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Functional Model and Spectral Analysis of Discrete Singular Hamiltonian

System

Bilender P. Allahverdiev

Abstract. A space of boundary values is constructed for a minimal symmetric opera-
tor, generated by a discrete singular Hamiltonian system, acting in the Hilbert space
A(N;E® E) (Ng={0,1,2,...}, dim F = m < oco) with maximal deficiency indices
(m,m) (in limit-circle case). A description of all maximal dissipative, maximal ac-
cumulative, self-adjoint and other extensions of such a symmetric operator is given
in terms of boundary conditions at infinity. We construct a self-adjoint dilation of a
maximal dissipative operator and its incoming and outgoing spectral representations,
which make it possible to determine the scattering matrix of the dilation. We establish
a functional model of the dissipative operator and construct its characteristic function
in terms of the scattering matrix of the dilation. Finally, we prove the theorem on
completeness of the system of eigenvectors and associated vectors (or root vectors) of

the dissipative operator.

1. Introduction

The theory of extensions of symmetric operators is one of the main branches in operator
theory closely related to various fields of mathematics. In operator theory there exists an
abstract scheme of constructing maximal dissipative (self-adjoint) extensions of symmetric
operators that are parametrized by contraction (unitary) operators (see [3}/4}7,10,(11}/14}
19/(23,1261128,130]). The extension theory developed originally by J. von Neumann [19].
He gives an affirmative answer to the question under which conditions does a symmetric
densely defined operator possess self-adjoint extensions and describes all such extensions.

However, regardless of the general scheme, the problem of the description of the maxi-
mal dissipative, maximal accumulative, self-adjoint and other extensions of the given sym-
metric differential and difference operator via the boundary conditions is of considerable

interest. This problem is particularly interesting in the case of singular operators, because
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at the singular ends of the interval under consideration the usual boundary conditions in
general are meaningless.

As is well known [1H5|16|18/[20-22], the most adequate approach in the spectral theory
of dissipative (and also contractive) operators is that based on a study of the characteristic
function and the corresponding functional model representing an operator unitary equiv-
alent to the original operator and defined in a certain L?-space of vector-valued functions
by a relatively simple formula that is convenient for investigation. According to the well-
known series of results of Lax, Phillips, Sz.-Nagy, Foiag and Pavlov, the computation of
the characteristic function is, in turn, preceded by the construction and investigation of a
self-adjoint (unitary for contractions) dilation and of the corresponding scattering theory
problem, in which this function is realized as the scattering matrix (see [17,|18}21}22]).
This method (also called the functional model method) has already been used in many
investigations, of which we mention only [16H18,21,22]. Efficiency of this approach for
dissipative discrete Dirac and Hamiltonian operators has been demonstrated in |1H5].

In this paper, we consider the minimal symmetric operator, generated by discrete
singular Hamiltonian system, acting in the Hilbert space ¢4 (No; E&E) (Ng = {0,1,2,...},
dimE = m < oo) with maximal deficiency indices (m,m) (in limit-circle case). We
construct a space of boundary values of minimal symmetric operator and description of
all maximal dissipative, maximal accumulative, self-adjoint and others extensions of such a
symmetric operator is given in terms of the boundary conditions at infinity. We construct
a self-adjoint dilation of the maximal dissipative operator and its incoming and outgoing
spectral representations, which makes it possible to determine the scattering matrix of
dilation according to the scheme of Lax and Phillips [17]. With the help of the incoming
spectral representation, we then construct a functional model of the maximal dissipative
operator and define its characteristic function in terms of the scattering matrix of the
dilation. Finally, using these results, we prove the theorem on completeness of the system
of eigenvectors and associated vectors (or root vectors) of the maximal dissipative discrete

Hamiltonian operator.

2. Extensions of symmetric operators generated by discrete Hamiltonian system

Let E be the m-dimensional (m < oo) Euclidean space. For sequences z(!) = {xg)},
z? = {;1:7(12)} (n € Ng := {0,1,2,...}) of vectors 337(11) € FE, a:,(f) € E, we consider the

discrete Hamiltonian system

~Cozl)y + Buad) + Porl) = N Anat) + Dpzl?)),

(2.1) (Arz), ==
Bral) - quxg,)l + Quatt) = A(Dzal?) + Roa'?),
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where A is a complex spectral parameter, C_y, Cp, By, Pn, Qn, An, Dy, R,, are linear
operators (matrices) acting in F, detC; # 0, (I = —-1,0,1,2,...), P, = P¥, Q, = @, and
A, = (g’fl @ is a positive operator in £ & F, i.e., A,, > 0, n € Ny.

System ([2.1)) is a discrete analog (for C_; = C,, = £1, n € Ny, where [ is the identity

operator on E) of Hamiltonian system shown as

deg) +B)z(t) = MABa(t), te [0,00),
where
i=(° T o= "), wwmwer
+1 0 SL‘Q(t)
s [P0 FO) (40 DO
E*(t) Q(t) D*(t) R(t)

B(t) = B*(t), A(t) > 0 (for almost all ¢ € [0,00)), entries of the 2m x 2m matrices
A(t) and B(t) are Lebesgue measurable and locally integrable functions on [0,00) (see,
for example, [6,(12}/13,|15]).

For two arbitrary vector-valued sequences

ey )

n Yn

z = {zn} = (2) and  y:={y,} = @ (°
Ty Yn

denote by [z, y] the sequence with components [z, y|, defined by

[xay]n = (xgzl)vcnyr(f—&)-l)E - (Cnmff.?_layg))Ev ne {_1} U NO-

For all vectors x = {x,}, y = {yn}, n € {—1} UNp, we have Green’s formula

l
(2.2) Y (A2 yn) B — @y (M1y)a) 5] = 2yl — [2,9)-1, 1€ No.

n=0

For passing from the system (2.1) to operators, we consider the Hilbert space H :=
Ei(NO;E @ E) consisting of all vector-valued sequences x = {z,} (n € Ny) such that
Yoot o(AnZn, ) g < oo with the inner product (z,y) = > 7 ((Anzp, Yn)E, Where A =
{An} (n S No).

Denote by Az (resp. Ax) the vector-valued sequence with components (Ajx), (resp.
(Ax), := A Y(A12),) for n € Ny. Next, denote by Dpayx the linear set of all vectors x € H
such that Ax € H and ac(_lf = 0. We define the maximal operator Lpax on Dpyax by the
equality Lyaxx = Ax.
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Using ([2.2) we get that the limit [z, y|oo = limy,o0[z, Y], exists and is finite for all
Z,Y € Dmax. Hence passing to the limit as [ — oo in ([2.2)), we get for arbitrary vectors
T,y € Dpax that

(23) (Lmaxxy y) - (337 Lmaxy) = [IL‘, y]oo

Let D{, be a dense linear set in H consisting of finite vectors (i.e., vectors having only
finite many nonzero components). Denote by L, the restriction of the operator Lpax to
Dj{. Tt follows from ([2.3) that L{, is symmetric. Consequentially, it admits closure which
is denoted by Lyin. The domain of Ly, consists of those vectors @ € Dy satisfying the

condition
(24) [xvy]oo = 0, Vy € Dmax-

The minimal operator Ly is a symmetric operator with deficiency indices (n_,n4.), where
0 < ny < m, and satisfying Lyax = L ;,, [81[10,24}25.128-30].

In this paper, we assume that the symmetric operator Ly, has maximal deficiency in-
dices (m,m), so that the Weyl limit-circle case holds for the expression A or the symmetric
operator Ly (see [824,25,28-30]).

(1)
The Wronskian of the two matrix-valued solutions Y = {Y,,} = {ﬁ; }, Z ={Z,} =

© . N .
{ 2 } of the system (.1 is W, (Y, 2) := z2icaviiV = z*C, v, n e No. Wi(Y, 2)
is independent of n. The solutions Y and Z of this equation are linearly independent if
and only if W,,(Y, Z) is nonzero.

Denote by P(A) = {P,(\)} and Q(A) = {Qn(N\)} (n € Npy) the matrix-valued solutions

of (2.1 satisfying the initial conditions

P =1, PP =0, Q=0 @QP=c.

We have that W,(P(\),Q(N\)) = I, n € Nyg. Consequently P(\) and Q(\) form a
fundamental system of solutions of . Since Ly has deficiency indices (m,m),
P(Na,Q(Na€ H (a€ E® E) for all A € C.

We set T = P(0), ¥ = Q(0), and
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Then one can show that

L[ whon e, e [
U, = () (1) , and U, =JU.J , n &€ Ny,
=T, 5C, Tn' Cy 0 G,

where J =1 (_0] 6), J =J* J? = IggE, Iper is the identity operator on £ @ E.
Now we introduce the following notation:

1 2)% yx 1)* 2
(Sx)p = ($12)n ) _ Ut o - G = o, n € No
(S22)n "\, ezl + v )

Then we have

Lemma 2.1. For arbitrary vector © € Dpax the limit lim, oo (Sx), = (Sx)(c0) exists

and is a finite.

Proof. Let x,y € Dpax. Then the Green’s formulas (2.2) and (2.3)) hold. Further, for
(l) V() (i=1,2), z ={zp} € Dmax and y = {yn} € Dpax (n € Np), we have

o |, Cx ] (1) (1) |, C;V,(f)a y7(11)
‘T7y7’L:7’ ) :7’ 9
(2) (2) 2) ()
Cnty i Y1) ) por CnViniia Yn+1) ) por
. (c o y o . (c. o e
=1 |J U,a, () =1i|a,U, @
0 Cn yn+1 E®E 0 Cn yn+1 E®E
cr 0 (1) (1)
—ila,2ug " Y —i|gaut Y
0 C y(2) y(2)
n n+1 E®E n+1 EQE

From this it follows that, for all y € Dyax, there exists the limit lim, o (Sy)n = (Sy)(o0)
and is a finite. Lemma is proved. O

Lemma 2.2. For any vectors 7,6 € E, there exists a vector x € Dyax Ssatisfying the

conditions
(S12)(00) =7, (S2x)(00) = 4.

Proof. Consider that g be an arbitrary vector in H satisfying the conditions
(2.5) (9,%0;) =75, (9,T¢;)=—05, j=1,2,...,m,

where {¢;} (j =1,2,...,m) is an orthonormal basis in £, and v; = (v, @), 0; = (0,9;)E

(j=12,...,m). Such an vectors g exists, and even among linear combinations of the
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vectors Yo; and Yo, (j,n =1,2,...,m). Since the operator Ly, has deficiency indices
(m,m), we have Yop;, Wp; € H, j =1,2,...,m. Indeed, if we set g = Z;n:l agj)Tgoj- +
2?21 agj )\Ilapj, then condition is a system of equations for the constants agj ) and agj )
(j =1,2,...,m) whose determinant is the Gram determinant of the linearly independent
vectors To; and Wy, (j,n=1,2,...,m) and is therefore nonzero.

Let us denote by x = {x,,} the solution of the equation Az = g satisfying the conditions

x(_ll) = x((f) = 0. This solution belongs to H. Applying (2.2) as | — oo, we obtain
(9: Tpj) = (Az, Topj) = [, Tpjloc + (2, ATpj),
(9, 0p;) = (Aw, Vo;) = [1, )] + (z, AVg;).

Taking into account that AYy; = 0, A¥yp; = 0, we have (z,AYyp;) =0, (x,AVp;) =0,
j=1,2,...,m. Then, from relation (2.6)) it follows that

(2.6)

—0j = [, Tpjlo0 = =((S22)(20), ) s
Vi = [, Vpjlee = ((S12)(00), 0j)E,  J=1,2,...,m.

From this we have (S1z)(00) =7, (S22)(00) = . Lemma [2.2]is proved. O
Lemma 2.3. For arbitrary vectors x,y € Dnax, the identity
[z,yln = ((S12)n, (S2y)n) B — ((S22)n, (S19)n)E, 1 € No
holds. In particular,
[, y]oo = ((S12)(00), (S29)(0)) £ — ((S2)(0), (S1y)(00)) -

Proof. For arbitrary x,y € Dpax, we have

((S12)n; (929)n) B = ((S22)n, (S19)n) E

o Y
= i(J(ST)n, (SY)n)pap =i | JU, Ut
Tnt1 Ynt1 EQE
x%l) £ y7(11)
=i | JU! JUsT "
1,(2) e y(2)
n+1 n n-+1 EGE
Co 0 2D m
=i JU,J2U;? Y
0 C* e 2)
n n+1 n+1 EQE
c; o0\ [ Y
=i|J (2) ) (7;) = [2,yln, n € No.
0o C, T, Yt
EQFE
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Passing to the limit as n — oo in the previous equality, we get

((S12)(00), (S29)(20)) E = ((S2)(0), (S19)(00)) E = [, Yloo-
Lemma [2:3] is proved. O

Theorem 2.4. The domain Dy, of the operator Ly, consists of the vectors © € Dyyax

satisfying the boundary conditions at infinity:
(2.7) (S12)(00) = (S22)(00) = 0.

Proof. As noted above, the domain D, of the operator Ly, coincides with the set of all
vectors € Dy satisfying condition (2.4]). Hence using Lemma (2.4) is equivalent

to the condition
(2.8) ((S12)(00), (S2y)(00)) £ — ((S22)(00), (S1y)(o0))E = 0.

Since (S1y)(o0) and (S2y)(00) (y € Dmax) can be arbitrary (see Lemmal2.2)), equality (2.8))
(for all y € Dpax) is possible if and only if conditions (2.7]) hold. This proves Theorem [2.4
O

The space of boundary values of the symmetric operator stays in the centre of the
extension theory. We shall remind that a triplet (H, G1,G2), where H is a Hilbert space
and G; and Gy are linear mappings of ©(T*) into H, is called (see [10, p. 152]) a space
of boundary values of a closed symmetric operator T, acting in a Hilbert space H with
equal (finite or infinite) deficiency indices, if

(1) for every f,g € D(T*), (T*f,9)u = (f, T*9)u = (G1f, G2f)u — (G19, G29)m;
(2) for every Fy, Fy € H, there exists a vector f € D(T*) such that Gy f = F1, Gof = F>.

We consider the following mappings from Dy, into E
(2.9) Gix = —(Saz)(0), Gox = (S1z)(00).

Then we have

Theorem 2.5. The triple (E,G1,G2) defined by (2.9) is the space of boundary values of

the minimal operator Ly .
Proof. By Lemma [2.3] for arbitrary @,y € Dmax we have
(Lmaxﬂfv y) - (337 Lmaxy) = [1:7 y]oo

= ((S17)(00), (S2y)(o0))E — ((S2x)(00), (S1y)(00))E
= (G1z,G2y)E — (Gox, G1Y) E,

i.e., the first requirement of the definition of the space of boundary values is valid. The

second requirement is valid due to Lemma The theorem is proved. O
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Recall that a linear operator 7' (with dense domain D(T")) acting on some Hilbert space
H is called dissipative (accumulative) if S(Tf, f) >0 (I(T'f, f) <0) for all f € D(T) and
mazximal dissipative (accumulative) if it does not have a proper dissipative (accumulative)
extension (see [10, p. 149]).

By [7], [10, p. 156, Theorem 1.6] and [14], Theorem [3.1| implies the following

Theorem 2.6. For any contraction R in E, the restriction of the operator Lyax to the

set of vectors x € Dmax satisfying the boundary condition

(2.10) (R— DGz +i(R+1)Gaz =0
(2.11) (R—I1)Giz —i(R+ I)Gax =0

1s respectively the mazimal dissipative and mazimal accumulative extension of the operator
Lyin. Conversely, every mazimal dissipative (resp. accumulative) extension of the operator
Lnin is the restriction of the operator Liyax to the set of vectors x € Dmax satisfying
(resp. ), and the contraction R 1is uniquely determined by the extension. These
conditions give a self-adjoint extensions if R is unitary. In this case , are
equivalent to the condition (cosT)Grxz — (sinT)Gax = 0, where T is a self-adjoint operator
mn E.

The general form of dissipative and accumulative extensions of an operator Ly is

given by the conditions

(2.12) R(Gl.%' + ZGQQE) = Gix —iGox, Grx+1iGax € D(R),
(2.13) R(Gix —iGazx) = Gix + iGox, Ghix —iGox € D(R)

respectively, where R is a linear operator with ||Rf|| < ||f||, f € D(R). The general form
of symmetric extensions is given by (2.12)) and (2.13), where R is an isometric operator
in b

In this paper, we consider the maximal dissipative operator Lg, where R is the strict
contraction in F, i.e., | R|| < 1, generated by the difference expression A and the boundary
condition . Since R is a strict contraction, the operator R + I must be invertible,
and the boundary condition is equivalent to the condition

(2.14) Gll‘ — KGQ.CL‘ = O,

where K = —i(R—I)"Y(R+1I), SK > 0 and R is the Cayley transform of the dissipative
operator K. We denote by Lk (= Lg) the maximal dissipative operator generated by
expression A and the boundary condition (2.14)).
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3. Self-adjoint dilation of the maximal dissipative operator

We add the ‘incoming’ and ‘outgoing’ channels £2((—o0,0); E) and £2((0,00); E) to the
space H and then form the main Hilbert space of the dilation H = L?((—00,0); E) ® H @
£2((0,00); E). In H we consider the operator Ly generated by the expression

— +
clomuot) = (1% A i)
on the set of vectors D(Lk) satisfying the conditions: ¢~ € Wji((—o00,0); E), ¢+ €
W21((0, o0); B), u € Dax,

(3.1) Giu— KGou=T¢ (0), Gru— K*Gou =T¢"(0),
where W} is the Sobolev space, and T2 := 23K, T > 0. Then we have

Theorem 3.1. The operator Lk is self-adjoint in H and is a self-adjoint dilation of the
dissipative operator Ly (Lr).

Proof. For Uy = (¢7,u1,¢7) € D(Lk) and Us = (¢5,u2,¢3) € D(Lk), we have
(LxgUy,U2)y — (U1, LKkUs)yy = 0. Hence Lk is a symmetric operator. One can show
that operators Lk and L}, can be written by the same differential expression £. More-
over, if we suppose that Uy € D(L% ) and if we accept that ¢, € Wi((—o0,0); E), ¢ €
W3((0,00); E), uz € Dpax then the following conditions are satisfied: Gius — KGaug =
T, (0), Grug — K*Gaug = Tgb;r(()). Hence, L}, € Lk or L} = Lk.

It is known that the self-adjoint operator Ly generates the unitary group X(s) =
exp(ilks) (s € R := (—o00,00)) on ‘H. Denote by P: X — H and P;: H — H the
mappings acting according to the formulae P: (¢, u,¢") — u and Pi: u — (0,u,0),
respectively. Let Z(s) = PX(s)Py, s > 0. The operator family {Z(s)} (s > 0) of operators
is a strongly continuous semigroup of completely nonunitary contractions on H. Let us
denote by T the generator of this semigroup {Z(s)}: Tz = lim,_, 1o(is) "} (Z(s)x—x). The
operator T is a maximal dissipative and operator L is called the self-adjoint dilation of
T. We shall show that T = L. So we will have shown that Lx is a self-adjoint dilation
of L. We want to verify the following equality

(3.2) P(Lg —M)'Piz = (Lg — M) "'z, zeH, SA\<O.

For this purpose, we set (Lx — M) Pz = g = (17, y,%"). Hence we get that (Lx —
M)g = Pz, and Lpay — Ay = , (&) = ¥~ (0)e™ ¢, () = ¢+ (0)e”<. Since
g € D(Lkg), hence ¢~ € L?((—o0,0); E); it follows that 1~ (0) = 0, and consequently,
y satisfies the boundary condition G1y — KGsy = 0. Therefore, y € D(EK), and since
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a point A with A < 0 cannot be an eigenvalue of a dissipative operator, it follows that
y = (Lxg —M)~'z. Thus for z € H and SX < 0 we have

(L =AD" Pz = (0, (Lic = AD) ™, T4 (Grar = K Gaa)e ™)

Applying the mapping P to this equality, we get (3.2]).
It is now easy to show that T = Lx. Indeed, by (3.2)

(L — M)t =P(Lg —A)7'P, = —iP/ X(s)e ™ ds P
. | 0
= —i/ Z(s)e M ds = (T — X)L,
0
This implies that Lig =T and completes the proof of Theorem O

4. Scattering theory of dilation and functional model of dissipative operator

The unitary group {X(s)} has an important property which allows us to apply the
Lax-Phillips scheme [17]. Namely, it has the incoming and outgoing subspaces D~ =
(L*((—00,0); E),0,0) and D+ = (0,0, L?((0, —00); E)) with the following properties:

(1) X(s)D~ c D™, s<0; X(s)Dt Cc D, s > 0;
(2) Ns<oX(5)D™ =Ny X(s)DF = {0}
(3) Uszo X(s)D~ = Usgo X(s)Dt =H;

(4) D~ L D+.

Property (4) follows from the inner product in H. We prove property (1) and (2) for
DF. The proof for D~ can be done similarly. Let Ry = (Lx — A)~!. For all A\ with
3A < 0 and for all f = (0,0,¢) € DT, we have

3
Ryf = <0,0, —ie_“‘g/ ei)‘sgb(s) ds>.
0

From this we get that R, f € D" and if g L DT, then one obtains that
oo .
0= (R)\fag)'H = _Z/ e_v\s<‘)((8)fvg)7'l dS, SA < Oa
0

which implies that(X(s)f,g)x = 0 for all s > 0. Consequently, X(s)D+ C DT for s > 0,
and property (1) is proved.

To prove property (2), let Py: H — H and P,: H — D" be the mappings acting
according to the formulae Py: (¢, z,¢7) — ¢ and Pi: ¢ — (0,0, ¢), and we observe



Functional Model and Spectral Analysis of Discrete Singular Hamiltonian System 663

that the semigroup of isometries Ut (s) = Py X(s)P4+ (s > 0) is the one-sided shift in
H. Indeed, the differentiation operator i(d%) with boundary condition ¢(0) = 0 is the
generator of the one-sided shift semigroup V(s) on H (V(s)¢(§) = ¢(€ — s) for £ > s, and
V(s)p(&) = 0 for 0 < & < s). On the other hand, the generator S of the semigroup of
isometries U (s), s > 0, is given by S¢ = P, L P+ = PLLK(0,0,¢) = P+<o,o,z'%> =
i%, where ¢ € W2 ((0,00); E) and ¢(0) = 0. But since a semigroup is uniquely determined
by its generator, U (s) = V(s), hence

() x(s)Dt = <o,o, N v<s>L2(<o,oo);E)> = {0},

s>0 $>0

i.e., property (2) is proved.

We shall remind that the linear operator T (with domain D(T)) acting in the Hilbert
space H is called completely non-self-adjoint (or simple) if there is no invariant subspace
M C D(T) (M # {0}) of the operator T on which the restriction T to M is self-adjoint.

In order to prove property (3), let us prove the following
Lemma 4.1. The operator Lx is totally non-self-adjoint (simple).

Proof. Let M C H be the subspace on which L x induces a self-adjoint operator E’K (i.e.,
the subspace M is invariant with respect to the semigroup of isometries Vs = exp(z’z'Ks),
Vi = eXp(—izlfgs), VEl =V, s >0). If fe Mn (Lg), then f € D(E*K) and
Gif — KGyf =0, Gif — K*Gaf = 0, i.e., Gi1f = Gof = 0. From this for eigenvec-
tors uy of operator Lx that lie in K and are eigenvectors of E/K we have (S1uy)(c0) =0,
(Sauy)(—o0) = 0. Now we shall prove that uy = 0. Suppose that it is not correct, i.e.,
uy # 0. The eigenvectors u) of operator L is expressed by the matrix solution Q(\):
uy = Q(N)a, a # 0. It follows from Lemma that [P(\)a, Q(N\)a]e = 0, and from the
other hand, we know that [P()\)a, Q(N)a]o = a # 0. The contradiction we have obtained
gives u) = 0. Since all solutions of Ax = Az belong to H, from this it can be concluded
that the resolvent R)\(E k) of the operator Ly is compact operator, and the spectrum of
L K is purely discrete. Hence, by theorem on expansion in eigenvectors of the self-adjoint

operator E}(, we have M = {0}, i.e., the operator L is simple. The lemma is proved. [

To prove property (3), we let

Ho=JX()D, Hy=|]X(s)DT

s>0 s<0

and first prove

Lemma 4.2. The equality H_ + Hy = H holds.
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Proof. Indeed, by taking into account property (1) of the subspace DT, it is easy to see
that the subspace H' = H & (H_ + H) is invariant under to the group {X(s)} and has
the form H' = (0, H',0), where H' is subspace of H. hence in the case that the subspace
H' (and also H') is nontrivial, then the unitary group {U’(s)} restricted of X(s) to H'
will be a self-adjoint operator in H’. But this is impossible from Lemma Hence the

lemma is proved. O

According to the Lax-Phillips scattering theory one can construct the scattering ma-
trix with the help of the spectral representations. Now we shall construct the spectral
representations. We now proceed to their construction, and on this path we also prove
property (3).

The Weyl matrix-valued function M. () of the self-adjoint operator L., generated
by the boundary condition (Sjz)(co) = 0, is uniquely determined from the condition
(S1(P + Ms(MN)Q)(00) = 0. In view of this we have

M(N) := Myo(X) = —(S1P)(00)[(51Q)(c0)] .

Now let us define F(\) and ®(\) by F(\) = —(52Q)(c0)[(S1P)(c0)]~! and ®(\) =
F(A)M(X), respectively. It is easy to show that the matrix-valued function ®()) is a
meromorphic in C with all its poles on real axis R, and that it has the following proper-

ties:
(a) SP(A) <0 for SA > 0, and SP(N) > 0 for SN < 0;
(b) ®*(\) = ®()) for all A € C except at the poles of ®(\).
Let

V5;(6:6) = (705, —QM[(S1Q) (00)] @ (N) + K] ' Tpj,
T HRW) + K*)(®(\) + K) ' Te ™)), j=1,2,....m,

where 1, 2, ..., pmn are an orthonormal basis for E. It must be noted that vectors Vi
(j=1,2,...,m) for all A € R do not belong to H. However, Vi (j =1,2,...,m) satisfy
the equation £V = AV and the boundary conditions (3.1 for the operator L.

With the help of V) (j =1,2,...,m), we define the transformation F_: f — f,()\)
by

F_HO) = -0 = 3 f7 (Vg 1= \/12? SO Viues
j=1

on the vectors f = (¢, u,¢") in which ¢, ¢+ are smooth, compactly supported vector-

valued functions, and u = {u,} (n € Np) is a finite vector sequence.
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Lemma 4.3. The transformation F_ maps H_ isometrically onto L*(R; E), and for all

f,9 € H_ the Parseval equality and the inversion formula are valid:

(g = (Fgoe = [ D0, G O
gp3

1 o L
:\/ﬂ/_oo;%fj () dX

where f-(X) = (F-f)(A) and §-(\) = (F-g)(N).
Proof. For arbitrary f,g € D~ such that f = (¢~,0,0), g = (¥»=,0,0), we have

oY
[0 ervM == [ seace ),

Using the Parseval equality for Fourier integrals we get that

0
(. 9)n = / (67 (€)™ (©) e

—0
)
— [ FNG- s = (F £ F g

Here and below, H3(FE) denotes the Hardy classes in L?(R; E) consisting of the vector-
valued functions analytically extendible to the upper and lower half-planes, respectively.

To extend the Parseval equality to whole of H_, we shall consider the dense set H' in
H_ consisting of the vectors obtained as follows from the smooth, compactly supported
vector-valued functions D~ : f € H' if f = X(s) fo, fo = (¢,0,0), ¢~ € C5°((—00,0); E),
where s¢ is a non-negative number (depending on f). In this case, if f,g € H_, then for
s> sy and s > s, we have U(—s)f,U(—s)g € D~ and, moreover, the first components of
these vectors belong to C§°((—o0,0); E). Therefore, since the operators X (s) (s € R) are
unitary, by the equality

m m

1 IAS - IAS
F-X(s Z f’VA] HPG = \/%6)\ Z(fvv,\j)?t@jze)\]:—fa
—1 j=1

we have that
(f,9)n = U(=s)f,U(=5)g)n = (F-U(=5)f, FU(=5)g) 2
= (e F_foe ™ F g)pe = (F-f, F-g) 2.
Hence taking closure in (4.1)), we obtain the Parseval equality for the whole of H_. The

inversion formula follows from the Parseval equality if all the integrals in it are understood

(4.1)

as limits in the mean of integrals over finite intervals. Finally we get that

FH- =|JX()D =] e ™H2(E) = L*(R; E),

s>0 s>0
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i.e., F_ maps H_ onto the whole of L?(R; E). Lemma [4.3|is proved. O
We set
Vy;(€:<)

= (Ske ™ p;, —QMN[($1Q)(00)] T (®(N) + K*) ' Tpj,e ™ p)),  j=1,2,...,m,
where
(4.2) Sk(A) =T HO(\) + K)(®(\) + K*)'T.

It must be noted that vectors V;j (j = 1,2,...,m) for all A € R do not belong to
‘H. However, ij (j = 1,2,...,m) satisfy the equation £V = AV and the boundary
conditions for the operator L. With the help of Vj\'j (j =1,2,...,m) we define the
transformation Fy: f — fi(A\) by

. mo 1 m
(FLHN) =N =) FTNej = —= D (fV)ue;
+ + ; ¥j m; Aj/HE]

on the vectors f = (¢, u,¢™) in which ¢—, ¢+ are smooth, compactly supported vector-
valued functions, and v = {u,} (n € Np) is a finite vector sequence. The proof of the next

result is analogous to that of Lemma 4.3

Lemma 4.4. The transformation Fy maps Hy isometrically onto L*(R; E), and for all

f,9 € Hy the Parseval equality and the inversion formula are valid:

(g = Fegidia = [ ST 05 O
gy

1 [y
= —— V() d,
I [ I

where f1(X) = (Fr f)(N) and G (\) = (Frg)(N).

It is clear that Sk (\) is unitary for all A € R. So using the explicit expression for the
vectors V;rj and Vi, (j=1,2,...,m) we get that

V=D SV, i=12,...,m,
n=1

where S, (j,n =1,2,...,m) are entries of the matrix Si (\). Therefore, from Lemmas
and [4.4] one obtains that H_ = H. Together with Lemma[4.2] this shows that H = H_ =
Hy, and property (3) for X'(s) above has been established for incoming and outgoings

subspaces.
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Thus, the transformation F_ maps H isometrically onto L?(R; E); the subspace D~
is mapped onto H2 (E), while the operator X (s) passing into operators of multiplication
by e**. These results shows that F_ and F, are the incoming and respectively outgoing
spectral representations of the unitary group {X(s)}. From the explicit formulas for V3
and ij (j = 1,2,...,m), it follows that the passage from the F_-representation of a
vector f € H to its F-representation is accomplished as follows: fy (\) = SI_{I(A)f_(A).

According to |17], we have thus proved the following theorem.

Theorem 4.5. The matriz Si;*()\) is the scattering matriz of the unitary group {X(s)}
(or of the self-adjoint operator Ly ).

Let S(\) be an arbitrary non-constant inner matrix-valued function on the upper
half-plane (the analytic matrix-valued function S(\) on the upper half-plane C is called
inner function on Cy if ||[S(N)|| < 1 for A € C4 and S(A) is a unitary matrix for almost all
A €R). Define M = H2©SH?. Then M # {0} is a subspace of the Hilbert space H2. We
consider the semigroup of the operators V(s) (s > 0) acting in M according to the formula
V(s)¢ = Ple**g], ¢ := ¢(\) € M, where P is the orthogonal projection from H? onto M.
The generator of the semigroup {V(s)} is denoted by B: B¢ = lim,_, 1 o(is) "} (V(s)p— ).
B is a maximal dissipative operator acting in M and its domain D(B) consists of all vectors
¢ € M for which the above limit exists. The operator B is called a model dissipative
operator (we remark that this model dissipative operator, which is associated with the
names of Lax and Phillips [17], is a special case of a more general model dissipative
operator constructed by Sz.-Nagy and Foiag [18]). We claim that S(\) is the characteristic
function of the dissipative operator B.

We have proved that under the unitary transformation F_ we get the following map-

pings:

H— LR E), [—[(\)=(F-fN), D —H(E),
Dt — SkH3(E), Ho (D @D')— HL(E)o SkHi(E),
X(s)f = (F-X()FZ ) (A) = e F- (V).

These formulas also imply that the operator Lk (Lg) is unitary equivalent to the model
dissipative operator with characteristic function Sg(\). Hence we have proved the follow-

ing theorem.

Theorem 4.6. The characteristic function of the maximal dissipative operator EK (Lr)
coincides with the matriz-valued function Sk (\) determined by formula (4.2)). The matriz-
valued function Sg(\) is meromorphic in the complex plane C and is an inner function

in the upper half-plane.
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5. The spectral analysis of a dissipative operators

The complex number Ag is called an eigenvalue of the operator T, which is the linear
operator acting in the Hilbert space H with the domain D(T), if there exists a nonzero
vector fo € D(T) such that T fy = Ao fo. This vector fj is called the eigenvector of the
operator T corresponding to the eigenvalue A\g. The eigenvector for \g spans a subspace
of D(T), called the eigenspace for \g and the geometric multiplicity of Ao is the dimension
of its eigenspace. If the vectors fi, fo,..., fx belong to D(T) and satisfy the equalities
Tf; = Xofj + fj—1, j = 1,2,...,k, then they are called the associated vectors of the
eigenvector fp. If all powers of T such that (T — M\I)"f = 0 (for some integer n) are
defined on the vector f € D(T), f # 0, then it is called a root vector of the operator T
corresponding to the eigenvalue Ag. The set of all root vectors of T corresponding to the
same eigenvalue \g with the vector f = 0 forms a linear set N, and is called the root
lineal. The dimension of the lineal N is called the algebraic multiplicity of the eigenvalue
Ao. The root lineal N, coincides with the linear span of all eigenvectors and associated
vectors of T corresponding to the eigenvalue Ag. Consequently, the completeness of the
system of all eigenvectors and associated vectors of L is equivalent to the completeness of
the system of all root vectors of this operator.

Questions of the spectral analysis of the dissipative operator Lg (EK) can be solved
in terms of characteristic function. Thus, for example, the absence of the singular factor
s(A) in the factorization det Sk (A) = s(A)B(A) (B(A) is the Blaschke product) ensures the
completeness of the system of eigenvectors and associated vectors (or root vectors) of the
operator L (EK) in the space H (see [3,4,9,164/18,20]).

We first use the following

Lemma 5.1. The characteristic function gR()\) of the operator Lr has the form
Sr(N) = Sx(N) = Vil — RR"){(O(€) — R)(I ~ R*6(€) (I — R*B)'/*¥;,

where R is the Cayley transformation of the dissipative operator K and ©(§) is the Cayley
transformation of the matriz-valued function Myo(X), € = (A — i) (A + i)~ and Y7 =
(SK)~"Y2(I—R)~'(I - RR*)Y/2, Yy := (I — R*R)~Y/?(I — R*)(SK)Y?, | det Y| = | det Y5
=1.

Proof. Using Theorem 4.6, we get that
Sk(A) = (SK)2(@(\) + K)(®(N) + K*) 1 (SK)'/2.

Further obtains that
1

SK = —
21

(K~ K%)= 5[(T = By (I + R) + (I + RO~ B)
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= %[(1 —R)'+(I-R 'R+ -R) '+ R(I-R)Y
(5.1) = %[(I ~R'+(I-R ' -IT+(I-R)Y '+ (I -R) 1]
=(I-R) '+ -R)"'-1
=[I-R'I-R+I-R—-(I-R)({I—-R"(I-R")!
= (I —-R)"YI—-RR"(I-R)"
Similarly,
(5.2) SK=(1-R)'I-RR(I—-R™

Let us denote the Cayley transformation of the accumulative operator ®(\) for A > 0
by ©1(A). Then we have ®(\) = —i(I — ©1(\))~ (I + O1()\)). Hence we get that

DN+ K =—i[(I-6:(\)'T+61(\) - (I -R)"I+R)]
= —i[~(I —0:(\) ' (I -61(\) =2l + (I - R)"Y(I — R—2I)]
(5.3) = —i[-I4+2(I —0;(\) ' 4+T1-2(I-R)™
= =2[(I-61(\)"' = (I - R)™']
= —2i(I - R)"'(61(\) = R)(I —©1(\)) "

Similarly, ®(\) + K* = —2i(I — R*)™1(I — R*©1(\))(I — ©1()\))~! and

(5.4) (B + K™ = (T~ &10) (I ~ RO ()T — R

Using , , and , we have

8n(N) = Sx(N) = Vil - RR*)V2(0(6) - R)(I - R°O©)(I ~ B'R)/*Ya,

where ©(€) = ©1[—i(¢ + 1)(¢ — 1)7'],Y1 = (SK) V(I — R)(I — RR*)"/?, Yo = (I -
R*R)"M(I — R*)(SK)"/2. 1t is evident that | det Y;| = | det Ya| = 1. Hence, Lemmal[5.1]is
proved. ]

We shall remind that the inner matrix-valued function §R()\) is a Blaschke-Potapov
product if and only if det gR(/\) is a Blaschke product [3}14,(9/16,/18,[20]. Hence one gets
from Lemma that the characteristic function S; r()\) is a Blaschke-Potapov product if

and only if the matrix-valued function
Yr(¢) = (I - RR*)"*(©(§) — R)(I - R*6()) (I - R*R)"/?

is a Blaschke-Potapov product in a unit disk.
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In order to state the completeness theorem, we will first define a suitable form for the
I-capacity [927].

Let E be an N-dimensional (N < 400) Euclidean space. In E, we fix an orthonor-
mal basis ¢1,¢2,...,¢on and denote by E; (kK = 1,2,...,N) the linear span vectors
©1,92, .-k If M C Eg, then the set of v € Eg_1 with the property Cap{u : u €
C, (v + ppr) € M} > 0 will be denoted by I',_1M. (CapG is the inner logarithmic
capacity of the set G C C.) The I'-capacity of the set M C E is a number

I' = CapM :=sup Cap{pu: p € C,up; C I'1I'y---T'y_1M},

where the sup is taken with respect to all orthonormal bases in E. It is known [17,30]
that every set M C E of zero I'-capacity has zero 2/N-dimensional Lebesgue measure (in
the decomplexified space E), however, the converse is false.

Denote by £(E) the set of all linear operators acting in E. To convert £(E) into an m?2-
dimensional Hilbert space, we introduce the inner product (T',.S) = tr S*T for T\, S € L(F)
(tr S*T is the trace of the operator S*T). Hence, we may introduce the I'-capacity of a
set in L(E).

We will utilize the following important result of [9].

Lemma 5.2. Let Y (§) (|| < 1) be a holomorphic function with the values to be contractive
operators in L(E) (||[Y(€)|| < 1). Then for I'-quasi every strictly contractive operators
(i.e., for all strictly contractive R € L(E) possible with the exception of a set of I' of zero

capacity) the inner part of the contractive function
Yr(§) = (I = RR") 7Y (§) = R = R'Y(€))'(I - R"R)'/?
18 a Blaschke-Potapov product.

Hence considering all the obtained results for the dissipative operator Lg (EK), we

have proved the following theorem.

Theorem 5.3. For I'-quasi-every strictly contractive R € L(FE) the characteristic function
gR()\) of the mazimal dissipative operator Ly is a Blaschke-Potapov product, and spectrum
of Lg s purely discrete and belongs to the open upper half-plane. For I'-quasi-every strictly
contractive R € L(E), the operator Lr has a countable number of isolated eigenvalues
with finite multiplicity and limit points at infinity, and the system of all eigenvectors and

associated vectors (or all root vectors) of this operator is complete in {3 (No; E @ E).

It should be noted that all results obtained for maximal dissipative operators can be
immediately transferred to maximal accumulative operators, because a linear operator
S acting in a Hilbert space H is maximal accumulative if and only if —S is maximal

dissipative.
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