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Recurrence Relations Satisfied by the Traces of Singular Moduli for I'o(N)

Bumkyu Cho

Abstract. We compute the divisor of the modular equation on the modular curve
To(N) \ H* and then find recurrence relations satisfied by the modular traces of
the Hauptmodul for any congruence subgroup I'o(N) of genus zero. We also intro-
duce the notions and properties of I'-equivalence and I'-reduced forms about binary
quadratic forms. Using these, we can explicitly compute the recurrence relations for
N =2,3,4,5.

1. Introduction

Let j(7) be the Hauptmodul for the full modular group SLa(Z) whose Fourier expansion

is given as
1 .
§(T) = = +196884q + 21493760¢> + ---, q=¢€>"", T € H.
q

Let Qp denote the set of positive definite quadratic forms of discriminant D with the
usual action of SLy(Z). For any @Q € Qp we denote by 7¢ its unique root on H, and put

wq = [SL2(Z)y|. We further define the Hurwitz-Kronecker class number H (D) and the

trace t(D) of singular moduli as
1 1.
H(D) = ji: o t(D) = ji: ;;*J(WQ)
[QleQp/ SLa(z) ¢ [QleQp/Sta(z)

In (5) and (7) of [11, Theorem 2], Zagier obtained the recurrence relations for H (D) and
t(D) by computing the divisor of the modular equation on the modular curve SLo(Z) \ H*

1/6 ifn i fect :
(1) > H(?—dn)=) max{dn/d}+ /6 if nis a perfect square

Ir|<2v/n dn 0 otherwise,

—4 if n is a perfect square,

2) > tr*—4n)=

2 if 4n + 1 is a perfect square,
Ir|<2v/n 0

otherwise.
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This result was generalized by Choi and Kim [4] to the case for weakly holomorphic
modular functions and weak Maass forms of weight zero on I'(p). They could find recur-
sions for traces by an analytic way, namely by finding recursions for the Fourier coefficients
of weak Jacobi forms of weight 2 and index p on SLa(Z). Recently, Murakami |9] obtained
a similar result for the class number relations from the aspects of moduli spaces of elliptic
curves with level structures, and showed that these intersection numbers can be written
by the Fourier coefficients of the Siegel Eisenstein series of degree 2 and weight 2 with
respect to Spy(Z).

In the present article, we generalize Zagier’s result to the case for the Hauptmodul
jn (1) on the congruence subgroup I'g(N). Our proof will be essentially geometric. We
compute the divisor of the modular equation on the modular curve Xo(N) := Io(N) \ H*
and express the modular equation as a product in terms of the values of jn(7) at all cusps
in Xo(NN) other than oo and at all CM points in Xo(N).

We denote by Qp n the set of positive definite quadratic forms ax? + bxy + cy® of
discriminant D such that ¢ = 0 (mod N). Then I'g(N) acts on Qp, n in a natural way.
Assume that jy(7) is of the form

1
jN(T)=§+C1q+62q2+-~, cm € 7.

Observe that jy(7) has no constant term in its g-expansion. The Hurwitz-Kronecker class
number H (D, N) and the trace t(D, N) of singular moduli are defined as

H(D7N): Z #7 t(D7N): Z L]‘N(TQ)a
[@I€Qp v /To() AN [@I€Qp v /To() @Y

where wg v = [To(N)gl.

Zagier himself generalizes his result described above to several ways. For one of them,
he deals with Qp n,5/To(/N) to compute the traces of the Hauptmodul jx (7) for I'j(IV)
(see |11}, Section 8]). However, we deal with Qp n/I'g(/N) to compute the traces of the
Hauptmodul jx(7) for I'g(N). While the modular curve X (N) := I'§(N) \ H* has only
one cusp oo, our modular curve Xo(N) has some cusps other than oo when N > 1. Due
to this difference, the values of jn(7) at all cusps other than oo will appear in our results.

Moreover, we introduce the notions and properties of I'-equivalence and I'-reduced
forms about binary quadratic forms in Section [3| in order to find the representatives for
Qp/T, where T is a congruence subgroup of SLo(Z). These notions coincide with the usual
proper equivalence and reduced forms when I"' = SLg(Z). These notions combined with
the fundamental region for I'g(p) presented in Section {4| will enable us to systematically
compute the representatives for Qp ,/T'o(p) for any prime p.

Theorem 1.1. Let p be a prime number such that the genus of To(p) is zero, and let n

be a positive integer relatively prime to p. Then we have
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(1) > H@?—4n,p) =20(n)—2> min{d,n/d}+ Y Hr2 = 4,p) ifn=0

Irl<2v/n dln 0 otherwise,
(2)
Z t(r? —4n,p) = = —7jp(0 Zmln{d n/d}
Ir|<2v/n dln
Jp(0) + Z|r\<2 t(r? —4,p) ifn=0
92 if dn +1 =0,
0 otherwise.

Here, O denotes a perfect square.

Remark 1.2. The modular curve X(p) has two cusps oo and 0. Observe that the value

of j,(7) at the cusp 0 appears in (2).
Let N =2,3,4,5,7,9,13,25. Then jn(7) is given as

. () (YD 04
it = (L)

where 7(7) = ¢"/# T[22, (1 — ¢") is the Dedekind eta function. Using the transformation
formula n(—1/7) = v/—iTn(7), we are able to compute the value of jx(7) at the cusp 0 as

Jjn(0) =24/(N —1).

Example 1.3 (N = 2). Let n € N be odd. According to Example we have Q_32 = ¢
and Q_42/T0(2) = {[22% 4+ 22y +1?]}. Because (—1+1i)/2 is an elliptic point of order 2 for
I'o(2), we have H(—3,2) = t(—3,2) = 0 and H(—4,2) = 1/2. Moreover, we can compute
that jo(=5t) = —40, from which we get ¢(—4,2) = —20. Hence we obtain

1/2 ifn=10,
1) > H@?—4n,2)=20(n) - 2Y min{d,n/d} + /21
Ir|<2v/7n dn 0 otherwise,
4 ifn=0,
(2) Z t(r? —4n,2) = —24Zmin{d,n/d} +42 ifdn+1=10,

r|<2+/n d|n .
rl<2vn | 0 otherwise.

Example 1.4 (N = 3). Let n € N be relatively prime to 3. We obtain that Q_33/I'0(3) =
{[322+3zy+y*} and Q_4 3 = ¢, and that (—3++/—3)/6 is an elliptic point of order 3 for
I'p(3). Thus H(—3,3) =1/3 and H(—4,3) = t(—4,3) = 0. We further have ¢(—3,3) = -5
(=5 =

because j3 —15. Hence we get
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(1) Z H(r2_4n’3)ZQG(n)_2Zmin{d,n/d}+ 2/3 iftn=0,

r|<2v/n dn 0 otherwise,

2 ifn=0ordn+1=0,
@ 3 02 —4n,3) = —12% min{d,n/d} +{ P

Ir|<2v/n dn 0 otherwise.

Example 1.5 (N = 5). Assume that n € N is relatively prime to 5. Applying Exam-
ple 3.4} we see that Q_35 = ¢ and

Q-4,5/T0(5) = {[p2* + day + y*], [p2* — dzy + y*]}.

If we put Q = 522 + 4ay + y* and Q' = 52% — 4zy + y?, then both of 7o = (-2 +1)/5
and 7o/ = (2 + i)/5 are turned out to be elliptic points of order 2 for I'g(5). Thus
wQs = wg's = 2 and hence H(-3,5) = t(—3,5) = 0 and H(—4,5) = 1. We also have
t(—4,5) = —5 because j5(7g) = —5 + 2i and js5(7g/) = —5 — 2i. Therefore Theorem |1.1
says that

1 ifn=10,
(1) Z H(r* —4n,5) = 20(n) — ZZmin{d, n/d} + nr
| <27 dn 0 otherwise,
1 ifn=0,
(2) > t(r’—4n,5)=—6> min{d,n/d} +42 ifdn+1=0,

<2 dln .
ri<2vn | 0 otherwise.

We also obtain results similar to Theorem [I.T} in which the level need not be a prime
number. See Theorem Corollary and Theorem for detailed statements.

Example 1.6 (N = 4). Assume that n € N is odd. The I'y(4) has three cusps oo, 0, and
1/2, and we can evaluate the values at the cusps as j1(0) = 8 and j4(1/2) = —8. Because
Q-44=Q_34 = ¢, we have H(—4,4) = H(—3,4) = t(—4,4) = t(—3,4) = 0 and hence we
get

(1) Z H(r2_4n’4):2G(n)_3zmin{d,n/d}+ 1 ifn=10,

Ir|<2v/m din 0 otherwise,

2 ifdn+1=0,
2) > t(r?—4n,4) = ne

Ir|<2vm 0 otherwise.
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2. Modular equations and traces of singular moduli

Assume that T'g(N) is of genus zero. For a positive integer n, we define

My, v {(ZZ) € Mz(Z) | ad —bc=n,(a,N) =1,c=0 (modN)},

1 (o]
Jn(T) ==+ Z emq™  (e¢m € Z) a Hauptmodul for T'o(V),
q m=1

o, N(X, jn) = [T & —inlam)).
o] €To{N)\My, v

Clearly we have @1;0(]\[) (X,jn) = X—jn,so <I>I£°(N) (X,Y) = X-Y. Since all coefficients of
the polynomial @gO(N) (X, jn) in the variable X are the elementary symmetric functions
of the jy o a’s, they are invariant under T'o(N). We can further deduce that they are
contained in C(jn) because jy is a Hauptmodul for the congruence subgroup I'o(N) of
genus zero. Thus we may think of plo@) (X, jn) as a polynomial in C(jx)[X].
According to [10, Proposition 3.36], we can choose the representatives of all the distinct

orbits in I'g(N) \ My, n as

a b
aa,b =
0 n/a
where a | n, (a,N) = 1, and 0 < b < n/a. The number of these representatives is

Zd|n,(n/d,N):1 d.

Lemma 2.1. With the notation and assumptions as above, we have the following.
(1) pLo@) (X,Y) € Q(Y)[X] is a polynomial in X over Q(Y') of degree 3y, (/a,n)=1 9-
2) o™X, V) € Z[X,Y] if (n,N) = 1.

(3) If (n,N) =1 and if n is not a perfect square, then pLo@) (X, X) has degree 3y,
max{d,n/d} and leading coefficient (—1)%(70(”).

(4) If (n,N) =1 and if n is a perfect square, then the polynomial 20 (X.Y)
) ) @1;0(N)(X,Y) v=x

X has degree 3y, max{d,n/d} —1 and leading coefficient (—1)%(00(”)71)\/71.

mn

Proof. The proof is essentially the same as the proof of [8 §2 in Chapter 5] or |6, The-
orem 11.18], in which they presented the classical result about the primitive modular
equation for j(7).

(1) For any integer k relatively prime to n, let ¢y, € Gal(Q({,)/Q) be an automorphism
defined by ¢ (¢n) = ¢E. Then 1, induces an automorphism of Q(¢,)((¢*/™)) in a natural
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way and we denote it by the same letter 1. Because

jN(aa,b(T)) —ab _‘12/” + Z Cm abm ma n

we get
Yr(in (aap (1)) = G g™/ + Z EmCRFmgma = (0 (7)),

where b’ is the unique integer satisfying 0 < V' < n/a and bk = b (mod n/a). This shows
that all the elementary symmetric functions of the jy o ag’s are actually contained in
Q((¢"/™)). Because C(jv) NQ((¢"/™)) = Q(jw), we have ,°™ (X, jx) € Q(in)[X).

(2) Let s € QU {oo}. Note that

JN © o has a pole at the cusp s
= aab( ) ~ 0o under I'g(N)
i — by
a]

= s= for some i,j € Z with (i,7) =1, (i, N) =1, j =0 (modN).

Because (23 —bj, N) =1 and aj = 0 (mod N), we see that all the elementary symmetric
functions of the jn o cyp’s are holomorphic at all cusps of I'g(N) except co. They are
also holomorphic on H clearly and hence we deduce that @EO(N) (X, jn) are contained in
Q[jn][X]. Since jn o gy has its Fourier coefficients in Z[(,], all Fourier coefficients of the
elementary symmetric functions of the jn o a4 p’s must be algebraic integers. This shows
that &L (X, jn) are actually contained in Z[jy][X].

(3) Because pLo@) (X,X) € Z[X], we have

<I>£0(N) (jn,in) = agq~ + (higher degree terms),
where ¢ = degy plo@) (X, X) and ay € Z. Since
IN(T) = in(0ap(7)) = 71 = ¢ g~ /" + (terms of degree > 0),
we compute

K—Z Z max{1,a?/n} = Z max{1,a?/n} = Zmax{n/a a}

aln 0<b<n/a aln

and

COID e I = (i

aln 0<b<n/a aln

a>\/n a>\/n
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Lo(N)

w‘ are similarly computed
oM (xy)ly=x

L= Z Z max{1,a®/n} —1 = Zmax{n/a,a} -1

aln 0<b<n/a aln

(4) The degree ¢ and leading coefficient ay of

as

and

we T T o T -G = (ke
a|n 0§b<n/a 0<b<\/ﬁ
a>/n

since the case that a = y/n and b = 0 needs to be removed in the computation of (3). [

Remark 2.2. The author has also obtained some properties about the primitive modular
equations for I'1(m) N To(mN) (see |1, Theorem 2.1]), and more generally for 'y (N, t)
and I' with [["': T'g (N, t)] = 2 (see [2, Theorems 2.1 and 2.2]).

Given a negative integer D, we define
Qp .y = {az® +bxy + cy? | a > 0,0* — dac = D,a = 0 (modN)},
Hon(X)= I (X —inta)*e", won =[To(Nql.
[Ql€Qp, N /To(N)

Here Qp n/T'o(IN) denotes the set of all equivalence classes in Qp y under the so-called
I'o(NV)-equivalence defined by

b
Q~Q ifQ =Q -v:=Q(axr+ by,cx +dy) for some v = ¢ ; € I'o(N),
c

and 7¢g denotes the unique solution of Q(z,1) = 0 on H for a quadratic form @ € Qp n.
Remark 2.3. The product in the definition of Hp n(X) is a well-defined finite product
according to Theorem and 7g., = 7 1(7g). It is also worth noticing that Q = @’ if
and only if 79 = 7o and both @ and @’ have the same discriminant.

Let S denote the set of all inequivalent cusps of I'g(/N). For any cusp s = a/b € S
with (a,b) =1 and b > 0, we write bs := b and define

Vsn,N = Z min{d,n/d},
N

where the summation is over all the positive divisors d of n such that n = d? (mod (bs, m))

(Here we understand that = = oco.)

Theorem 2.4. Assume that the genus of T'g(N) is zero and that n is a positive integer

relatively prime to N. Assume further that n is not a perfect square. Then we have
oM (X, X) = (-1)2°™ [ Hyeegnn(X) x [T (X = dw(s))",

reZ seS
Ir<2v/m 5o

where S is the set of all inequivalent cusps of To(INV).
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To prove this, we need more lemmas. Let Py € X be a point on a compact Riemann
surface X of genus zero, and let ¢(z) be a local parameter at Py, and let ordp,(f) denote

the order of a meromorphic function f(z) on X at Py. Then we have

o0

fR)= Y cmt(x)™

m=ordp, (f)

with Cordp, (f) # 0. Suppose that the function field of X is generated by f over C. Then f
has a unique simple pole and a unique simple zero, and all the other points have order 0.
(For a reference, see |10, Proposition 2.11(3)].) If Py is not a simple pole of f, then
f(2) — f(Py) must have a simple zero at Py because C(f(z) — f(Fp)) is also the function
field of X. Thus we can deduce the following.

Lemma 2.5. Suppose that the function field of a compact Riemann surface X of genus
zero is generated by f over C. Let t(z) be a local parameter at a point Py € X. If Py is

not a simple pole of f, then we have
F(2) = F(Po)+ ) emt(z)™
m=1

with c¢1 # 0.
Let Me“ be the subset of M,, y consisting of all elliptic elements, i.e.,
My = {a € My n | [ tr(e)| < 2v/n}.
Lemma 2.6. Let 19 € H be a fized point of a € M%HN —/nLo(N). Then we have

fim XD A7) g

=10 jN(T) — jn(70)

Proof. Set e = |To(N)r|. Then t = (7 — 19)¢ is a local parameter at Py := Io(N)7y €
Xo(N). According to Lemma [2.5( we have

o0
JN(T) = jn (70 +ZCmT—To
m=1

with ¢ # 0. We see that [TV, | = [To(N).,| = e and hence derive that t = (7 — 7)€ is also
a local parameter at Qg := "9 € X/, where X’ = IV \ H* and I = o~ 'T'o(N)a. Because
JN o « generates the function field C(X’) of the compact Riemann surface X’ over C, we

infer from Lemma again and from «(7y) = 79 that

in(a(7)) = jv(a(m0)) + Y din(7 = 70)™ = jn(70) + D dyn(T — 70)"

m=1
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with d; # 0. Because

o V) (o) _ S (e = d) (=)™ —dy
=710 JN(T) — jn(70) =70 Yoy Cm (T — T0)e™ c1

it is enough to show that ¢ # dy.
Substituting a(7) for 7 in the first equation of this proof, we get

in(a(7)) = jn(10) + Y em(alr) — 1)
m=1

= jn(10) + 1 <a(T) — a(70)>e (T —70)+ i em (1) = 70)™,

T —T
0 —2

from which we deduce that

o i (@)~ dv(m)
T—T0 (T —70)¢

= c10/(7p)".

Now we will show that o/(70)® # 1. Write a = (24). Since o/(9) = n/(cto + d)?, we
infer that

d(r)f=1 <+— c¢0+d:\/ﬁ§§e for some £k =0,1,...,2e — 1.

Clearly we have e = 1, 2, or 3. If e = 1, then \/ﬁgé“e is real, but crg + d is not because
¢ # 0. So we have o/(79) # 1.

From now on, we suppose that e > 1. We deal with two cases. Firstly, we consider the
case that n is not a perfect square. We assume that o/(79)? = 1. Then crp + d = /ni*
for some k € Z. If k = 0 or 2, then we have a contradiction as above. If £k = 1 or 3,
then we have 79 = (—d £ /ni)/c, whose imaginary part is irrational because n is not
a perfect square. Since every elliptic point of I'g(N) of order 2 must be equivalent to ¢
under SLy(Z), we obtain that 7o = 7(4) for some v € SLa(Z), from which we infer that the
imaginary part of 79 must be rational. Thus we have o/(79)? # 1. Now we assume that
o’(19)® = 1. Since the real part of \/n(} is irrational, so is the real part of 7. However,

1+\D)

we have 79 = (= for some v € SLg(Z), whose real part is easily computed to be
rational.
Finally, we consider the case that n is a perfect square. Assume that o/(m9)¢ = 1, i.e.,

that cro +d = /n¢5, for some k = 0,1,...,2¢ — 1. Without loss of generality, we may
assume that ¢ > 0. From a(79) = 79, we have 79 = azdty (2ac+d)2_4n. On the other hand,
since |To(N )| = € > 1, there is an elliptic element y = (A(} g) € I'o(N) such that C' > 0
and v(79) = 79, so we have 19 = A=DT VQ(éHD)LZL. Comparing these with 75 = _d%@,
we derive that k = 1, a+d =0, A+ D =0, c = /nC,d = y/nD,and a = y/nAif e = 2 and
that k = 1,2, a+d = (-1)1y/n, A+ D= (-1)*"' ¢=/nC, d= /nD, and a = \/nA
if e = 3. In either case, combining with ad — bc = n and AD — BC' = 1, we deduce that
b= /nB and hence a = \/ny € y/nl'o(N). This leads us to a contradiction. O
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The unique fixed point of o € M‘:LI}N on H is denoted by 7,. We also use the main
involution of My(Z) defined by a* = (4, 2?) for a = (254).

—C a

Lemma 2.7. Assume that (n, N) = 1. For any matriz o = (‘cl 3) we denote by q(a) the

quadratic form sgn(c) - (cx? + (d — a)zy — by?). Then q: Mf}}N = Upj<2ym Qr2—ann s @

surjective map such that

a

W o (T ) = e Hbry+ 6) o) =g(e)

o 6) gla) = ¢(B) <= B = +a or
B == j:aL7

(7) a# o,

(8) a=—-a" < tr(a) =0

(3) Too = Ty(a)s

(4) Ty—1lay = 7_1(7-04) = Tq(a)y>

for any ax® + bxy + cy® € Qr2_gnn, @, B € Mgl}N, and v € To(N).

Proof. 1t is nothing but a tedious computation to verify all of the properties above, so

we just remark that the assumption that (n, N) = 1 is used only where to verify that

<(—b+r)/2 —c

i (b+r)/2) and o' are contained in dom(q) = M‘;HN O

We fix a fundamental region R for I'g(N) such that the map of R to Yp(N) := I'o(N)\H
given by 7 — To(N)7 is a bijection. Let My, y = M, n/{%1}, To(N) = T[o(N)/{£1},

M,y = Mel {1}, and M, y(R) = {@ € My | 7o € R}.

Lemma 2.8. Assume that (n, N) = 1. Then the map

7: Mo v (R) = {(r,[Q]) | r € Z,|r| < 2/, Q] € Qo n/To(N)}

given by & — (sgn(cq) - tr(a), [g(e)]) is a bijection. Here, ¢, denotes the (2,1)-entry of a.

Proof. First of all, g is well defined clearly and surjective by Lemma (1) Suppose that

g(@) =q(B). Then we have

q(a) ~q(B) = qla)=q(B) v
= qla) = q(v"'By)

— 4718y =+a,+a

for some v € I'g(N)
for some v € T'g(N)
for some v € T'y(N)

by (5) and (6) of Lemma Since (v7187)(7a) = Ta, We see that y(74) = 75. However
Ta, T € R and v(74) = 73 imply that 74 = 7,. Since any two elliptic elements having
the same fixed point on H commute each other (e.g., see [10, Proposition 1.16]), we have
v~ 1B~y = 3 and hence = @, a’. Note that

a=a <<= a=-—-a" <
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by (7) and (8) of Lemma 2.7 and that

sgn(cg) - tr(B) = sgn(cq) - tr(a) = —sgn(cqe) - tr(a’).
Therefore we have § = a. O

Instead of dealing with an arbitrary set S in Theorem it suffices to deal with a
specific set S’ of all inequivalent cusps of I'g(N). According to [10, Proof of Proposi-
tion 1.43] or [3, Corollary 4(1)], S” may be chosen as a set of all nonnegative rational

numbers u/v € Q satisfying the properties that
(1) v| N,0<u<N, (u,N) =1,
(2) u=4ifu/v,v//v € S and u =4 (mod (v, N/v)).
Lemma 2.9. Assume that (n, N) = 1. For any cusp u/v € S’ we have
aap(u/v) ~ufv under To(N) <= n=(au+bv,n/a)® (mod (v, N/v)).

Proof. Let d = (au + bv,n/a). Then we compute

(au + bv)/d

nv/(ad) ((au+bv)/d,nv/(ad)) = 1.

o (/v) =
Appealing to |10, Proof of Proposition 1.43] or [3, Corollary 4(1)] again, we have

agp(u/v) ~u/v under I'g(N)
<= 3Jt€ (Z/NZ)*,z € Z such that
(au+bv)/d=t" u+zv (mod N), nv/(ad)=tv (mod N)
<= 3Jte (Z/NZ)*,x € Z such that
(au+bv)t/d = u+ nvx/(ad) (mod N), t=n/(ad) (mod N/v)
<= dt € Z/NZ,x € Z such that
(au+ bv)t/d = u+ nvx/(ad) (mod N), t=mn/(ad) (mod N/v),

because the first congruence equation of the last equivalent statement implies that (¢,v) =

1 and the second congruence equation implies that (¢, N/v) = 1. Thus we obtain that

agp(u/v) ~u/v under I'o(N)
<= dux,y,z € Z such that (au+ bv)/d- (n/(ad) + Ny/v) = v+ nvz/(ad) + Nz
— (nv/(ad), (au + bv)N/dv, N) | u — (au + bv)n/(ad?)
«— (v,N/v)|d*>—n. O

Now we are ready to prove one of our main theorems.
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Proof of Theorem [2.4. 'We prove by computing the divisor of the function LoV (JN,IN)

on the compact Riemann surface Xo(IN) of genus zero. Since pro) (Jn,jN) € Z[jn] by
Lemma [2.1}(2), it is holomorphic everywhere except the cusp oo of Xy(N). Keeping this
in mind, we show the following.

Claim 2.10. Both of

02N (in (). in(m) and ] Hpzognin(r)
rEL
Ir|<2v/m

have the same divisor on Yy(V).

Proof of Claim [2.10] Note that pro@) (Jn(7),jin(7)) vanishes at T'o(N)7o € Yo(NV) if and
only if there exists @ € MZI}N such that a(r) = 79. We define an equivalence relation on
~ell
M, v (R) by - -

o~ B if Ta = T8, Fo(N)a = fo(N)ﬁ

and denote by (@) the equivalence class of @. Then we infer from the definitions of

0N (jn (7), v (7)) = Timjerovnit, x Gn (7) = v (a(7)) and My v (R)/ ~ that both of

&M (G (1), jn (7)) and I[I U@ —in(am)

(@eM,, n(R)/~

have the same divisor on Yy(N).

Now Lemma says that the contribution of jn(7) — jn(a(7)) to the multiplicity
of the zero I'g(N )7y € Yo(INV) of Lo (Jn(7),4n(7)) is the same as the contribution of
Jn(7T) — jn (7o) to the multiplicity, which is in fact the order 1. Hence the latter of the

two can be replaced by

11 (n(T) = jn (1))
(@eM; y (R) /~

Since (a) = {7a@ € MZHN( R) | 7 € To(N).,}, we see that [{(@)] = |To(N)r,| and deduce

that

I[I Ov@m=iv = II I Gy —in(ra) /Mot

(@) €My (R)/~ (@) €My, (R) f~ BE(@)
= T Gy sl Mo,
aeM;, v (R)
By Lemma [2.7 we have 7, = 7y(q) and [To(N)7,| = [To(N)g(a)l = Wo(a),ny and hence the
proof is complete by means of Lemma O

Now it remains to compute the divisor at the cusps.
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Claim 2.11. Both of

M (n(r)in() and [ () = dnlufe) e
u/vesS'—{1/N}

have the same divisor on Xo(N) — Yo(N) — {o0}.

Proof of Claim [2.11] Because pro) (jn(7),in(7)) has a zero at u/v if and only if jn(7)—
Jn(gp(T)) has a zero at u/v for some a, b, we need to first compute the Fourier expansion
of jn(7) — jn(ep(7)) at u/v and then sum up their orders over all such a, b.

Since (u,v) = 1, there are z,y € Z such that uz — vy = 1. Put p = (3 ¥). Because
h = W is the width of the cusp u/v of To(N), gy := €*™7/" is a local parameter at
u/v € Xo(N). So by Lemma [2.5{ we have the Fourier expansion of jx(7) at u/v as

o0
in(p(7)) = jn(u/v) + ) email
m=1
with ¢ # 0.
Now we compute the Fourier expansion of jy(aq (7)) at u/v. Observe that jn (b (7))
generates the function field C(X’), where X’ = I" \ H* and I" = a;iFO(N)amb. By
definition, the width of the cusp u/v of I is the smallest positive number A’ such that

P ((1) ’{) p~! € {#£1} - T". By a straightforward computation we obtain that

L ay , 1 —uvh — bk /a  (au+ bw)?h /n
p pe{xl} - TV <= e T'g(N)
0 1 —nv?h! /a? 1+ uvh’ + bv?h/ /a
2
<~ h'e ¢ "__znt N

v(au + bv) Zn (au + bv)? nv?
lem(anv(au + bv), n?v?, a®(au + bv)2N)
nv?(au + bv)?
N ‘ n 7
v(v,N/v) (au+bv,nja)>"’

— K e VA

— K e

from which we see that the width h’ of the cusp u/v of TV is given as

o N ‘ n
~w(v,N/v) (au+bv,n/a)?’

Thus the Fourier expansion of jn(agq (7)) at the cusp u/v € X’ is of the form

in(aap(p(7) = in(aap(w/v) + > dmap

m=1

with d; # 0. Here we have used Lemma [2.5] again.
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Because aq p(u/v) is equivalent to u/v under I'g(/V), we obtain that

in(p(7)) = in(aap(p(7))) = c1gn — digw +

Note that h # h' because n is not a perfect square. Hence all of ¢1qp,, d1qnr, c1qn —d1qpr are
nonzero. Thus the lowest degree with respect to ¢ = €2™7 is min{1/h,1/h’}. Combining
this with Lemmaﬂwe derive that the order of &°™) (n(7),dn(T)) € C(Xo(N)) at the

cusp u/v is

h- > min{1/h,1/h'}
aln,0<b<n/a
n=(aut+bv,n/a)? mod (v,N/v)

=D > min{la (bmn/a)?} because (v,n/a) =1

aln 0<b<n/a
n=(b,n/a)? mod (v,N/v)

2
= g E min{l, (6,d) }
n
dn 0<b<d
n=(b,d)? mod (v,N/v)

= Z Z Z min{1,e?/n}

eln d|z 0<b’<d’
n=e? mod (v,N/v) © (W d)=1
= Z min{e,n/e}

eln
n=e? mod (v,N/v)

= Vy/v,n,N-

Since jn(7) —jn(u/v) € C(Xo(NV)) has a simple zero at u/v, both of &y, Tov )( N(T), N (T))
and (jn(7) — jn(u/v))"#/vmN have the same order at u/v. O

We infer from Claims .10l and 2.11] that both of

oM (in(r),dn (7)) and [ Hee_ann(n(r) x [ Gn(r) = dn(s)) amn
reZ seS
rl<2v/m oo

have the same zeros with the same multiplicities on Xo(N) —{oco}. So they must have the
unique pole oo with the same multiplicity. In conclusion, they have the same divisor on

Xo(N) and hence differ only by a constant multiple, which is (—1)%”0(”) by Lemma (3)
0

We further define the Hurwitz-Kronecker class number H(D, N) and the trace t(D, N)
of singular moduli as

HON) = Y L uon= Y i)

[Q1€Qp /o (V) YN [QI€Qp /o (V) YN
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Corollary 2.12. With the assumptions as in Theorem [2.4] we have
(1) > HE*=4n,N)+ > venn =20(n),

reZ seS

|r|<2y/n

(2) Z t(TQ - 477’7 N) + Z Vsn,N * jN(S) =
rez scS 0 otherwise.
[r|<2v/m $7400

2 ifdn+ 1 is a perfect square,

1059

Proof. (1) The degree of pro) (X, X) in X is }_,, max{d,n/d} by Lemma (3) and

the degree of the right-hand side in Theorem [2.4] is

Z H(r2 —4n,N) + Z Vs n,N>

reZ seS
Ir|<2y/m sohoo

whence we deduce our assertion with the help of

Zmax{d, n/d} + Z min{d,n/d} = 20(n).

(2) We have
HD,N(jN(T)) — H (]N(T) —jN(TQ))l/wQ,N

[Ql€QDp,N/To(N)

= I @'—int)+0()" /e
[Qle@Qp,N/To(N)

I 1 .
_ [ o e (1 — ——jn(TQ)e + O(q2>)
wQ,N

[QI€QD,N/To(N)

=g HPN) (1 — (D, N)q + O(¢%))

and

1T Gn(r) = gn (s = T (67" = din(s) + O(g)"sm~

sesS ses
soboo s9b00
-3 s€S Vs,n,N
—q oo (1 — Z Vsn,N - JN(S)q + O(q2)>-
sesS
sboo

On the other hand, we have

Lo M) (jn(7) =11 II < _jN(a;/J;b))

aln 0<b<n/a

=11 1II ¢ G + O(an))
aln 0<b<n/a

— H 1 +O( lJrl/n))7

aln
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because ¢~"/% — ¢~ = H0§b<n/a(q_1 — (79%¢—%). Note that
(qfn/a o qia)(l + O(q1+l/n)) _ iquax{a,n/a}(l —eaq+ O(q1+l/n))’

where g, is 1 if |a —n/a| = 1 (which can happen if and only if 4n + 1 is a perfect square)
and 0 otherwise. Thus we see that
B (7). () = (1) Eemszmie g Eenmstentel (1 (572, )g 4 0(4 10 ).
aln
We may recover the identity (1) by comparing the lowest degree in ¢ of both sides in
Theorem A new identity (2) can further be obtained by comparing the next lowest
degree with the help of

2 if 4n + 1 is a perfect square,
e .

0 otherwise.

If (n,N) = 1 and if n is a perfect square, then X — Y divides cI>5°(N)(X, Y), so
<I>£O(N) (X, X) becomes the constant polynomial 0. Thus in that case it is natural to deal

o oM (xy) . -
with P x) ly—x like Zagier did.

Theorem 2.13. Assume that the genus of T'o(N) is zero and that n is a positive integer

relatively prime to N. Assume further that n is a perfect square. Then we have

(1)
o™ (x,v)
oy M(X, ) =X
II rez Hy2_y n(X)

1 _ r|<2y/n . _

— _1 (UU(TL) 1) ||< _ Vs,n,N 1

(=1)2 Vn x ez Hoayn(X) X | | (X —jn(s)) ;
Irl<2 ’ e

2) > H@?—4n,N)+ ) vepn =20(n)+ Y Hr*—4,N)+> o((d,N/d)) -2,

reZ seSs rEZ d|N
Ir|<2v/n |r|<2
(3) > tlr?—4n,N)+ Y (Venn — Din(s) = D t(r* —4,N).
rez seS reZz
Irl<2v/n s700 Ir|<2

Here, S denotes the set of all inequivalent cusps of To(IN).

Proof. We have

©," (X, jn) 11

To(NV .
CI)10( )(X’]N) aln,0<b<n/a
(a.6)£(v/7,0)

(X = jn(@ap(7))):
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Claim 2.14. Both of

Il rez Hy2 gy n(in(T))

in(7) — in(agp(T an rl<2yn
a|n,01§_17[<n/a(jN( ) =inleap(n))) snd [Irez Hp2 oy n(in(T))

(a,0) £(y/1,0) i<

have the same divisor on Yy(V).

Proof of Claim [2.14, We need to exclude the fixed points 7, € R of all elliptic elements
a e [@ 0] = v/nlo(N). We infer from the proof of Claim that both of

H (]N(T) _jN(aa,b(T))) and H (]N(T) _]’N(Ta))lﬂfO(N)Ta'
T a3y (R)— AT (N)(R)

have the same divisor on Yp(V), where f(e)ll(N )(R) denotes the subset of To(N) consisting
of all elliptic elements whose fixed points on H are contained in R. Now notice that the
fixed pomts of all elliptic elements of v/n an( N)(R) are the same as the fixed points of

those of FO (N)(R) Since FO (N)(R) = MLN(R), we see by Lemma that both of

[T Uy —in(ra) /o™l and - ] Heoan(n(r)
aeynly (N)(R) ‘:l%

have the same divisor on Yy(N), from which our assertion follows. O

Now we compute their divisors at cusps.

Claim 2.15. Both of

IT  Un(r) = in(aap(r))) and [T Gy —dn(ufo))erenyt
aln,0<b<n/a u/veS'—{1/N}
(a,b)#(v/n,0)

have the same divisor on Xo(N) — Yp(IN) — {oc}.

Proof of Claim [2.15. We employ the same notation as in the proof of Claim Suppose
that aqp(u/v) ~ u/v under I'o(NN). Then aqp(u/v) = y(u/v) for some v € I'y(N), and so

p‘lfy_laa,bp must be of the form (‘6‘ g) because it sends co to co. Thus we see that

) ) AT+ B
(v oo () = Giv o) (2752
— (/) + 3 engPPg,
m=1
from which we infer that
B/D A/D
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Assume that diq, = c1q,. Then we have A = D and B = Dhk for some k € Z. Since
AD = n, we see that A = D = /n and B = y/nhk, whence

1 hk
Qap = V1Y - p~' = Vnla, Vnl|b, Vn|n/a

= a=+/n, b=0.

However, the case that a = y/n and b = 0 does not concern us. So we have shown that

c1qn — d1gp # 0, and hence its order of zeros at u/v is

h- > min{1/h,1/h'}
aln,0<b<n/a,(a,b)#(v/n,0)
n=(au+bv,n/a)?> mod (v,N/v)
=h- > min{1/h,1/h'} — 1
aln,0<b<n/a

n=(aut+bv,n/a)? mod (v,N/v)
= Yu/v,n,N — 1. O

This shows the identity (1). The identity (2) can be obtained by equating the degrees
of both sides of (1) with the help of [S| =3_, y ¢((d, N/d)). Finally we prove (3). By the
same computation as in the proof of Corollary [2.12{(2), we have

[T  Un() —in(aas(n)

a|n,0<b<n/a
(a,0)#(v/n,0)
Al (I I PR
aln
a/R

_ (_1)%(00(71)71)\/5(]7 Za‘n max{a,n/a}Jrl(l + O(qlJrl/n))_
Here we have used the fact that ¢, = 0 because it is impossible that both n and 4n + 1
are perfect squares at the same time. On the other hand, we compute
i <ovn Hrz—an v (N (T))

<2 Hr2—an(in (7))
=q Liri<avm H(T274”7N)+Z\rl<2 H(r2—4,N)

x <1 - < SOt —an N) = St - 4,N)>q + O(q2)>

[r|<2v/n [r|<2

and

. . 1 _ZSES Wsn,n—1) . 2
T] G (r) — dn()yonnt = g oo (1 =S (en — () + Ofg >>.
s;é;‘S 87%5

Comparing their coefficients, we obtain our assertion. O
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3. The I'-equivalence of binary quadratic forms

We denote by QF the set of all primitive positive-definite binary quadratic forms Q(x,y) =
ax? + bry + cy?, and denote by QT the set of all points 7 € H such that [Q(7) : Q] = 2.
Then any congruence subgroup I' of SLy(Z) acts on both QF and QT in a natural way as

(Q V) (z,y) = (zy)'vAe(§),
_at+ b
’Y(T) - C7'+d7

where @ € QF, v = (‘é g) cl', 7 € QT, and Ag is a symmetric matrix associated with
Q. By definition, a form @’ is I'-equivalent to a form @ if and only if Q' = Q - v for some
vyel.

Given a form @ € QF, let 7 denote the unique solution of Q(x,1) = 0 in H. Then
it is not difficult to see that the map defined by @ + 7¢ is a one-to-one correspondence

between QF and QT, and moreover

TQy = 7_1(762)'
Definition 3.1. Let §r be a fundamental region for a congruence subgroup I'.

(1) A form @ € QF is said to be I'-reduced if 79 € Fr. The set of all I'-reduced forms
in QF is denoted by I'-RF.

(2) Given a negative integer D = 0,1 (mod 4), we denote by QF(D) the set of all forms
in QF of discriminant D, and denote by I'-RF (D) the set of all I-reduced forms in

QF(D).

It is worthwhile to remark that the definition of I'-reduced forms depends on the choice

of the fundamental region 3.

Example 3.2. As is well known, a fundamental region for SLo(Z) is

Ss1az) = {7 € H||Re(r)| < 1/2,|7] > 1,
(|Re(r)| =1/2 or || = 1) = Re(r) < 0}.

With respect to this choice of §gr,,(z), a form ax? 4 bry + cy? € QF is SLy(Z)-reduced if

and only if it satisfies
(1) |b] <a<eg,

(2) (b =aora=c)=b>0.
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Notice that this coincides with the usual definition of reduced forms for the proper equiv-
alence. This relation between reduced forms and fundamental domains can also be found
in [5, Section 5.3.1] and [6, Exercise 11.4].

Example 3.3. For N = 2, 3,4 it is known that

Srov) = {7 € H[|Re(r)| <1/2,|7 = 1/N| > 1/N, |7 +1/N| > 1/N,
(|IRe(r)]=1/20r |r—1/N|=1/N or [T+ 1/N|=1/N)
= Re(r) <0}

(see also the remark at the end of Section . Therefore az? 4 bxy + cy? is defined to be
[o(N)-reduced if

(1) b < a, |b] < Ne,
(2) (|b| =a or b = N¢) = b > 0.

Notice that the condition (1) implies the finiteness of I'g(IV)- RF (D). More precisely, when
N =2 or 3, the finiteness follows immediately from the fact that

A-N ., , “ND
I T2 < 2= _ < =
~ b* <4dac—b D = < TN
_4D D
dac=b>—D < <
ac="b i A v

since b> < Nac. For N = 4, we consider the following three cases:

Case 1: a > 4c. We see that —D = dac — b> > dac — 16¢* = 4c(a — 4c) > 4c. Hence
there are at most finitely many triples (a,b,c) such that D = b? — 4ac, ¢ < —D/4, and
|b] < 4ec.

Case 2: a < 4c. Similarly, the finiteness follows from —D = 4ac — b > 4ac — o® =
a(4c —a) > a.

Case 3: a = 4c. It follows from —D = (a — b)(a + b). Using these, we easily compute
that

To(2)-RF(=3) = {2® + 2y +¢*},

Lo(2)-RF(—4) = {2” +y*, 2% + 22y + ¢},

[o(2)-RF(—7) = {2 + 2y + 2y*, 22° + 2y + y*},
(2)-RF(=8) ={
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and
[o(3)-RF(—3) = {2 + 2y + %, 322 + 3zy + y*},
To(3)-RF(—4) = {2 + ¢*, 22 + 22y + v°},
Lo(3)-RF(=7) = {z% + zy + 292, 222 + zy + o%, 42 + 3zy + y*},
[o(3)-RF(=8) = {22 + 2¢°, 22% + 9?, 32% & 22y + ¢°}

and

Lo(4)-RF(=3) = {z% + zy + %, 32 + 3zy + ¢*},

(4)-RF(=3) =

(4)-RF(—4) = {2 + y?,22? + 2zy + 2, 52° + 4y + 3°},

Do(4)-RF(=7) = {2 + zy + 292, 22 & 2y + %, 42? £ 3y + o2, 72 + Toy + 20°},
(4)-RF(=8) = {2 4 2¢%, 222 + 9?, 322 £ 2zy + ¢, 62 + 4xy + %, 92° + Szy + 2¢°}.

Example 3.4. Let p > 5 be a prime number. Then a form az? + bxy + cy?> € QF is
defined to be I'y(p)-reduced if it satisfies the following properties:

(1) bl < a,

(2) |b|<%forankesp,

(3) (|b| =aor |b] =pc) = b >0,
(4) b= 2D iy g e BY = b > 2o,

(5) b= —EHED it ke 5, — ({£1} UEY)) = b > — Zatle

(6) b —dac = —34 = b U282 for all k€ 8, — ({1} U BSY) with k # kg,

where the definitions of .S, E;[(,2), K2y, E]E,?’), and k(3 are given in Section The definition of
I'o(p)-reduction above corresponds to the fundamental region for I'g(p) described explicitly
in Section [l

We can see that the conditions (1) and (2) are good enough to imply the finiteness of
Io(p)- RF(D). Note that

p?c+ (k* — 1)a
p- |kl

— |rg — k/p| > 1/p for all k € S,, where g = (b + V'D)/(2a)

= Im(rg) > v3/(2p) or (|Re(rq)| < 1/(2p), |7q — 1/p| = 1/p,|7q + 1/p| > 1/p)

= a<+/—D/3-por (b <a/p,|b] <pc).

b <

for all k € S,

Fix a negative discriminant D.
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Case 1: |b] < a, a < /—D/3-p. Clearly, there are at most finitely many triples
(a,b,c).
Case 2: |b| < a/p, |b] < pe. Since b* = |b| - [b] < & - pc = ac, the finiteness follows

immediately from
302 <dac—bv*=-D = |b|<+/—D/3,

4ac=b*—-D < —-4D/3 = ac< —-D/3.

According to our definition of I'g(p)-reduced forms above, a form ax? +bxy +cy? € QF
is I'g(5)-reduced if and only if

1) [o]

(1)

(2) 1]

(3) (|b| =aor|b| =5c)=1b>0,
(4)

| /\

(5) b= af2e — o < 5,

2

| /\

(6) b= 3a+25c —q> 50

4) |b| < Saf25e (7) bQ—4ac——f:>b7éi3a

Under this definition, we easily compute that

To(5)-RF(=3) = {2 + zy + %, 322 + 3zy + »*},

Lo(5)- RF(—4) = {2? + 2,222 + 2zy + 2, b2® & dxy + 32},

Lo(5)-RF(=7) = {z? + zy + 2%, 22% + xy + %, 42 & 3zy + y2, 72% + Ty + 207},
[o(5)-RF(—8) = {2? + 2¢°, 22% + 92, 32% 4+ 2zy + v°, 622 + day + %)

In what follows, we prove the finiteness of I'-reduced forms of a given discriminant for

any congruence subgroup I' of SLy(Z).

Theorem 3.5. Let I'-RF(D) be the set of all I'-reduced forms of discriminant D with
respect to §v. Then we have the following.

(1) Any two distinct I'-reduced forms in I'-RF (D) are not I'-equivalent.

(2) Every form Q € QF(D) is I'-equivalent to a unique I'-reduced form in I'-RF(D).
(3) The cardinality of T'-RF(D) is independent of the choice of Fr.

(4) The cardinality |T'-RF(D)| is finite.

Proof. (1) Suppose that Q, Q" € T-RF(D) are I'-equivalent to each other. Since Q" = Qv
for some v € I', we have 7 = 7~Y(rg). This says that 7Q,Tq € ST are in the same I'-

orbit, from which we deduce that 7g = 7o/. Appealing to the one-to-one correspondence
between QF and QT, it follows that Q = Q’.
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(2) Given a form Q € QF(D), there exists v € I such that 7., = v71(7g) is contained
in §r. By definition, @ is I-equivalent to @ -y € T-RF(D). The uniqueness is an
immediate consequence of (1).

(3) Let I-RF(D) and I'-RF(D)’ be the sets of I'-reduced forms in QF(D) with respect
to §r and §p, respectively. According to (2), there is a function f: I'-RF(D) — I'- RF (D)’
by mapping @ to a unique @' in I'-RF(D)" which is T'-equivalent to Q. Note that f is
injective by (1). For if f(Q1) = f(Q2), then Q1,Q2 € I'-RF(D) are I'-equivalent, so we
have Q1 = Q2 by (1). Now the symmetry implies our desired assertion.

(4) Let 71,...,7n be all the distinct left coset representatives of I' in SLy(Z), where
n = [SLg(Z) : T']. Then we can choose §r so that §r is contained in

n

U 7{1(3SL2(Z))-
i=1
Under this choice of §r we have
I'-RF(D) ={Q € QF(D) | ¢ € 3r}
C{Q € QF(D) | 7i(7q) € Fs1y(z) for some i =1,...,n}
={Q € QF(D) | Q - ~; ! is SL2(Z)-reduced for some i = 1,...,n}

= (J{@" -7 € QF(D) | @ € SLa(Z)-RF(D)}.
=1

Because | SL2(Z)- RF(D)] is finite, we can derive that [I'-RF(D)] is also finite. O

4. The fundamental region for I'y(p)

Throughout this section, let p > 5 denote a prime number. The purpose of this section is to

construct the fundamental region §r ) for ['o(p) which satisfies the following properties:
(1) |Re(r)| < 1/2 for all T € STo(p)>

(2) the imaginary part of 7 € §p,(,) is maximal in the orbit I'o(p)T,

(3) the real part of 7 € §p, () is minimal among the points 7/ € To(p)7 with |Re(7’)| <
1/2,

(4) for any 7 € H, there exists a unique point 7" € §p,(,) such that 7/ € Ty(p)7.

Given a congruence subgroup, we can explicitly construct its open fundamental region

consisting of points whose imaginary part is maximal in its orbit. This can be done by
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applying the method given in Ferenbaugh’s paper |7, Section 3]. For a matrix v = (‘C’ g),

we write a := a, by := b, and so on. As in his paper, let

arc(y) = {1 € H| |1 —a,/¢;| = 1/]¢y]},
inside(y) = {7 € B | |7 — a,/e| < 1/l |},
outside(y) = {r e H| |7 — ay/cy| > 1/]c4|}

for any v € SLy(Z) with ¢y # 0. If v =+ (} %) with b > 0, then we define
arc(y) = {7 € H| Re(7) = b/2},

inside(y) = {7 € H | Re(7) > b/2},
outside(y) = {7 € H | Re(7) < b/2}.

On the other hand, if v = + ((1) 11’) with b < 0, then we define arc(y) in the same way and
reverse the definitions of inside(y) and outside(7y).
An open fundamental region for a congruence subgroup I' of SLy(Z) is defined to be

an open subset R of H with the properties:
(1) there do not exist v € I' and 7,7’ € R such that 7 # 7" and 7 = y(7/),
(2) for any 7 € H, there exists v € " such that v(7) € R.

Theorem 4.1. Let T’ be a congruence subgroup containing (§1). Then

Rr := ﬂ outside(7)
ver—{+I}

s an open fundamental region for I' such that
(1) |Re(7)| <1/2 for all T € Ry,
(2) the imaginary part of T € Rr is mazimal in the orbit I'r.
Proof. See |7, Theorem 3.3] and its proof. O

Thus the fundamental region §t, () that we try to find lies between Rp(,) and Rp(p)-

Lemma 4.2.
Rrypy = {7 € H||Re(7)| < 1/2,|7 — k/p| > 1/p for all k = +1,42,...,£[p/2]}.
Proof. Note that

(| outside(y) = {r € H||Re(r)| < 1/2}

v€lo(p)—{+1}
Cy=
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and that

(|  outside(y) = {r € H| |7 — k/p| > 1/p for all k € Z with (k,p) = 1}
v€lo(p)—{£I}

ley|=p

because
ve€To(p), ¢y =+p = outside(y)={r €eH||r Fa,/p| >1/p}.

Thus we see that

ﬂ outside(7)

y€lo(p)—{£1}
|Cw|§p

={reH||Re(r)| < 1/2,|T —k/p| > 1/p for all k = £1,£2,...,£[p/2]}.

Let 7 be a point contained in the set right above. If | Re(7)| < 1/(2p), then it is clear that
7 € outside(ry) for any v € I'g(p) with |cy| > 2p. If |Re(7)| > 1/(2p), then we see that
Im(7) > +/3/(2p) and so we deduce that 7 € outside(y) for any v € To(p) with |c,| > 2p
because every point in inside(7) has its imaginary part less than 1/(2p). O

Let S, = {£1,42,...,+(p—1)/2}. For any = € Z with (z,p) = 1, we denote by 271 €

1

Sy (respectively, (x) € Sp) the unique integer such that zz=" =1 (mod p) (respectively,

z = (z) (mod p)). For any k € S, we define
k kk—1—1
Yo = P € I'o(p).
p k7!
Then we have shown in the above lemma that
Rrypy = {7 € H| |Re(7)] < 1/2} N ﬂ outside (k)

k€S,

Notice that for any k € S, the matrix v, maps arc(y_j-1) onto arc(y;) taking end-

points to endpoints as follows:

<—k—1 + 1> =S|

V& = :
p p

Observe also that an elliptic point of order 2 can occur only at the top points of the arcs

and that an elliptic point of order 3 can occur only at the points where the lines or arcs

intersect, namely the points % — QLp + \2/—32' for k € S, — {1}.
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From these, we deduce that the top point of arc(y) is an elliptic point of order 2 if
and only if arc(y_;-1) = arc(y) if and only if k2 = —1 (mod p). So if we set

D :={keS,|k?=—1(modp)},

then the points % + %i with k € EI(,Q) are all the inequivalent elliptic points of order 2
for Tg(p). We further observe that for such a k, the matrix 5 maps arc(v) onto itself
with the direction reversed. Hence, if 7 € ORp ¢, N arc(y) for some &k € E}(,2), then
we need to choose 7 such that Re(r) < k/p in order to construct S, satisfying the
prescribed property (3). On the other hand, if 7 € JRp () N (arc(y_p-1) U arc(yg)) for

some k € S, — EI(?), then we need to choose 7 such that 7 € arc(vg,, ), where
k() = min{k, —k~'}.

For example, if k = 1, then k(;) = —1 and so we need to choose points on arc(y-1) instead
of points on arc(y;).
Now it remains to determine which pomts T + ‘[z with k& € S, —{1} are equivalent

to each other under I'g(p). For any k € S, we see by a stralghtforward computation that

1—k=1 1 3 Eo1 3
'Yk( —+\[i) -I—i'

P 20 2p p 2p

7.
p 2p 2p

So the pomt £ —|— \[z is I'g(p)-equivalent to the point 1_]; —|— ‘[z for any k € .S),.

Notice that the map f. S, — {1} — S, — {1} taking k to (1 — k 1y satlsﬁes 3 =id,
from which we infer that for any k& € S, — {1} we have either f(k) =k or (k # f(k) and

f(k) # f2(k) and k # f%(k)). We see that
fk)=k <= k+k'=1 (modp)
— k+kt=lorl—p
= k+k =1

because |k + k7| < p — 2 by the assumption p > 5. Thus if k2 —k+1 =0 (mod p), then

~y fixes the pomt T~ —|— ‘fz On the other hand, if k> —k+1 # 0 (mod p), then we see
1 V3, (1-k7h) V3, (1-(—-k"H"YH 1 V3,
that the three dlstlnct pomts » T ol T~ % + %z, Ty Tyt

are equivalent to each other under [o(p). Therefore, if we set
®) = {k €S, | k*—k+1=0 (modp)},

then the points 5 — 5 + \fz with k& € E,§3) are all the inequivalent elliptic points of order 3

for To(p). Moreover, 1f 7 is one of the three points above for some k € S, — ({1} U EI(,?’)),

k
Fe) 1, V8
p 2p+2p

k) o= min{k, (1 — k™), (1— (1 -k~ O}

then 7 must be chosen as 7 = 1, where
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For example, if k = —1, then k(3) = —% and so the point 7 = —% + \2/—32' must be chosen

and the points 7 = :t% + 2—5’1' must be discarded.
Combining all of the above discussion, we conclude that §r () is the set of all points

T € H satisfying the following properties:
(1) [Re(m)| <1/2,
(2) |7 —k/p| > 1/p for all k € S,
(3) |Re(r)| = 1/2 = Re(r) = —1/2,
(4) |7 — k/p| = 1/p with k € ES = Re(r) < k/p,
(5) |7 £1/p| =1/p=>Re(r) <0,
(6) |7 — k/p| = 1/p with k € S, — ({£1} U E) = Re(r) < (2kz) + 1)/(2p),
(7) 7 # (2k — 1)/(2p) +iv/3/(2p) for all k € S, — ({1} U ESY) with k # k).

Remark 4.3. Using the same method as above, we can obtain fundamental regions for
I'o(N) with N = 2,3,4 as follows:

Srovy) = {7 € H||Re(1)| <1/2,|7 = 1/N| > 1/N, |7 +1/N| > 1/N,
(|IRe(r)|=1/20r [T —1/N|=1/Nor |t +1/N|=1/N)
— Re(r) < 0}.
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