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Traveling Waves for a Spatial SIRI Epidemic Model

Zhiting Xu*, Yixin Xu and Yehui Huang

Abstract. The aim of this paper is to study the traveling waves in a spatial SIRI epi-
demic model arising from herpes viral infection. We obtain the complete information
about the existence and non-existence of traveling waves in the model. Namely, we
prove that when the basic reproduction number Ry > 1, there exists a critical wave
speed c¢* > 0 such that for each ¢ > ¢*, the model admits positive traveling waves;
and for ¢ < ¢*, the model has no non-negative and bounded traveling wave. We also

give some numerical simulations to illustrate our analytic results.

1. Introduction

In 19|, Tudor proposed an S — I — R — I epidemic model for the spread of a herpes-type

infection in either human or animal populations as follows

dfifﬁ = ju— uS(t) — BSHI(H),
drt)

. — = = BSOI() + SR(t) — (u+7)I(2),
C“Zh@ = ~I(t) — (u+ 8)R(2),

S(0) + I(0) + R(0) =1, S(0) >0, 1(0) > 0, R(0) > 0,

where S, I and R, respectively, are the fractions of susceptible, infectious and recovered
subpopulations. Assumptions made in the system are homogeneous mixing, the
birth and death rates are assumed to be the same value u, § is the coefficient of the
rate at which recovered individuals lose their immunity (6 = 0 corresponds to permanent
immunity), and v is the coefficient of the rate at which infectious individuals change to
removed individuals. S stands for the transmission coefficient from susceptible individuals
to infectious individuals. The parameters i, 5 and « are positive, and J is nonnegative.
In model , it is assumed that the susceptibles become infectious, then are removed

with temporary immunity, and then become infectious again. And also, it was assumed
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that the rate at which susceptibles become infectives is the usual bilinear incidence 5S1.
As reported in [4,/13], the model is also appropriate for the diseases such as human
and bovine tuberculosis, recovered population may revert back to the infective class due
to reactivation of the latent infection or incomplete treatment.

By using the characteristic equation technique, Tudor [19] showed that the basic re-
production number is a threshold parameter for the local stability of system . Fur-
thermore, applying an elementary analysis of Liénard’s equation [33.[36] and the classical
Lyapunov theorem [36], Moreira and Wang [14] gave the sufficient conditions on the global
stability of the disease-free and endemic equilibria in a general model with substituting
the nonlinear incidence rate I¢(S) by 8S(¢)I(t). A more general SIRI model under the
assumption that incidence of infection is given in an abstract, possibly bi-nonlinear form
has been proposed and analyzed in Georgescu and Zhang |9], and the sufficient conditions
for the global stability of equilibria are obtained by means of Lyapunov’s second method.

Clearly, system is one of ODE type, which could only reflect the epidemiologi-
cal and demographic process as the time changes. Since the disease populations usually
disperse spatially as well as involving in time, it is reasonable to consider the spatial struc-
tures in the model. Therefore, it gives us the motivation to investigate the PDE version
of system . And also, to account for behavioral change and infection mechanism, we
consider the saturated incidence rate [3] defined by g(I) = I/(1 + o) in system (L.1).

Here we propose the following spatial disease model

(1.2) 81(;; x) = doAI(t,z) + BS(t,2)g(I(t, 7)) + OR(t,x) — (u+ ) (t, ),
8]%((3?33) = dzAR(t, z) +7I(t,x) — (p+ 0)R(t, ),

in which S(t,z), I(t,z) and R(t,x) are the population sizes of susceptible, infected and
n 52

j=1 02%"
The positive constants d;, i = 1,2,3, are the corresponding diffusion coefficients. The

recovered individuals at location z € R™ and time t > 0, respectively, A = >

parameters u, 5,y > 0 and § > 0 are constants as in system , and a > 0 determines
the saturation level when the infectious population is large.

It is noted that disease propagation in space is relevant to the so-called traveling
wave solutions which are used to study the spread of infectious diseases. The traveling
wave solution describes that the transition process of the disease population runs into the
susceptible population from an initial disease-free equilibrium to the endemic equilibrium.
Results on this topic may help people to predict how fast a disease invades geographically,
and accordingly, take necessary measures in advance to prevent the disease, or at least,

decrease possible negative consequences [15]. Recently, many researchers have studied
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the existence and non-existence of traveling wave solutions of the epidemic models of two
equations, see, for example [2,/5,6,/8,/11,12,|16,22-244[26,[27,[29,|30] and the references cited
therein. However, to the best of our knowledge, there are few literature dealing with the
existence and non-existence of traveling waves for the epidemic models of three equations,
except four types of simple epidemic disease-transmission models [1}21,[28}31,|35] and a
class of reaction-diffusion systems of three equations [34]. But the results in [34] can not
be applied directly to establish the existence of traveling wave solutions for system
since the system does not satisfy the conditions (A5)(II) and (III) in [34]. This is
the motivation for the current study.

The purpose of the current paper is to study the existence and non-existence of trav-
eling wave solutions connecting the disease-free equilibrium and endemic equilibrium of
system . We employ the Schauder fixed point theorem and construct the upper-lower
solutions to establish the existence theorem (see Theorem below). Namely, we will
show that when the basic reproduction number Ry > 1, there exists a constant ¢* > 0
such that has a positive traveling wave solution if ¢ > ¢*. One important feature
of our method, which is different from the ones [2}|821+24], is that we need to construct
the vector type of upper-lower solutions [7,/20}25,28|] for system (see Section
since system consists of three equations. Further, we shall construct the appropriate
Lyapunov function to show that the traveling wave converges to the endemic equilibrium
as t — oo. Here we would like to comment that construction of the Lyapunov function is
nontrivial and difficult because the corresponding wave profile system is a second or-
der differential system of three equations. Moreover, by the two-sided Laplace transform,
we conclude the non-existence of traveling wave solutions for model when Rg > 1
and ¢ € (0,c").

This paper is organized as follows. In the next section, we give some preliminaries,
that is, we study the eigenvalue problems for wave profile equation and construct the
vector type of upper-lower solutions, and then verify the conditions of the Schauder fixed
point theorem. In Section [3] we establish the existence and non-existence of traveling
waves in model . In Section 4l we carry out some numerical simulations to confirm

our theoretical results and give a brief summary.

2. Preliminaries

2.1. The eigenvalue problems

In this subsection, we study the eigenvalue problems for the wave profile equation. First,
we define the basic reproduction number of system ([1.2]) as

Blp+9)

Ry = 1%
O wn+0+7)
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By a direct computation, we get the following conclusion.

Lemma 2.1. (1) If Ry < 1, then system (1.2) has only a disease-free equilibrium Ey =
(1,0,0).

(2) If Rg > 1, then system (1.2) admits a positive constant endemic equilibrium E* =
(S*,I*, R*), where

1 P Y
S* = +al* I = Ro—1), R*=—-I".
Ro( al®), BJF(W( 0—1) P
Furthermore,
Ro TRo

0<S* <1, 0<I"<—, O<KR'<———.
o a(p+6)

A traveling wave solution of system (1.2)) is a special solution (S(t,z),I(t,x), R(t,x))
taking the form

(S(t, @), I(t,2), R(t,x)) = (S(€), 1(€), R(E)), &:=v-x+ct,

where ¢ > 0 is the wave speed, v € R" is a unit vector denoting the direction of wave
propagation, v -z is the usual inner product in R", and (S(§), I(£), R(£)) (for convenience,
we use (5(€),1(£), R(§)) instead of (S(€), (), R(§))) satisfies the following wave profile
equation

cS'(§) = diS"(§) + p — nS(§) — BS()g(1(€)),
(2.1) cl'(§) = daI"(§) + BS(§)g(I(8)) + 0R(E) — (1 + NI(E),

CR() = dsR"(€) +~1(€) — (11 + O)R(E),

and the boundary conditions

(2'2) lim (S(§)7[(§>7R(§)) = (17070)7 lim (5(6)71(5)7}%(5)) = (S*’I*7R*)

E——00 §—+o0

Linearizing the equations of I and R of (2.1 at Ey = (1,0,0), we get

doI"(€) — eI'(€) + (B — = 7)I(€) + 6R(E) =0,
d3R"(&) — cR'(&) — (n+ 6)R(E) +~4I(§) = 0.

Plugging I(¢) = e’ and R(€) = 12¢*¢ into (2.3)), we get the following eigenvalue problem

H(A) :=det A(\) =0, A(N) (7]1) =0, where A(M) = (hz()\) 0 )

(2.3)

2 v hs(A)

with ha(A\) = daA? — eA + B — p— v and h3(A\) = dsA? — cA — p — 6.

Using the ideas in |11}34], we give the following lemma.
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Lemma 2.2. Assume that Ry > 1 holds. Then there exists a positive constant ¢* such
that

(1) for any ¢ > c¢*, then the characteristic equation H(X) = 0 has three positive roots

0 < A < A2 < A3 and a negative root Ay < 0 with
H(M +¢€) >0, ha(A) <0, h3(A1)<0
for e € (0,\a — A\1);
(2) for any 0 < ¢ < c*, there exists no positive constant \* such that

(2.4) H(A\) =0, ho(\) <0, h3(\*)<0;

(3) for 0 < ¢ < c*, the characteristic equation H(A) = 0 has no roots with zero real

parts.

Proof. We divide the following three possible cases to show this lemma. (C1) § > pu+ 7,
(C2) B=p+7, (C3) B < pu+~. We only give the proof of the case (C1), since the proofs
of the cases (C2) and (C3) are similar.

(1) For convenience, set

e ek /2 —ddr(B—p—7) e /2 +4ds(u+ )
2 3 = .

2ds ’ 2d3

Note that 8 > p+ v and u+ 6 > 0. Then ¢ > ¢y := QW implies that )\Qi
and )\gc are real, and Ay < 0 < )\;f and 0 < A, < )\5r hold. Therefore, there are the
following three cases. (a) A3 < 0 < Ay < Ay < A, (b) A\; <0 <X, <A < )\J,
() A3 <0< Af <A <5

H(0)

Figure 2.1: The graphs of ha(A), ha(\) and H()).
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Since the proofs of cases (a), (b) and (c) are similar, we only give the proof of the
case (a). By the expression of H(\), we see that H()) is decreasing in A € (—o0, A3 ),
and H(\) < 0 for A € (A\3,A;) U (A, A]) and H()) is increasing in A € (\], +00) (see
Figure .

Observing the fact H(A\;) = H(A]) = —dv < 0, consequently, H(\) = 0 has exactly
two real roots with one in the interval (—oo, A;) and the other in the interval (A3, +00).
The simple calculation yields

D M) b)) >0, WA e (049,

Thus, we see that H()) is increasing in ¢ for any fixed A € (A;,AJ). Note that

1 1 1
A 8 () = oo o () = i (7)<
which imply 1/4/c € (A5, \5) for ¢ large enough. Combing the monotonicity of H()) in ¢
with any fixed A € (A;,A]), there exists a positive constant ¢* > ¢q such that H()\) = 0
has two positive roots in (A;,AJ) when ¢ > ¢* and has no positive roots in (Ay,\5)
when ¢y < ¢ < ¢*. Therefore, we have shown that H(A) = 0 has three positive roots
0 < A1 < A2 < A3 and a negative Ay < 0, and also, for £ > 0 small enough, it holds that

H()\l -+ E) > 0, hg()\l) <0, hg()\l) < 0.

(2) Tt follows from the proof of (1) that H(A) = 0 has no positive roots in (\;,\])
when ¢y < ¢ < ¢*. Thus, for ¢y < ¢ < ¢*, there does not exist A* > 0 satisfying .
And, for ¢ < ¢p, it is clear that there is no A* > 0 satisfying ho(A\*) < 0. Hence, in this
case ¢ < c*, there does not exist A* > 0 such that holds.

(3) Note that H(A) = 0 can be rewritten as

dodsA* + as\® 4+ ag\? + a1 A+ ag = 0,
where
ag = —c(dy +d3) <0, az=¢"—(u+7y—B)ds — (u+0)da,

and
ar=clp+y—B+p+06), ao=(p+v—70)(u+9d) — .

Obviously, Rg > 1 follows ag < 0, which implies that A = 0 is not the root of H(\) = 0.
If A = iw (w > 0) is the root of H(\) = 0, then, substituting A\ = iw into H(A) = 0 and

separating real and imaginary parts, we get

(2.5) dodsw® — asw® + ag =0, a1 = asw?.
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It follows from the fact az < 0 that a; < 0. And eliminating w in (2.5)), we get
dgdga% — ajasas + aoag =0.
An simple computation yields

dgdga% —aijaa3 + a0a§
=—c? [((,u + 5)d2 — (,U« + v — ﬁ)d3)2 + 5’}/(d2 + d3)2 — alc(dQ + dg)] <0,

a contradiction. This completes the proof. O

2.2. The upper and lower solutions

In the following, without mentioning, we always assume that Ry > 1 and ¢ > ¢* hold.
Let A; be the eigenvalue defined as in Lemma [2.2[1) and (n1,72) > 0 its associating
eigenvector with
(2.6) ho(A1)m +dn2 =0,  ym + h3(A1)n2 = 0.
Also, by Lemma[2.2[1), for a sufficient small € € (0, Ay — A1), we get

hg()\l + 6)h3(>\1 + 6) — v >0, h2(>\1 + 6) < 0, hg()\l + 6) < 0.

Then we can choose a constant h > 0 such that

~ ha(A\1 + ¢€)
2.7 —_ < h<
( ) hg()\l +€) 1)

Motivated by the ideas [7],20,25,[28], we construct the vector type of upper-lower

solutions for ([2.1)). For £ € R, we define six continuous functions as follows:

_ 1 a

= — o€ I

S =1, S(f)—max{l e o ,8}7
I(¢) = min {mehg, T}o } ) I1(§) = max {O, neME — Me(M*e)f} ,

R({) = min {7726)‘157 a(fj?d)} , R(§) = max {0, noes — Mhe(’\1+€)€} 7

where o, €, M are positive constants determined in the following lemmas.

Lemma 2.3. The following inequalities hold.

(2.8) diS"(€) = 5 (&) + p — uS(€) — BS()g(L(€) <0, VEER,
(29) oI (&) — I (&) + BS()g(T(£) + IR() — (n+NT(§) <0, VE#&,
(2.10) d3R'(§) = cR (&) +71() = (n+)R(E) <0, VEF# &,
Here, & := ln 07}7]01, & = %ln O‘(Zf‘?)n27 and the function (S(€),1(€), R(€)) is called an

upper solutzon of -
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Proof. Note that the function S(¢) = 1 and I(£) is non-negative for all £ € R. Then (2.8))
holds. Next, we show the inequality (2.9) holds. Indeed, when & < &, I1(£) = n1eM¢, and
note that the facts S(&) = 1, R(&) < mpeMé for all € € R and 0 < g(x) < 1 for all 2 > 0,

then, by ,
doI"(€) — cI'(€) + BS(€)g(I(€)) + OR(E) — (n+)I(€)
< doT"(€) — I (€) + BI(€) + 6R(E) — (u+)I(€)
< (ha(A1)m + 57]2)6)‘15 = 0.

When € > &, 1(€) = Ro/a. It follows from the facts R(¢) < ;7% for & € R and
g(x) <1/a for x > 0 that

do1"(€) — eI (&) + BS(€)g(I(€)) + OR(E) — (1 +)I(€)

§§+ d7Ro —’”7720:0.
a  alp+9) a

Finally, we prove (2.10) holds. In fact, note that R(&) = neeM& for € < &, and I(£) <
n1eM€ for all € € R, it follows, by (2.6)), for & < &,

d3R'(€) — R (&) +~T(€) — (u+ O)R(E) < eME(ym + ha(A1)mp) = 0.

When € > &, R(§) = JRo_ and in view of 1(¢) < éRo for all £ € R, we get

a(u+o)’
= - - - d
R (€) R +91(€) ~ (e + R < TR~ U E DRy —0, ve> 6o
The proof is completed. O

Lemma 2.4. Let

A1
O<a<min{1 — ctp

——— ¢, 0<e<min{o, A2 — A
5 d1+5771} e < min{o, \a — A1}

and

i B (1 + aony)
M L
- max {”l’ h " o(ha(M +€) + 0h)

hold. Then the following inequalities hold.

(2.11) d18"(§) = ¢S'(€§) + p— pS(€) — BS(§)g(1(€)) >0, VE# &,
(2.12) doI"(€) — eL'(€) + BS(§)g(L(€)) + 0R(E) — (u+7)L(§) =0, VE#&,
(2.13) d3R"(€) — cR'(§) +7L(§) — (n+O)R(§) >0, VE#&s,
where . 5
— g . m 2
53 .—glnm, 54. ElnM, 65 Mh

Here, the function (S(£),1(§),R(£)) is called a lower solution of [2-1).
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Proof. When £ > &3, S(§) = azi,@’ then

d1S"(€) — eS'(€) + p— nS(&) — BS(&)g(1(€))

> 018"(€) ~ e/(€) + i 1S(E) ~ 2(€) = 0.

Note that 1(£) < n1eM€ for all £ € R, and

. . (AM—o)/o
(=) _ Ty ( ob > <oM=7 <5 VE< .

ap+ B
Hence, it follows from the fact S(§) =1 — %e”g for £ < &3 that
d18"(§) — ¢S'(§) + p — uS(€) — BS(§)g(1(£))
> d1S"(€) — eS'(€) + p— pS(€) — BI(S)
> —dyoe’ + ce” + ge"f — Bt
>(—dio+c+p— ﬁme(h_g)f)e”f
> (—dyo + ¢+ p — fo)e’s.

Here, we just need to choose the constant o < = then (2.11]) holds for all & # &s.

di+pBm1’

1443

Now, we show that (2.12]) holds. In fact, for £ > &4, inequality ([2.12]) holds since I(&) =
0 on [£4,00) and R(€) is non-negative for all £ € R. For & < &, I(€) = ne*é — MePiteaE,
and R(€) > noe™€ — Mhe1+9¢ for all € € R, and by the facts that g(x) > (1 — ax) for

all x > 0, and

1— leﬂﬁ <S8 <1, 7716/\16 — MeAiteE <1< 7716>\1£7
o

we get, for £ < &4,

da1"(§) — cI'(§) + BS(§)g(L(8)) + OR(E) — (1 + 7)L(E)

> I(©) - cL(©) + 5 (1= 27 ) O - aL©) + RO - (u-+ IO

> doI"(€) — el'(€) + (B~ )L(E) + GR(E) ~ aBI(E) — L1 e

> M) + ) - N5 (Mo + )+ a1 + el ek

1
> —etel (M(hQ(/\l +n) + 6h) + Bm (U + am>> ’

since €M~ < 1 and el 9¢ < 1 for € < & < 0. By [2.7), we see ha(A +n) + 6h < 0

and then only need to choose

Bm(1 + aom)
o(ha(M +€) +6h)’

M > —
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Hence, holds.

Next, we verify that holds. Clearly, holds since R(§) = 0 for & > &5.
When ¢ < &, R(€) = npe’é — MheMt9¢ and note that 1(€) > meMé — MeMteoE for
all £ € R, we get

d3R"(§) — cR'(&) +vL(§) — (1 + 0)R(E)
> M (ha(Ar)me + ym) — MM (hho (M + €) + )
= —MeMTIE(hhs( A + €) + 7).

By (2.7), we have hhs(A\ + €) + v < 0, which follows that (2.13)) holds. The proof is
completed. 0
2.3. The solutions for (2.1))

In this subsection, we will use the upper-lower solutions (S, I, R) and (S, I, R) to verify
that the conditions of the Schauder fixed point theorem hold.
Letting 7 > max{u + 8/, u + 7y, + ¢} such that

H1(S, I, R)(§) := rS(§) + pu— pS(&) — BS(§)g(1(8))

is monotone increasing in S € [0, 1], and monotone decreasing in I € [0,Rg/a] for all
£ eR, and

Hy(S, 1, R)(§) := rlI(§) + BS(£)g(1(&)) + 0R(E) — (n+7)1(E)

is monotone increasing in S € [0,1] and I € [0, Ro/a], R € [0, 7a?/ﬁ05)] for all £ € R, and
H3(S,1, R)(&) :=rR(§) +7vI(§) — (b + §)R(E)

is monotone increasing in both I € [0,Ro/a] and R € [0, %} for all £ € R. Then,

(2.1) can be written as

d1S"(€) — ¢S'(€) = rS(§) + Hi(S, I, R)(§) = 0
(2.14) doI"(€) — eI (§) — r1(€) + Ha(S, I, R)(§) = 0,

dsR"(€) — cR'(§) — rR(§) + H3(S, 1, R)(§) = 0
Define the set

I ={(S,I,R) € C(R,R’): (S,L,R)(¢) < (S, I,R)(§) < (S,],R)(€), V€ € R}.

Obviously, I' is nonempty, closed and convex in C(R,R3). Furthermore, we define an
operator: F = (Fy, Iy, F3): T' — C(R,R?) by

1 (/¢ oo
E@LE©ZA</ &%ﬂ+é &Wﬂvmwmm@Ma
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where A; = d;(\i2 — M\i1), and \j1 < 0 < A\jp are the roots of d;A\%2 —cA —r=0,i=1,2,3.

One can easily see that any fixed point of F' is a solution of , also is the solution of
(2.1). Hence, the existence of the solution of is reduced to verify that the operator
F satisfies the conditions of the Schauder fixed point theorem. Next we divide the proof

into the following three lemmas.
Lemma 2.5. The operator F maps I into I.

Proof. Given (S,I,R) € I'. Obviously, we only need to show that, for all £ € R,

S(€) < Fi(S.LR)(§) <1, L(§) < Fa(S, 1, R)(§) < I(§), R(&) < F3(S,1,R)(&) < R(8)-

Based on the monotonicity of H;, i = 1,2, 3, we need to prove that

[<n

(&) <Fi(S,1,R)(§) < Fi(S, I, R)(§) < Fu(S,L,R)(§) <1,
(&) < Fa(S,LR)(§) < F»(S,I,R)(§) < Fo(S, I
(&) < F3(S, L R)(§) < F3(S,1,R)(§) < F3(S, 1

(="

First, we show the inequality S(¢) < Fy(S,I,R)(¢) holds for all £ € R. Indeed, for
§ # &3, by (2.11)), we get

_ 1 3 +oo
F1<s,f,R><s>=A1( [ emen s /E e*m@—ﬂ) H\(S,T. R)(x) da

3 +o0o
> L (/ Hi(E—2) +/ em(&—@) (CdyS" () + ¢S/ (2) + rS(a)) do.

When & > &3, it follows that

1
&3 &3
= 1(/ AME) g (—dy S () + eS(z)) + r/ AT S(2) ds
1 _

3 3
—|—/ e)‘“(fx)d(—dlS’(x)+cS(a:))+r/ A ET) 5 () d:c)
&3 &3
1 +oo +00
+A</ e)‘12(5x)d(—dlS’(x)—i—cS(a:))—i-r/ eM2E7) S (1) dae )
L\ J¢g 3

= ( — (d18(€5 — 0) — ¢S(&3) + diA115(&3))er1 (E76)

+ (d1.8'(€3 4 0) — ¢S(€3) — diA11.5(&3)) et EE)



1446 Zhiting Xu, Yixin Xu and Yehui Huang

&3
— (d1A) — A1 — ) / M S (2) dw — (drS'(€) — eS(€) — i1 S(€))
13
— (dl)\%l —cA1 — r)/ eAll(g_x)S(:U))
&3

+o00
e ((dls’@ — S0 + ddmS(©) — (A — A —r) [ 5 dx)
1 3

S(€) + fle*11<“3><5'<§3 +0) - S'(& - 0))

v

S(€), since S'(&3—) <0 and S'(&+) = 0.

Similarly, when & < &3, we also show Fy (S, T, R)(€) > S(¢) for all ¢ € R. By the continuity
of both S(§) and Fy(S, I, R)(&), we obtain Fy(S, T, R)(&) > S(€) for all £ € R.
On the other hand, for any £ € R, it follows from (2.8 that

¢ e S IR
</ i) +/ em(g@) Hi(S, L, R)(z) dz
¢

13 +oo — o <
</ e>\11(§*$) 4 / e’\12(£z)) (—dls”(l’) + CS/(CC) + TS(%)) dx
3

</5 M (€—2) + /+OO eAlz(éz)) (Tg(gc)) dx
— 0 £

So we have shown S (&) < Fy(S,I,R)(§) < S(€) for all £ € R.
The proofs of F;(S,I,R)(&), i = 2,3, are similar to that of Fi(S,I,R)(§) and are

omitted. Hence, we complete the proof. O

Fi(S,LR)(&) =

For 0 < p < mil’l{—)\ll, —Xo1, —)\31}, define
B,(R,R?) = {® € C(R,R?) : |9, < -+oc}

with the norm
@[], = max {Sup 1S(€)|e™!, sup |1(£)|e!, sup IR(é)Ie_’JK} :
EER £eR £eR

Then B,(R,R3) is a Banach space with the decay norm || - [|,,.

Lemma 2.6. The operator F' = (F1, Fy, F3): I' — I is continuous with respect to the

norm || - ||,-

Proof. Note that the function G(S,I) := Sg(I) has bounded partial derivatives with
respect to S and I. For example, we see that the partial derivative G(.S, I') with respect to
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S'is g(I) is bounded by 1/a. Similarly, we can show that the partial derivative G(S, I) with
respect to I is also bounded by S. Hence, for any ®; = (51,11, Ry), P2 = (S2, Iz, Re) € T,

we get

151(£)g(11(£)) — S2(§)g(12(8))] < é\Sl(ﬁ) — S2(§)| + [11(8) — L2(E)]-

By the above equality, it easy to see that there is a constant L > 0 such that

|H1(®1)(€) — Hi(®2)(€)| < L(|S1(€) — S2(&)| + [11(€) — L2(€)]),
|Ha(®1)(€) — Ha(P2)(&)] < L(1S1(€) — S2(E)] + [11(€) — L(E)] + [Ri(€) — Ra(E)]),
|H3(®1)(€) — H3(P2)(€)| < L(|11(€) = La(&)] + |R1(€) — Ra(€)])-

Hence
[Hi(®1)(6) = Hi(®2)(€)le " < L||®1 = ®a,, VEER, i=1,2,3.
Consequently,
[Fy($1)(€) — Fa () (€) e
L £ +o0
< = / eMi(€—a) +/ eM2(E72) ) ePlel=PIEl o || Dy — By|
>~ A1 . ; P
L ([¢ oo
< = / eM(E=z) +/ eM2(672) ) ePlP=El g || Dy — By |
> A1 . ; p
L 1 1
- - Dy — D
Ay <)\12 —p  An +p> [®1 = @il
which indicates that the operator Fi is continuous with respect to the norm || - [|,.

By the similar arguments as above, we can also show that the operators F;: I' — T,

i = 2,3, are continuous with respect to the norm || - ||,. The proof is completed. O

Lemma 2.7. The operator F = (Fy, Fy, F3): I' — I is compact with respect to the norm
1 1lp-

The proof of Lemma [2.7] is similar to that of |21, Lemma 6], see also |22, Lemma 3.5]

or |23, Lemma 2.8], we omit the details.

3. Existence and non-existence of traveling waves

3.1. Existence of traveling waves

In this subsection, we will establish the existence of traveling waves for system (1.2). To
this end, we first give the propositions of the solutions of (2.1)).
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Proposition 3.1. Assume that Rog > 1 holds. Then for any ¢ > c*, (2.1) admits a
non-trivial and positive solution (S(&),1(§), R(§)) satisfying

(31) im (S(€),7(9). R(©) = (1,0,0).
Moreover,

Ro Ro
(3.2) 0<5(¢) <1, 0<I(§)§Eu O<R(§)§m7 vEeR
and
(3.3) éli{n e MEI(E) = m, gligl e MER(E) = 1.

Proof. By Lemmas and the Schauder fixed point theorem implies that there
exists a pair of (S,I,R) € I', which is a fixed point of the operator F'. Consequently,

(S(¢),1(£), R(&)) is a solution of satisfying

0<S(E) <1, 0<I(E) <0 <R <R

I veeR
a ~ a(p+9) ¢

And also, noting that (S, I, R) € T, it is easy to see that and hold.

Next, we claim that I(£) > 0 and R(§) > 0 for all £ € R. Indeed, if there exists {, € R
such that (&) = 0, then there exist constants a,b € R such that a < %ln"—]\}[ < b and
& € (a,b). This implies I(&) attains its minimum in (a,b) for any £ € [a,b]. It follows
from the second equation of that

—doI" (&) + cI'(§) + (p+7)I(€) >0, &€ [a,b].

By the elliptic strong maximum principle (see, [32, Lemma 2.1.2]), it follows that I(£) =0
for £ € [a,b]. But, I(§) > 1(£) > 0 for € € [a, %ln 1), a contradiction. Similarly, we can
show R(§) > 0 for any £ € R. The proof is completed. O

Proposition 3.2. Let (S(§),1(€),R(§)) be a positive solution of (2.1)) satisfying (3.2)).

Then there exist positive constants L;, 1 = 1,2,...,6, such that
—L1S(€) < S'(§) < L2S(§), —LsI(§) < I'(€) < Lal(§), —LsR(§) < R'(§) < LeR(€)
for all € > 0. Furthermore, there is a constant C1 > 0 such that

S'(€) R'(§)

R(¢)

(3.4)

K

‘SC& for £ > 0.
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Proof. (1) We show that —L15(¢) < S’(€) for all £ > 0 if L; is a positive constant
sufficiently large such that —L1.5(0) < S’(0) and ¢L; > 3/a.

Let ®1(§) := 5'(€) + L1S(€) for € > 0. Tt suffices to show that ®;(£) > 0 for all £ > 0.
In fact, note that ®;(0) > 0, for contradiction, we assume that there exists £ > 0 such
that ®1(&) = 0 and ®](&1) < 0 hold. Then there are two possibilities: either

(3.5) D1(6) <0, VE>4,
or there is £ > &1 such that
(3.6) ®1(&) =0 and P)(&) > 0.

For the first case, (3.5)) follows that S’(§) < —L1S(&) for all £ > &;. Note that g(I) < 1/a,
hence we deduce from the first equation of (2.1)) that

B8"(6) = c8'(6) — u+ uS(E) + ASEO(I(E) < L+ ) s© <0, veza

which implies that S’(§) is decreasing in [£1,00). Hence S'(§) < S'(&1) < —L1S(&1) <0
for all & > &1, which contradicts the fact 0 < S(§) < 1.
For the second case, (3.6|) yields that

S'(&) = —L1S(&) <0, S"(&) > —L1S'(&2) > 0.

It follows from the first equation of (2.1]) that

0=d15"(&) — ¢S (&) + p— pS(&2) — BS(&2)9(I(&2)) > cL1S(&2) — §S(§2) >0,

a contradiction again.

(2) We show that S’(£) < LoS(€) for all € > 0 if Lo is a positive constant sufficiently
large such that S’(0) < L2S(0) and d; L3 — cLy > 3/a hold.

Let ®2(&) := S'(§) — LaS(&) for € > 0. We now show that ®5(£) < 0 for all £ > 0. For
contradiction, noting that ®5(0) < 0, we can assume that there exists &3 > 0 such that
P9(&3) = 0 and P5H(&3) > 0. Then

§'(&3) = LaS(&3),  S"(&3) > LaS'(€3) = L3S(&3).
Thus, we deduce from the first equation of that
0= 15" (&) — (€2 + — (&) ~ BS(@Ngl1()) > (I3~ cLa— L) st 20

which is a contradiction.
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(3) Similar to proof of the equality —L1S5(§) < S'(§) for all £ > 0, we can show
that —L3I(§) < I'(€) for all £ > 0 if Ls is a positive constant sufficiently large such
that —L3I(0) < I'(0) and cLs > p + 7. As the same as the proof of the inequality
S(€) < LaS(€) for all £ > 0, we also show that I'(§) < L4I(€) holds for any £ > 0 if Ly
is a positive constant sufficiently large such that I'(0) < L4I(0) and doL3 — cLy > p+ 7.
We omit the details.

(4) The proof of the inequality of —LsR() < R/'(§) < LgR(§) for all £ > 0 is similar
to that of —L3I(§) < I'(§) < L4I(&) for all £ > 0, we also omit the details. The proof is
completed. O

Proposition 3.3. Let (S(£), (), R(§)) be a positive solution of satisfying (3.2)).
Then lim€—>+00(5(§)7[(§)aR(§)) = (5", I", R").
Proof. Define

SO, O] |B©)
SE 1 11E) ] [R(E)

where C7 > 0 is defined by Proposition Obviously, by (3.4)), we know the set D # §).
Hence, for each (5,1, R) € D, consider the Lyapunov function W (S, I, R): Rt — R as

follows:

D= {(SJ,R) € CY(R,RY) :

+

W(S7 Iv R)(f) = Wl(Sv I7 R)(é‘) + W2(5717 R)(§)7 Vf > 07

where

s e (3 ore () e (32).

in which the function £(z) =2 — 1 —Inx for > 0, and

WalS. 1RO = 86 (g = 1) +l(©) (75 —1) + 5700 (i —1)-
We first claim that there is a constant Cy € R such that
(3.7) Cy <W(S,I,R)(§) < 00, VE&>O0.
Indeed, by and the definition of the function £, we know
(3.8) 0<Wi(S,I,R)(&) <oo, VE>O.
Note that, by and , we see that there exists a constant Cs > 0 such that

1S"(O)| +|T' (&) + |R'(€)| < C3, VE&>0.
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By and the last inequality, we get
Wi(S,I,R di18 dol
Wi(S.LR)E) < 5" | o |+ dar” | T8 4 ST |20
od
IR ()] < oc,

S (O] +blI©) + 2

which combining with (3.8)) implies that the inequality (3.7)) holds.
Next, we show that W (S, I, R)(§) is non-increasing in £ > 0. In fact, a direct calcula-

tion leads to
dw S\ 2 I'\N?  §ds R\?

Wa(s. 1) = (1= 5 ) o= 8 = pSo(0) + (1= ) (38001 + R~ (401

d (1 - R*> (VI — (1 + 6)R).

where

+,u+5 R

USlng the relation at the endemic equlhbrlum
g ’y ) f'

*
)

p=pS*+ BS*g(I"),

we get

WS(Su -[7 R)

= (15 ) " =)+ 88%0(1") = BS0(1)

+ <1— II> (BSg(I) = (p+7)1) + R (1 N II)

) I
— (~I-— §)R—yR*— o) R
+u+5<7 (b + )R =y R + (o + )R>
S* . . S -
= (1% ) (u(s" = 8) + p5*g(I") + pSg(D) 5 — BS"g(I")
1+ ol* ~é I*R R*I
— BS*g(I*)Sg(I *g(I*) + ——T1* (2 — -
BS g( )Sg( ) S+ T + BS g( )+ L+ < R*I I*R)
C Be em2, 0 (. I'R R
B S(S ) +u+51 (2 R*I I*R
L S* Il4al* I 14al*
s 9<”<2 ERE TS s»q59<”>
—_ — — —_— 7]— — -
=5+ ( "I 'R
. 5+ S(1+al®) 1+al a(l —I*)?
_ I R _— .

*
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As we know, —&(5—5%)? <0,2- 54 f; L <0, and the function £(x) is always greater

than or equal to zero for all x > 0, and L(z) = 0 if and only if x = 1. Consequently,
W (S, I, R)(€) is non-increasing. Note that @Y = 0 if and only if

dg
(S(£), 1), R(§)) = (5", I", R") and  (5'(£),I'(§), R'(§)) =0, VE=0.
Thus, lim¢_, 1 (S(£), 1(£), R(§)) = (S*,I*, R*). This completes the proof. O

By Propositions [3.1] and we obtain the following existence of traveling wave solu-

tions for (|1.2)).

Theorem 3.4. Assume that Ro > 1 holds. Then for every ¢ > c*, system (2.1) has a
positive solution (S(€),I1(§), R(§)) satisfying (2.2), (3.2) and (3.3)). That is, system (1.2))

admits a positive traveling wave solution with speed ¢ connecting the disease-free equilib-
rium Ep(1,0,0) and endemic equilibrium E*(S*,I*, R*).

3.2. Non-existence of traveling waves

In this subsection, by the two-sided Laplace transform, we will establish the non-existence
of traveling wave solutions for system ((1.2) when Ry > 1 and ¢ € (0,¢*). To apply the

two-sided Laplace transform, the prior estimate of exponential decay is need.

Lemma 3.5. Assume that Rg > 1 holds. If ¢ < ¢* and (S(£),1(£), R(§)) is a non-negative
and bounded solution of (2.1) satisfying (2.2), then there exist two positive constants o
and og such that

(3.9)  sup{I(§)e™*} < +oo, sup{|I'(€)le™*} < +oo, sup{|[I"(¢)le™*} < +oo,
£eR £ER £eR

(3.10)  sup{R({)e *} < +oo, sup{|R'(§)]e*} < o0, sup{|R"(£)|le "} < +o0
EER EER £eR

and

(3.11) sup{|1 — S(&)]e ¢} < +oo.
£eR

Proof. Let (S(£),1(£),R(£)) be a non-negative and bounded solution of satisfying
limg oo (5(£), 1(£), R(E)) = (1,0,0). Then (5(£), 1(£), R(E)) satisfies
do1"(§) — eI'(€) + BS(§)g(1(€)) + dR(E) — (1 +1I(§) =0,
dsR(€) — cR(€) +11(€) — (1 + O)R(E) = 0.

And, by the fluctuate lemma [10], we get lim¢_,45(S'(§),I'(€), R'(§)) = (0,0,0). Set
I' =w, R = z. Then (3.12)) can be rewritten as

(3.12)

V= CY+ f(& ),
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where
0 1 0 0 1 0
B=p=—y < _ 5 By - I
po | w0 ] e - | BEO-S©9©)
0 0 0 1 R 0
50 s : o

It is easy to show that the characteristic equation for the matrix B is given by H(\).
It follows from Lemma [2.2)(3) that the equation H(X) = 0 has no roots with zero parts.
Hence the initial equilibrium (1,0, 0) is hyperbolic. Then it follows from Stable Manifold
Theorem [17, p. 107] (see also, the proof of |35, Lemma 3.1]) that there exists a positive
constant o € R such that and hold.

Next we show that holds. First, we need to show that 0 < S(§) < 1 for all
¢ € R. In fact, if not, we suppose that there exists y such that S(§p) > 1. If there exists
a local maximum value S(§1) of S(§) such that S(&§1) > 1, it follows that S’(&) = 0 and
S"(&1) < 0. Therefore,

0=d15"(&1) + pu(1 = S(&)) — BS(&1)g(I(&1)) <0,

a contraction. Otherwise, there exists £, such that S(£2) > 1 and that S(§) is increasing
on (&, +00). Note that S(€) is bounded, then there exists &3 (£3 > &2) such that S'(£3) >0
and S”(&3) < 0, again getting a contradiction to the first equality of . Hence, we have
shown that 0 < S(§) <1 for all £ € R.

Using the fact 0 < S(£) < 1 for all £ € R, we see that 0 < aS(€)g(1(€)) < al(§) for
all £ € R, and, by the first inequality of ,

(3.13) sup{S(&)g(I(€))e*} < +oo.

£eER
Let 5’(5) =1-5(£) >0 for all £ € R. Integrating the first equation of from —oo to
& < 0 yields
(3.14) di5'(€) — eS(€) = —h(), €<0,
where

§
w6 = [ 18Sn)aTm) — (1 = S(u))

Note that 0 < S(§) <1 for all £ € R again and (3.13), it follows

3
W) < p / S(g(I(n)) dn < Coe™

for some constant Cy > 0, that is, h(€) = O(e*¢) as & — —oc. Solving (3.14)) yields

~ ~ s 1 < 0 _ e
5+ded15/ e 1'h(n)dn, €<O.
1 13
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Choose ag < min{c/d;, a}, we get

~ ~ 1 0 _c
S(€)e 08 = S(0)ele/hm0)k 4 dle(C/dl_aO)f/g e @"h(n)dn, £<0.

Note that h(€) = O(e?) as & — —oo, it is easy to see that S(&) = 0(e™¢) as £ — —oo.
In view of the fact 0 < S(£) < 1 for all £ € R, we have lim§€R{§(§)e*a05} < 400. Thus,
(3.11)) holds. The proof is completed. O

To show the non-existence of traveling wave solutions of (1.2)), we now define the

two-sided Laplace transform for a non-negative and bounded function F'(£) by

Lr(N) = /R eNEF(E) de

for A > 0. Obviously, Lr()) is defined in [0, A}) such that A}, < +o0 satisfying limy—xx o
Lp(X\) or A}, = 400.

Theorem 3.6. Assume that Rg > 1 holds. Then, for any c € (0,c*), system (1.2)) has no
non-negative and bounded traveling solutions (S(x + ct), I(xz + ct), R(z + ct)) with speed ¢
satisfying the boundary condition (2.2)).

Proof. Suppose that there exists a non-negative and bounded traveling wave solution

(S(€),1(£), R(&)) of system satisfying (2.2). Set
i) = [ Qe xe DX Lo = [ e NREOdE Ae 0.X),
R R

By Lemma it is easy to see that A} > a and A}, > o
Now we rewrite the second and third equations of (2.1)) as follows:

doI"(&) — eI’ (&) + (B — = )I(E) + 6R(E) = Q(&),
d3R"(§) — cR'(€) — (u+ 0)R(E) = —I(€),

where Q(&) = B(I(§) — S(§)g(I(€)). Taking the two-sided Laplace transform for (3.15])
yields

(3.15)

(3.16) ho(AN)Lr(A) +0Lr(N) = Lo(A),  hg(A)Lr(A) = —vLr(N),
where Lo(A) = [p e MQ(€) dE.

We claim that A7 = AL < 400. Indeed, we first show that A} < +o00 and A\ < +o0.
In fact, by the second equation of (2.1)), we get

Ag(N) = (d2)2 — A — (4 7))L (N) + B /R eES()g(1(€)) dE + SLR(N) = 0.
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Since L1(A) >0, Lr(A) > 0 and [ e *$S(&)g(I(€)) dE > 0 for A € [0, A}), then A} = +o0
implies that limy_, 4o Aa(A) = oo, a contradiction. Thus, A} < +4oo. Similarly, we
also get A\, < +400. Secondly, we prove \; = A;. On the contrary, if A7 < A%, then
limyx:—0 L£1(A) = +oo and limyx:—0 Lr(A) = Lr(A]) < +oo. This contradicts to
the second equality of . Thus, A7 > AR. On the other hand, if A} > A%, then
limy—az—0 Lr(A) = +00 and limyx: o Lr(A) = L1(N) < +oo. Noth that

(3.17) Q| = BII(&) = S(€)g(&)] < B(1 = S|+ alI(ONH )],

here we have used the fact 0 < S(§) < 1 for all £ € R. By Lemma we get

lim OKQ(/\) = EQ()\}}) < +o00,

A= A% —
which contradicts to the first equality of (3.16]). Thus A} < \%. Hence, we get \* := A} =
A%
We next show that ha(A*) < 0 and h3(A*) < 0 hold. In fact, if ha(A*) > 0, then

ha(N)Lr(A") + 0LR(XY) = +o0 > [Lo(X)],

which contradicts the first equality of (3.16). Hence, we get ha(A*) < 0. Similarly, we can

prove hz(A*) < 0. Also, by (3.17) and Lemma [3.5, we see |Lq(A*)| < +oc0. By (3.16), we
get

HA)L(A) = ha(A) LX),

which implies

(ML)
H))= 1 s 2 2 =
W)=t =70 0
contradicting Lemma 2). The proof is completed. O

4. Numerical simulations and summary

In this section, we first carry out numerical simulations to illustrate the existence of
traveling waves for obtained by Theorem for the two cases, 8 > u + v and
B < p+ 7, respectively. For convenience, we only present the diagrams in the domain of
x € [-50,50]. Here most of the values of parameters are taken in [9,/18] and the rest of

the parametric values are assumed for numerical computation.

Example 4.1 (Case (C1): 8 > p+7). For system (1.2)), we set the parameter values as:
diy =2,dy =1.2,ds = 1.5, p = 0.0000351 (per day), 8 = 0.4 (per day), § = 0.805 (per day),
v = 0.03521 (per day) and o = 2. By a direct calculation, we can get Ry ~ 10918 > 1,
(S*, I*, R*) =~ (0.000267,0.958,0.0419), and 3 > u + 7 holds. Therefore, by Theorem
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we conclude that system (|1.2)) has a positive traveling wave connecting the disease-free
equilibrium Ey = (1,0,0) and the endemic equilibrium E* ~ (0.000267,0.958,0.0419). See

Figure for the simulation diagram of traveling waves.

1\‘

I (T
05
= %i“}ﬁ\w‘\

o IR

S(x.

100

100
50 50

Distance x : Time t Distance x h Time t

Figure 4.1: The traveling wave solution of found with the parameters satisfying
B> p+in Example@

Example 4.2 (Case (C3): 8 < p+7). For system (1.2)), we set the parameter values as:
di =2, dy = 1.2, d3 = 1.5, p = 0.0000351 (per day), 8 = 0.4 (per day), § = 0.5 (per
day), v = 0.4 (per day) and o = 3. By a direct calculation, one can get Ry ~ 6331 > 1,
(S*, I*, R*) ~ (0.000421,0.555,0.444), and 8 < p + 7 holds. Hence, by Theorem
we conclude that system has a positive traveling wave connecting the disease-free
equilibrium Fy = (1,0,0) and the endemic equilibrium E* ~ (0.000421,0.555,0.444). See

Figure for the simulation diagram of traveling waves.

{

S

100

0

Distance x h Time t Distance x 00 Time t

Figure 4.2: The traveling wave solution of (|1.2) found with the parameters satisfying
B<p+in Example@
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In this paper, based on the SIRI epidemic model proposed by [9}/141/19], we incorporate
the diffusion of individuals to the system and then introduce an spatial SIRI epidemic
model with nonlinear incidence rate. For this mathematical model, we construct the
upper-lower solutions and Lyapunov function for , together with the Schauder fixed
point theorem, establish existence of traveling wave solutions for the model connecting
the two equilibria Ey and E* with speed ¢ > ¢*. Furthermore, based on the two-sided
Laplace transform, we show that the model has no such a traveling wave solution with
speed ¢ < ¢*. And also, we give two numerical simulations to illustrate our analytic
results. Biologically, a traveling wave solution connecting the two equilibria Ey and E*
accounts for the transition from disease uninfected equilibrium Fy to the endemic infected
equilibrium E* as time goes, and the wave speed ¢ may explain the spatial spread speed
of the disease, which may measure how fast the disease invades geographically. Hence,
the study of the traveling waves is a very important topic for disease models with spatial

heterogeneity.
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