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Invariant Subsets and Homological Properties of Orlicz Modules

over Group Algebras

Riiya Uster and Serap Oztop*

Abstract. Let G be a locally compact group with left Haar measure. We study the
closed convex left invariant subsets of L®(G) and characterize affine mappings from the
space of nonnegative functions in L'(G) of norm 1 into L®(G) spaces. We apply the
results to the study of the multipliers of L*(G). We also investigate the homological
properties of L®(G) as a Banach left L'(G)-module such as projectivity, injectivity

and flatness.

1. Introduction

An Orlicz space L*(G) is a type of function space generalizing the LP spaces. Besides the
LP spaces, a variety of function spaces that arise in analysis are contained naturally in
Orlicz spaces. For example, Llog L, which is a Banach space related to Hardy-Littlewood
maximal functions, and certain Sobolev spaces are contained in Orlicz spaces as subspaces.
Linear properties of Orlicz spaces have been studied thoroughly (see [21], for example).
Recently, Orlicz spaces and weighted Orlicz spaces over a locally compact group G are
considered as Banach algebras and certain cohomological properties of them are also in-
vestigated (see [1,[16-19]). However, little attention has been paid to their possible module
properties (see [17], for example).

Our goal in this paper is to study possible module structures on Orlicz spaces over
the group algebra of a locally compact group G. It is well-known that LP(G) is a left or
right Banach L'(G)-module (see [10, Theorem 32.16]). In the context of Banach modules,
Lau [13] studied the closed convex invariant subsets of LP(G) (1 < p < o0); in particular,
he proved that the only compact convex left or right translation-invariant subset of LP(G)
is the origin. We obtain similar results for the L®(G) spaces. Therefore we extend some
standard results for LP(G) to L®(G) spaces. Specifically, we observe that the idea of Lau
can be applied to investigate the multipliers of L®(G) spaces. Consequently we also obtain

some insight into the multipliers problem for L®(G) spaces.
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On the other hand, Dales and Polyakov in [6] gave a detailed study of the homological
properties of modules over the group algebra of a locally compact group. By following their
work, we study some homological properties of Orlicz spaces considered as L' (G)-modules
such as projectivity, injectivity and flatness.

The structure of the paper is as follows. First we introduce essential definitions and
basic information that will be used in this paper. In Section [3] we study the closed convex
left-invariant subsets of L*(G). We prove that if G is locally compact but noncompact,
then each closed convex left-invariant subset C' of L®(G) must contain the origin. We also
prove that if C' is compact, then C' contains only the origin. In Section 4} we study affine
continuous mappings on subsets of Orlicz spaces. In Section b we apply our results to
extend some classical theorems concerning multipliers for the LP(G) spaces (1 < p < o0) to
multipliers for the L®(G) spaces. In particular, we extend the characterization of Brainerd
and Edwards [4] from L'(G) to L®(G). Finally in Section @ we study the projectivity of
Orlicz modules over the group algebra of a locally compact group G and give necessary and
sufficient conditions for projectivity. We also have results on the injectivity and flatness

of Orlicz modules over the group algebra of a locally compact group.

2. Preliminaries

In this section, we provide an overview of some basic definitions and state some technical
results that will be crucial in the rest of this paper. In this paper, G denotes a locally
compact group with a fixed left Haar measure p.

First we recall some facts concerning Young functions and Orlicz spaces. Our main
reference is |21]. A nonzero function ®: [0,00) — [0, o] is called a Young function if ® is
convex, ®(0) = 0 and lim,_,o, ®(z) = +o00. For a Young function ®, its complementary

function W is given by
U(y) =sup{zy — ®(z) : 2 >0}, y>0.

It is easy to check that ¥ is also a Young function. Also, if ¥ is the complemen-
tary function of ®, then @ is the complementary function of ¥, and (®,¥) is called a

complementary pair. We have the Young inequality
vy < ®(x) +¥(y), x,y=0

for complementary functions ® and V. By definition, a Young function can have the value
oo at a point, and hence be discontinuous at such a point. However, we always consider a
pair of complementary Young functions (®, V) with both ® and ¥ continuous and strictly
increasing. In particular, they attain positive values on (0,00). Note that even though ®

is continuous, it may happen that ¥ is not continuous.
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Let us recall some facts concerning Orlicz spaces. Suppose that G is a locally compact

group with a fixed Haar measure du and (®, V) is a complementary Young pair. We define
L£*@G) = {f: G — C: f is measurable and / O(|f(x)]) du(x) < oo}.
G
Since £?(G) is not always a linear space, we define the Orlicz space L®(G) to be

L¢KD::{f:G—»C:/Q@Qﬂf@ﬂ)@dx)<oobrﬁmwcx>0},

where f indicates a u-equivalence class of measurable functions with respect to the Haar
measure dp. Then the Orlicz space is a Banach space under the Orlicz norm || - ||¢ defined
for f € L*(G) by

Hqu»:sup{ | t@v@lduta) - | ‘If(IV(fv))du(le},

where U is the complementary function to ®. One can also define the Luxemburg norm

I 13 on L*(G) by
Hfl%zinf{k>0:/G<I><|f(]f)|) du(x)ﬁl}.

It is known that these two norms are equivalent; that is,

1115 <1 lle < 2[- I3

and
|flle <1 if and only if / O(|f(x)|) du(x) < 1.
G

Let us recall that a step function takes finitely many values on measurable sets of G.
We define M®(G) as the closure of the linear space of all step functions in L®(G). Then
M®(G) is a Banach space and contains C.(G), the space of all continuous functions on G
with compact support, as a dense subspace |21, Proposition 3.4.3]. Moreover, M (@),
the dual of M®(G), can be identified with L¥(G) in a natural way [21, Theorem 4.1.6].
Another useful characterization of M®(G) is that f € M®(G) if and only if for every
a >0, af € L2(G) [21, Definition 3.4.2 and Proposition 3.4.3].

A Young function ® satisfies the Ag-condition if there exists a constant K > 0 such
that

¢(2z) < K®(z), =>0.

In this case, we write ® € Ay. If ® € Ay, then it follows that L*(G) = M®(G) so that
L*(G)* = LY(G) |21} Corollary 3.4.5]. If in addition ¥ € A, then the Orlicz space L*(G)

is a reflexive Banach space.



962 Riiya Uster and Serap Oztop

Definition 2.1. Let ®; and ®2 be two Young functions. Then ®; is stronger than ®,
O - Oy (or Py < Pq) in symbols, if

Oy(z) < @y(ax), x>0

for some a > 0. Further we say that ®; and ®5 are strongly equivalent if ®; > ®5 and
®y = ®1. Then we write &1 ~ Ps.

We have said that Orlicz spaces are generalization of Lebesgue spaces. If we take
®(x) = 2P /p, 1 < p < oo, then the complementary Young function is ¥ (y) = y?/q, with
1/p+1/q = 1, and the space L®(G) becomes the Lebesgue space LP(G) and the norm
| - llo is equivalent to the classical norm || - ||,.

Our results can be applied to various Young functions (see [3, Example 8.3], |15
Proposition 2.11] and [21, p. 15]) and concrete groups G (see [8]); we point out a few

below.
(1) If ®(2) = xIn(1 + ), then ¥(z) ~ coshz — 1.
(2) If ®(x) = coshx — 1, then U(z) ~ zIn(1 + z).
(3) If B(x) = e — x — 1, then U(z) = (1 + z)In(l + ) — .

(4) If ®(x) = zlogz (0 < = < 00), then the Orlicz space L® is the Zygmund space
Llog L.

(5) If ®(x) = e’ — 1, z > 0 with 8 > 0, then the Orlicz space L® is the Zygmund space
exp LP.

(6) The group SU(2) is compact. If f is an integrable function on SU(2), then its integral

with respect to the Haar measure is

/SU(2) f(x) dp(z 27r2///27rf0® , 0, 1b) sin® O sin p dOdipdy),

where ® denotes the map (0,¢,v) — x = (x1,22,23,24) in which ;1 = cosf,

9 = sinf cos ¢, 3 = sinfsin ¢ cos Y, x4 = sin O sin psin .

(7) The group GL(n,R) is noncompact. The Haar measure on it is |det A|™" dA, where
dA is the Lebesgue measure on M (n,R).

As usual, Cp(G) is the space of bounded continuous complex-valued functions on G,
Co(@G) is the subspace of Cp(G) consisting of all those functions that vanish at infinity,
and M (G) denotes the set of all complex regular Borel measures on G which is a Banach

space with respect to the norm defined by

lull = 1pl(G) < 00, p € M(G).
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The convolution of ;1 € M(G) and f € L®(G) is defined by

(+ f)(z) = /G f () dpa(y).

For each a € G, let 0, denote the measure in M (G) such that d,(A) = 14(a), where 14 is

the characteristic function of a subset A of G,

(b * f)(@) = f(a™"2) = Lo-1 ().

Given any function f on G, the function fon G will be defined by f(x) = f(x~1) for each
x e qG.

Definition 2.2. Let X and Y be normed spaces and C, D convex subsets of X, Y
respectively. A map f: C' — D is called affine if

flez+ (1 —a)y) = af(x)+ (1 —-a)f(y)
for all ,y € C and « € [0, 1].

Throughout this paper we are mainly interested in Orlicz spaces L®(G) with the Ao-

condition on its Young function .

3. Invariant subsets

In this section we generalize the results of [13] concerning the characterization of closed
convex invariant subsets of the LP(G) to the Orlicz spaces of a locally compact group G.
Our results are motivated by the corresponding results for LP(G). The proof is somewhat
similar to that of the LP(G) case, but new ideas are needed to fully adapt it to the Orlicz
spaces case. We note that L®(G) is an essential Banach L'(G)-module with respect to the
convolution [17, Lemma 3.2], it is also an M (G)-module. Throughout this paper we are
mainly interested in the left invariant subsets of L®(G), but similar results obtain for the

right invariant subsets of L®(G). Let us give the definition of the left invariant subsets of
L®(@).

Definition 3.1. A subset C of the space L*(G) is called left invariant if L,f € C for
each f € C' and x € G.

Note that if f € L®(G), z € G, then L, f € L*(G) and || L, f|le = || f||e (see [17, p. 10]).
Let K be a subset of L?(G), then co K will denote the convex hull of K. Besides
the norm topology on L*(G), we will consider the weak-topology w = o(L?(G), L*(G)*),
where L®(G)* = LY(G) and (®,¥) is a complementary pair. The weak topology on

L®(G) will be considered only occasionally, so unless otherwise specified, we will refer
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to the topological properties of sets and functions in L®(G) with respect to the norm
topology.

Further, the following subsets of M (G) will be crucial in our investigation:
(1) P(G) = {u€ M(G) : |lull =1 and > 0},
(2) PI(G)={h e LYG) : ||h|l1 =1 and h > 0},
(3) E(G) ={d4:a € G}.

One can consider that P;(G) = P(G) N LY(G).

The following definition and lemma appear in [13| Lemma 3.1].

Definition 3.2. Let v denote the separated locally convex topology on M (G) determined
by the family of seminorms @ = {py : f € C3,(G)}, such that

|pf(ﬂ)|:|(u,f>|='/GfdM’

for each p € M(G). Then in the v-topology, pe — 4 means that [, fdua — [ fdp.
We denote the weak topology of M(G) by (M (G), L*°(G)), while the weak™ topology by
o(M(G),Co(G)). In this way, the v-topology is o(M(G), Cy(G)). Since Cy(G) C Cy(G) C
L>(G), we have 0(M(G),Cy(G)) < o(M(G), Cp(G)) < o(M(G), L>®(Q)).

Lemma 3.3. For a locally compact group G, we have

P(GQ) = P(G) =0 E(G) .

As a consequence of the Hahn-Banach separation theorem, let us note that a convex
set in a Banach space which is closed in the norm topology is also closed in the weak
topology.

The following lemma and theorem can be proven by adapting arguments similar to the

one presented in |13, Lemma 3.2] and 13, Theorem 4.1(a)]. Therefore we omit the proofs.
Lemma 3.4. Let G be a locally compact group.

(1) For each f € L*(G), the mapping jn — pu* f from M(G) into L*(G) is continuous
when M(G) has the weak* topology and L®(G) has the weak topology.

(2) For each f € LY(G), the mapping h — f % h from L*(G) into L*(G) is continuous
when L*(G) has the weak topology.

Theorem 3.5. Let G be a locally compact group and C a closed conver subset of L*(G).
Then C' is left invariant if and only if h« C C C for each h € P(G).
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We observe the following consequence.

Corollary 3.6. Let I be a closed linear subspace of L*(G). Then L*(G) * I C I if and
only if I is a left invariant subspace of L®(G).

Note that the set co{L,f:x € G} is a closed, convex and left invariant subset of

L®(G). Hence, we have the following consequence.

Corollary 3.7. Let f € L*(G). Then

co{L,f:x€Gy={pxf:pe P(G)}.

Theorem 3.8. Let G be a locally compact group. Then G is noncompact if and only if

each closed, conve, left invariant nonempty subset of L®(G) contains the origin.

Proof. Assume that G is noncompact, and take C' a closed, convex, left invariant nonempty
subset of L®(G). Since G is noncompact for each compact subset H of G, there exists
an element xy € G\ H. It follows that the net {d,,}n weak™ converges to zero in
M(G). Using Lemma we conclude that the net {0z, * f}m converges to zero in
the weak topology of L*(G). The set C is closed and convex, so weakly closed. Since
{02y * f}m C C, then its weak limit is in C, that is, C' contains the origin.

Conversely suppose G is compact. The set C' = {1} is a closed, convex, left invariant
subset of L?(G) but does not contain the origin. O

Theorem 3.9. Let G be a locally compact group. Then G is noncompact if and only if

each compact, convez, left invariant nonempty subset of L*(G) is the origin.

Proof. Let G be noncompact, C' a compact, convex, left invariant nonempty subset of
L®(G) and f arbitrary in C. Let h € LY(G), where V¥ is the complementary Young pair
of ®, and consider the function k(s) = (Lyf,h) for s € G. Then k = f = h € Co(Q).
Furthermore, k is a bounded, continuous, almost periodic function on G. In order to
justify that k is almost periodic, i.e., f * he AP(G), we notice that, for each z € G,

Lﬂﬂﬁmnzﬁ*%@wzlj@ﬂz Loy) dp(z /fwz y) dp(2)
—LLJ@MZWMM@—@M*M@,yeG

As {L,f : z € G} is contained in the compact set C, there is a net {x,}o C G such that
{L,, f}a converges in the normed space L®(G). Since h € LY(G),

|Lowf *h — Loy f % hlloo < | Lao f — Lay fllall2lle — 0,

$0 {Ly, [ * h}q converges in (Cy(G), ]| - [lo)- Since G is a locally compact noncompact
group, the set AP(G) N Cy(G) reduces to zero, so k = 0. Hence f h = 0 for each
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h € L¥(G). Now we want to show that f = 0. Let U, be a decreasing set of compact
neighborhoods of e and let h, = 1y, /|Usl; then || f * ho — flla — 0. Since h,, € LY(G) for
each «, it follows that f = 0. Hence the set C' contains only the origin.

Conversely suppose that G is compact. The set C' = {15} is a compact, convex and

left invariant subset of L®(G) but does not contain the origin. O]

Let us remind that more information about almost periodic functions on locally com-

pact groups can be found in [14] for example.

4. Affine mappings commuting with translations

Our main aim is to determine the affine mappings and characterize the compact multipliers
of Orlicz spaces. Lau [13] studied the affine mappings 7" from a left invariant closed convex
subset A of LI(G) into a closed convex left (right) invariant subset of LP(G) commuting
with left (right) translations. We shall study affine continuous mappings T on subsets of
Orlicz spaces.

The proof of the next theorem is similar to that of [13| Theorem 5.1]; we therefore

omit it.

Theorem 4.1. Let ® and ¥ be Young functions and let B and C be closed left invariant
convex subsets of LY(G) and L*(G), respectively. If T: B — C is continuous and affine,

then the following are equivalent.

(1) T commutes with left translations (i.e., T(Lyf) = L,Tf whenever x € G and f €
B).

(2) T(h*f)=h=*T(f) for each h € P(G) and f € B.
We have the following consequence.

Corollary 4.2. If T: LY(G) — L*(G) is a linear bounded operator, then the following

are equivalent.
(1) T(Lof) = (L,T)f whenever x € G and f € LY(G).
(2) T(hx f)=hxT(f) for each h € L'(G) and f € LY(G).

Theorem 4.3. Let G be a locally compact noncompact group. Let C be a nonempty closed
conver left invariant subset of L*(G), and B a nonempty weakly compact closed convex left
invariant subset of L*(G). If T: B — C is a continuous affine map and T(L,f) = L,Tf
for each f € B, then T = 0.
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Proof. Since B and C' are closed and convex, they are weakly closed. Since T is affine
and continuous, T is also weakly continuous when B and C have their respective weak
topologies. As B is weakly compact, convex and T is weakly continuous, T'(B) is a weakly
compact convex left invariant subset of L!(G). Hence by [13, Theorem 4.8], T'(B) =
{0}. O

Theorem 4.4. Let G be a locally compact group, C' be a weakly compact, closed, bounded,
left invariant subset of L(G), and let T: Pi(G) — C be a continuous affine map. Then

the following are equivalent.
(1) T commutes with all left translations.
(2) There exists an f € C such that T(h) = h* f for h € Pi(G).

Proof. Let x € G and suppose that T'(Lyh) = L,T(h) whenever h € P;(G). By Theo-
rem we have T'(k « h) = k*T(h) for k,h € P;(G). Suppose that {U,} C Pi(G) is a
bounded approximate identity for L'(G). Since T'(U,) € C is bounded and C' is weakly
compact, there is an f € C such that {T(U,)}. converges to f in the weak topology.
Then

T(h) =W T(h+ Uy) = limh + T(Uy) = h* f.

Conversely let € G and suppose that there is f € C such that T'(h) = h x f for all
h € Pi(G). Then

LoT(h) = Ly(h f) = 6,1 % (hx f) = (6,-1 # h) % f = Lyh * f = T(Lyh).

This completes the proof. O

5. Compact multipliers

A multiplier is an important concept for Banach spaces. We want to study the problem
of multipliers on L® spaces. We apply our results in Section [3| to extend some classical
theorems concerning multipliers for the L? spaces, 1 < p < oo, to multipliers for L® spaces
of a locally compact group. For p = 1 and G is a locally compact group, the space of
multipliers is precisely M (G). This is a famous result of Wendel [24]. For a locally compact
noncompact group, Sakai [23] proved that a compact multiplier on L!(G) commuting with
left (right) translations is identically zero. On the other hand Akemann [2] proved that if
G is a compact group, then M (L'(G), L*(G)) consists only of compact operators, where
M(LYG), L (@)) denotes the set of all bounded linear operators on L'(G) that commute
with the left (right) translations.

Our main purpose is to obtain some results on the compact multipliers problem for

Orlicz spaces. We characterize the compact multipliers of L*(G) by taking L®(G) as an
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L'(G)-module. We are able to extend these results to compact multipliers from L'(G) to
L®(G).
Let us start with the definition of the left multipliers of L®(G).

Definition 5.1. A bounded linear operator T' from LY(G) to L®(G) is called a left
multiplier for the pair (LY(G), L*(G)) if T(Lyf) = Lo(Tf) for all f € L¥(G) and = € G.
We denote the set of left multipliers for the pair (LY(G), L*(G)) by M(LY(G), L*(QG)).

For the following theorem we assume that both ® and ¥ are Young functions satisfying
the As-condition.

Theorem 5.2. Let G be a locally compact group. For a bounded linear operator T from
LY(G) to L*(G), the following are equivalent.

(1) T € M(LY(G),L*(G)).
(2) There exists an f € L®(G) such that T(h) = h* f for h € L}(G).

Proof. Suppose first that T € M(LY(G), L*(G)). Let {uy}o be an approximate identity
for LY(G) such that ||ug||1 = 1 for all a. Then for all h € L*(G) we have ||h*uy—h|j1 — 0.
It follows that {T'(h * us)}a converges to T'(h) in the norm topology for all h € L(G).
On the other hand, the net {T'(uq)}q is bounded in the reflexive space L®(G), so passing
to a subnet if necessary, we may assume that {T'(uy )} converges in the weak topology to

some f € L®(G). Then using Corollary and Lemma we have
T(h) =lmT(h*uy) =limh*T(uy) = hx* f.

The proof of the converse part is similar to the proof of the corresponding part of Theo-

rem [4.41 O

Theorem 5.3. Let G be a compact group. Every multiplier T from L'(G) into L*(G) is

compact.

Proof. Let T € M(L'(G),L*(G)). By Theorem there exists f € L?(G) such that
T(h) = hx f, for all h € LY(G). We will prove that T is a compact operator, i.e., T
takes the unit ball of L'(G) into a relatively compact set of L?(G). As G is compact
and the mapping L, f is continuous, the set co{L,f : = € G}“'l * C L®(G) is compact, so
using Corollary [3.7 it follows that {¢ * f : ¢ € Pi(G)} is relatively compact in L*(G). If
h € LY(G) and ||h|; <1, then h = (hy — ha) + i(hs — hy), where h; > 0 and ||h;]1 < 1,
Jj =1,2,3,4. Tt follows that T'(h;) is in C' = {Ap * f : A € [0,1]}. Since C is relatively
compact, it follows that 7'(h) lies in the relatively compact set (C' — C) +i(C — C). Hence

T is a compact operator. ]
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Theorem 5.4. For a locally compact noncompact group G, the only compact multiplier
T from LY(G) into L®(G) is zero.

Proof. Let T be a compact operator and T'L, = L;T. Then, the closure of the set
{T(f) :||f|]lw <1} is a compact, convex, left invariant, nonempty subset of L®(G), so by
Theorem it reduces to zero. Hence T = 0. O

The following consequence is apparent from Theorem [4.3]

Theorem 5.5. Let G be a locally compact noncompact group. Let A be a weakly compact
closed left invariant subspace of L®(G). If T is a bounded linear operator from A into

LY(G) commuting with left translations, then T is zero.

6. Projectivity, injectivity and flatness

Homological properties of LP(G) as an L'(G)-module have been studied by Dales and
Polyakov [6]. In this section we characterize some homological properties of L®(G) con-
sidered as L'(G)-modules, such as projectivity, injectivity and flatness.

First we recall some homological properties of a Banach algebra. Let A be a Banach
algebra and F be a Banach left A-module. We denote by A- mod and mod -A the categories
of Banach left A-modules and of Banach right A-modules, respectively. These classes of
modules are defined in [5, 0.3.2] and [9} Definition 2.6.1]. Suppose that E € A-mod. Set

AFE =span{azr :a € A,z € E}.

Then E is called essential if AE = E, where the overbar denotes closure. In the case A
has a bounded approximate identity {es}qo, F is essential if and only if lim, e,z = x for
all z € E (see |7, Corollary 15.3]).

We denote by B(E, F') the Banach space of all bounded linear operators from FE to
F. We call a T € B(E,F) admissible if there exists S € B(F,E) with T'o S = idp. If
E,F € A-mod, then 4B(FE, F) denotes the closed linear subspace of B(E, F') consisting
of all left A-module morphisms. An operator T' € 4 B(E, F') is called a retraction if there
exists S € g4B(F, F) with T' oS = idp. Similar definitions apply when E, F' € mod-A.

Definition 6.1. Let A be a Banach algebra, and let P € A-mod. Then P is called a
projective A-module if for each E, F € A-mod, for each admissible epimorphism 7T €
AB(E, F) and for each S € 4B(P, F), there exists R € 4B(P, E) such that To R = S.

Definition 6.2. Let A be a Banach algebra and J € A-mod. Then J is called injective
if for each FE, F € A-mod, each admissible monomorphism 7' € 4B(E, F) and each S €
AB(E, J), there exists R € 4B(F,J) such that RoT = S.
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Definition 6.3. Let A be a Banach algebra, and let £ € A-mod. Then FE is flat if the

dual E* of F is injective in mod-A.

It is known that L'(G) has the approximation property by [22, Example 4.5] and ®
denotes the projective tensor product of any Banach spaces.

We investigate the homological properties of L®(G) induced by the structure of the
underlying group. We will use [6, Proposition 1.2(i)] for the following theorem.

Theorem 6.4. Let G be a locally compact group and ® be a Young function. Then L*(G)
is a projective L'(G)-module if and only if G is compact.

Proof. First suppose that G is compact. It is known that if G is compact, then every
essential Banach left L' (G)-module is projective |20, 1.2]. Therefore L*(G) is a projective
LY(G)-module.

For the converse, suppose on the contrary that G is not compact. Let V and W be
compact symmetric neighborhoods of the identity element eg such that V2 C W. Let
Flo) = 208 — L v W)y (y 1) du(y) for € G. Then f € C(G), f(G) €
[0,1], with f(eg) = 1, supp(f) €V, ||fllco = 1 and ||f]j1 < 1. It is clear that f* f # 0
and supp(f * f) € W. Since L'(G) has the approximation property by [22, Example 4.5]

and also L?(G) is essential by [17, Lemma 3.2], then by [6, Proposition 1.2] there exists a
T € 11 B(L*(G), L' (G)) such that T(f x f) # 0.
Set n = ||f *T(f)||1/2 and fix k& € N. Choose a function g € C.(G) with support K
such that | T(f) — glli < 1/k and ||f = (T'(f) — g)|[1 < n- It follows that ||f * g|1 > n.
Since G is compact, there exist si,s2,...,8; € G such that the sets s;(V U K)? are
pairwise disjoint for j = 1,2,...,k. Indeed, set s; = e and consider the set s;(V U
K)?(V U K)~? which is a compact subset of G. Since G is not compact, there exists
s9 € G\ s1(VUK)?(VUK)™2 This way one can choose inductively each s; € G\
Ul si(VUK)?(VUK) ™2
Set fj =s;* fand A = Z;?:l fj* f. Since 51V, ..., s,V are pairwise disjoint, we have
13251 fillo = L and | 325, £ gll, = k[ * gll1. Then
k k
Tl =|>_ £+ T = D fi*gl| —1=Fhllf gl =1 > kn—1.
=1 = .
On the other hand,

k k
;fj*f = sup /Gj;fj*f(x)h(x) du(;p);/G\p“h(x)Ddu(m)gl

P

k
< sup /G ]Z::l\fj*f(w)h(x)du(w): /G (|h(x)]) dulx) < 1
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k
—sud L1+ ramtsildnte) s [ w(inia) duta) <1

= E|lf = flle-
We obtain || Z?Zl fi* flle S kIS flle. Since f € Cu(G), it follows that f f € L*(G)
and [[Ale < K[| f * fllo.
Thus
kn =1 < [T < I TIMle < KITI[f * flle-

Consequently,
kn < KT f * flle +1.

This holds for each £ € N, which is the required contradiction. Therefore G must be

compact, as claimed. O

Remark 6.5. For the “if” part we can also use the result of Racher [20, Proposition 1.4]
related to the projectivity of Banach modules. It is known that Orlicz space is separable
if and only if G is separable (see |21, Theorem 3.5.1]).

Observation 6.6. Let G be a locally compact group, (®,¥) complementary pair and
U € Ay. If L?(G) is a projective L'(G)-module with G being separable (second countable)

then G is compact.

Now we seek to determine when the module L®(G) is injective and flat. Let us recall
that if £ € A-mod, then E* € mod-A is the dual module of E with the module operation
specified by the formula

(x,Aa) = (ax,\), a€ A ze€E A€ E".
Similarly £* € A-mod when E € mod-A and in this case the module operation in E* is
specified by

(x,a)) = (xza,\), a€ A xz€FE A€ E".
We know that every module (left or right) over an amenable algebra is flat and every
dual module is injective |9, VII.2.29]. Moreover, Johnson proved that the Banach algebra
L'(G) is amenable if and only if the group G is amenable |11, Theorem 2.5]. If we combine

these results we have the following observations.

Remark 6.7. Let @ be a Young function. If G is an amenable group, then
(1) L*(G) is a flat Banach left L!(G)-module,

(2) LY(G), the dual module of L®(G), is an injective Banach right L!(G)-module,

(3) if @, ¥ € Ay, then since L®(G) is a dual module, L*(G) is both an injective and flat
Banach left L!(G)-module.
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