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Critical Points Theorems via the Generalized Ekeland Variational Principle

and its Application to Equations of p(x)-Laplace Type in RY

Jung-Hyun Bae and Yun-Ho Kim*

Abstract. In this paper, we investigate abstract critical point theorems for continu-
ously Gateaux differentiable functionals satisfying the Cerami condition via the gen-
eralized Ekeland variational principle developed by C.-K. Zhong. As applications of
our results, under certain assumptions, we show the existence of at least one or two

weak solutions for nonlinear elliptic equations with variable exponents
—div(p(x, Vu)) + V(@) |[u[P @20 = A\ f(z,u) in RN,

where the function o(z,v) is of type |v|P(*)=2v with a continuous function p: RN —
(1,00), V: RY — (0,00) is a continuous potential function, A is a real parameter,
and f: RY x R — R is a Carathéodory function. Especially, we localize precisely the
intervals of A\ for which the above equation admits at least one or two nontrivial weak

solutions by applying our critical points results.

1. Introduction

Variational methods have emerged as one of the most effective analytic tools in the study
of nonlinear equations. The idea behind them is attempting to solve a given problem
by looking for critical points of an “energy” functional. The classical mountain pass
theorem is a “phenomenal result” which has become the beginning of a new approach
to critical point theory. The celebrated mountain pass theorem of A. Ambrosetti and
P. H. Rabinowitz [2] provided the existence of at least one critical point for a C!-functional
satisfying the Palais-Smale condition (PS) and an appropriate geometry, called mountain
pass geometry. This critical point theory has become one of the forceful tools for solving

ordinary and partial differentiable equations of variational type; see [4}5,10,/16] and the
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references therein. Since the seminal work of Ambrosetti and Rabinowitz, such theory has
by now been widely investigated by many researchers and some authors in [26,/40] also
have attempted to weaken, in a fruitful way, the crucial assumption of the mountain pass
theorem as mentioned. Especially, we focus on some kind of compactness property for the
functional, one of which is the Palais-Smale condition ((PS)-condition for short). A notion
which is slightly weaker than (PS)-condition has been introduced by G. Cerami [17] and
it is called the Cerami condition ((C)-condition for short).

In all aspects, the first purpose of this paper is to investigate abstract critical point
theorems for the existence of at least one or two critical points for functionals satisfying
(C)-condition where the method is to use the generalized Ekeland variational principle
developed by C.-K. Zhong [43]. These results lead to extensions of Bonanno’s results
for functionals satisfying (PS)-condition given in [9,/10]. Recently, the abstract critical
point result which ensures the existence of at least one nontrivial local minimum has been
extended and generalized in different directions and in different settings. In particular,
multiple critical points theorems initiated by works of Ricceri [37],38], which can be seen
as a starting point in that direction, have been developed in the papers of S. A. Marano
and D. Motreanu [34,35], G. Bonanno and P. Candito [12]; see also [14]. In [9], the
author gave an inventive approach about the existence of a critical point for a functional
of local boundedness from below, by using the Ekeland variational principle and a novel
Palais-Smale condition (see Theorem 3.1 of [9]). Combining this result with the fact that
the mountain pass geometry is equivalent to the existence of one local minimum that
is not strictly global, existence results of two critical points for functionals unbounded
from below satisfying (PS)-condition were established in [10]. It is well known that the
mountain pass theorem, when the functional is bounded from below on every bounded
set of a real Banach space, actually is a result of multiple critical points. Especially the
condition of local boundedness from below really is a natural condition in the setting
of nonlinear differential problems. In this direction, we first present existence results of
at least one critical point for an energy functional satisfying (C)-condition as a variant
of Theorem 5.2 in [9] and Theorem 2.3 in [10]. Next, we point out two consequences
for the existence of two critical points for functionals unbounded from below satisfying
(C)-condition which is based on the work of Bonanno [10]. To do this, we observe the
relation between the mountain pass geometry and local minima by using Zhong’s Ekeland
variational principle.

As applications of our critical points results, the other purpose is to study the existence

of weak solutions for the nonlinear elliptic equations of the p(z)-Laplace type

(1.1) — div(e(z, Vu)) + V() |uP™ 20 = Af(z,u) inRY,

x)—2

where the function o(z, v) is of type |v[P(*) =2y with a continuous function p: RN — (1, 00),
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V:RY — (0,00) is a continuous potential function, and f: RY x R — R satisfies a
Carathéodory condition that will be specified later. The study on quasilinear elliptic
problems of the p(z)-Laplace type operator div(e(z, Vu)) which is a perturbation of the
p(z)-Laplacian div(|Vu|[P(*)=2Vu) is a very interesting topic in recent years. There have
been a large number of research activities dealing with this kind of equations as well as
their corresponding functional spaces setting; see [3}[15} 18,21} 25|28} 29,131,132] and the
references therein. The investigation on problems of differential equations and variational
problems involving p(z)-growth conditions has been a considerable topic because they can
be presented as a model for many physical phenomena which arise in the research of elastic
mechanics, electro-rheological fluid (“smart fluids”) and image processing, etc. We refer
the readers to [21,39] and the references therein.

Taking into account our purpose that is to find one or two nontrivial weak solutions
for , Bonanno’s critical point theorems in [9,/10] which have been studied by many
researchers are important to derive the existence of nontrivial weak solutions for nonlinear
elliptic equations; see [6}(7,/12,13]. Based on the paper [9], the existence of a nontrivial
solution to a parametric Neumann problem for a class of nonlinear elliptic equations
involving the p(z)-Laplacian and a discontinuous nonlinear term was established in [7]. In
[12], G. Bonanno and A. Chinni obtained the existence of at least one or two distinct weak
solutions for the p(x)-Laplacian Dirichlet problems whenever the parameter A belongs to
a precise positive interval with aid of the works [9,/10]; see Theorems 4.1 and 5.1 in [12]. In
the present paper, as applications of our critical points theorems introduced in Section
we establish the existence of at least one or two weak solutions for the problem under
conditions slightly different from those of Theorems 4.1 and 5.1 in [12] in some sense.

When dealing with the existence of nontrivial weak solutions for some problems of
variational type, one of crucial ingredients is that the nonlinear term f satisfies the A. Am-

brosetti and P. H. Rabinowitz condition:

(AR) There exist positive constants M and 6 such that 6 > p, and
0 <OF(z,t) < f(z,t)t for z € Q and |t| > M,
where py = sup,cqp(x), F(z,t) = fot f(z,s)ds, and Q is a bounded domain in RY,

However, many authors in [1}|18}27,|33,|36,|41] have tried to drop (AR)-condition that
is crucial to guarantee the boundedness of Palais-Smale sequence of the Euler-Lagrange
functional which plays a decisive role in applying the critical point theory. They achieved
the existence of at least one nontrivial solution for nonlinear elliptic problems with the
nonlinear term f satisfying a weaker condition than (AR)-condition. As seen before, by
applying an abstract result in [9], the existence of at least one nontrivial weak solution

for p(x)-Laplacian Dirichlet problem without assuming (AR)-condition as well as some
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conditions given in [1,27,33,36,41] which complement with (AR)-condition is discussed
in [12]; see also |7]. As in [7,|12] we determine the precise positive interval of A’s for
which admits at least one solution without assuming the conditions on the nonlinear
term f which are needed for ensuring the compactness condition of the energy functional
associated with ; see Theorems and It is worth noticing that we prove the
existence result when the nonlinear term f has a subcritical growth condition although
the given domain is the whole spaces R .

On the other hand, (AR)-condition is needed to ensure the existence of two distinct
weak solutions; see also [6,12]. In that sense, we show that the problem admits two
distinct weak solutions provided that f satisfies a weaker condition than (AR)-condition
which will be specified later in Subsection Roughly speaking, using abstract critical
points results for an energy functional satisfying (C)-condition, we derive the existence of
at least two distinct weak solutions for the problem provided that A is suitable; see
Theorems and

The novelty of this paper is twofold: The first one is that we give abstract critical points
theorems for the existence of at least one or two critical points for an energy functional
satisfying (C)-condition instead of (PS)-condition as a variant of the work |10]. The second
is that these theorems are applied to find at least two weak solutions of under weaker
condition than (AR)-condition in comparison with that of the papers [6,[12]. As far as we
are aware there were no such multiplicity results in this situation.

This paper is organized as follows. In Section [2] we study abstract results on the
existence of at least one or two critical points for continuously Géateaux differentiable
functionals with (C)-condition. In addition, we present the existence of nontrivial critical
points. In Section [3] we show the existence of at least one or two weak solutions for the
problem by observing the boundedness of the Cerami sequence of the energy functional
corresponding to the problem . In Subsection we employ our critical points
theorems to investigate that the problem admits at least one nontrivial weak solution.
In Subsection [3.3] the existence of at least two nontrivial weak solutions for the problem
is achieved by applying our result in Section In Appendix, we investigate the Pucci-
Serrin theorem for a Gateaux differentiable functional satisfying (C)-condition in place of
(PS)-condition.

2. Abstract critical point theorems

Let (X, - ||x) be a real reflexive Banach space. We denote the dual space of X by X*,
while (-,-) stands for the duality pairing between X* and X.

A functional J: X — R is called locally Lipschitz when, for every u € X, there
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correspond a neighborhood U of v and a constant L > 0 such that
|J(v) — J(w)| < L||lv —w||x forall v,weU.

If u,v € X, the symbol J°(u;v) indicates the generalized directional derivative of J at

point u along direction v, namely

J°(u;v) := limsup J(w+tv) = J(w).

w—su,t—0+ t

The generalized gradient of the function J at u, denoted by 0J(u), is the set
OJ(u) :=={u" € X : (u",v) < J°(w;v) for all v € X}.
It is clear that 0J(u) # () by Hahn-Banach theorem. A functional J: X — R is called
Gateaux differentiable at u € X if there is ¢ € X* (denoted by J'(u)) such that
lim J(u+tv) — J(u)

t—0+ t

= J'(u)(v)

for all v € X. It is called continuously Gateaux differentiable if it is Gateaux differentiable
for any v € X and the function v — J'(u) is a continuous map from X to its dual X*.
We recall that if J is continuously Gateaux differentiable then it is locally Lipschitz and
one has J°(u;v) = J'(u)(v) for all u,v € X.

A Gateaux differentiable functional J: X — R satisfies (C)-condition, if any Cerami
sequence {u,} C X for J, i.e., {J(up)} is bounded and ||J'(up)||x+(1 + Jun|lx) — O as
n — 00, has a convergent subsequence.

As a key tool, recall the following lemma which is a generalization of Ekeland’s varia-

tional principle [23] due to Zhong in |43, Theorem 2.1].

Lemma 2.1. Let ¢: [0,00) — [0,00) be a continuous nondecreasing function such that
fooo 1/(1 4+ ¢(r))dr = +oo. Let M be a complete metric space and xo be a fized point of
M. Suppose that f: M — RU {+o0} is a lower semicontinuous function, not identically
400, bounded from below. Then, for every e > 0 and y € M such that

f@%@gf+a

and every A > 0, there exists some point z € M such that

f(z) < fy), d(z,20) <T+r9

and
€

z) > f(z)—
T =278 = 50+ dtatw. )
where d(x,y) is the distance of two points x,y € M, ro = d(xg,y), and T is such that

To+T 1

d(z,z) for allz e M,
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For our critical point theorems with (C)-condition, we use the following corollary which

is a consequence of Zhong’s Ekeland variational principle.

Corollary 2.2. Let X be a Banach space and xo be a fixed point of X. Suppose that
f: X = RU{+o0} is a lower semicontinuous function, not identically +oo, bounded from
below. Then, for every e >0 and y € X such that

fly) <inff +e,

and every X\ > 0, there exists some point z € X such that

FE) <), e —aollx < @+ llyllx)(e* —1)

and

f@)= f2) - 5

(3
m”w —z|lx forallze X.

Proof. To employ Lemma [2.1] we set d(z,y) := ||z — y||x for any z,y € X, where d(z,y)
is given in Lemma 2.1} Let ¢: [0,00) — [0, 00) be defined by ¢(r) = r + ||zo||x. Thus ¢
is continuous and nondecreasing. Then we see that ¢(||zo — z||x) = ||lzo — 2||x + ||zol|x >

||z|lx, and hence for every e > 0 and y € X, we have

T+ 60— 2x) © A+ elx)

If we take xg := y, where y is given in Lemma then 79 = 0 and (2.1) imply that

7 7 =
A< [ = ) T = B Il =
which is equivalent to
(1+ lylx) (e =1) <7
Therefore, by applying Lemma [2.1] our conclusion holds. O

First, for a differentiable functional with (C)-condition based on Zhong’s Ekeland
variational principle stated in Corollary we establish the relationship between the
mountain pass geometry and the existence of at least one local minima in X which is not
strictly global. For the case where the functional is continuously Gateaux differentiable

and satisfies (PS)-condition, we refer to [10, Theorem 2.1]; see also [8, Theorem 2.1].

Theorem 2.3. Assume that a function I: X — R is continuously Gateaux differentiable
and bounded from below on every bounded set of X. Assume that I satisfies (C)-condition.

Then the following statements are equivalent:
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(i) There exist 1, x2 and r € R with 0 < r < ||z2 — x1||x such that
1}g}f{{l(u) Dl —zi||x =7} > max{I(x1), I(x2)}.

(ii) I admits at least one local minimum in X which is not strictly global.

Proof. (ii) = (i). Suppose that z; is a local minimal point for I which is not strictly
global. Then there exists a point xo € X such that z; # x5 and I(z2) < I(x1). We can
choose positive numbers p; and po such that 0 < p; < ||z2 — 21|l x and I(x1) < I(u) for
all u € X with ||u — z1||x < p2. If we set r := min{p1, p2/2}, then I(u) > I(z1) > I(x2)
for all u € X such that ||lu — x1||x = r. Hence the statement (i) is achieved.

(i) = (ii). Consider a set E := {u € X : ||lu — z1]|x < r}. It is obvious that E is a
complete metric space, I is lower semicontinuous, from the fact that I is bounded from
below on every bounded set of X, bounded from below on E. Then there exists a sequence
{un} in E such that I(u,) — a as n — oo, where o := infp I. Let {e,} be a positive
sequence defined by

_ {ln (1 + m) }2 if I(up) = o,
2(I(un) — @) if I(up) > .

En

Then we have
I(un) <a+éep.

Denote a positive sequence {\,} by A, := \/g,. By applying Corollary with xg := uy,

we obtain a sequence {z,} in E such that for all n € N,
(2.2) I(z) < 1), Jlun — zllx < (14 Junllx)(eV5 = 1)
and for every w € F with w # z,,

(2.3) I(w) > I(z) =~ 0 jllo = zllx.

An(1+ [[znllx
Then there are two possibilities to be considered: either there is a subsequence {z,, } of
{#zn} such that z,, € S:={ue X :|lu—x||x =r} for all kK € N or there exists an integer
ng such that z, € E'\ S for all n > ny.

For the first case, by the statement (i), we assert I(x1) < I(zn,) < I(un,) < a+ ey,
for all kK € N and so, I(z1) = . This yields that I(z) is a global minimum in F, that is,
it is a local minimum for [ in X.

In the second case, if we consider h € X with ||h|| < 1, we may suppose that w :=
zn +th € E\ S for sufficiently small ¢ > 0 and for all n > ng. By taking the limits as
t — 0, we have from that

S L1

T Lt [lalix
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and thus by replacing A with —h,

/ Venlhllx
[(I'(zn), h)| < m
Hence we obtain that (1 + ||z,|lx)|[I'(zn)]|x+ — 0 as n — oo. Since I satisfies (C)-
condition, there exists a subsequence {z,, } of {2z} such that 2, — 2z* for some z* € E
as k — oco. Now, we prove that I(z*) = . Since implies that

|un — 20|l x

<eVfn 150 asn— oo,
1+ flunllx

we have by the boundedness of {u,} that ||u, — z,||x — 0 as n — oco. It follows from
. — 2% that I(u,,) = o = I(2*) as k — oo as claimed. If z* € E'\ S, then I(z*) is

a local minimum. Otherwise, if z* € S, then I(z*) > I(x1) due to the statement (i) and

Un

thus the local minimum is I(z1). Consequently, we have shown that there exists one local
minimum belonging to E \ S.

Now, let zy denote the local minimum previously obtained which belongs to E \ S.
There are two cases to consider. If I is unbounded from below, there is z; € X such
that I(z1) < I(zp) for which 2y is not a strictly global minimum. Otherwise, if I is
bounded from below, then we know that I satisfies (PS)-condition due to the coercivity
(see |30l Corollary 3]). As before (see also [8, Theorem 2.1]), we can prove that there is a
local minimum z; belonging to X \ E. Therefore, one of them, between zy and zj, is not

a strict global minimum. O

To get main results in this section, we use the following lemma which is derived from
Zhong’s variational principle. The proof is analogous to that of [9, Lemma 3.1]; see
also [42].

Lemma 2.4. Let X be a real Banach space and let I: X — R be a locally Lipschitz
function bounded from below. Then, for all minimizing sequence of I, {u,} C X, there
exists a minimizing sequence of I, {v,} C X, such that for any n € N
(o) < I(un) and (I°(vy), ) > —2llx
1+ [Jon|lx

for allh € X and n € N, where e, — 0" as n — co.

Next, we give abstract critical point theorems for a functional Iy := ® — AU satisfying
(C)-condition cut off upper at p for a fixed p € R ((C)¥-condition for short), that is, if
any Cerami sequence {u,} C X for I with ®(u,) < u has a convergent subsequence of

{uy}. For this, let us introduce a function

. SUPyecd—1((—c0 \I](U) - \II(U)
901(#) _ . inf el 1(( ),
ved=1((—o0,u)) p—@(v)
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for all € R.

Now, we give a variant of the work of Bonanno [9, Theorem 5.2].

Theorem 2.5. Let ®,V: X — R be two continuously Gateauz differentiable functionals
such that ® is bounded from below. Moreover, fix p > infy,cx ®(u) and assume that for
each A € A := (0,1/¢1(p)) the functional Iy := ® — AU satisfies (C)-condition. Then,
for each X € A there is an element ug in ®1((—oo, 1)) such that Iy(ug) < In(u) for all
u € ®7((—o0, ) and I} (up) = 0.

Proof. Let A € A be arbitrary but fixed, that is, A < 1/p1(u). Now, we will show that
there exists a local minimal point u; in ®~!((—oco, i) for I such that ®(u;) < p. In view

of the definition of (1 (i), we can find a point u; in ®~!((—oo, 1)) such that

SUPyed—1((—ooy)) P (w) — ¥(u1) _1
w—P(uq) A
This implies that
(2.4) sup AU (u) < p—P(uy) + AU (uy) =: M.

ue®=1((—o0,p1))

Define a functional Wj; by

AU (u) if A\ (u) < M,

B B

It is clear that I := ® — W, is locally Lipschitz and bounded from below on X because ¢
is bounded from below and —W,; > —M. Then we find a sequence {u,} in X such that
I(uy) — infx I as n — oco. From Lemma it follows that there exists a sequence {v,}
in X such that

. enllhllx
2.5 I(v,) = inflTasn —o00 and (I'(v,),h) > ——
(2:5) (vn) iy () ) =~

for all h € X and n € N, where £, — 0% as n — co. Then there are two possibilities to
consider:

If I(u1) = infx I, then u; is a local minimal point for Iy. Indeed, if u € ®~!((—o0, 1)),
the relation implies that AU (u) < M and I(u) = I\(u) for all u € ®~((—o0, pu)).
Hence Iy(u1) < Iy(u) for all u € ®~1((—o0, p)).

Otherwise, if infx I < I(uy), then there exists an integer N such that I(v,) < I(u1)
for all n > N. Since ®(vy,) — Yar(vn) < ®(u1) — Yar(u1), we have ®(vy,) < War(v,) +
D(uy) — W(up) < M+ ®(uy) — ¥(u1) = p and so ®(v,) < p for all n > N. Therefore, by
Lemma [2.4] we obtain that

= i ' (I enl|h]l
I(vy) = Ix(vy) — 151(fI and  (I'(vy),h) = (I5(vy), h) > _m’
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which implies ||7} (v5)]|x+(1 + [|[vallx) — 0 as n — co. By (C)¥-condition of I, we may

suppose that v,, — v* as n — oo for some v* € X and so

(26) I)\(U*) < I)\(u)

for all u € ®~1((—o0, ). Combining ®(v,) < u for all n > N with the continuity of ®, we
infer v* € ®71((—o0, u]). If v* € ®7((—o0, 1)), immediately ensures the conclusion.
Otherwise, if ®(v*) = p, we first observe that W/ (v*) < M. Note by I\(v*) = I(v¥)
that p — AU (v*) = p — Ups(v*) and thus AV (v*) = Uy (v*) < M. Thus we obtain that
L(v*) = p—AV(*) > p— M = ®(u) — A\W(uy) = In(up). Therefore, by we
conclude that Iy(u1) < I\(u) for all u € ®~1((—oo,)) and also the conclusion holds.
This completes the proof. O

>
<

From Theorem [2.5] we give the next result. As an application of this theorem, we
obtain the solvability of the problem (1.1f) in Subsection (see Theorem [3.14)). For the
case of the functional Iy satisfying (PS)"-condition, we refer to [10, Theorem 2.4].

Corollary 2.6. Let X be a real Banach space, ®,¥V: X — R be two continuously Gateauz
differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0. Fix

w > 0 and assume that, for each

i
A€ AO = 0, s
( SUPyed—1((—o0,u1)) ‘I’(U)>

the functional I satisfies (C’)[“]-condz'tz'on for all A € Ag. Then, for each A\ € Ay, there is
an element ug in ®~1((—oo, ) such that Iy(ug) < Ix(u) for all u € ®~1((—oo,p)) and
I;\(U()) =0.

SUPy @1 (— o)) Y (¥)

Proof. Let A € Ag be arbitrary but fixed. Then we have m
ing to the definition of ¢1(u), there is an element x¢ in ®~1((—o0, 1)) such that

< % Accord-

SUPyed—1 (o)) Y (1) — ¥(z0)  SUPuca—1((~oon)) U(u) _1
p— ®(zo) - f A
This says

sup AU (u) < pp— D(xg) + AU (xp).
uEP 1 ((—o0,p))

Arguing the same argument as in the proof of Theorem I, admits a local minimum.

This completes the proof. ]

As a consequence of Theorem [2.5] we get another critical point theorem with (C)-
condition. This is crucial to ensure the existence of at least two distinct weak solutions
for the problem (|1.1]) in Subsection (see Theorem [3.18). See Theorem 3.2 of |10] for

functionals satisfying (PS)-condition.
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Corollary 2.7. Let X be a real Banach space, ®,¥V: X — R be two continuously Gateauz
differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0. Fizx

w >0 and assume that, for each

I
A E Ao = 0, s
( Supue<1>—1<<—oo,u>>‘1’(“)>

the functional Iy satisfies (C)-condition for all A € Ay and it is unbounded from below.

Then, for each A € Ag, the functional Iy admits two distinct critical points.

Proof. Taking into account that Iy satisfies (C)[“]—condition, Theorem ensures that I
admits one local minimum. Since I is unbounded from below, it is not strictly global and

the mountain pass theorem ensures the conclusion. This completes the proof. ]

Finally, we study another abstract critical point theorem as a particular case of [9,

Theorem 5.1] when I satisfies (PS)[#-condition. To do this, we introduce two functions

. SUPycq-1 U(u) —¥(v)
= it T
ved=1((0,1)) p—@(v)

and
()= sup U (v) — SUPyea—1((—o0,0) P (1)
ved—1((0,11)) ®(v)

for all 4 € R with p > 0.

Theorem 2.8. Let &, V: X — R be two continuously Gateauz differentiable functionals
such that ® is bounded from below. Suppose that

there exists u € R such that x1(p) < x2(u).

Moreover, assume that for each A € A := (1/x2(p),1/x1()) the functional Iy := & — AU
satisfies (C’)[M]—condz’tion. Then, for each A € A, the functional Iy has a nontrivial point
ugx in ®7H((0, 1)) such that Ix(ugr) < Ix(u) for all w in ®1((0,pn)) with ug being a
critical point of 1.

Proof. For each X\ € (1/x2(n),1/x1(1)), we have x1(p) < 1/XA < x2(p) which implies the
existence of u1,us € ®1((0, 1)) such that

o SUPucs—1((00) U(u) —¥(u) and L~ W (u2) — SUPyep—1((—o0,0]) ‘I’(U)‘

1 1
A w— P(uq) A P (u2)

(2.7)

Now, let 29 € ®71((0, 1)) be such that

O(xg) — AV (20) = min{P(u1) — AV (uy), P(uz) — A¥(uz)}.
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From (12.7)), we have

sup AU (u) < p— P(z0) + AV (x0)
ued=1((0,1))

and
(2.8) sup AU(u) < =P(z0) + A¥(zo).
u€P—1((—00,0])
Set
(2.9) M =p—D(xg) + AU(xp).
Define
Dp(u) = max{®(u),0}, AV (u)=min{A\V(u), M}
and

=5 — AU .

Clearly, I is locally Lipschitz continuous and bounded from below. Given a sequence
{up} in X such that lim, o I(u,) = infx I, it follows from Lemma that we choose a
sequence {v,} in X such that holds for all h € X and for all n € N, where €, — 0.
We first prove that ®(v,) > 0 for all n > ng. Suppose to the contrary that ®(v,) < 0 for
all n > ng. This yields

=AU (vy,) = Po(vy) — AV (vy,) < P(x0) — AV ()

or equivalently
—®(x0) + AV (z0) < AU (vp,).

Due to (2.8), we deduce a contradiction.

Next it follows from the analogous arguments as in the proof of Theorem that
®(vy,) < p for all n > ng and thus

(2.10) I\(v*) = igl(f[ < I(u) = I\(u)

for all w € ®~1((0, 1)) and for some v* in X satisfying v, — v* as n — oco. From the
continuity of ® and the fact that 0 < ®(v,) < u for all n > ng, we have v* € ®~1([0, u]).
If v* € ®~1((0,u)), by (2.10) the conclusion holds. If ®(v*) is either 0 or y, taking into

account (2.8), (2.9) and (2.10) it is easy to show that Iy (zg) < Iy(u) for allu € ®~1((0, u)).
This completes the proof. O

As a consequence of Theorem 2.8 we have the following result which is a main tool to
guarantee the existence of a nontrivial weak solution for the problem in Subsection
(see Theorem [3.14). It can be found in [10, Theorem 2.3] when the functional satisfies
(PS)[#-condition.
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Corollary 2.9. Let ®: X — R be a continuously Gateaux differentiable and ¥: X — R
be a continuously Gateauz differentiable functional whose Gateauzr derivative is compact
such that

inf @(u) = 2(0) = ¥(0) = 0.

Assume that there exist a positive constant j and an element u € X, with 0 < ®(u) < u,

such that
supu€¢_1((,w7u]) \I’(U) < \I/(a)
I ®(u)

holds and the functional Iy := ® — AU satisfies (C’)M—condition. Then, for each

®(u) 7
A€ A, = = )
g <‘I’(u) SUPyed 1 ((—o0,)) W(“))

the functional I has a nontrivial point ug x in ®~1((0,u)) such that Iy(ug ) < In(u) for

(2.11)

3

all w in ®71((0, 1)) with ug x being a critical point of I.

Proof. In view of definitions of x1(u) and x2(u), we assert that

s (oo V() — ¥(U) SUPLcp—1((—oo)) ¥
\1() < min { UWPyea—1 (—oou)) (1) = W(W) SUPueq-1((—oo,u)) (“)}

p— ®(u) ’ "
and
x2(p) = sup P (v) = sUPuco1 (o) ¥(¥) _ W(¥) = SWPuco1 (00 ¥(¥)
ve®=1((0,u)) ®(v) - o) —

V@) -y W)

(@) —p  @(w)

Combining this together with the assumption, we infer that

SUPucr— 1 (—ooy) Y (W) _ W(E

xi(p) < p B

<

; < x2(w).

Hence we obtain that

1 1
M (o)
x2(m) " xa(p)
Since ® is bounded from below, Theorem ensures our conclusion. Hence Iy admits

a local minimum. Since [y is unbounded from below, it is not strictly global and the

mountain pass theorem ensures the conclusion. This completes the proof. ]

The following theorem for (C)-condition is an analogous result to Corollary as a
variant of [10, Theorem 2.3]. This is crucial to guarantee the existence of two distinct

weak solutions for the problem (1.1]) in Subsection (see Theorem [3.19)).
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Corollary 2.10. Let ®: X — R be a continuously Gateauz differentiable and ¥: X — R
be a continuously Gateauz differentiable functional whose Gateauxr derivative is compact
such that

inf @(u) = ®(0) = ¥(0) = 0.

Assume that there exist a positive constant p and an element u € X, with 0 < ®(u) < u,

such that (2.11)) holds and for each A € A, := <$Egg, T 1((“ 5 \I,(U)) ; the functional
ued— — 00,

I, := ® — \V satisfies (C)-condition and it is unbounded from below. Then, for each

A € Ay the functional Iy admits two distinct critical points.

Proof. Since I, satisfies (C)[/‘]—condition and it is unbounded from below, Theorem

and the mountain pass theorem ensures the conclusion. This completes the proof. ]

3. Applications to equations of p(x)-Laplace type in RY

In this section, we deal with the elliptic equations with variable exponents as applications

of our abstract critical points theorems introduced in Section

3.1. Some properties of the variable exponent spaces

We recall some definitions of the variable exponent Lebesgue space LP()(RN) and the
variable exponent Lebesgue-Sobolev space W1P()(RN) which will be treated in the next
subsections. For a deeper treatment on these spaces, we refer to [21},22,25].
Set
Cy(RY)Y={hec CRY): inf h(zx)>1}.

zeRN

For any h € C (RY), we define

hy = sup h(z) and h_ = inf h(x).

For any p € C, (R"), we introduce the variable exponent Lebesgue space

LPORYN) = {u : u is a measurable real-valued function, /

uP®) dz < -l—oo}
RN

endowed with the Luxemburg norm

()
HU||LP(<>(RN)=inf{)\>O:/ ‘Ep dxgl},
BN A

The dual space of LPO)(RN) is LP'O)(RN), where 1/p(z) 4+ 1/p/(z) = 1.
The variable exponent Lebesgue-Sobolev space X := WP()(RN) is defined by

WIPORY) = {u e LPORY) : |Vu| € LPO(RN)},
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where the norm is

(3.1) [ullwroe @y = l[ull ooy @y + IV Ull oo vy
Let the potential V € C(R™) be continuous. Suppose that

(V) Ve C(RN), V_ :=inf gy V(2) > 0, meas{z € RY : —c0 < V(2) < M} < 400 for
all M € R.

Define the linear subspace

X = {u e WhHPO(RN) /RN(\WW + V(@) uP®) dz < +oo}
with the norm

||uHX:inf{)\>0:/RN (V)\u

(z)
P ) dx < 1} ,
which is equivalent to the norm ({3.1)).

In this subsection, we first collect some preliminary properties that will be used later.

p(z)

+ V(x) ’%

Lemma 3.1. (25| The space LPC)(RN) is a separable, uniformly convex Banach space,
and its conjugate space is LP O)(RN) where 1/p(z) + 1/p/(z) = 1. For any u € LPO)(RN)
and v € LV’ O(RN), we have

/ uv dx
RN

Lemma 3.2. [25] Denote

1 1
< (o + ) Tl olloesy < 2l ol o ey

p(u) = /RN [ulP@) dz for all u € LPU)(RN).
Then
(1) p(u) >1 (=1; <1)if and only if ||ull oy mry > 1 (= 1; < 1), respectively;
(@) if lull oy > Lo then [l gy < 0(0) < [l gy

p(u) < [lullf,

3) i lull ooy vy < 1, then lull7) LPO)(RN)”

Lr() RN)

Remark 3.3. [25] Denote
p(u) =/ (IVulp@) + \u|p($>) dz for all u € X.
RN

Then
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(1) p(u) >1 (=1; <1)if and only if ||ul|x > 1 (=1; < 1), respectively;
(2) if lullx > 1, then [July < p(u) < [lull5;
(3) if flullx <1, then [lully < p(u) < [Jull’ -

Lemma 3.4. [22] Let ¢ € L°(RY) be such that 1 < p(z)q(z) < oo for almost all z € RY.
If u € LIORN) with u # 0, then

(1) i el rncr vy > 1 them [ullEruer vy < 17 o @y < Tl 85 oy

(@) i ull ooy < 1, then JulEernes oy < Ml ey < Nullisernes oy

Lemma 3.5. [22,24] Let Q@ C RY be an open, bounded set with Lipschitz boundary and

let pe CL() with 1 <p_ <py <oo. If g € L*(Q) with q¢— > 1 satisfies

Mo if N > pla),
q(z) < p*(a) == VP
+00 if N < p(z),

then there is a continuous embedding
WLP(')(Q) SN L‘I(‘)(Q)
and the embedding is compact if inf cq(p*(z) — q(x)) > 0.

Lemma 3.6. [24] Suppose that p: RN — R is Lipschitz continuous with 1 < p_ < py <
N. Let ¢ € L®RY) and p(z) < q(x) < p*(x) for almost all x € RYN. Then there is a
continuous embedding WHPC) (RN — L40)(RN),

Lemma 3.7. [1,24] Suppose that p: RN — R is Lipschitz continuous with 1 < p_ < py <
N and the condition (V) is fulfilled. Let ¢ € L>®°(RY) with p(x) < q(x) for all v € RN.
Then there is a compact embedding X — LI (RN) if inf, cpn (p*(2) — q(x)) > 0.

In the sequel we will denote by S, the embedding’s constant for which one has

[[ullx

3.2 S, = e, S
(3:2) "= w0y Tl oo o)

where p, ¢ € O (RY) and p(z) < ¢(x) < p*(z) for all 2 € RV,

In what follows, let p € C (RY) be Lipschitz continuous with 1 < p_ < p, < N and
the potential V' satisfies the condition (V). We denote by the space X* be a dual space
of X. Furthermore, (-,-) denotes the pairing of X and its dual X* and Euclidean scalar

product on RY | respectively.
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Definition 3.8. We say that u € X is a weak solution of the problem (1.1f) if

/ o(x,Vu) - Vudz + / V(2)|ulP® 20w de = A f(z,u)vdx
RN RN RN
for all v € X.

We assume that ¢: RY x RV — R is a continuous function with the continuous
derivative with respect to v of the mapping ®g: RN x RY — R, &5 = ®y(z,v), that is,
o(z,v) = %(IDO(:U, v). Suppose that ¢ and ®q satisfy the following assumptions:

(J1) The identity
Do(z,0) =0

holds for almost all = € RV,
(J2) Assume that there is a nonnegative constant ¢* such that
lp(,v)] < ¢ [ofPt !
holds for almost all 2 € RY and for all v € RV,
(J3) ®g(x,-) is strictly convex in RY for all z € RV,
(J4) The relations
e |u|P® < prdo(x,v) and  coP®) < p(x,v) v
hold for all x € RY and v € RY , where c, is a positive constant with c, < c*.
(J5) There exists a constant § > p such that
H(z, sv) < H(z,v),
holds for v € RY and s € [0, 1], where H(z,v) = 0®¢(z,v) —p(z,v) v for all z € RV.

Let us define the functional ®: X — R by

O(u) = /RN Oo(z, Vu) dx + /RN ‘;((;B))Mp(m) dx.

Under the assumptions (V), (J1), (J2) and (J4), it follows from [32, Lemma 3.2] that the
functional @ is well-defined on X, ® € C'(X,R) and its Fréchet derivative is given by

(@ (u),v) = /R (@, Vu)  Vods + /R N V()| ulP™ 2w da.
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Example 3.9. Let us consider

|v|P(®) L
2,0) = [ 14+ —————= | [P 2y
ola.v) ( T )

for all v € RV, In this case, put

1
Po(z,v) = m (’v|p(:p) +4/1+ |U‘2p($) — 1)

for all v € RY. It is immediate that the conditions (J1)—(J4) hold. The same argument
in [29] implies that the assumption (J5) holds when 6 = 2p_..

Next, taking inspiration from the argument given in [19], we give that the operator @’
is a mapping of type (S;). On a bounded domain © in R, Le [31] proved this fact for

the case of variable exponent p(z); see also [19] for the case of a constant exponent.

Lemma 3.10. Assume that (V) and (J1)—(J4) hold. Then the functional ®: X — R is
convexr and weakly lower semicontinuous on X. Moreover, the operator ®' is a mapping
of type (S1), i.e., if up, — u in X asn — oo and limsup,,_, o (P’ (u,) — @' (u), u, —u) <0,

then u, — uw in X as n — oo.
Proof. It can be found in [32, Lemma 3.4]. O
The following consequence follows from Lemma [3.10] immediately.

Corollary 3.11. Assume that (V) and (J1)—(J4) hold. Then the operator ®: X — X*
is strictly monotone, coercive and hemicontinuous on X . Furthermore, the operator ® is

homeomorphism onto X*.

Proof. It is obvious that the operator ®’ is strictly monotone, coercive and hemicontinuous
on X. By the Browder-Minty theorem, the inverse operator (®')~! exists. If we apply
Lemma then the proof of continuity of the inverse operator (®')~! is analogous to

that in the case of a constant exponent and is omitted. O

3.2. Existence of nontrivial solution

In this subsection, we investigate the existence of at least one nontrivial solution for the
problem by applying Corollary see also |7,/11]. It is worth noticing that we prove
the existence result when the nonlinear term f has a subcritical growth condition.

Until now, we considered some properties for the integral operator corresponding to
the divergence part in the problem . To deal with our main results in this subsection,
we need the following assumptions on f. Let us put F(z,t) = fot f(z,s)ds. For p(x) < N,

we assume that
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(H1) p,g e Cy(RY)and 1 < p_ <p, < q_ < q; < p*(z) for all z € RY;

(F1) f: RN x R — R satisfies the Carathéodory condition in the sense that f(-,s) is
measurable for all s € R and f(z,-) is continuous for almost all z € RY;
(F2) there exist nonnegative functions p; € L"O(RN) 0 LP'O(RN) and o1 € L®(RY) N

a(

-
L0710 (RY) such that

|f(z,t)] < p1(x) + al(x)‘t‘%(w)fl
holds for all (z,t) € RY x R, where 1 < y1(z) < ¢_ for all z € RV,

Define the functional ¥: X — R by
U(u) = / F(z,u)dz.
RN
Then it is easy to check that ¥ € C'(X,R) and its Fréchet derivative is

(V' (u),v) = f(z,u)vdex
RN

for any u,v € X. Next we define the functional I,: X — R by
I(u) = ®(u) — AV (u).

Then it follows that the functional I € C*(X,R) and its Fréchet derivative is

B = |

o(x,Vu) - Vodr + / V ()| ulP™ 2w de — A f(z,u)vdx
RN RN

RN

for any u,v € X.

Lemma 3.12. Assume that (V), (H1) and (F1)-(F2) hold. Then V' is weakly strongly

continuous on X.

Proof. Let {u,} be a sequence in X such that u, — w in X as n — oco. Since {u,} is

bounded in X, Lemma [3.7] guarantees that there exists a subsequence such that
Un,, (2) — u(z) a.e. in RN and u,, — u in LIO(RN) as k — oo.

By the convergence principle, there exists a function g € LI)(RY) such that |u,, (z)| <
g(x) for all k € N and for almost all z € RY. Taking into account (F2) and the Young

inequality, we derive that
(3.3) = Cy (’Pl(w)!%(m) + |al|%(f’f)yunk|w(w)>

~i(x) Y1 (z)—1 q(x) -n (‘7;) % N (:C) q(z)
< (I + g (L oo 4 2,
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and analogously,

]f(m,u)ﬁi(l‘) dx
(34) =O (191 (@) P 4 Jory A 1))
1z v (z)—1 q(a:)—y() ﬁ ’Y() )
§02<|Pl( @ 4o o1/l oo ) (q()|o' |T@ @ + T )| e

for some positive constants C, Co. By (3.3) and (3.4]), we obtain

/ @y uny) — fla, ) da

RN

<0y / £ un )PA® 4 [ f (@, )[4 d
RN

<a / 1 ()4
RN

7} (x) qi@) =), @ 1@, e )
o [0 (AL gy 5 4 0D g0 1)) )

(3.5)

for some positive constants C3, C4 and thus the integral at the the left-hand side is
dominated by an integrable function. Since u,, — u in LIO(RN) and f satisfies the
Carathéodory condition, we have f(z,un,) — f(z,u) as k — oo for almost all z € RY.

Combining this with (3.5)), it follows from Lebesgue’s dominated convergence theorem that

19 () = W' ()l x= = sup (W' (un, ) — ¥ (u), v)]

vl x <1

(f(x’unk) - f(l‘,u))’U dz

RN

= sup
llvllx <1

< 2| f(z,up,) — f(x’u)HLWi(‘)(RN) —0 ask — oc.

Consequently, we derive that U'(u,,) — ¥'(u) in X* as k¥ — oo. This completes the
proof. O

First, we prove the existence of at least one weak solution for the problem ([1.1]) provided

that \ is suitable, by using Corollary given in Section

Theorem 3.13. Assume that (V), (J1)—(J5), (H1) and (F1)—(F2) hold. Then there exists
a positive constant X such that the problem (1.1) admits at least one weak solution in X
for each X € (0, ).

Proof. Tt is obvious that ® is bounded from below and ®(0) = ¥(0) = 0. The assump-
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tion (F2) and the relation (3.2)) imply that

) |u(z Mux 1(2) gy
< [ @@+ X @) a

< 2”/01HLp’(-)(RN)HUHLp(~)(RN)

(36) 1 (m)+
+ ol ot w2 1 e
< 28, lpall oo eyl x
Fma(S; OV ST o el 3 el 27

To apply Corollary by choosing i = 1, we observe that for each u € ®~1((—o0, 1)),

lullx < max {(pmq)(u))l/p*, (pm(I)(u))l/P+}

(3.7)
< max { (p) 7 ()7 | = (o) 7",

where p,, := min{c,, 1}/p4. Denote

—1
~ 1 (v1)—
A= 28]3_1(pm)p+ Hp”Lp’(')(RN) + maX{S;(71)778;(71)+}(pm) P+ HUIH a(’) s
Lat)—0) (RN)

where S, and S, come from (3.2)). Combining (3.6 with (3.7) we assert that
sup () < 285 () 7 1ol o
ued—1((—o0,1))

+ max{S; -, S+ 1(p, ) OV-"P+ |0y 40
I 7 LTOATO) (RN

1
A
and so (0,)) C Ao.

Now, we claim that I satisfies (C)-condition for all A € R. Let u be a fixed

positive number and let {u,} be a Cerami sequence in X with ®(u,) < u. It follows from
Lemma Remark and (J4) that we have

Vix)

> O(uy, :/ ®o(x, Vu, d:z:—i—/ un|P@ dz
p> o) = [ oo Vudet [ S
2/ Cx (z) da:+/ V(QC)‘un‘p(x) de’EZMH%H%
gy p(T) gy P() «Q

where « is either p; or p_. Thus, {u,} is bounded in X and so there is a subsequence

of {u,} denoted again by {u,}, such that u, — ug as n — oo for some ug € X. By the
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compactness of U’ stated in Lemma we know that AU/ (u,) — AV (ug) as n — oo,
which implies that

(3.8) lim (AW (uy,), up — ug) = 0.

n—o0

From definition of the Cerami sequence and the boundedness of {u,}, it follows that

(I\(un),v) = 0 as n — oo for any v € X. This implies together with v = u,, — ug that

lim (P’ (un) — AV (up), uy — ug) = 0.

n—oo

Combining this with (3.8)), we have

lim sup(®’ (uy,), un — ug) < lim (A (uy,), uy — ug) = 0.

n—00 n—00

Since ® is of type (S ), we conclude that u,, — ug in X as n — oo. Therefore, all assump-
tions of Corollary are satisfied, so that, for each \ € (O,X) C Ag the problem (]1.1)

admits at least one weak solution in X. This completes the proof. ]

Now, we localize the precise interval of A\ for which the problem (1.1)) has at least one
nontrivial weak solution with the aid of Corollary

Theorem 3.14. Assume that (V), (J1)—(J4), (H1) and (F1)—(F2) hold. If furthermore

f satisfies the following assumption:

(F3) There exist a real number sy and a positive constant ro with (2 max{1, SUDye By (20,
V(z)}(c* + Dwnrd¥|2s0/P+) /p— < 1 such that

T0)

(3.9) / F(z,|so])dx >0 and F(x,t)>0
By (z0,70)

for almost all © € Byn(xzo,7r0) \ Bn(z0,70/2) and for all 0 <t <|sp|, where

BN(x(),To) = {x S RN : ‘l‘ — xo‘ < 7“0}

and
. s (v1)—
— =98 1yr+ " + max ‘9_(71)*,5_(%)Jr e :
o* p Pm ||Pl||LP<>(RN) {5 4 o | 1‘|Lq<»>q—(w)1<»>(RN)
p—essinfp, (40 .r0/2) F(z, |sol) _ 1

< 0]
2N+p++1(c* 4+ 1) max{1, SUPye By (20,r0) V(z)}|solP+ O«

where wy is the volume of By(0,1), py, was given in the proof of Theorem and
c* and ¢, are given in (J2), (J4), respectively. Then, for every A € A* := (o, 0*] the
problem (1.1)) has at least one nontrivial weak solution.
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Proof. Thanks to Lemmas [3.10} [3.12) and Corollary [3.1], it suffices to show the condition

(2.11) in Corollary hold. To verify the assumption (2.11)), let so # 0. Fix o € (0,1)
and define

0 if z € RN\ By(z0,70),

(3.10) Uy (z) = < |sol if z € By (20,70/2),

Asol (g — |z — z0|) if 2 € Bn(z0,70) \ By (70, 70/2),

To

then it is obvious that 0 < uy(x) < |sg| for all z € RY and @; € X. Then it follows from
Lemma Remark and due to the condition (J4), we have

®(u1) = /RN o(x, Vuy) dr + /RN ‘;((3 |1 [P da

5 minfe., Vo, 1} (/ IV P da +/ [ [P dx)
P+ RV R

e Vo1 1\ _
> M‘QSOVL (1 _ (> > ro Pwy >0,

P+ 2

where wy is the volume of By (0,1) and

®(1y) < e+l ( / IV [P da + / V()] [P dx)
p RN RN

< (C* + 1) max{l, Sup:l‘EBN(:Eo,TQ) V(x)}
=~ D

X / Vi, P da + / |1 [P da
By (z0,70) By (zo,70)

(¢* 4+ 1) max{1, SUD e By (20,0) V(a:)}]so\erriéV

p_
2(c* + 1) max{1, SUDge By (

(2P+(1—27N) +1)

Z0,70) V(JZ)}’QSO |p+ri(])V

pP—

<1.

Owing to the assumption (F3), we deduce that

(ur) > / F(z,u)de
By (zo,m0/2)

N
> essinf  F(z, |s0]) (“N’"O)

By (z0,70/2) oN
and thus

() p—essinfp (4 r0/2) F(z,]|sol)

3.11 - > .
(3:11) ()~ PV 1 1) maxtL subse gy e V@) 50"
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Taking into account the relations (3.6)) and (3.7)), we derive that

sup U (u)
ued—1((—o00,1])

1 (v1)—
< 28;1p£1+ ||P1||Lp’(')(RN) + maX{Sq_(’Yl)f’Sq—(%M}pmer o o) )
La)—-1() (RN)

From (3.11)) and due to the assumption (F3), we infer

(i
su U(u) < (Bl)
ued—1((—o0,1]) P (u1)
Therefore, we conclude that (ox, 0*) C igi%, ST 1((1 . \D(u)>. Since the functional
ued— —oo,1

I, satisfies (C)W-condition, it follows from Corollary with 1 = 1 that for each A €
(0x, 0%), the problem ((1.1)) admits at least one nontrivial weak solution u) such that

(3.12) 0< ®(uy) < 1.

To complete the proof, from the similar argument as in the proof of |7, Theorem 3.1], we
will show that with A = ¢* has at least one nontrivial solution. By the relation ,
for each A € (p«, 0*), we obtain a nontrivial solution u) for the problem in @71((0,1))
such that I(uy) < I y(v) for all v € ®71((0,1)). Taking into account this, we have a
sequence {v,} C ®71((0,1)) such that |lv,|x — 0 as n — oo and

Iy(uy) < Ix(vg).

By the continuity of I, we assert
(3.13) In(uy) <0 forall A € (o4, 0%).

Fix Ao € (9«, 0*). Then we can choose a sequence {\,} such that g, < A\g < A\, < ¢* and
An — 0" asm — oo. Then there exists a corresponding sequence {u,} in ®71((0, 1)) such
that uy, is a minimal point for the problem (|1.1). In view of Definition we have

(3.14) (@' (ur, ), v) = (An¥'(un,,),v)

for any v € X. Since {uy,} is bounded, we may suppose that uy, — u* in X and hence
MV (uy,) = 0*P' (u*) as n — oo due to the compactness of . It follows from ([3.14))

with v = uy, — u* that we obtain

lim sup(®’(uy, ), uy, — v*) = lm (A, V' (uy, ), uy, — u*) = 0.

n—o0 n—00 "
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Since @ is of type (S+), we conclude that uy, — u* in X as n — oo. Taking the limit of

both sides in gives
(®'(u"),v) = (" ¥'(u"),v)
for all v € X. Therefore, u* is a weak solution for (l.1) with A = ¢*. Now, we claim
that u* # 0. Note that every uy is a minimal point for Iy and I)(uy) < I)(v) for all
v € ®71((0,1)) and all X € (g4, 0%). Since uy € ®1((0,1)) for every A € (s, 0*), we see
that
Iy, (uy,) < Iy, (uy,) and Iy, (ur,) < Iy, (uy,) forallmeN.

According to A\g < A\, for all n € N, these inequalities imply that
U(uy,) < U(uy,) forallneN,
and therefore
(3.15) U(uy,) < U(u").
In fact, if we let u* = 0 in (3.15)), then we deduce ¥(uy,) < 0 and thus Iy,(uy,) > 0 which
contradicts . This completes the proof. ]

3.3. Existence of multiple solutions

In this subsection we deal with the existence of at least two weak solutions for the prob-
lem as applications of critical points theorems in the previous section. Applying our
critical point theorem, we determine precisely the interval of \’s for which has at
least two nontrivial weak solutions.

Let us put F(z,t) = fg f(x,s)ds. For p(x) < N, we assume that

(H2) 72 € C4(RV) and 1 < p_ < py < (12)- < (2)+ < p*(a) for all = € RV;

(F4) there exist nonnegative functions py € L%20)(RN) N L*(RY) and 03 € L**(RY) such
that
|f(@,8)| < pala) + oo(a)|t]2® 1

holds for all (z,t) € RY x R;
(F5) limyy o0 F(2,t)/|t|P+ = oo uniformly for almost all € RY;
(F6) there exists a constant y > 1 such that
XF(z,t) > F(x,st)

holds for (z,t) € RY x R and s € [0,1], where F(xz,t) = f(z,t)t — OF(z,t) and 6

was given in (J5).
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We give the following example satisfying the assumption (F6) which is weaker than
(AR)-condition.

Example 3.15. Let us consider
flst) = [t]2 2t log(1 + |¢])

for all ¢ € R. It is clear that the function f satisfies conditions (F1), (F3)—(F5) hold. Since

the following relation

fla,t) _ [t2®tlog(1 +|t))

— — [#]72@) =P+ oo (1 + |t
[t]pe—2t [t]p+—2t g og(1 +[f])

is increasing in ¢ > 0 and decreasing in t < 0 if yo(z) > p. = 6 for all x € R it follows
that assumption (F6) holds.

Remark 3.16. One of the key assumptions for proving that the functional I satisfies
(C)-condition for A > 0 is

(3.16) f(z,t) = o(|t|P*~1) as |t| — 0 uniformly for z € RY.

However, we prove the following result without the assumption (3.16]).

With the aid of Lemmas and we prove that the energy functional I satisfies
(C)-condition.

Lemma 3.17. Assume that the conditions (V), (H2), (J1)-(J5), (F1) and (F4)-(F6)
hold. Then Iy satisfies the (C)-condition for any \ > 0.

Proof. Proceeding an argument analogous to Lemma [3.12] we know that the functionals
U’ is weakly strongly continuous on X. Combining this and Lemma it follows that
I is a mapping of type (S1). Let {u,} be a (C)-sequence for I in X, that is, {Ix(uy)} is
bounded and |1} (un)|| x+(14||un||x) — 0 as n — oco. Then there exists a positive constant
C such that sup |I(u,)| < C and (I} (un),un) = o(1). Since X is reflexive and I} is of
type (S4+) according to Lemmas and it suffices to verify that the sequence {u,}
is bounded in X. In fact, if the sequence {u,} is unbounded in X, then we may assume
that ||u,|lx > 1 and ||u,||x — 0o as n — oco. Define a sequence {wy, } by wy, = up/||un | x-
Then it is obvious that {w,} C X and ||w,|x = 1. Hence, up to a subsequence, still
denoted by {w,}, we obtain w,, = w in X as n — oo and by Lemma

(3.17) wy(z) = w(z) ae. in RY and w, — w in L?O(RY) as n — co.
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Set Q1 = {z € RY : w(x) # 0}. Using the assumption (J4) and Remark we assert
that

Vi(z)
ry P(T)

I(uy) = /RN Oo(z, Vuy,) de + |t [P®) daz — )\/RN F(z,uy,)dzx

III. *9 1 —
> min{e., 1} |wn|5 — A F(x,uy)dz.
X
P+ RN

Since the sequence {u,} is the (C)-sequence, we have

in{cs, 1 1
(3.18) / F(x,up)dr > mﬂunﬂﬁ — —I\(up) > 00 asn — 0.
RN A+ A

From Lemma and the assumption (J2), we deduce that

*

1
In(un) < < / IV P@) da + / V(@) unP@ da — A / Fla, un) da
RN P— JrN RN

< (¢ + 1)un|2t — )\/ P, u,) da.
RN
Then we obtain

(3.19) cF+1> 1 (I,\(un) + A F(x,uy) d:L‘)

||UHHZ)?5L RN
for sufficiently large n. The condition (F5) implies that there exists tg > 1 such that
F(z,t) > [t|P+ for all x € RN and |t| > ty. According to the assumptions (F1) and (F4),
there exists a positive constant M such that |F(z,t)| < M for almost all z € RY and for
all t € [—to, to]. Therefore we can choose a real number My such that F(z,t) > M for all
(x,t) € RN x R, and thus

F(z,up(x)) — My

(3.20)
lJun 1%

>0

for all z € RY and for all n € N. Taking (3.17) into account, we know that |u,(z)| =
|wp, (z)|[|un||lx — 00 as n — oo for all z € Q. Furthermore, it follows from the condi-
tion (F'5) that

F F
(3.21) lim Z& @) _ o, Fla u(@)

P+ —
B Tl e a0

for all z € ;. Hence we get that meas(€2;) = 0. In fact, if meas(€2;) # 0, then according
to (3.18), (3.19)), (3.20), (3.21)) and the Fatou lemma, we assert

]_ F n .
X(c* +1) > / liminfwlwn(m)]er dx — / limsup ———
Q

, e fun ()P 0 nooo |unl

= 00,
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which is a contradiction. Thus w(z) = 0 for almost all z € RY. Since I, (tu,) is continuous
in t € [0, 1], for each n € N there is ¢, € [0,1] such that

Iy(thuy) == trgl{g}f] I (tuy,).

Let {di} be a positive sequence of real numbers such that limy_,, dr = oo and di > 1
for any k. Then it is clear that ||dywy||x = di > 1 for any k and n. Fix k, since w,, — 0
strongly in the spaces L72() (RV) as n — oo, it follows from the continuity of the Nemytskii
operator that F(x,dyw,) — 0 in L'(RY) as n — co. Hence we assert

(3.22) lim F(z,dyw,)dx = 0.

n—oo RN

Since ||uy||x — 0o as n — oo, we have ||u,||x > di for sufficiently large n. Thus we know

by (J4), Remark [3.3 and (3.22)) that

dk (7 > = I)\(dkwn)

lunllx "
:/ <I>0(93,dewn)das+/ V(x)|dkwn|p(w) dx—A/ F(z,drwy,) dz
RN gy D(T) RN

I/\(tnun) > Iy (

zgwwﬂay/puﬂww@
RN

C'5 p—
> d]
for a positive constant Cs and for sufficiently large n. Then letting n and k tend to infinity,
it follows that
(3.23) lim I)(t,u,) = 0.

n—oo

Since I5(0) = 0 and |I\(un)| < C, it is trivial that ¢, € (0,1), and (I} (tpun), thun) = o(1).
Therefore, due to the assumptions (J5) and (F6), for n large enough we deduce that

1
;I)\@nun)
L Iy (btn) — AT (bt bt
= —I)\IpUn) — 57— nUn ), InUn
X ox
1 1 A
= / Qo(x,tn,Vuy) dr + — Viz) |tnttn [P daz — / F(z,tyuy,) dx
X Jry X Jry () X JrN

1
— : — p(z)
Ox Jon o(x, t,Vuy) « (t,Vuy,) dz ox /]RN V(z)|tnu, | dx

A
+ @ ox fx, thup)thuy, dx

- L H(x,t,Vuy) de + 1/ Viz) Itun [P da
Ox Jrv X Jrv p(z)
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1 A
_ / \tnun\p(x) dx + — F(x, thuy) dx
RN

Ox Ox Jrv
V(zx) 1
< A (@) o / p(z)
<7 fox H(z, Vuy,) d$+/RN () |un P dx 5 | V(z)|un [P dx
+ 2 F(x,up) dz

9 RN
:/ Do (z, Vuy,) d:v+/ V(x)|un|p(m) dx—)\/ F(x,uy)dx

RN rN P(7) RN

1
—_— (/ o(z, Vuy) - Vu, dx +/ V(w)|un|p(w) dr — /\/ flx,up)uy, d:v)
9 ]RN RN ]RN

<C asn— oo,

which contradicts (3.23)). This completes the proof. O

First we apply Corollary to establish the existence of two distinct weak solutions
for the problem (|1.1J).

Theorem 3.18. Assume that (V), (J1)-(J5), (H2), (F1) and (F4)—(F6) hold. Then there
exists a positive constant X such that the problem (1.1)) admits at least two distinct weak
solutions in X for each A € (0, \).

Proof. 1t is obvious that ® is bounded from below and ®(0) = ¥(0) = 0. By the condi-
tion (F5), for any M > 0, there exists a constant § > 0 such that

(3.24) F(xz,n) = Mn[P*

for || > & and for almost all z € RY. Take v € X \ {0}. Then the relation (3.24)) implies
that

I\(tv) = / Oy(x, tVov) de + / M|tv|p(m) dx — )\/ F(z,tv)dz
RN Ry P(7) RN
< / c tVu|P®) da 4 / Viz) |to|P®) do — )\/ F(z,tv)dzx
rY P(2) gy P(T) RN

< P+ (/ | Vop@ dIL‘+/ M|U|p(w) de — )\M/ lo]P+ da:)
RN P(T) rN P(T) RN

for sufficiently large ¢ > 1. If M is large enough, then we assert that I)(tv) — —oo as

t — o0o. Hence the functional I is unbounded from below.
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The assumption (F4) and the relation (3.2]) imply that

U(u) = F(z,u)dx
RN
72(e) (@)

< x)|u(z)| + w(z2) 2@ g

[ poluta) + 2w

(3.25) - 2Hﬁ2‘f’yé(‘)(RN HUHL’Q(')(RN)
02 Loo(R
T {HUHLWQ()(RN)’ ||u||L72()(RN)}

<28 lpall g gy 1l x

+ max{ S, 8.0} o | o gy masc{ | 77, ]| ).

For each u € ®~1((—00, 1)), it follows from (3.7) that ||ul|x < (pm)'/P+ < 1. Let us denote

B e (v2)— -1
A= (25“/21(pm)p+ HPQHL'Yé(~)(RN) + maX{S“?z(72)_’S’;2(72)+}(pm) " HUzHL‘”(RN)) )
Taking into account (3.25)) we assert that

sup  W(u) < 28! (pn) P p2]
UE‘P*l((—oo,l)) 72 L'YQ() RN)

+ max{g%(w)f , 5;2(72)+}(pm)(w)7/p+ ||02|!L00(RN)

According to Lemma [3.17, we have that the functional I satisfies (C)-condition for each
A>0.

To apply Corollary by choosing u = 1, we see that (O,X) C Ag. Therefore,
all assumptions of Corollary are satisfied, so that, for each \ € (O,X) C Ag the
problem admits at least two distinct weak solutions in X. This completes the proof.

O

Next, we show that the problem (|1.1]) has at least two nontrivial weak solutions pro-
vided that A is suitable, by applying Corollary The conclusion of the following

theorem is more precise that of Theorem [3.18

Theorem 3.19. Assume that (V), (J1)-(J4), (H2), (F1) and (F4)-(F6) hold. If further-

more f satisfies the following assumption:

(F7) There exist positive constants ro and sop € R with %jf"l}ﬂso\p—(l — 2*N)révfp‘
wy < 1 such that (3.9) for almost all x € Byn(zo,7r0) \ Bn(T0,70/2) and for all
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0 <t<]|so| and

(v2)—

1
=28 o P20l 500 gy + max{S;, 0, 870+ 1p" " o Ly

p—essinf g (4 .r0/2) F (2, [50]) o1

= ANT (e 1) max{ L, SUpye g (o) V ()} S0IF  ue

where wy is the volume of Bn(0,1) and c*, ¢ are given in (J2), (J4), respectively. Then,
for every \ € A= (0sx, 0], the problem (1.1) has at least two distinct nontrivial weak

solutions.

Proof. Let us define uy as in (3.10). Then it follows from (F7) and the same arguments
as in Theorem that us € X,
2(6* + 1) max{l, SUPzeBy (xo,r0) V(m)}|280|p+riéV

0 < ®(uz) < » <1,

and

N

\IJ( 2) S pb— eSSinBN(mo,To/Q) F(:Ea |50|)
®(uy) — 2N+l (c* + 1) max{1, SUD e By (z0,m0) V () }|S0[P+ ’

(3.26)

As in the proof of Theorem for each u € ®~1((—o0, 1]), we deduce that

sup  W(u) < 287" (p) /P 2l o

uED—1((—00,1]) 720 (RY)

+max{8 (2)- S5, (72) +p )(Wz)—/p+||02HLOO(RN)_

By (3.26]) and the assumption (F7), we infer

sup U(u) < —=
wed—1((—o0,1]) P (uz)

and thus

o P (u2) 1
Oxx, 0 C — .
( ) (‘I’(W) SUPyed 1 ((—o00,1]) W(“))

Combining Lemma and Corollary with 4 = 1, we conclude that for each A €
(0sx, 0*), the problem has at least two nontrivial weak solutions. The analogous
argument as in the proof of Theorem implies that the problem with A = o**
has at least one nontrivial solutions u*™* satisfying I}.. (u**) = 0 and [y« (u™) < Ipe(v)
for all v € ®71((0,1)). Since I,+ is unbounded from below, it is not strictly global and
the mountain pass theorem ensures that there is a nontrivial weak solution u}* which is

different from «**. This completes the proof. ]
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A. Appendix

In this section, we investigate the Pucci-Serrin theorem for a Gateaux differentiable func-
tional satisfying (C)-condition in place of (PS)-condition via Corollary [2.2{ due to Zhong’s
Ekeland variational principle [43]. For our aim, we give the Mountain pass theorem for
a functional satisfying (C)-condition which may be found in [42]. For the case of (PS)-

condition, we refer to [2].

Lemma A.1. [20] Assume that a function I: X — R is continuously Gateaux differ-
entiable and bounded from below. Assume that I satisfies (C)-condition. If, in addition,

there exist x1,19 € X with x1 # x5 and r € (0, ||z2 — x1||x) such that
Inf {I(w) : [lu - 21llx =7} > max{I(z1), I(z2)},

then

= inf I(~y(t I(z1),1
¢i= inf max (v(t)) > max{I(z1), I(z2)}

is a critical value for I, where T is the family of paths v: [0,1] — (X, ||| x) with v(0) = a1
and (1) = xa.

Theorem A.2. Assume that a function I: X — R is continuously Gateaux differentiable.
Assume that I satisfies (C)-condition. If I has two different local minima in X with respect

to the norm || - ||x, then it has at least one more critical point in X.

Proof. Suppose that I has two different local minima. Then there exist z1,z9 € X with
1 # x2 and rg > 0 such that

I(x;) <I(u)ifue X and |Ju—mzix <rfori=1,2.

We may suppose without loss of generality that I(x2) < I(x1). Then, it follows that there

are two cases to consider. If there exists r € (0, rg) such that
I(z1) < inf{I(u) : |lu —xi||x =7} = «,
ucX

then Lemma ensures that I admits a third critical point.
Otherwise, we have a = I(z;) for every r. Fix r € (0,79). Then we can find a sequence

{un} in X such that I(u,) — I(z1) as n — oco. Let {e,} be a positive sequence defined
by

_ {m (1 + m) }2 i I(up) = o,
2(1(un) — ) if I(up) > o

En -

Then we have

lun —x1||x =7 and I(up,) < I(z1)+¢e, forallmeN
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and we can choose a positive number § such that 0 <r —6 <r + 4§ < rg. We point out
that

in)f({[(u):r—5§ |lu—zi||lx <7r+06} =1I(x1).
ue

Denote a positive sequence {\, } by A, := \/&,,. It follows from Corollarywith To = Up
that there exists a sequence {z,} in X such that for all n € N,

r—0 <z —zi|x <r+0,
(A1) I(zn) < I(un) < I(21) + €n,
[un = 2nllx < (1+ [Junlx)(eV® = 1),

and for every w € X such that r — 6 < ||lw — x1]|x <7+,

(A.2) I(w) > I(z) =+t jllw = zallx.

An(1+ [[2nllx

According to the inequalities in (A.1]), we see that

[|un — 2ol x

Se\/a—l—>0 as n — 00.
1+ [Junllx

By the boundedness of {u,}, we have ||u, — z,|/[x — 0 as n — oo and so r — ¢ <
lzn — z1||x < 7+ ¢ for large n. Hence, if we consider h € X with ||h]|x < 1, we may
suppose that w := z, + th satisfies r — § < ||w — x1||x < 7+ 0 for sufficiently small ¢ > 0.
By taking the limits as ¢t — 0 in , we have

: Ven

(A.3) (' (zn), )| < m!\h!\x

for n large enough. Since I satisfies (C)-condition, we find a subsequence {z,, } of {z,}
such that z,, — z for some z € X as k — oo. From the continuity of I’ and it
follows that I'(zp,) — I'(2) = 0 as k — oo, which asserts that z is a critical point for
I. Therefore, we have shown that z is different from x; because ||z — z1]|x = 7. As a
similar argument from , we also infer that z is different from x5. This completes the
proof. O
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