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Local Well-posedness for Semilinear Heat Equations on H type Groups

Yasuyuki Oka

Abstract. In this paper, we discuss the local existence and uniqueness for the Cauchy
problem of semi heat equations with an initial data in the space L? on H type group
]ng7 which has the dimension p of the center, like the argument on the Euclidean space
given by F. B. Weissler. That is, the Cauchy problem

(0 — g ) ulg ) = lul tu, g € B, >0,
u(g.0) = uo(g) € L9(Hy)

has a unique solution if ¢ > N(r —1)/2 (¢ = N(r —1)/2) and ¢ > r (¢ > r), where
r > 1 and N = 2d + 2p is the homogeneous dimension of Hg.

1. Introduction

For d = 1,2,..., let ]H[g (= R?¥*P) be an H type group (the group of Heisenberg type)
with the dimension p > 1 of center and AHg be the sublaplacian on Hg. H type groups
were first introduced by A. Kaplan [6]. In this paper we consider the Cauchy problem of

the form

(00 — Dugg ) ulg,t) = [ul"'u, g € HL, t>0,

(1.1)
u(g,0) = uo(g) € LI(HY).

On the Euclidean space, there exist enormous investigations of local well-posed for the
semi-linear heat equations. In [11], F. B. Weissler gave an existence and nonexistence
theorem for local solutions of the Cauchy problem for the semi-linear heat equation with

an initial value in L9(R™)

(0 — A)u(z,t) = Ju|""tu, z€R", t>0,
u(z,0) = up(z) € LY(R").

(1.2)

After [11], the argument of this direction has been deepened by many mathematicians (for

example, |113,/4,9,12] and so on).
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In this paper, our goal is to obtain the results of the Cauchy problem like those of
the Cauchy problem , following [1,{11]. Roughly speaking, our results are as follows: if
qg> N(r—1)/2, N = 2d+2p is the homogeneous dimension of Hg, then the problem ([1.1)) is
locally well-posedness whenever initial functions ug(g) € Lq(Hg). As is standard method,

we consider ([1.1]) via the corresponding integral equation
tA b (t—o)a
u(t) =e Fhug+ / e( N 5 (Ju(o) " (o)) do.
0

The statements of our results are as follows:

Theorem 1.1. Let ¢ > N(r —1)/2 and ¢ > 1, N > 4. Then for any ug € L1(HY), there
exists a positive T and a solution u € C([0,T7; Lq(]HIZ)) of (L.1). Moreover there exists a

positive constant C, independent of t, such that
[u(t) = v(E)]| Lagaay < Clluo — voll pagma)
for almost all t € [0,T].

Theorem 1.2. Let ¢ = N(r —1)/2 and ¢ > 1, N > 4. Then for any ug € Lq(Hg), there
exists a positive T and a solution u € C(]0,T); Lq(]HIZ)) of (L.1). Moreover there ezists a
positive constant C, independent of t and T, such that

Ju(t) = 08l gy < Clo = vol agg
for allt € [0,T].
Uniqueness holds in that class:

Theorem 1.3. Assume thatq > N(r—1)/2 (resp. ¢ = N(r—1)/2) and g > r (resp. ¢ > 1),

N > 4. Then uniqueness for the solution
¢

u(t) = ePug +/ =2 (o) tu(o) do
0

holds in the class C([0,T]; LY(HZ)).

If N=4and 1 <r < 2 in the assumption of Theorems [I.1] and then by these
theorems, we see that for any ug € L?(H3), Hi (= R3) is called Heisenberg group, the
solution u of the Cauchy problem

(8,5 - AH}) u(g,t) = |u|""tu, geHl, t>0,

u(g,0) = uo(g)
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is locally wellposed. That is, the solution u of the Cauchy problem

(00— 07 = 95 — 1(2% + y?) 02 — (0 — £0y)0s) u(w,y, 5,t) = ul"~"u,

u(x,y, 370) = UO(.Q:, Y, 3)

for (x,y,s) € H} and ¢ > 0 is locally wellposed.

The outline of this paper is as follows. In Section [2| we recall the definition of H type
groups. In Section [3| the needed lemmas are given. For example, L% LP estimate, a
singular Gronwall lemma and so on. In Sections[dand[f we prove local existence theorems
and continuous dependence of the cases ¢ > N(r —1)/2 (Theorem and ¢ = N(r —
1)/2 (Theorem [1.2)), respectively. Finally, in Section [6 we show a uniqueness theorem
(Theorem [1.3)).

2. H type group

Let G be a two step nilpotent Lie algebra endowed with an inner product (-,-) and we
denote by 3 its center. Then G is said to be of H type if G satisfies the following two

conditions:
L [34,5% =3

2. For any S € 3, we define the mapping Jg from 3+ to 3+ by (Jeu,w) = (S, [u, w]),
u,w € 3. If |S| = 1, Jg is an orthogonal mapping.

Let G be a connected and simply connected Lie group. Then G is said to be a group of
H type if its Lie algebra G is of H type. Let 3* be the dual of 3. For a given a (£ 0) € 3*,
a skew symmetric mapping B(a) on 3+ is defined by

B(a)(u,w) = a([u,w]), w,w e
We denote by z, an element of 3 determined by
B(a)(u,w) = a([u,w]) = (J,u,w), u,w € 3.

Since B(a) is non-degenerate and a symplectic form, we can see that the dimension of

31 = 2d. For a given a (# 0) € 3*, we can choose an orthonormal basis of 3+

{El(a), EQ((J,), e ,Ed(a), El(a),Eg(a), e ,Ed(a)}

such that
B(a)Ei(a) = |za| ], 12, Eia) = €il 2| Ei(a)
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and
B(a)Ej(a) = —¢ilza| Ei(a),
where ¢; = £1. Set p = dim 3. Then we can denote the elements of G by

d p

(z,5) = (z,y,s) = Z(szz +yiE;) + ZsjEj,

i=1 j=1

where {E1,...,E,} is an orthonormal basis such that a(E1) = |a|, a(E;) = 0, (j =
2,3,...,p). We identify the H type Lie algebra G with the H type Lie group G. Then the
group law on H type group has the form

1
(2.1) (2,8)0 (2,5 = <z+z/,s+s/+2[2,z/]> ,
where [z, 2']; = (2,U72'), j = 1,2,...,p and U/ satisfies the following conditions:

1. U7 is a 2d x 2d skew symmetric and orthogonal matrix,

2. for any i,j € {1,2,...,p}, i # j, U'U? + UIU* = 0.

Remark 2.1. H type groups G must satisfy p+ 1 < 2d (see [7]).
Remark 2.2. If the matrix U7 is skew symmetric (linearly independent), G is called Carnot
group.

By the definition, the unit element of H type groups is (0,0) and the inverse element

is (—z,—s). Moreover the left invariant vector fields are given by
0 1 (& ) 0 L1y . )
Xj=—+4+= Ub | — — 4= E E 2 Up —
J 81'] + 2 ; (; Zl 1,7 aSk’ 2 - 2l l,j+d aSk,

where, z; = zy, 21570 =y ([ = 1,2,...,d) and UZJ, Ulkj+d are the (i,7) and (i, + d)

components of the matrix U, respectively. We denote by Hg (= R24+P) H type groups G

to emphasize the dimension p of the center.

Example 2.3 (1-dimensional Heisenberg group H = H}). Let U! be a (2 x 2) skew

symmetric matrix defined by

By (2.1)), the group law of H is given by

1
(2,8)0 (2,8 = <z +2,s+8 + §(yx/ — a:y’)) ,
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where, z = (z,y),2' = (2/,y') € 37, s € 3. Moreover the left invariant vector fields are
Y Y 3 3

given by
o 1 0 o 1 0

X = T2ves Y T a,  2%0s

Example 2.4 (2-dimensional Heisenberg group H?). Let U! be a (4 x 4) skew symmetric
matrix defined by

00 -1 0
|00 0 -
10 0 0
01 0 0

By (2.1), the group law of H? is given by
1
(Zv S) ° (Z,’ S/) = (Z + Zlv s+ S/ + 5(_$1yi - $2yé + ylx/l + y2$,2)> )

where, z = (z1,22,y1,y2), 2 = (2}, 25, v}, y5) € 37, s € 3. Moreover the left invariant
) y Y1, Y 1,12, Y1, Y2 3 3

vector fields are given by

0 1 0 0 1 0 0 1 0 0 1 0
Xi= 2 4y 2 xy=2 4l oy = ol oy = 42 Y
! i tah s’ 27 Oy + 255 1 oy 2 s 2 Oyo 27295

Example 2.5 (H3 case). Let U! and U? be (4 x 4) skew symmetric matrices defined by

0 -1 0 0 0 01 0
o100 0 e 000
0 0 0 —1 100 0
00 1 0 0 10 0

By (2.1)), the group law of H3 is given by

z+ 2
(2,8) 0 (,8") = | 51+ 8} + S(—a12h + 222t — v1yh + y21}) | -
s2 + sh+ 3(x1y) — zayh — hy1 + yoh)

where, z = (71, T2, Y1, ¥2), 2 = (2], 75, v}, 95) € 37, s = (51, 82), 58" = (s}, s) € 3. Moreover
the left invariant vector fields are given by
0 1 0 0 0 1 0 0
X = — + = zg— —y;— Xo=— 4+~ -2 +yp—o ] ,
1 8x1+2<x2831 y1832>’ 2 +2< 152 + Y2 )
1
2

0 1 0 0
- - - -z 2 Yy — 2 _
h oy 2<y2351—HCl<952>7 °7 Oy
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Let By = (Xi,...,X24) be an orthonomal basis of 3 and Fo = (11,...,7)) be an
orthonomal basis 3. By using these basis, we identify 3= with R?? and 3 with RP, re-
spectively. The sublaplacian of Hd is denoted by AHd = E2d X?2. This essentially self
adjoint positive operator does not depend on the ch01ce of Byp. Thanks to Hormander’s
result, the sublaplacian AHg is subelliptic. H type groups ]I-]Ig have a Haar measure. This
does not depend on the choice of By and Fy (see [2]). Let the homogeneous dimension
N = dimz* + 2dim 3 = 2d + 2p.

3. Technical lemmas

We summarize the some lemmas to show our assertion. D. S. Jerison and A. Sdnchez-Calle

gave the estimate of the heat kernel associated to AHg as follows:
Lemma 3.1. [5] Let ht(g) be the heat kernel associated to AHg. Then there exist positive
constants C1 and Cr; depending A such that

N c10(9)?

1]
01X 1hu(g)] < o3 Fem 5

where I = (i1,...,iy) with |I| = m and X1 = XXy Xi Moreover p is the

Caratheodory distance on H type group.

m

By Young’s inequality and Lemma we have the following L*L? estimate.

Lemma 3.2 (L% L? estimate). Assume N =2d+2p, 1 < a < < co and % =

Then there exists a positive constant C' such that

|4

=

1
[e%
< o

sy <O T ellog, >0

for any ¢ € LO‘(HZ).

Proof. Let p € S (Hg). By Young’s inequality and Lemma we have

tApd _N
e e

On the other hand, by L? boundedness of the semigroup 2, we obtain

He Q’D‘ = C”SDHL?(H%!).

L2(H)

By Riesz-Thorin interpolation theorem, we have

<C N1
2
s

Since the space S (Hg) is dense subset of L% (Hg), this estimate holds for ¢ € L* (Hg). O
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We use the following singular Gronwall lemma to show the continuous dependence.

Lemma 3.3. [l] Let T >0, A>0,0 < a,8 <1 and let f be a nonnegative function
with f € LP(0,T) for some p > 1 such that p’ max{«, B} < 1. Consider a nonnegative
function p € L*>(0,T) such that

o(t) < Ato 1 / (t — o) f(0)p(o) do

for almost all t € [0,T]. Then there exists a positive constant C, depending only on T, «,
B, p and || f||Lr, such that
p(t) <Ct™@

for almost all t € [0,T).

Similarly as Theorem A2 in [1], we have the following lemma.

Lemma 3.4. Let N >4, T >0 and a € C([0,T); L"/?(H2)). If u € L*°((0,T); L4(HY))
with ¢ > N/(N — 2) satisfies

¢
u(t) = / 28 o V(o) do
0
for any t € [0,T], then u(t) = 0.

As for the proof, we refer to [1].

4. Proof of Theorem
Let T'> 0 and Y = L*>°((0,7); Lq(Hg)) NL>*((0,T); LqT(Hg)) with a norm

N(r—1)

ully;, = max 4 sup ||u(t o, sup t||u(t Td}, A=——2<1
fully = mac{ sup [uOllsggy 50 ()l ”

and
By =A{u| [lully, <M +1}
as a subset of Y7, where M = max{M;j, My} such that

tA

luollyy <My and [ Huo| (< Clluollyy) < Mo
T

M depends on ||ugl|y;, independent of ¢t. Moreover the mapping ® from By to Y7 is

defined by

tAHd

Ou](t) = e “rug +/0 e (Ju(o)" (o)) do
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At first, we show that ® is the mapping from Bjs41 into Basy1. By Lemma (La-pm
estimate) and ¢ > N(r — 1)/2, we have that for any u € By,

t
H/ % (ju(o) (o)) do
0 Lm (Hg)

t ,ﬂ(l,i) r
SC/O(t—O') 2Vqg m HU(U)HLW(Hg)dU

for m > ¢. Since

we see that

1) 2w < O(M +1)'T ™,

Lm(Hf)

t t—o d
/0 e (u(o) (o)) do

If we take m = q or m = ¢r in (4.1)), then we have

b (t-0)Ay 1 1—r)
‘ / e 2 (u(o)|" " u(o)) do <Ci(M+1)'T1T7"
0

La(H$)

or
t < Co(M +1)"T
Lar(Hg)

/ e (u(o) (o)) do
0

Hence we obtain
|P[u]lly, <M + max{Ci,Co}(M + 1)’"T1_”‘.

For a sufficiently small 7' > 0, we have
max{C1, Co}(M + 1)"TH " < 1.

Therefore we see that ® is the mapping from Bjs41 into Bpsy1.
Next we proceed to proving that the mapping ® from Bjs41 to Yr is the contraction
mapping. By the inequality

(42) H|u’7ﬂ71u _ ’1)|T 1UHL‘1 ]Hld) < r <||U’HLqr(Hd + ”UHLqr Hd > Hu - UHL‘”(H?)
and Lemma (L9—L™ estimate), for uy,us € Bpr41, we obtain that

(4.3) @[] (t) — Bluz) (O maagy < Co(M + 173Gy — waly,
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for a constant C5 > 0. If we take m = q or m = ¢r in (4.3)), then we have that
1@fur] (1) — @lua)(t)l pagag) < Ca(M + 1) T ug — |y,

or
M| @ur](t) — Pluz) (1) || Lar gy < C3(M + 1) T ur — vy
Hence we obtain
|®[wr](t) — Plua] (B)[lyy < Ca(M + 1) T ug — usl|yy,
for a constant Cy > 0. Since 1 — A > 0, we have for a sufficient small T" > 0,
1
Therefore we see that the mapping ® is the contraction mapping for a sufficiently small
T. By Banach fixed point theorem, there exists a unique fixed point u of the mapping ®
n BM+1.
Similarly as [1], we see that u € C([0,T]; LY(H)). Indeed by u € Bas41 and 7A < 1,
lul"" u € L'((0,T); L9(HY)). This implies u € C([0,T]; LY(HY)).
Finally we show the continuous depending on the initial value. Let u(t) and v(t) be
solutions of the Cauchy problem (|1.1)) with u(0) = ug and v(0) = v, respectively. By the
inequality (4.2) and Lemma (LI-L7" estimate), we obtain

[u(t) = v(&)l| Lo (rag)

tA
H do
Lar (Hg)

) + /Ot He(t—U)AHZd)(’u(o‘)‘r—lu(o_> _ ]v(0)|r_lv(a))‘

500 o]

Lar(
t
< Cst™uo — vol| porgy + Co(M + 1)T/0 (t =)o u(0) = 0(0)| yor aag do
for positive constants C5 and Cs. By Lemma (Gronwall Lemma), we have
Ju(t) = o(8) | ar ey < Cot o — voll auagys e ¢ € [0, 7.
Hence we obtain
(4.4) M u(t) — v(t)||Lqr(Hg) < C7|luo — UoHLq(Hg), a.a. t € (0,77,

where a constant C7 > 0 depends on T, ¢, 7 and N. By the inequality (4.2)) and (4.4), we

have
[Ju(t) — U<t)||Lq(Hg)
¢
(t—o’)AHd r—1 B re1
B N e e

< [luo — voll Laqaag) + Cs(M + 1) sup #*[ju(t) — v(t)]| por g
0<t<T

A
e ug (up — vo)‘

La(Hg)

< Cylluo — voll pa(ma)
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for positive constants Cg and Cy. Therefore we obtain
Ju(t) = v(®)lLaquey < Colluo — vollpoqma), a-a. t€[0,T].

This completes the proof of Theorem

Remark 4.1. We can show u € C'((0,T]; LY(H%)). Let v(t) = u(t + €) on the interval
(0,T — €] for any € > 0. Then we have

v(t)=e Fhu(e) +/0 =8 (o) (o) do.

By the inequality (4.2)), we can see o — |v(0)|"'v(o) is Holder continuous from [e, T—¢] to
Lq(Hg). If vy (t) = u(t+2¢), then o — |v1(0)|""1v1 (o) is Holder continuous from [0, T —2¢]
to L4 (]HIZ). By Theorem 1.27 in [8], v is continuously differentiable for ¢ > 0 and satisfies
vi(t) = Agav1 + lv1(t)|""wi(t). Since € > 0 is arbitrary, v € C*((0,T]; L9(H)).

5. Proof of Theorem
Fix any 6 such that ¢ < 6 < qr, 8 > r and set
Ep = L°%((0,T); LY(HD) 1 {u € L (0, 7); L)), ¢ € L=((0,T); L (HL))}

and

Er = L((0,T); L(Hy)) N {u € Lig,((0, T); L°(Hy)), t*u € Co([0, T; L (Hy))},

where o = % (% - %) < 1 and Cjy means the set of functions which vanish at ¢ = 0
following [1]. Fix M = max{M;j, M2} such that
tA
HUOHLq(Hg) < M; and He ngo‘ < Mo.

La(Hg)
M is independent of £. For some § > 0 to be chosen later, let
Kp={u€kEr| [u(®)l| gy < M +1 and % [u(t)| Lo @a) < 6}

for t € (0,T) and
KTZI?THET

with a norm

lullz, = sup tlu®)lzomy-

Let the mapping ® be defined in Section {4 and



Local Well-posedness for Semilinear Heat Equations on H type Groups

For u € Kp, by Lemma (L9/7— L9 estimate), we have

L qutor o)

t
< Clluolzagug) + [ (6= o) Nl gy do

do

tAHd
B[u)(0) | agesg < || e -

_|_
La(Hg)

< Clunllngap + (s, 1oy [ (=010 do
0<t<T 0
< Clluoll pagaay + C16",
where C7 depends only on N, g, 8 and r. Therefore we obtain
[P[u](O)]| Lagmay < M +1
provided
(5.1) C10" < 1.
On the other hand, by Lemma (LY/7—LY estimate), we have
£ 1)1

tA 4
e Hpuo‘

o t _ N(r—-1) r
L9(Hg)+t /O(t—a) 20 ”’LL(O')HLQ(Hg)dO'

e P UO‘
LA (Hg)

r t N(r—1)
+ < sup taHu(t)HL9(Hg)) ta/o (t—o)” 20 o "“do

0<t<T

< sup t° + Cy0",

0<t<T

tAyq
e rug
L9 (Hg)

where Cs also depends only on N, ¢, 6 and r. Therefore we obtain

tA 4 1)
sup ||l (®)||pomay < sup to‘He Hpuo‘ + =
0<t<T 2l @)l (Hp) 0<t<T Lo(Hd) 2
provided
1
(5.3) Cyo™ 1 < 3

Similarly, we have for u,v € IN(T,

sup %[ @[u](t) — [v](£)]| Lo(aa) < C30" " sup t¥[lu(t) — v(t)|| Loy
(5.4) 0<t<T ) 0<t<T
< — sup t%|u(t) —v(t
S35 [[u(t) = v(®)] Lo (g

1101
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provided

1
(5.5) Cs6" 1 < o

where C3 depends only on N, ¢, # and r. Therefore the mapping ®: Kr — Er follows
from the above estimates. We fix any ¢ > 0 sufficiently small such that (5.1)), (5.3) and
(5.5) are satisfied. Furthermore, we fix T' > 0 so that

)
(5.6) sup t“ Het Hpu()’ < 7

T can be chosen independent of ¢ by the same reason as Lemma 8 in [1]. By ,
and , we see that ®: I?T — I?T is a strict contraction. Hence ® has a unique fixed
point in IN(T.

Next we show that this fixed point belongs to K. It is sufficient to show that ®: K —
K. For this purpose, we check that ®[u] € C((0,T]; Lg(Hg)) and lim;_,0 t*®[u](t) = 0 in
LY(HY). Similarly as the proof of Lemma 2.1 in [10], we see that ®[u] € C((0,T]; LY(HZ)).
On the other hand, by Lemma (LY/7-LY estimate), we have that

| @l (8) 1| o (g

<t etAngo‘ + ( sup taHu(t)HLe(Hd))rta /t(t — o) e o
L (Hg) 0<t<T P 0

<@ HetAngo‘ + ( sup taHu(t)HLe(Hd)>T/1(1 — o) S e g
L8 (Hg) 0<t<T v 0

as t — 0, since u € Er and ra + N(r —1)/(20) = a + 1. Let any interval [a,b] C (0,T)
and t € [a,b]. Then we obtain

sup ||®[ul(t) ||L0(Hg)
a<t<b

tAHd

< ¢

<t<

' t N(r—1)
+ t PR (= S
LG(Hg) <asugb ||U( )HLG(Hg)) /0 ( O') 20 o T

a<t<b

' 1 N(r—1)
Sclinlm<Hg>+a‘“(sup Hu(t)HLe(Hg)) [ oo

Hence we also see that ®[u] € L2 ((0,T); Le(Hg)). Next we show that u € C([0,T7, Lq(Hg)).

loc
It is sufficient to show that

=0.
La(Hg)

lim
t—0

t
| o))
0
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Indeed, by Lemma (LY/7-L7 estimate), we have

t —0
‘/ 7 o) ()
0

< /0 (t — o) u(o)[[}o do

La(Hg)
<0 ( s Ol 0
o<t<T

as t — 0, since u € Fr.

Finally we show the continuous depending on the initial value. Let wu(t) and v(t)
be solutions of the Cauchy problem with 4(0) = up and v(0) = vp, respectively.
Similarly as the argument of (5.2), we have

sup #%[u(t) — v(®)]| Lo ()

0<t<T
< suwp || o —vo)|| |+ sup #®ult) — o(t) o)
0<t<T LOHE) 2 o<¢<T P

By this, we obtain

(5.7) sup t%(u(t) — v(t)|[Lome) < 2[luo — voll Lo ey
0<t<T

On the other hand, by (4.2), (5.7) and Lemma (LV/—-L9 estimate), we have

[u(t) = ()l Lo g

tAHg do
La(Hg)

/ot |77 (o) u(o) — fo(o) " e(0))]

< He (UO—’U[))‘

+
La(Hg)
t
< [Juo — voll pa(eaey + 05/0 (t— o)~ lu(o)"  u(o) — !v(a)l“lv(a)HLg/T(Hg) do
t
< lluo = vollzagagy + o [ (0= o) (o)t + 10 g () = 000 g do
< lluo = voll pagag) + Cr8" " sup t*[lu(t) —v(£)]] Lo (aa)
0<t<T
< Cslluo — voll pa(ma)
for positive constants Cs, Cg, C7 and Cs. Cyg is independent of T'. Therefore we obtain
lu(t) = v(t)l|Laquey < Cslluo — voll pauay, t € [0,T].
This completes the proof of Theorem [1.2
6. Proof of Theorem |1.3

We consider separately two cases: Case (i): ¢ > N(r — 1)/2 and ¢ > r, Case (ii): ¢ =
N(r—1)/2 and g > r.
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Case (i): Let u,v € C([0,T7; Lq(]HIg)) be two solutions. Then we have

u(t) —v(t) —/0 =2 (ju(0)]" tu(o) — [u(o)|" M u(0)) do.

By Lemma (LQ/ "—L4 estimate) and by the inequality

‘rfl |7"71 }

oll ey < 7 (el + 1017y ) e = vllzagesg:

H]u u—|v

we obtain that

t
) = Ol < € [ (6= ) do

L (He)
(6.1) :

t
<UA“_® (el afssg) + 10l gy ) e = vl gy o

where 8 = N(r — 1)/(2q) < 1 and positive constants C', C’ are independent of .

Let M = supg<<r (”UHLq(Hg) + HUHLq(Hg)) and (t) = supg<y<t [[u(t) = v(t)| La(ua) for
t € [0,T]. By the estimate (6.1)), we deduce that

(6.2) P(t) <CM™H——

Let T" be sufficiently small such that 0 < 7/ < T and let ¢ € [0,7”]. Then by (6.2),
we can see ¥(t) = 0. Finitely repeating the same argument, we can see that ¢ (t) = 0 for
te0,7T].

Cases (ii): Let ¢ = N(r —1)/2 > r and N > 4. Let u, v be two solutions and let

w=u—v. We put

|u|’"71u—|v\"*lv

a(g, t) — u—v
rlul" 1 ifu=w

if u # v,

so that .
w(t) :/ =24 (0)w (o) do.
0
By the same argument as in [1], we can see that a € C([0,7]] : LN/Q(]HIg)). By Lemma
we see that w = 0. Note that ¢ > N/(N — 2).
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