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Power-free Values of Strongly ()-additive Functions

Karam Aloui*, Mohamed Mkaouar and Walid Wannes

Abstract. Let f be a strongly g-additive function with integer values. Given an integer
k > 2, we try to estimate the number of positive integers n < N (resp. primes p < N)
for which f(n) is k-free (resp. f(p) is k-free).

1. Introduction

Throughout this paper, P, N, Ny, Z and R denote respectively the sets of prime numbers,
positive integers, nonnegative integers, integers and real numbers. p denotes always a
prime number, ¢ is the Riemann zeta function and ¢ is the Fuler totient function. For
any real number x, we define |z]| as the largest integer smaller than or equal to z, ||z|| is
the distance from z to the nearest integer, e(x) = exp(2miz), w(x) is the number of primes
p <z and 7(x;m,l) denotes the number of primes p < z that are congruent to [ mod m
for some coprime integers [, m (m € N). The notations (a,b) and [a, b] refer respectively
to the greatest common divisor and the least common multiple of the integers a and b
and more generally, given n integers ai,...,a,, we denote by (ay,...,ay) their greatest
common divisor. We denote by |.A| the number of elements of a given set .A. We recall the
Vinogradov’s notation U < V equivalent to the Bachmann-Landau notation U = O(V)
for complex valued functions U and V' where the implied constants in the symbols “O”,
“<” are absolute. If the implied constants depend on certain parameters «, g, ... (but on
no other parameters), then we write U(N) = Oq 3, (V(N)) and U(N) <q3,.. V(N).

Let £ > 2 be an integer, a positive integer n is said to be k-free if for each prime p,
one has p¥ { n. Let py denote the characteristic function of k-free integers, then one has
the identity:

pr(n) = u(d),

dk|n
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where p is the Mobius function.
Let My(x) = >_,<, #k(n) be the number of k-free integers < x, using elementary
arguments, one can assert

7) = — 4 O(z'/*).
M. (z) ) + O(x/")

Several authors worked intensively to improve the error term and the best uncondi-
tional result remains that due to Walfisz [28] who showed that, uniformly on k, there

exists an absolute constant ¢ such that

_ T 1/k _ 1.-8/5 (log z)/®
My (z) = 0 +0 (m exp ( ck floglog )75 | |

Under the Riemann hypothesis, Montgomery and Vaughan [22] proved that for every

e >0,
x
M (z) — ok O(z!/+1)+2)

This error term was improved by many authors, still under the Riemann hypothesis, such
as Graham, Baker and Pintz, Jia, Graham and Pintz and Baker and Powell [1,2,/9,[104(13}
14]. Their error terms are of the form z/*) for some f(k) ~ 1/k as k — 400. The best
bound for square-free numbers (k = 2) is that of Jia [14] of the form z!7/54+¢.
Recently, Meng [19] studied the analytic properties of the ¢ function in order to prove

that, under the Riemann hypothesis, we have

My(z) — z e xl/(2k)(log$)1/2—l/(2k)+a’
(k)
except on a set of finite logarithmic measure. Actually, [25] provides a nice survey about
this topic for interested readers.

Another question related to k-freeness is the asymptotic behaviour of
(1.1) {n < z, f(n) is k-free}|

for any function f: N — Z. We mention a result of Mirsky [20] that deals with the case
f(t) = 1p(t) + ¢ where 1p denotes the characteristic function of the primes and ¢ € Z. In

this case, we get for any real number B > 1,

(1.2) {p < x,p+cis k-free}| = Baym(x) + O < a; > ,
log” x

where

L1 )
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is called Artin’s k-dimensional constant. In the same context, Heath-Brown [12] considered
an irreducible polynomial of the form f(X) = X%+ ¢ € Z[X] and showed that for k >
(5/d + 3)/9, there exists a constant d(d) such that

{n < z, f(n) is k-free}| = C(f, k)x + O(x' @),
Here, the constant C(f, k) is given by
C(f k) =] = ps@* ™"

P
where

ps(d) = {nmod d: d| f(n)}.
Using Heath-Brown’s method, Reuss [24] provided an asymptotic formula for the number
of primes p < x such that f(p) is (d — 1)-free, where f is an irreducible polynomial of
degree d > 3 with no fixed prime divisors.

Now, let ¢ > 2 be an integer. Then we can represent every positive integer n in a
unique way as
(1.4) n= Z njqj, nj €{0,...,¢—1} and n, # 0.

0<j<v
This representation is called the g-ary expansion of n with respect to base ¢; and the set
{0,...,q— 1} is called the set of digits.
According to , we may define the sum of digits of the integer n by
S = 3w,
0<j<v
which might also be denoted by S(n) if there is no risk of confusion.

In 1967, Gelfond [8] wrote a survey on strongly g-additive functions, namely the func-
tions f: N — R that satisfy f(ag’' + b) = f(a) + f(b), for all (a,i,b) € N? x Ny and
0 < b < ¢'. In particular, we have f(0) = 0 and
(1.5) fn) =Y fn),

0<j<v
meaning that a strongly g-additive function is completely determined by its values on the
integers 1,...,q — 1. A simple example of such a function is the sum of digits function.
Besides, Gelfond’s paper dealt with a non trivial estimate of the exponential sum
e LS n n) ,

72 (m o(n) + B

where € R, ¢, | and m are integers > 2 such that 1 < [ < m and (¢ — 1,m) = 1.
He proved also the following theorem concerning the sum of digits function along k-free

integers:
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Theorem 1.1. (see |8, Théoreme II]) Let ¢,m,k > 2 and | be integers such that (¢ —

1,m) =1, then we have

H{n < z,n is k-free, Sy(n) =l mod m}| = O, (N™),

mC(k)

where \| = W and Ao = 21§gq log 212?757(/2(;72))))

The strongly ¢-additive functions have been extensively discussed in the literature,
mainly their asymptotic distribution (see for instance [4,5,16-18,21]). For further informa-
tion and details, the reader is advised to refer to the interesting survey of Pappalardi [23].

Our goal in this paper is to consider the analogue version of problem in the case

of strongly g-additive functions. Indeed, we try to estimate the asymptotic behaviour of
H{n <z, f(n) is k-free}|,
and
{p < =, f(p) is k-free}|, whenever ¢ = 2

where f is a strongly ¢g-additive function with integer values.
In order to achieve such estimates, we should introduce the class of digital functions,

i.e., functions f: N — R such that there exists ao,...,a,—1 € R satisfying

f(n) = Z ag|n|i for every n € N,
0<k<q

where we denote, according to ([1.4)),
(1.6) b= {0 § < v ln; =k}l
The sum of digits function is a trivial example of a digital function since

Sq(n) = Z kln|.

0<k<gq
Note that every strongly g-additive function is digital since, according to ((1.5)),
o= 3 )= 3 fE)nke
0<j<v 1<k<q

In particular, a; = f(k), Vk €{0,...,q — 1}.

Conversely, every digital function f(n) =3, o (k)|n|k is strongly g-additive.

We shall denote by |- | the function that assigns to each positive integer n, the integer
In|x already defined in (1.6]), F is the set of digital functions f =3 o, ak|-[x and Fo is

the subset of F such that the sequence ao, ..., a,—1 is an arithmetic progression modulo
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1 (i.e., there exists some r € R such that a; = ap + jr mod 1). It is easily seen that
Sq() € Fo.
Let f =3 0<r<q k| | € F, we define the real number Ay(f) as follows:

comin »  lai —a; — (i = j)t|* if f ¢ Fo,
(1.7) A (f) = = o<i<izq

coll(q — 1)(a1 — ao)|? if f € Fo,

where ¢ is a constant depending only on ¢ (defined in [17, Théoreme A]). Actually, the
authors showed that A\;(f) > 0. Furthermore, they extended the theorems of Hadamard-
de La Vallée Poussin (the Prime Number Theorem) and Vinogradov (see [6,[11,[27]) to the
case of prime numbers under digital constraints. Their method relies on the estimate of

exponential sums such as the following

Theorem 1.2. (see [17, Théoreme A]) Let ¢ > 2 be an integer and f € F. Then, for all
x>2 and B €R, we have

> A(n)e(f(n) + Bn) <4 z' P (logx)*,
n<x

where \g(f) is the constant defined in (1.7)).
We can find a generalized version of Theorem in [21].

Our work is organized as follows: In Section [2 we give some preliminary results
including the estimate of the exponential sum ;. e(an+ Bf(n)), where f is a digital

function. Moreover, we provide a theorem investigating the asymptotic behaviour of
E=H{l<n<z:n=lmodr, f(n)=amod b}|.

Indeed, we affirm that there exists a set J; and some positive constant 6, , such that

== % Z cos <27r <ij + Zh)) + Oq(mlfaf”’!‘I),
(4:R)EJ1
generalizing results known from Gelfond’s work [8].
Section |3| deals with a problem of k-freeness on a subclass of strongly ¢-additive func-
tions. Indeed, let .}’-"q1 be the set of strongly g-additive functions with integer values such
that f(j) = 1 for some j € {1,...,¢ — 1} and let F, be the set of strongly g-additive

functions f such that
(1.8) f= Z ag| |k, ai1,...,00-1 € Z and (ai,...,aq-1) = 1.
1<k<q
These sets will be of major interest in our article since they include the sum of digits

function (for instance) and they enable estimates involving congruences.

Basically, we find the following theorem.
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Theorem 1.3. Let k > 2 be an integer and let f € fql. Then, we have
020 < o) 5 ket = 0 ()
n <z, f(n) is k-free}| = —= — .
T ¢(k) log" ! @
The second theorem states the corresponding estimate along prime numbers for com-
pletely 2-additive functions. Let f € .7-"(; and let b > 2 be an integer, we set the integer
d = dfpe > 1 as the greatest divisor of (b,q — 1) such that (f(1),d) = 1 and for all

nonnegative integers n

(1.9) f(n) = f(1)Se(n) = f(1)n mod d.
Obviously, such an integer must exist (1 is the least positive integer satisfying these as-
sumptions).

By using the result of Martin-Mauduit-Rivat (see [17, Lemme 6]), we have for all
j€J2={0<7<bb/d1j},

Z e (Zf(p) + rp) <, N'79rba(log N)3.
p<N

Using elementary means and the above result, Martin, Mauduit and Rivat [17] proved the

following

Theorem 1.4. (see [17, Théoreme 3]) Let q,b > 2 be integers, let f € .7-"q+ and d = dyspq
be the integer defined in (1.9). Let ¢ = f(1)* be the inverse of f(1) modulo d. Then, for

every a € 7, there exists a positive constant oy 4 such that

0orl if (a,d) > 1,

{p <, f(p) = amod b}| =
dr(z;d, ac) + Oy((logx)®x1=%0a)  otherwise.

In view of the above, our second theorem is the following

Theorem 1.5. Let k > 2 be an integer, let f € F5 . Then,

Hp <z, f(p) is k-free}| = ZEZ)) +0 <log$k$> .

Section [] is devoted to the distribution of k-free numbers in congruence classes with

respect to strongly ¢-additive functions. Indeed, we look for
Dy(x) = {n < z,n is k-free, f(n) = a mod b}/,
which extends Theorem [I.1] and in the same vein

{p < x,p+ cis k-free, f(p) = a mod b}|
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is extending (1.2]). In fact, we prove that

P = gy S om (1) + 07,

(k) ez
where
(1.10) j—{O§h<b,};f(€)eZ,VBE{1,...,q—1}}.

Martin-Mauduit-Rivat provided an extended version of Theorem [I.4]in the following form.

Theorem 1.6. (see [L7, Théoréme 5]) Let the setup be as in Theorem[L.4]. For all integers

k>2andl ,a, we have

Z ) 0 if | # be mod (k,d),
p<a §m(x; [k, d],v) + O((log 2)’x'~7r0a) - otherwise,
p=l mod k
f(p)=a mod b

where v is a solution of the congruence system
v=Imodk, wv=bcmodd

and a4 is the constant stated in Theorem [1.4)

In particular, if d = 1, we have

ikl
Hp < x,p=Ilmodk, f(p) = amod b}| = 7r(x,b,) + O((log )3z~ sba),
Relying on Theorem we shall find the following estimate

H{p < x,p+ cis k-free, f(p) = a mod b}| = BArw(a:) +0 < ;172 > ,
b log” z

where fBa;, is the Artin’s k-dimensional constant defined in (|1.3)).
Finally, in the last section, we combine the results of Sections [ and [4] with a lemma

of Banks, Harman and Shparlinski [3], in order to evaluate the cardinality of the set
{n <z, f(P(n)) is k-free},

where P(n) is the largest prime factor of n and f is a strongly 2-additive function. As a

matter of fact, we prove that in this case, we have

{n <z, f(P(n)) is k-free}| = ﬁ + O(zlog z exp(—C log'/3 2))

for some positive constant C'.
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2. An estimate of exponential sums involving digital functions

Given a digital function f = 5o, ax| - |k, We set ¢ the periodic function of period 1
defined by

o(t)=| Y e(ax —kt)|, teR,

0<k<q
Given X € N, we introduce the function | - |y ; defined by
In|xr ={0<j < An;=k} withrespect to (1.4,

and the function f) defined by

)= > alnlae.

0<k<gq

Set the function ®5(t) = > g x e(fa(l) + 1), t €R.
We introduce a classic lemma, estimating some exponential sums that will be needed

later and whose proof can be found in |16, Lemme 12].

Lemma 2.1. Let fe F, A€ N. Forte R, N > 1, we have

> e(f(n)+nt)

0<n<N

<2g-1) > (@A)

log N
Aglogq

Now, we set the real number ~,(f) defined by

(2.1) g = max /6 (1)d(gt).

Martin, Mauduit and Rivat could find significant bounds for v,(f) in [16, Lemmes 8, 10,

11]. These bounds shall be useful in order to state the following result.

Theorem 2.2. Let « be a real number, let f € Fo such that f(0) =0 and (¢—1)f(1) € Z.
Then,

2] if (a+ f(1)) € Z,
sin(r |z |(a + f(1)))
sin(m(a + f(1)))

(2.2) > elan+ f(n)) =

1<n<z e(a+ f(1)) otherwise.

Otherwise, we have

Z elan+ f(n)) <, 2a(f)

1<n<x
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where

16 .
- maq(f) if f ¢ Fo,

L Ale =D rmP
qlqg+v2—1)%logq

and oq(f) = minger Y o< jcicy |(F(@) — f(4)) — (i — t|? > 0 according to the identity (8)
of |16].

Yq(f) <

if feFoand (q—1)f(1) e R\Z

Proof. We set N = |z| = Y_}_,ang" with a, # 0 (then in particular v = Hgiﬁ) We

shall deal with two cases depending on whether f € Fy or not.

Case 1. If f € Fp, the sequence 0, f(1),..., f(¢ — 1) is an arithmetic progression
modulo 1. Thus, we argue according to (¢ — 1) f(1) € Z or not.

So, if (¢ — 1)f(1) = 1 € Z then we write f(j) = jqi—l mod 1, for 0 < j < ¢, and

reminding that Sy(n) = n mod (¢ — 1), for every positive integer n, we get

Y elan+ f(n)= Y elan+ f(Dlnl + -+ flg = 1nlg-1)

1<n<z 1<n<z

l 21
= > elont+—|ni+——lnfa+ - +1ln|;
q—1 q—1
1<n<z

= > e<an+qi15(n)>

1<n<zx

-2 (59

|x] if (a+1/(qg—1)) €Z,
= sin (WM (a—i— ﬁ))

e(la+1 -1 otherwise.
(a+1/la ) sin (7T(oz—|- (ﬁ%))

Furthermore, if (¢ — 1) f(1) ¢ Z, then according to Lemma we have

(2.3) Y elan+ fm)| <1+2(g—-1) Y |@r(a)l,

1<n<z A< log x
—loggq

where
p(a)= Y elal+ DY fE)
0<i<g* 0<k<q

But, it is easy to see that

@r(@)| = [ o(-da)= T | D elf(k) +akd’)|.

0<j<A 0<j<\ |0<k<q
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We refer back to (2.1f) so to get

IT ¢-dey<a  JI  o(—a¥a)é(—¢" )
0<j<A 0<5<|(A-1)/2]
< POIOHD/2I41 < a(HOFDL

Putting this in (2.3)), we find

Z elan+ f(n)| <1+2(g—1) Z gra(HO+H)+1 <, zra(h),

1<n<z A< log
— logq

: : _ _All@=Df@l?
as claimed, with v4(f) <1 2@tV 1)?logg thanks to |16, Lemme 11].

Case 2. If f € F\ Fo, we follow the same steps as in the previous subcase and we
16
q*(¢—1)logq
satisfactory since o4(f) =0 <= f € Fo. O

remark, according to [16, Lemme 8], that ~v,(f) < 1 — o4(f) which is clearly

Remark 2.3. We want to note that Theorem reformulates |7, Corollary 1]. Indeed,

this corollary states that if zg,...,2z4—1 are complex numbers sufficiently close to the real
axis, with zg + --- + 24—1 # 1 then there exists some function G(zo,...,z4—1,t) that is
analytic in x, ...,x4—1 and continuous and periodic (of period 1) in ¢ such that

Inlo . |nl1 Inlg—1 _ log, N
g zo xy w7 = G(xo,. ., xg—1,10gg N) - (X0 + -+ - + Tg—1) B
0<n<N
xr1 + e _|_ ‘/L‘Q71
To+ -+ ag-1—1

This corresponds to the estimate (2.2)) for o« = 0, x; = e(f (7)), Vi € {0,...,¢ — 1} and
f € Fo with f(0) =0 and f(1) € Z. More precisely,

1={t}(1 —
G,(:I/‘O7 . 7.',Uq—17t) = x(l)i{t} <]_ — ql_(ql,ol‘())> .

We can check the analyticity of the function G, in terms of xg, ..., z4—1, and its continuity
and periodicity, in terms of ¢, by elementary methods. We finally remark that other
assumptions on f lead to the estimate (2) of |7, Corollary 1].

Hereafter, we shall resume the study of Gelfond on the class of strongly g¢-additive
functions. The result is compared to the main theorem in |15, Theorem A] (for £ = 1)

and is the following

Theorem 2.4. Let ¢ > 2, r,b > 1, | and a be integers and let f € F with integer values
such that f(0) = 0. If we denote by

(11

={l1<n<z:n=Ilmodr, f(n) =amod b}|
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Then, we have

_ I, a _
E= o Z cos (27r (rj + bh)> + Oq(ml 9f,b,q)

(j7h)€J1

for some positive constant 07y 4, where
. . h h
J1 = (j,h):()gj<r,0§h<b,gf€fo,g(q—1)f()GZand f() .

Proof. Weset Hy={0<h<b,2f e Fo}, H ={he€ Hy,(q—1)f(1) € Z}, Hy={h €
Ho, "(q—1)f(1) € R\Z} and H3 = {0 < h < b,2f € F\ Fo}. Then, we write

_ 13 INE oa i h
== ; 7)2 (‘rf);ﬂ@(—bh)%e(r“bﬂm)
f&?lzgl?r?odb

= 51+ O(52) + O(S3),
where
=5 (1) 3 ) e (e )
and

Si:%Z Ze(in—%—?f(n)) for i € {2,3}.

heH; [n<z

Whenever h € Hy, Theorem [2.2) gives

4minyegq, H%(q - 1)f(1)H

Sy &g a7 with g, = > 0.
! Tba q(g++v2—1)2logq
Similarly, for h € Hs, we get
16 h
S; 1=fba with =———— mi —f]>0.
3t W I T 2 (g = 1) log g ety (bf>

Furthermore, we set
. . J h
J1=2(,h):0<j<rhe H and ;—l—gf(l) €Z
and -
Jy = {(j,h):OSj <rh € Hy and <‘Z+bf(1)> QEZ}
Subsequently, S1 = T7 + 15 with

TF% 3 e<—ij—Zh>Ze<‘in+Zf(n)>:jb Z e(—ij—Zh)—er(l)

(jvh)e‘]l
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and
1 I a J h
TQ:% Z e(—rj—bh>26<rn+bf(n)) < 1.
(§,h)EJ2 n<x
Finally, we set 0 = min(vspq, Vf,b,4) > 0 to get the desired conclusion. O

Remark 2.5. It is worth noticing that, in several cases, the three sets H1, Ho and H3 could
be all nonempty. For instance, this happens if we consider b = 16, ¢ is any even integer
and f is the strongly g-additive function defined by f(i) = 4(i+2) foralli € {1,...,¢—1}.

In this case, we get
Hy, ={0,4,8,12}, Hy=1{2,6,10,14} and Hs={1,3,5,7,9,11,13,15}.

Indeed, 1% fl) = %i + %h which is an arithmetic progression modulo 1 if and only if
h € {0,...,15} is even.

Furthermore, for every h € H; we have 1% f(1) € Z so that for any integer r > 2,
(% + 1—h6f(1)) € Z if and only if r | j and consequently, for 1 < j <r

Jl = {(070)7 (074)7 (07 8)7 (07 12)}7 J2 = {(.77 0)7 (]) 4)7 (]7 8)7 (]7 12)}'

3. Proofs of Theorems and

Proof of Theorem [L.3] Set z = logx and let F'(z) denote the product of all primes up to

z, we write

{1 <n <z, f(n) is k-free}|
= ml(f(m) =) pd){n < z,d" | f(n)}]

n<zx d>1

= 3 wdn <z, d | f)}+0 | Y {n<ad | f(n)}

d|F(z) dtF'(2)
= > wd){n <z,d" | f(n)}+0 <Z {n < a,p"| f(n)}|> -
d|F(z) p>z

If we apply Theorem using the parameters r = 1, b= d*, a = 0, we get

+ Oy~ Prata),

[{n < @.d"| J(m)] = Z|Tas

where

(3.1)

h
{O§h<dk,dkf(j)EZ,Vje{l,...,q—l}}.
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Indeed, the last equality follows from the fact that the sequence d% f@,... d% f(g—1)isan
arithmetic progression modulo 1 and since d%f(l) € Z then d%f(j) €eZNje{l,...,q—1}.

As we assumed that f(j) = 1 for some j € {1,...,¢q — 1} then J; reduces to {0} for
every d and k. So, we obtain

{1 <n <z, f(n) is k-free}| = Z 'u(d){dk+0( 0, kg )}+O<Z;€>

d|F(z) p>z
- Z“+0<Zx” >+0<Z”Ck>
d|F(2) d|F(z p>z P
w(d) 1 1
— oy M +o(mzdk co(eY %
d>1 d>z p>z
x x
=—+0—F]F7F-—].
C(k) <logk1 ZL‘>
Hence, the proof is complete. ]

Remark 3.1. The assumption f € fq1 might seem artificial and unnecessary but going
back to (3.1), we find that this restriction enables a uniform characterization of the set
Ja,i so to avoid cumbersome calculations that would make the statement of Theorem

unappreciated.

Proof of Theorem [L.5. We keep the same notations and steps as in the previous theorem,

so that we are left with

< fp) s efree) = 3wl < ot | 701+ O 3 1o < 2.0t 7))

d|F(2) p1>2
p1EP

According to Theorem and since ¢ = 2 (so that the integer dj 4 o defined in (1.9)
equals 1), we get

1

{p <z, f(p) = 0mod d*}| = —w(z) + O((log z)>z'~7rdr.2).

Hence, we get

Hp < z, f(p) is k-free}| = Z 1i(d) { C(lk) n O((log‘r)3$1—0'f7dk,2)} " O( Z 77(::))

d|F(z) p1>2 Py
p1EP

(x);‘gfﬁo(ﬂ(x)g;k) +o< () S 1,6)

p1>zp1
0 o)
_C(k)+0 logha /)’

p1EP
Here, the last equality follows from the prime number theorem. O
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Remark 3.2. Tt is worth noting that this method is unable to give a suitable estimate for
any g > 2. Indeed, if we apply Theorem the error term will be obviously larger than
the main term.

However, Theorem holds for ¢ > 2 assuming that f(¢ — 1) = 1. Indeed, under this
assumption and considering we get dy gr , = 1 so we can proceed as done above and

get the same estimate.

4. Distribution of k-free numbers in congruence classes

In this section, we look for the distribution of k-free numbers verifying a digital constraint.

So, if we denote by
Dy(x) = {n < z,n is k-free, f(n) = a mod b}|,
we obtain the following result.

Theorem 4.1. Let q,k,b > 2, 1, a be integers such that (b,q — 1) = 1 and let f be a

strongly q-additive function with integer values. Then, we have

(4.1) Dy(w) = 5 ka) S~ cos (2m5h) + O(arom),
heg

where é}gb’q =[1+(k—-1)1—0fp4)]/k <1 and

Jz{O§h<b,2f(£)eZ,We{l,...,q—l}}.

Proof. We have
Dy(x) = Y v(n)u(n),
1<n<z

where

1 if f(n) = a mod b,
v(n) =

0 otherwise.

Therefore, if we set z1 = Lxl/kj and xo < x1 to be chosen later, we get

Dy(z)= > w(n)>_ p(d) Zu > w(d)

1<n<z d*|n i<z/dk
(4.2) .
—Zu SToudi+ Y ud) Y v,
i<z/dk d=x2+1 i<z /dk

Using Theorem (with r = d¥), we can estimate the first sum as follows

iﬂ(d) Z V(dki) = iﬂ(d) lf? Z cos (277 (%h)) 4 Oq(x1*9f,b,q)

i<z /dk d=1 (0,h)eJ1
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where J; = {(0,h) : 0 < h < b,%f € Fo,%(q¢—1)f(1) € Z and % f(1) € Z} according to
Theorem [2.4]

But, the assumption %(q —1)f(1) € Z is equivalent to %f(l) € Z since (¢ —1,b) = 1.
Henceforth

J1:{(O,h):O§h<b,];f(£)eZ,Vﬂe{l,...,q—l}}.

Recalling the set J defined in (1.10]), we get

di;,u(d) Z v(d*i) = % Z cos (271%/5)

i<xz/dk heJ

Méd) SZZJCOS<27T h) Z M

d=xo+1

M+

I
)

+ Oq(xga:l*efvbvq)

x a
— Im—h I—Gf’b’ 1-k
i@ 2 o (2rgh) + Outeas'=00) 4 0y(aai”™),

where the last O-term above is explained as follows: since the series and the integral are
convergent, we get for M — +o0,

dF dk - th ™ k—1 ’
d=xo+1 d=x2+1
Again by the same argument, we might bound the second sum in (4.2)):

Z1

'l $%_k 1—k
S ) Y v Z gx/ Lt <22 = Ok )
d=z2+1 i<z/dk d= mz+1
Finally, setting o = [2/+.4/% | we obtain (.1]) with
P Gl |Gl A X))
f7b7q - k; ?
and the proof is complete as 0, > 0. O

Next, we prove a similar estimate over primes:

Theorem 4.2. Let q,b > 2 be integers such that (b,q — 1) = 1. Let f € f;‘, then for

every a,c € Z, we have

BAr €
3 m(x) + O (log2x> ,

where Bay is the Artin’s k-dimensional constant defined in (1.3)).

H{p < z,p+ c is k-free, f(p) = a mod b}| =
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Proof. Let a,c € Z, we have

(4.3)
S - Y wero- Y Y u0- Yo X o
p<w géw fﬁx dk|p+c d<zl/k p<w
p+c k-free f(p)=a mod b f(p)=a mod b p=—c mod d¥
f(p)=a mod b f(p)=a mod b

Since (b,q — 1) = 1, we use Theorem to obtain

Z 1= 17r(3:; d*, —¢) + O((log z)3z1 =7 b.a),

p<z b
p=—c mod d¥
f(p)=a mod b

Then, we can express (4.3 as follows:

1 —0
Soud) X 1= Y u@ (Gt —o)+ Ooga) a0
d<zl/k p<z d<zl/k
B p=—c mod d¥ N
f(p)=a mod b
m(x) x
= 22 0 (i 0 ()
Pt bp(d¥) log”
—|—O< Z (loga:)?’xl"f’bvq> +O< Z 7T($;dka—c)>
d<logz log z<d<zl/k
1 w(d) 7(x) x x
:*Z MWHO(Z n T2 +ZT§
b d>1 Sp(d ) d>logx Sp(d ) log r d>logx d
1 ( 1 ) x
L Yreeo(5)
k(p — 2 ’
bpeP pF(p—1) log” x
where we used the trivial estimate 7 (z; d*, —c) < z/d*. O

5. k-freeness of f(P(n))
Our goal in this section is to provide an asymptotic formula for
H{n <z, f(P(n)) is k-free}|.

We start with two introductory lemmas that will be needed later. A positive integer n is
said to be y-smooth if P(n) < y. Let

Y(z,y) = |{n < x,n is y-smooth}|.

The following estimate is a simplified version of [26, Theorem 1, Chapter II1.5].
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Lemma 5.1. Let u = }22;, where x > y > 2, then the following bound holds

U(x,y) K xexp (—2u> .

In what follows, we denote by P[w, x] the set of primes p such that w < p < z. If the

parameters x > y > 2 are fixed throughout the rest of the section, we put
L, = max{y,P(m)} forallm >1, P, =P[L,,,z/m].

Lemma 5.2. (see |3, Lemma 3|) Let © > y > 2 and let h and g be two arithmetical
functions satisfying max{|h(k)|, |g(k)|} <1 for all positive integers k, then we have

D hPm)gn) = Y Y h(p)g(mp) + O((x,y)).
n<x m<zx/y pEPm
We start by proving the following

Theorem 5.3. Let k > 2 be an integer, let f € Fy (see (.8)). Then, there exists a
constant Cy > 0 such that for any C < Cy, the following estimate holds

{n <z, f(P(n)) is k-free}| = m + O(zlog z exp(—C'log'/? z)).

Proof. For every positive integer e, we consider the functions 1(e) = 1 and
1 if f(e) is k-free,
oy |1 150

0 else.

Then, for any real parameters x > y > 2 to be chosen later, we have, by Lemma

Z 1:Zh(77n

n<lx n<lx

F(P(n)) k-free

(5.1) = > D hp)i(mp) +O((z,y))

m<z/y pEPm

=3 Y 14 00ay)).

m<z/y pEPm
f(p) k-free

For any integer m such that mL,, < z, we have

Sooi= > wmf@) - Y m(fp) +0(),

pEP, p<z/m p<Lm
f(p) k-free

but the sum Zpgx ur(p + ¢) was investigated in Theorem giving

I,
(5.2) Zump))—c()w( i )

< log" x
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We observe that the error term in (5.2)) is an increasing function of x. Thus,

(5.3) Yoi= C(lk:) (Tr (%) - W(Lm)) +0 <@> .

pEP,
f(p) k-free

From the prime number theorem, we have

m(x) = Li(z) + O(z exp(—ay/log z)),

where a is a positive constant. Hence, (5.3)) is rewritten as

1 g (1 (2) - mte) o (e v o (e (cofue).

PEPy,
f(p) k-free
Then,
1 X
L= Li{—) — Li(Lm > s
f(P(n)7) k-free =
where

Ri= Y <$> Ry= Y Z;exp(—a 1og;>.

kx
m<z/y mlog”

The same arguments, applied as in (5.1)) with h(e) = 1(e), lead to the identity

2] =3"1=% (Li (ﬁ) — Li(Lm)) + O((z,y) + Ra).

n<z m<zx/y m
Hence,
(5.4) Y= % +O(W(z,y) + Ry + Ra).
n<lz
F(P(n)) k-free

Going back to Ry and Rs, we get by elementary estimates
1

T 05;@‘) , Ry =0O(zlogxexp(—ay/logy)).
0g Yy

From Lemma we have ¢(z,y) = O(zexp ( — ;‘fggxy)). So, by choosing

log 2/3
Y = exp < > + O(log2/3 zloglogz) |,

=0

2a
we prove that the error term in (5.4) is
O(x log x exp(—Cj log'/3 z)),

where Cy = a/\/2.
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Using the same arguments as in the proof of the previous theorem, we obtain the

following result.

Theorem 5.4. Let q,k,b > 2 be integers such that (b,q —1) = 1. Let f € f;‘, then for

every a,c € Z, we have

{n < z,P(n)+ c is k-free, f(P(n)) = a mod b}| = 5Ara: +0 < f > ,
b log'/? x

where Bay is the Artin’s k-dimensional constant defined in (1.3)).

Proof. We set
B={n<xz,P(n)+cis k-free, f(P(n)) = a mod b}.

By applying Lemma we get

1B| = > 1=> h(P(n

n<x n<x
P(n)+c k-free
f(P(n))=a mod b

= > Y h(p)i(mp) + Oy = > Y 1+ 0@W(x,y)),

m<z/y pEPm m<zx/y pEP,
p+c k-free
f(p)=a mod b

where we set for every £ € N,

1 if £+ cis k-free and f(¢) = a mod b,

0 otherwise,

and 1(¢) = 1. According to Theorem

P 3 (r (3) ) +0(s)
ptc k-free

f(p)=a mod b

which could be handled in the same way as in the proof of Theorem to get the desired

conclusion. 0
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