know the scheme S, associated with {b(z)} is C"~! in &, where
r=1,...,4. Note that

||Sbk - SbHOO
- max{ Z |b5; — bs;l, Z 65541 — bsjral, Z 540 — b3j+2’}
JEL4 JEL+ JEL+
1
- 12 — ag| + 12 12 4‘7 9
max{ loo — ag| + 12| — Be| + 12|y — yi| + (1+2v,)2 9P
(5.2) 1
aa—aﬂ+&5—ﬂd+3h—vﬂ+3f_5ﬂ+’y+%k_3%
Uk + 2)(Uk - 1)
—maX{IQ\Oz—OékH‘mW Bel + 121y — H_‘ 9(1 + 2vg)? ‘

1
Bla — ak| + 6[8 — Be| + 3|y — k| + 316 - &'*}3%@:)‘}

Together with o, 8¥, 4%, ¥ converging to «, 3, 7, € with the rate O(37F) respectively as
k — oo, we know that {Sy}r>0 is asymptotically equivalent to the stationary scheme Sj.
In order to show the non-stationary subdivision scheme {Syx}r>0 corresponding to

b*(z) is O™, in view of Theorem we only need to prove that

> 30H S — Spllee < o0,
keZy

where r = 1,..., 4, which can be easily verified, since (5.2) and o, ¥, +*, £¥ converge to
o, B, v, € with the rate O(37"%) respectively as k — oo, where r = 1,..., 4. O
5.3. The exponential polynomial generation/reproduction property

In this subsection, we discuss the exponential polynomial generation/reproduction prop-
erty of the non-stationary combined ternary subdivision scheme (4.1)). By Theorems

and we can obtain a result on the exponential polynomial generation/reproduction
property of the scheme (4.1)).

Theorem 5.5. The non-stationary combined ternary subdivision scheme (4.1)

(i) generates the space EPr, z, := span{z”,e* r € I'; = {0,1},A € Ay = {£t}} if

8 = 2080t + (40F = 8(")), €8 = (40F) - D(aF =),
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while reproduces EPr, a, if

- 3(20F — 1)(20F 4+ 1)34% + 20% + 2 ¢k — 2(v% +1)
3(20F — 1)(20F +1)3 ’ 3(20F 4+ 1)%’
_ —20F[3(20% — 1)(4(7)? - 3) (20" + 1)%9F — 20F — 2]
3(2vF — 1)(20F +1)3 ’

B

(ii) generates the space EPr, A, := span{z”,e’ r € Ty = {0,1,2},A € Ay} if

e L+ 189R0M (208 + 1) (20% — 1)(1 + 99%(20% +1)3)

k_ _

9(20F 4+ 1)2 0 ¢ 9(2vk 4 1) ’
gt — 2081+ 18R (0F 4+ 1)(20F — 1)(20F 4+ 1)?]

B 9(20F +1)2 ’

while reproduces EPr, a, if

o 8(M)2 41208 + 1

oF = gh — 205 +16(v")? + 180" 1 9)

9(20F — 1)(20F + DI’ 9(20F 1 1) )
kAR 460 +5 ¢k = 207 +1)
7T T 920k — 1)(20F + 1)3 3(20F + 1)2°

(iii) generates the space EPr, 5, := span{z”,e* r € T3 = {0,1,2,3},A € A;} if

i 4ok +3 i 4ok (vk 4+ 1)
« = — /B = —-—
27(vk 4+ 1)(20F +1)2’ 27(1 + 20k)2’
1 8k 4+ 7)(20F -1
o PR L 1

54(vF 4+ 1)(20F +1)2°  54(vF +1)(20F + 1)

(iv) generates the space EPr, p, := span{z", e’ r € T1,\ € Ay = {&t, £2t}} if

N 4(vF)3 + 4(vF)? — 1 g — _ 4ok vk 4 1)
3(vk 4 1)(20% — 1)3(20F 4 1)4 3(1 + 20k)4(20F — 1)2”
1 4(vF)2 + 20F — 1
N , b= (v")

6(vF + 1)(20F + 1)3(20F — 1)3 6(vF + 1)(20% + 1)2(20F — 1)2

(v) generates the space EPr, a, 1, := span{z”, 2"’ r € ['1, A € Ao} if

k_ _2(vk)2+4vk+1 g = _4vk(vk+1)
6ok (1 4 20k)4 7 3(1 + 20F)*”
1 4(vF)2 + 4% — 3
i b A0Y

T 120k (20F + 1)F TI20F(20F +1)2
Proof. In view of Theorem if the kth level symbol a”(z) in ([4.2)) satisfies

(5.3) a*(€) = Da*(e) = a*(eeT+1) =0
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for e € {€2™/3,e4™/3} | the scheme (1)) generates the space EPr, 4,. By solving (5.3)), we

obtain
(5.4) B* = 20"0" + (40 —8(*)P)HF, € = (4(0F)? — 1) (F —b).

Thus in this case the scheme (4.1]) generates the space EPr, 4.
Similarly, from Theorem if besides ([5.4)), the k-level symbol a*(z) satisfies

(5.5) a¥(1) = d¥ (et 1) =3, Da*(1) =0,

the scheme (4.1]) reproduces the space EPr, a,. Thus by solving (5.4) and (5.5)), we get
that the non-stationary combined ternary subdivision scheme (4.1)) reproduces the space

EPp, 4, if

- 3(20F — 1)(20F + 1)34F 4 20F + 2 ¢k — 2(vF + 1)
3(20F — 1)(20F 4+ 1)3 ’ 3(2vF + 1)2”
k. —207[3(20% — 1)(4(0%)? — 3)(20" +1)%4F — 20F — 2]

b 3(20F — 1)(20F + 1)

In analogue to the above process to guarantee the generation/reproduction of the
space EPr, A,, we can derive conditions on the multiple variable parameters ok, gk A~k
€% which guarantee the generation of the spaces EPr, A, EPry Ay, EPry Ao, EPry Ay, and

the reproduction of the space EPr, a,, by the non-stationary combined ternary subdivision

scheme (|4.1]) following Theorems and O

Remark 5.6. Note that when reproducing the space EPr, A,, the non-stationary combined
ternary subdivision scheme reduces to an interpolating 5-point ternary subdivision
scheme which is C2. When generating the spaces EPr, z,, EPr, A, and EPr, A, 1, re-
spectively, the non-stationary combined ternary subdivision scheme turns into a C*

approximating 5-point ternary subdivision scheme.

Setting

8(vF)2 +120F + 1 20F(8(vF)? 4 16(vF)? 4 18vF +9)
9(20% — 1)(20F 4 1)4” 9(20F + 1) ’
4(vF)? + 60F + 5 2(1 + vk)
C9(20F — 1)(20F + 1D 3(1 + 2vk)2>

(ak, B Ak, ) = (

and

B 4ok 43 Ao (v 4+1) 1 (B2 1)
27(vF + 1) (20F +1)27 27(1 + 20%)27 54(vF + 1)(20F +1)27  54(vF + 1)(20F +1) )’
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the non-stationary combined ternary subdivision scheme turns into an interpolating
scheme
phtl _ 8(wh)?+120F +1
3i—1 9(20F — 1)(20F + 1)4" 2
2(32(vF)® + 48(v¥)* + 16(v*)3 + 2(vF)? + 9k — 2)
9(2vkF — 1)(1 4 20k)4
2(64(vF)* + 128(v%)3 4 96(v*)? + 290F — 2) o
9(1 + 2vk)4 !
32(0%)° 4+ 48(vF) +16(v*) — 4(F)* + 13
9(2v% — 1)(1 + 2vk)4 s
42 4+ 60F +5
9(20F — 1)(20F 4 1)4" 2
(5.6) Pir = pF|
Pl _ AR+ 608 +5
Bitl T g(20k — 1)(20F + 1) 2
32(vF)° 4 48(vF)* 4 16(v*)3 — 4(v*)? 4+ 13
B 9(20F — 1)(1 + 20k)4
N 2(64(vF)* + 128(v%)3 + 96(vF)? + 290F — 2)
9(1 + 2vF)4
2(32(vF)® + 48(v¥)* + 16(v%)3 + 2(vF)% + vk — 2) bk
9(20% — 1)(1 + 2vk)4 il
8(vF)2 +120F +1
C9(20F —1)(20F + 1)

_l’_

k
Pi—l

+

k
Py

Pk

_|_

which generates C? limit curves, and an approximating scheme (4.3) which is C*, re-
spectively. We compare these schemes with the interpolating 5-point ternary subdivision
scheme defined in which generate C? limit curves.

L
& 5 4 2 0 2 & 5 8 4 6 4 20 2 4 58 R R R A

(a) C? continuity (b) C? continuity (c) C* continuity

Figure 5.1: Different limit curves for Apple generated by the scheme introduced in ||
the schemes (5.6 and (4.3 with v° = 0.8 (from left to right).
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Figure [5.1] illustrates the limit curves, which have the same control polygon, generated
by these schemes with v = 0.8. Figure displays the reproduction of the circle (left),
hyperbola (center) and quartic function (right) with v° = cos %, cosh% and 1 by the
interpolating scheme , respectively.

Figure 5.2: Limit curves generated by the scheme (5.6) with v = cos %, cosh %, 1 (from
left to right).

5.4. The approximation order

The approximation order has the close relationship with the property of exponential re-
production. Based on Subsection [5.3], we investigate the approximation order of proposed
non-stationary combined ternary subdivision scheme in this subsection. For sim-
plicity, in the following we rewrite T-dimensional space of exponential polynomials V7,
introduced in Definition as Vp := span{yo(z),...,pr—1(x)}, and WZL(R), n € N

denotes the Sobolev space.

Definition 5.7. [5] Suppose that {Sgx }r>0 is a non-stationary ternary scheme and f° =
{f? i € Z} is sampled from an underlying function f with density 3~* for some kg € Z.
The largest exponent d > 0 such that

1S52f° = fllroxy < C37F04

with a constant C' > 0 independent of kg, where K is a compact subset of R, is called the

approximation order of the scheme {Sgx }x>0.

Definition 5.8. [6] A non-stationary subdivision scheme {Sgx }>0 is said to be asymp-
totically similar to a stationary subdivision scheme S, if the masks {a*};>¢ and {a} have
the same support D (i.e., a¥ = a; = 0 for i ¢ D) and satisfy

kli_>rn at =4y, ac€D.
o0

Theorem 5.9. [8] Assume a non-stationary ternary scheme {Sqr }r>0 is Vr-reproducing

and is asymptotically similar to a convergent ternary stationary scheme {Sg}. Assume
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further that the initial data are of the form f¢ := {f¢ = f(37%),i € Z} for some fived
d > 0 and for some function f € W3(R) where v € N, v < T. If the Wronskian matriz
WVW(O) of Vo, C Vr is invertible, where the T' x T Wronskian matriz is defined by
VT(x) T EW?O[HB_ yereyd ™ )
then
lgre — fllow@ < Cp377%, d>0

with a constant C¢ > 0 depending only on f, where gra is the limit of the subdivision

scheme obtained from the initial data f¢.

In the following corollary, we give the approximation order of the non-stationary com-
bined ternary subdivision scheme (4.1)) by Theorem

Corollary 5.10. The non-stationary ternary combined subdivision scheme (4.1) has ap-
prozimation order 4 when reproducing the space EPr, A, and the approrimation order is

5 when reproducing the space EPr, a; .

Compared to the scheme in [16], the approximation order of the new scheme
in the interpolating case is increased by 1. Table [5.1] shows the maximal smoothness
order, generation, reproduction and approximation order of the non-stationary ternary
interpolating 5-point subdivision scheme in [16] and the new non-stationary combined
ternary 5-point subdivision scheme .

Subdivision L . . Approximation
Type Support  Continuity  Generation = Reproduction
scheme order
The scheme in 16| Interpolating 7 Cc? EPr, A, EPr, A, 4
The combined - lati . o2 EP EP 5
nterpolating To,A To,A
scheme (4.1)) 2o 2o
EP ,
The combined A . . . ot EPFS’Al (1.2} )
pproximating o , T
scheme (4.1)) 1o
EPr; A,y

Table 5.1: Comparison of the non-stationary ternary schemes.

6. Conclusion

In this paper, by suitably using the variable displacements, we have presented a family of
non-stationary combined ternary 5-point subdivision schemes based on the ternary gen-

eralized subdivision of order 4, which can reach C? in the interpolating case, and C* in
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the approximating scheme with suitable parameters. Moreover we investigate its gener-
ation/reproduction property and the approximation order. Compared to [16], the new
scheme in the interpolating case has better reproduction property and the approximation
order is increased by one. In the future, we may focus on the construction of non-stationary
ternary subdivision schemes, which have better properties, such as smaller support, higher
order of smoothness and better generation/reproduction property, by suitably using the

displacement based on the odd order ternary generalized subdivision scheme.

7. Proof of Theorem

We prove Theorem [3.4] by induction on m. For m = 3,
n n 1 t
Y PiNis(l,t)=) P (l/ Nia(l,s) dS)
i=1 =1 t—l

S (VIRYINST B EECD)

1
= P; N3 3(1/3,t 7N 1/3,t
Z [1+2CO ) 313(/ ) 1+ 2co 31,+13(/ )
2 cos ¥ 4 cos? “’l + 4 cos &
73N2 1/3,t) + 3 Ns; 1/3,t
1+ 2c0s &L 3i42,3(1/3,t) + (1—4—2005%1) 3i+3,3(0/3,1)
QCObwl 1
71\72 1/3,t) + ——— Nj3; 1/3,t
1+ 2cos% sitaa(l/3,6) + 1+2cos%l 3i5.3(1/3,1)
1
+ —————=N3i16,3(1/3,1)|.

(1+2cos )2

Since N;3(1/3,t) =0 for i = 3,4,5,6,3n +3,3n +4,3n+5,3n+ 6 and t € [3[, (n + 1)I],
we get

En: PN 5(1,t)

l

_ZK 2eos s P, + I _p )N (1/3,t)
1+2cos ! 1+2cos°"—l ohL ) ’

1 2005“31 )
<1+QCOSU;)1 1+2cos— +1 | N3ips,3(1/3,1)
1 4 cos? ‘*’l +4cos F 1
b Pyt + ——————Piiy | Naives(l/3,¢
((1+2<;os°;f)2 (1+2COS§)2 B 0 2c0s 202 +2> 3i+6,3(1/ )]

2cos ¥ 1
(28 e P Nanaaa(l/3,¢
<1+2003 P 142008 ¢ )3“’3(/ )

1 2cos ¥
+|(—P,_ +73Pn N3pao3(l/3,t
<1+2cos“§l ! 1+ 2cos ? ) ant+2.3(1/3,1)
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3n—3

= Z PPNii53(1/3,t).

1=2

Thus (3.2) holds.

Assume that the conclusion holds for m — 1 (m > 4), i.e.,

n 3n—2m+5
Z PiNi,mfl(l, t) = Z PimilNi+2mf3,mfl(l/37 t),
7.1 i=1 =2
( ) Pm_2+Pm_2 +Pm—2
szil _ i i+1 i+2
f .
3

For any m, in view of Definition and (7.1]), we have
n
> PiNim(l,t)
i=1

3 pi<l / Nim1(l5) ds)
i=1 ¢
1 t t—1/3 t—21/3 3n—2m+5 .
7.9 = / +/ +/ )( Pz-m_ Nitom—3m—1(1/3,s dS)
(7:2) 3><é< t-1/3  Je-21/3 S ; +am-3;m-1((/3,5)

1 3n—2m+5 3n—2m-+5
23[ > PP Nijomesm(/3,) + Y P ' Nijomoom(1/3,1)
i=2 =2
3n—2m+5
+ ) le_lNiJrgm_Lm(l/S,t)}
=2

Due to Ngm_Lm(l/S,t) = N2m7m(l/3,t) = N3n+37m(l/3,t) = N3n+47m(l/3,t) =0fort e
[ml, (n + 1)I], after dropping terms involving these basis functions and rearranging the
remaining terms in ((7.2)), we arrive at

zn: PiNi (L, 1)
=1

N _ _ _ _ _
= s Y P PP T Namg (13, 8) + (P P 4 P Nama2n(1/3,8)

o (P P P ) N1 (1/3,1)]

= P2mN2m+1,M(l/3a t) + P?N2m+2,m(l/3v t) +oeeet P?:;Lz+372mN3n+2,m(l/3a t)
3n—2m+3

= > P"Nijam-1m(l/3,1).
=2

This proves the theorem.
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