TAIWANESE JOURNAL OF MATHEMATICS

Vol. 22, No. 6, pp. [I435H{I450, December 2018
DOI: 10.11650/tjm/180404

Difference of Weighted Composition Operators on the Space of Cauchy

Integral Transforms

Xin Guo* and Maofa Wang

Abstract. In this paper, we provide a complete function theoretic characterizations for
boundedness and compactness of difference of weighted composition operators from
the space of Cauchy integral transforms to logarithmic weighted-type spaces. Sur-
prisingly, an interesting feature of these characterizations is that they are free from
pseudo-hyperbolic distance between ¢(z) and (z), which is different from the previ-
ous characterizations of difference of weighted composition operators acting between

different holomorphic function spaces.

1. Introduction

Let S = S(D) be the class of all holomorphic self-maps of the unit disk D of the complex
plane C and T the boundary of D. Denote by H (D) the space of all holomorphic functions
on D. Then, for ¢ € S and u € H(D), the weighted composition operator induced by u
and ¢ is given by

WColf)=u-fop, feHD).

We can regard this operator as a generalization of a multiplication operator M, induced by
u and a composition operator C, induced by ¢, where M, f = u- f and C,(f) = fop. An
extensive study on the theory of (weighted) composition operators has been established
during the past four decades in various settings. We refer to standard references [10,[30]
for various aspects on the theory of composition operators acting on holomorphic function
spaces.

We first recall our function spaces to work on. Let M be the space of all complex
Borel measures on T. The space F of Cauchy integral transforms consists of all functions

f € H(D) which admits a representation of the form

flz) = /1‘ ;lli(?z for some p € M.
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The space F is a Banach space with respect to the norm
11 =t { = 1) = [ L1,
where ||u]| denotes the total variation of the measure pu.

The space F can be viewed in a natural way as the dual space of the disk algebra, or
equivalently, as the quotient of the Banach space M of Borel measures and the space of
measures whose Cauchy transforms vanish. It follows from the F. and M. Riesz theorem
that the Borel measure p has a vanishing Cauchy transform if and only if it has the form
du = fdm, where f € F&, the subspace of L' consisting of functions with mean value
0 whose conjugate belongs to the Hardy space H', and m is the normalized Lebesgue
measure on T. Thus F is isometrically isomorphic to M /F&

By the Lebesgue decomposition theorem, the space M of Borel measures admits a
direct sum decomposition M = L'@® M, where L' is identified with absolutely continuous
measures M, :={p e M: p < m}and Mg :={ue M:u L m}. Since F& C L', then
F is isometrically isomorphic to L! /F& & Ms.

Similarly, the space of Cauchy integral transforms F can be decomposed as F =
Fu®Fs, where F, is isometrically isomorphic to L* /ﬁ, and F; is isometrically isomorphic
to M.

It is also known that

H' cFrg () H,
0<p<1
where HP is the standard Hardy space. When p = oo, H* will denote the space of
bounded holomorphic functions on D with the norm || f|loc = sup,ep |f(2)|. For further
results about the space of Cauchy integral transforms, we refer to [2,8}/14,/15] and references
therein.

Let v be a positive continuous function on D (weight). A weight v is called typical if
it is radial, i.e., v(z) = v(|z|), z € D and v(|z|) decreasingly converges to 0 as |z| — 1. A
positive continuous function v on the interval [0,1) is called normal if there are § € [0,1)
and 7 and ¢, 0 < 7 < t such that

_vir) is decreasing on [§,1) and lim _vir)
(=L =y

) is increasing on [4,1) and lim ) =
- lim 75

=0,

If we say that a function v: D — [0,00) is a normal weighted function, we also assume
that it is radial. Now, the logarithmic weighted-type space LAy, (v) is the space of all
f € H(D) such that the norm

2
= In——
1112 Ap(w) sup v(|z])|f (=) In o— FE
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is finite. Likewise we denote by LA, o(v) the little logarithmic weighted-type space of
holomorphic functions f on D for which
. 2
T (2] ()]0 g =0,
As is well known, the space LA, (v) equipped with the norm ||- (|14, () is @ Banach space
and LA, o(v) is a closed subspace of LAy, (v).

As is well known in the setting of D, every composition operator is bounded on the
Hardy spaces or weighted Bergman spaces due to the Littlewood Subordination principle.
Much efforts have been expended in the early stage on characterizing those holomorphic
maps which induce compact composition operators. It was also known that the composi-
tion operator U, acts as a bounded operator on the space of Cauchy integral transforms F.
Recently, Cima and Matheson [9] considered the problem of characterizing the compact-
ness of C, on F and have established that Cy is compact on F if and only if it is compact
on H?. With the basic questions such as boundedness and compactness settled, more
attention has been paid to the study of the topological structure of the composition oper-
ators in the operator norm topology and this topic is of continuing interests in the theory
of composition operators. Berkson [1] first focused attention to the topological structure
with his isolation result on the Hardy spaces in 1981 which was refined later by Shapiro
and Sundberg [31], and also by MacCluer [22]. In [31], Shapiro and Sundberg posed a
question on whether two composition operators belong to the same connected component,
when their difference is compact. The above mentioned question of Shapiro and Sundberg
initiated another direction of the study of compact differences of composition operators
on various settings, which has been a very active topic. MacCluer et al. [23] first used the
pseudo-hyperbolic metric to characterize compact difference of two composition operators
on H* and then Hosokawa et al. [17] considered compactness of difference of two weighted
composition operators on H®°. Subsequently, the characterization of compact difference
of composition operators in the Bergman space setting was obtained by Moorhouse [25]
which also involved pseudo-hyperbolic metric. Recently, Wang et al. [37] considered the
compact difference of weighted composition operators on the weighted Bergman spaces
with the pseudo-hyperbolic metric. For further results on compact differences on various
other settings, we refer to [3-7}/11,/16-21}26,28,29|,35.36,38] and references therein. Almost
all the characterizations of differences of composition operators acting between any two
holomorphic function spaces involve pseudo-hyperbolic metric.

Motivated by these results, in this paper we characterize boundedness and compact-
ness of difference of weighted composition operators from the space of Cauchy integral
transforms to logarithmic weighted-type spaces. Surprisingly, our characterizations are
free from pseudo-hyperbolic metric, which is a common feature of all the characteriza-

tions of difference of weighted composition operators acting between different spaces of
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holomorphic function spaces, see [16}/18.20,35.:38]. Recently, boundedness and compact-
ness of weighted composition operators between the space of Cauchy integral transforms
and logarithmic weighted-type spaces were considered by Sharma [32]. For further re-
sults about composition operators on the space of Cauchy integral transforms, we refer
to [9,[12}13},33,34] and references therein.

In Section [2], we recall some basic results to be used in later sections. In Section 3.1} we
characterize boundedness and compactness of difference of weighted composition operators
between the space of Cauchy integral transforms and logarithmic weighted-type spaces.
The difference of weighted composition operators from the Cauchy integral transform

spaces to little logarithmic weighted-type spaces is considered in Section [3.2

2. Prerequisites

In this section we collect some basic auxiliary facts to be used in later sections. Let X
and Y be Banach spaces with respective norms || - [|x and || - ||y. As usual, we say that a
linear operator 1" from X to Y is bounded if there exists a positive constant C' such that
IT(Hlly < C|lfllx for all fin X. This bounded operator T is said to be compact if the
image of every bounded set of X is relatively compact (i.e., has compact closure) in Y.
Equivalently, T: X — Y is compact if and only if the image of every bounded sequence
in X has a subsequence that converges in Y.

We have the following convenient compactness criterion for the operator T' = u1C, —
uzCy acting from the space of Cauchy integral transforms to logarithmic weighted-type

spaces.

Lemma 2.1. Assume v is a normal weighted function on D. Let ¢, € § and uj,us €
H(D). Suppose the operator T = u1Cyp — usCy: F — LA (v) is bounded. Then T is
compact if and only if T f,, — 0 in LA, (v) for any bounded sequence { fn} in F such that
{fn} = 0 uniformly on compact subsets of D.

A proof can be found in |10, Proposition 3.11] for composition operators on a Hardy
space over the unit disk and it can be modified for composition operators on F.
For a € D, let the Mébius transformation 7,(z): D — D be defined by

a—z

"a(2) = 1—az

It is clear that the inverse of 1, under composition is 7, that is, (n,0n4)(z) = z for z € D

and |}, (2)| = (1 — |a|?)/|1 — @z|?. Moreover,

(1 —laP)(1 = [21*)

(21) 1-— ‘na<z)|2 = (1 - ’2’2)’?7&(2)‘ = ‘1 —62‘2
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For convenience in the sequel, we note that

(1 — |na(2)]?)?
dXg(2) = ————Z-"dA
(2) -2 (2)
where dA is the area measure on D normalized to have total mass 1.

To characterize compactness of difference of weighted composition operators in Sec-
tion we need a equivalent norm for LA, (v), see [32].

Lemma 2.2. Let v be a normal weighted function on D. Then f € LA, (v) if and only if

2
Il = 519 [ (=)0 =g dhule) < o

To consider the compactness of difference of weighted composition operators in Sec-
tion we require the following lemma to characterize the compact subset F' C LA, o(v)
as follows. The proof of the following lemma is similar to that of [24, Lemma 1] and the

details are omitted here.

Lemma 2.3. Let v: D — [0,00) be a normal weight function. A subset F' of LAy o(v) is

compact if and only if it is closed, bounded and satisfies

2
lim sup |f(2)|v(z) In ————— = 0.
[21=1 fer 1—[z[?

In the rest of the paper, we use the same letter C' to denote various positive constants
which may change the notation at each occurrence. Variables indicating the dependency
of C' will be often specified in a parenthesis. We use X <Y or Y 2 X for nonnegative
quantities X and Y to mean X < CY for some constant C' > 0. Similarly, we use the

notation X ~ Y if both X <Y and Y < X hold.

3. Main results

3.1. Boundedness and compactness of T': F — LA, (v)

In this subsection, we characterize boundedness and compactness of T = u;C, — u2Cy
acting from the space of Cauchy integral transforms to logarithmic weighted-type spaces.

Moreover, the exact value of operator norm of 7' is also computed.

Theorem 3.1. Let p, ¢ € S, u1,us € H(D) and take v to be a normal weighted function

on D. Then the following statements are equivalent:

(a) u1Cyp —u2Cy: F — LA (v) is bounded.

- ui(z)  ua(z) 2
(b) M; = Eggigg | to()  1-E0(2) v(z)In |22 < 00
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o uz(z) 2
0 M= | Tl T <

Moreover, if u1Cy, — u2Cy: F — LA (v) is bounded, we obtain that

(3.1) My ~ My
and
(3.2) lu1Cy = u2Cyll a0y = M

Proof. (a) < (b). First assume that (a) holds. Consider the family of functions

(3.3) fe(2) = , teT.

1
1—¢&z
Then || f¢||r = 1 for every £ € T. Thus by the boundedness of u1Cy, — u2Cy: F —
LA, (v), we obtain that (u1C, — uaCy)f € LAL(v) for every f € F. In particular,
(u1Cyp — u2Cy) fe € LAy, (v) for each £ € T. Moreover,

uy(z) up(z) 2
My := sup sup ’
e e R | L e
= sup ||(u1Cp — u2Cy) (
(3.4) ceT ? 1—&2) |l pan
< ur1Cp — u2Cyll Fpay, (v) sup ’1 &,

= |lu1Cyp — uaCyll 7o .41, (v)

and so (b) holds, as desired.
Conversely, suppose the condition (b) holds. Let f € F, then there is a p € M such
that |l = [/ and

(35) o= 1‘”_‘(2.

Let 7(z) = ¢(z) or ¥(z). Replacing z in (3.5) by 7(z) and multiplying such obtained
equality by u;(z) respectively for ¢ = 1,2, we have

(3:6) @) = [ T duce)
1) @) = [ 0 )
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Using an elementary inequality, together (3.6 with (3.7)), we have

v(2)In 1_2||2IU1(Z)f(30(Z)) —u2(2)f (¥ (2))]

ul() ()lnlf\ UQ(Z) ()lnﬁ
/L( e - &) )dmg

()2 us()v(z)In 2
R
= seT oeh V(=) Ing —2\z\2 1— g(;)(z) 1_ ;Z)(z) / d|pl(€)
< spp(an o [0 - T 1
Taking the supremum in the last inequality over all z € D, it follows that
(3.9) 11Cp = Cy)S LA < supsup v(z) In g _2’2‘2 1 flé(;)( - w l 1fll5-

This shows that H(ulQp — UQCMJ)fHLAln(u) < ]\41Hf||]:7 hence u10¢ — UQCw: F = LAln(I/)
is bounded, namely, (a) holds. Moreover, it is easy to see that equality (3.2)) holds by

and ().

(b) < (c). Suppose that (c) holds. Note that
D(a, (1 lal)/2) = {2 € D+ |2 | < (1 — |al)/2}.

Since v is a normal weighted function on D, then
2 2
V(’ZD In 1_7|Z’2 ~ V(’CLD In 1—7|a/’2
for 2 € D(a, (1 — |a|)/2). Also it is well known that |1 —az| ~ (1 — |a|?) for z € D(a, (1 —
lal)/2). Using these facts, and the subharmonicity of the function

ui(z)  ua(z)

98 =1 eom  1-E0(@)’

we have that
ui(z)  ue(2)

My > sup Sup/ - =
¢eTaeD JD(a,(1-lal)/2) |1 —Ep(2) 1 —E&Y(2)
2
’ w(a) ugja) v(a)ln 5
1—&p(a) 1—Ey(a) 1—lal
Conversely, assume that (b) holds. Using the identity (2.1) and Proposition 1.4.10
in [27], we have that

2
U(Z) In 1_7’2‘2 d)\a(Z)

(3.10)

2 sup sup = M.

£€T aeD

1 — |a])?
(3.11) My < M, 22]13/]) (|1—|az’|)4dA(z) SM
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Moreover, the asymptotic relation (3.1) follows from (3.10) and (3.11)). The proof is
complete. 0

Corollary 3.2. Let v be a normal weighted function on D and p,v € S. Then the

following statements are equivalent:
(a) Cp — Cy: F — LAL(v) is bounded.

1
1—Ep(z)  1—EP(z)

1 1
“)”h“‘$¥ﬁgzj1—awu>_1—aw@>

Moreover, if C, — Cy: F = LA, (v) is bounded, then we obtain that

2

I/(Z) In 1—7‘;42

(b) Msj := sup sup < 00.

£eT zeD

2
I/(Z) In 1_7‘2’2 d)\a(Z) < 00.

1Cy — Cyll =LA w) = Ms
and Mz ~ My.

Using the fact that the family of functions

{fle—lgz:§€T}

satisfies || fe|| 7 =1, £ € T, we can easily obtain the following result.

Corollary 3.3. Suppose v is a normal weighted function on D. Let o, € S and uy,us €
H(D). Then u1Cyp —u2Cy: F — LA (v) is bounded if and only if the family of functions

{ wm_ :geT}
1—€p 1-€0

is norm-bounded in LA, (v).

Corollary 3.4. Let p,1p € S. Assume v: D — [0,00) is a normal weight function. Then
Cy — Cy: F = LA (v) is bounded if and only if the family of functions

{ 1, — 1, :£€T}
1-8p 1-8&

is norm-bounded in LAy, (V).

Theorem 3.5. Let ¢, v € S and uj,us € H(D). Suppose v is a normal weight function
on D and uiCyp,usCy: F — LA, (v) are bounded. Then the following statements are

equivalent.

(a) u1Cyp —u2Cy: F — LA, (v) is compact.
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2
1|22

uy (2) uz(z)
L—€p(z) 1-€P(2)
Proof. (b) = (a). Let {fx}ren be a bounded sequence in F, say by L and converging to

(b) lim sup sup/
" 1¢€T a€D Jmin(p(2)] v (2)]) >

v(z)In

dX\g(2) =0

0 uniformly on compact subsets of D as K — oco. By Lemma we need to show that
[(u1Cyp — u2Cy) frlla,, ) — 0 as k — oo. For each k € N, we can find a up € M, with

|kl = || fxllF such that e
A
Jr(2) = /r =

Note that

9r(2) = u1(2) fr(p(2)) — ua(2) fe(¢(2))

and

2
M := sup (/ —I—/ ) v(2)|gr(2)] lnﬁd/\a(z).
aeD \Imin(lp()Le))>r  Jmax(le()] u(z))<r Izl
By Lemma applied to the function uq(fx o ¢) — ua(fx 0 ¥) we have

(3.12) 1(u1Cp = u2Cy) fill L) = M.

Since u1Cy: F — LA (v) and usCy: F — LAy, (v) are bounded, so by taking f(z) =
in F, we have that u; € LA, (v) for i = 1,2. Also by Lemma . it is namely that
2
(3.13) sup/ lui(z 5 dAa(2) < 00
a€D 1 - ‘ |
for i = 1,2. By the condition (b), for every € > 0, there is an m € (0,1) such that for
r € (r1,1), and we have
2
u17(2) - u27(2) v(2)In ——= dAa(2) <e.
1=8p(z)  1-8(z2) 12|

Since the set {w : [w| < r} is compact, we have supy,|<, |fx(w)| < € for sufficiency large
k, say k > ko. Thus, using (3.12)—(3.14)), Fubini’s theorem, we have

[(u1Cp = u2Cy) fill L)

(3.14)  sup sup/
€T a€D Jmin(lp(2)], |4 (2)))>r

2
< sup |fk:(‘P(Z))|SUP/ lu1(2)|v(2) lnﬁd)\a(Z)
max(|(2)],[p (=) <r a€D Jmax(|p(2)][(2)]) <r — ||
2
b s (R s [ ua (=) () In - da(2)
max(jp(2)|,[$(2)]) <r a€D Jmax(|p(2)],[¥(2)]) — |2l

2

ui(z) (2 V(z)lnmdka(z’)dmk‘({)

//mm (@ wED>r 11— Ep(z) 1 —E&Y(2)
s(i+ [ dmkr@) e < (1+ | fell)e

S(1+ L) Se.
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Since € > 0 is arbitrary, then (b) = (a) holds.
(a) = (b). Since u1Cy: F — LA (v) and upCy: F — LA (v) are bounded, so by
taking f(z) =1 in F, we have that

2
sup/ [u1(2)|v(2) In ———= dAu(2) < o0
acD JD 1—- ‘Z|

and

sup/ lug(2)|v(z) ln1_2|z|2d/\a(z) < 0.

aceD JD
Thus, by the absolute continuity of integral, for every € > 0, we can choose r € (0, 1) such
that

(3.15) sup/ lui (2)|v(z) lni2 dh\a(2) < e
aeD Jmin(jp(2)],14(2)) 11z
and
9
3.16 sup ug(2)|(z)In ————= dA,(2) < €.
In —— dA
a€D Jmin(jy(2)) () >r — 2|

Let B = {f € F : ||fll# < 1} be the closed unit ball in F. Next, let f € Br and

fi(z) = f(tz), fr € F, 0 <t < 1. Then supgoiq | fell7 < [|fll7s fr € F, t € (0,1)
(see |32]) and f; — f uniformly on compact subsets of D as ¢ — 1. The compactness of

u1Cyp — upCy: F — LA, (v) implies that
lim | (11Cyp — 12Cy) i — (1 = usCy) ) = 0.

Thus for every € > 0, there is a t € (0,1) such that

Sup/\ u1(2) fi((2)) = u2(2) fi(¥(2)) — (ua(2) f9(2)) — u2(2) f((2)))]
(3.17) P )
1—z]?

From 7, we have
2
1D /mm (e lo())>r [11(2)£ (p(2)) = w2 () F( () (2) In 35 dAa(2)

aeD

< Sup/ |(u1(2) felp(2)) = wa(2) fi(¥(2))) = (u1(2) f(p(2)) = ua(2) f(¥(2)))]

x v(z)In dXo(2) < e.

x v(z)In dAo(z)

1—|!2
2
1—|[z?

(Ife(e(2))ur(2)| + [ fe((2))ua(2) v (2) In dAa(2)

-
a€D Jmin(|p(z)],]¢(2)])>r

< e(l+ 2 filloo)-
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Thus we claim that for every f € By, there is a §p € (0,1), do = do(f,€), such that for
rec (50, 1)

2
(3.18) Sup/ u1(2) f(¢(2)) = u2(2) f($(2))|p(2) In ——5 dAa(2) <&
aeD Jumin(jp(=) b)) > — 2|
Since u1Cp, —uaCy: F — LA, (v) is compact, the ball Br is mapped by u1C, —u2Cy into
a relatively compact subset of LAj,(v). Hence for every ¢ > 0, there is a finite collection
of functions fi, fa, ..., frx € Br, and there is a j € {1,2,...,k} such that

aeD
(3.19) )

TP

sup /DI(U1(Z)f(<P(Z)) —u2(2)f(¥(2))) — (ua(2) fi(p(2)) — u2(2) fi(¢(2)))|
X

v(z)1 dAa(2) < e.

Moreover, by (3.18), we have that for § := maxi<j<x 6;(f;,¢) and r € (6,1)

u1(2)f5(p(2)) — u2(2) £ (4(2))[v(2) In . (2) <e

(3.20) sup [z %

aeD /rnin(<ﬂ(2),lw(2)l)>7“
for each j € {1,2,...,k}. Together (3.19) with (3.20), we obtain that for r» € (4,1) and
every f € Br

2

(3.21)  sup [u1(2) f(p(2)) — ua(2) f(4(2))|v(2) In T-F dAa(2) S e

a€D /rnin(so(Z)»lw(Z))N

If we apply (3.21) to the function fe(z) = 1/(1 — £z), we have that

w(z) — uz(2) v(z ni2 z)<e
ee() 1-gp| TR e R

sup sup/
§€T aeD Jmin(|p(2),|9(2)))>r

from which (b) follows as desired. This completes the proof. O

Corollary 3.6. Let ¢, € S and v: D — [0,00) be a normal weight function. If
Cy,Cy: F = LA (v) are bounded, then C, — Cy: F — LA (v) is compact if and only if

1 1 2
= - = v(z)In ———— dA\,(z) = 0.
—to()  1=tu(n)| I To P

lim sup sup /
"1 ¢eT aeD Jmin(|p(2)],|¢(2)])>r

3.2. Boundedness and compactness of T': F — LAy, o(v)

In the last section, the boundedness and compactness of T' = u1C, — u2Cy, acting from
the Cauchy integral transform spaces to the little logarithmic weighted-type spaces are

considered.
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Theorem 3.7. Suppose v: D — [0,00) is a normal weight function. Let ¢, € S and
uy,ug € HD). Then uiCy — upCy: F — LA o(v) is bounded if and only if u1Cyp —
upCly: F — LA (v) is bounded and

ui(z) uz(z) 2

T e T 1oae -

.22

for every & € T.

Proof. First assume that u1Cy, —uaCy: F — LA, o(v) is bounded, then for every f € F,
we have that (u1Cy, —u2Cy)f € LA o(v) C LA (v). So by the closed graph theorem, we
have that u;Cy, —upCy: F — LA (v) is bounded. Once again consider the family of test
functions in (3.3). Then [/f¢[# = 1. Hence by the boundedness of u1Cy, — uaCl: F —
LA o(v), we have (u1Cyp — uaCly) fe € LAy, o(v) for every £ € T, namely,

w  w() 2

Tt 1-ge| DT =0

for every € € T.

Conversely, suppose that u;Cy, — uaCy: F — LAR(v) is bounded and holds.
It follows from that the inner expression of tends to zero for every £ € T as
|z| = 1. Because of the boundedness of u1Cy, — u2Cy: F — LA,(v) the condition (b) in
Theorem holds. Moreover, the integrand in is dominated by M;, where M is in
Theorem ﬂ Hence by the bounded convergence theorem, the integral in tends to

zero as |z| — 1, implying

. 2
lim, [(u1Cy — u2Cy) flv(z) In T

Thus, we conclude that if f € F, then (u1Cy, — u2Cy)f € LA o(v). Therefore, the
boundedness of u1C, — uaCy,: F — LAy, o(v) follows by the closed graph theorem. The

proof is complete. O

Corollary 3.8. Let p,¢p € §. Assume v is a normal weighted function on D. Then
Cy,—Cy: F = LA o(v) is bounded if and only if Cp, — Cy: F — LA (v) is bounded and

11
1-8p(z)  1-&¥(2)

2
v(z) ln1_7|z|2 =0

im
|z]—1
for every & € T.

Theorem 3.9. Let v be a normal weighted function on D and ¢, € S, ui,us € H(D).
Then u1Cy — uaCy: F — LA o(v) is compact if and only if

2

(75} (Z) 'LLQ(Z) N
v(z)In o 0

1-Ep(z) 1-Ey(z)

(3.23) lim sup
|z|=1¢eT
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Proof. By Lemma a closed set F in LAy, o(v) is compact if and only if it is bounded

and satisfies

2
lim sup v(2)|f(z )|ln7 =0
2= fe = |z

Thus the set {(u1C, — u2Cy)f : f € Br} has compact closure in LAy, o(v) if and only if

(3.24) lim sup{|(u1Cy — u2Cy) f(2)|v(2)In 2

o T—p S E B0

Let f € F, then there is a € M such that ||| = || f|| 7 and

_ [ du(§)
f(z)_/rl_gzv gGT.

Then, for each f € Br, we can easily get that

|(u1Cyp — u2Cy) f(2)|v(2) In

ul( ) U2(Z)
<[ o) 1-@(2)
<l sup] ua(

u1(2)
Eolz) 1—€v
ui(2)
Eo(

2
1—|[z[?

v(z)In

d|ul (€)

2

2
In —.
(Z) n1_|2’2

1— |22
(3.25)

)

@
__w(?)

z)  1—&(

< \fufsup\

2)

Using in , we obtain . Thus, u1Cyp — uaCy: F — LAy, o(v) is compact.

Conversely, assume that u;Cy — upCy: F — LA}y 0(v) is compact. Taking the test
functions in and using the fact that || f¢|| 7 = 1, we can easily get that follows
from (3.24)). This completes the proof. O

Corollary 3.10. Suppose v: D — [0,00) is a normal weight function. Let ¢, € S.
Then C, — Cy,: F — LA o(v) is compact if and only if

lim s ! ,1 v(z)In % = 0.
Foteer |1 - Ep(z) 1 E0(2) 1 -]
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