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Optimal Control of Second Order Stochastic Evolution Hemivariational

Inequalities with Poisson Jumps

Palanisamy Muthukumar®*, Nagarajan Durga, Fathalla A. Rihan
and Chinnathambi Rajivganthi

Abstract. The purpose of this article is to study the optimal control problem of second
order stochastic evolution hemivariational inequalities with Poisson jumps by virtue
of cosine operator theory in the Hilbert space. Initially, the sufficient conditions for
existence of mild solution of the proposed system are verified by applying properties
of Clarke’s subdifferential operator and fixed point theorem in multivalued maps.
Further, we formulated and proved the existence results for optimal control of the
proposed system with corresponding cost function by using Balder theorem. Finally

an example is provided to illustrate the main results.

1. Introduction

Stochastic differential equations (SDEs) are important to modelling the real life phenom-
ena where there is a need for an aspect of randomness. Stochastic evolution equations
(SEEs) in infinite dimensional spaces are motivated by the random phenomena studied in
the natural sciences like physics, chemistry and in control theory. The existence of mild
solutions for various types of SEEs and its optimal control in Hilbert spaces are extensively
studied by many authors (see [5}12,22,25.|26]).

An optimal control problem (OCP) describes the path of control variables concerned
with minimizing the cost functional or maximizing a payoff to the corresponding sys-
tem over a set of admissible control functions. Nowadays, optimal control theory has
a considerable development and have fruitful applications in many fields like science and
engineering (see |7,9,11,(14,/15]). Stochastic optimal control problem (SOCP) makes to de-
sign the time path of the controlled variables which performs the desired control task with

minimum cost despite the presence of noise. SOCPs and its applications have received
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extensive attention in the literature (see [13[21,23,24]). The optimal control of SEEs is an
emerging topics in the literature (see [23-26]). For a nonlinear SOCPs, Zhou [25] studied
the optimal control in which the controlled state dynamics is governed by a stochastic
evolution equations in Hilbert space. Moreover, nonlinear second order SOCPs in infinite
dimensions, mainly Hilbert space and Banach space, arise in various applications such as
stochastic wave equations and many other physical phenomena in both science and engi-
neering (see [22] and references therein). To model the stochastic phenomena, researchers
have employed Wiener process and Poisson jumps. SDEs with Poisson jumps are the most
popular systems in modelling and widely used to describe the asset and commodity price
dynamics (see [4},22,24]).

Hemivariational inequalities represent a class of nonlinear inclusions that are associ-
ated with the Clarke’s subdifferential operator and has applications in non-convex op-
timization and structural analysis. Inequality problems can be classified into two main
classes, namely; variational inequality and hemivariational inequality. It is known that the
variational inequality mainly concerns with the convex energy functions whereas the hemi-
variational inequalities are focussed with non-smooth and non-convex energy functions.
The notion of hemivariational inequality was first proposed by the author Panagiotopoulos
in 1981 and in that he represents mechanical problems by using hemivariational inequal-
ities [17]. Many problems from nonsmooth contact mechanics involving multivalued and
nonmonotone consitutive laws with boundary conditions can be modelled by means of
hemivational inequality or subdifferential inclusions (see [8,[16H18|] for more applications).
At present the existence of hemivariational inequalities in various fields receives much
attention to the authors (see [7,/10}/12,/14,|15,20]). Specifically, Migorski and Ochal [15]
established the OCPs for parabolic hemivariational inequalities. The existence of solu-
tions and its optimal control for hyperbolic hemivariational inequalities are investigated
in the literature [20]. The second order nonlinear evolution hemivariational inequalities in
Hilbert space with applications to classical wave equation is discussed in [10]. The exis-
tence and controllability results of hemivariarional inequalities using stochastic fractional
differential equations are discussed in [12]. The intention of present paper is to identify
an optimal control for the model generated by second order stochastic hemivariational

inequalities with Poisson jumps.

Recently, the authors studied the optimal control results of hemivariational inequalities
using infinite-dimensional spaces (see [9}/141/15,|19,20]). In particular, optimal control of
hemivariational inequalities with delay is studied by Jeong [19]. In [9], Liu et al. studied
the existence of feasible pairs and optimal state-control pairs for the feedback control
system governed by evolution hemivariational inequalities. However, to the best of our

knowledge, there is no work reported on the existence of optimal control study described
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by second order stochastic hemivariational inequalities driven by Poisson jumps in infinite
dimensional spaces. Motivated by [9}/10,|12], we developed the model in terms of second
order hemivariational inequality in stochastic sense with Poisson jumps in Hilbert space.

In this paper, the optimal control study of the second order nonlinear stochastic evo-

lution hemivariational inequalities with Poisson jumps as follows:

(da'(t) + [Az(t) + Bu( ) dt + g(t, x(t)) dw(t) + [, h(t,z(t),n)N(dt, dn),v) .,
(1.1) +FO(t, z(t);v) > ae. t€J:=[0,T) and Vv € H,

2(0) =z, 2'(0) = o,

where the state variables z(-) takes the values in the separable Hilbert space H with the
norm | -||4. A: D(A) C H — H is the infinitesimal generator of a strongly continuous
cosine family C(t), (¢ > 0) on H. Let U be set of all admissible controls which is also a
Hilbert space and u be a control function. Let B be a bounded linear operator from U into
H. Let (92,F,P) be a complete probability space and let K be another separable Hilbert
space. Suppose that {w(t) : t > 0} is a K-Wiener process with a finite trace nuclear covari-
ance operator () > 0. We are employing the same notations || - || for the norm of L(K, H),
where L(K, H) denotes the space of all bounded operators from K into H. Simply as
L(K,H) = L(H) if K = H. Let N(dt,dn) be the Poisson counting measure which is in-
duced by the Poisson point process r(-) in the measurable space (Z,8(Z)) defined on the
complete probability space (€2, F,P) and the compensated martingale measure is denoted
by N(dt,dn) = N(dt,dn)—A(dn)dt. Let g: JxH — Lo(K,H), h: JxHx(Z—-{0}) = H
be appropriate mappings and specified it in the next section where Lg (K, H) denotes the
space of all Q-Hilbert Schmidt operators from K into H. Let F°(t,-;-) be the generalized
Clarke’s directional derivative 3] of a locally Lipschitz function F'(¢,-): H — R.

This article is characterized as follows: Section [2] gives some basic definitions and
the preliminary results. Section [3| describes the sufficient conditions for the existence of
mild solutions of proposed system by utilizing some properties of Clarke’s subdifferential
operator and multivalued fixed point theorem. Also, the existence of an optimal control is
derived by applying Balder theorem. In Section |4} an application is provided to illustrate
the theory.

2. Preliminaries

Let H be a separable Hilbert space and its norm be denoted as |- ||;. Let (2,3,P) be
the complete probability space with the normal filteration {§;,¢ > 0}. E(-) denotes the
expectation of a random variable. The §;-adapted state z(-) and control u(-) variables
takes the values in H and U respectively. L?(F, H) = L*(,§, P, H) denotes the Hilbert

space of all strongly §-measurable square integrable H-valued random variable satisfying
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E|z|% < oo. Let C(J,L*(F, H)) be the Banach space of all continuous maps from .J
into L?(§, H) with the norm ||z||;. = [SUPte[o,T] E ||;1:(t)|]%1]1/2 < o0. L3(J, H) will denote
the Hilbert space of all stochastic processes §;-adapted measurable defined on J with the
values in H with the norm HQjHLé(J,H) = [fOTIE z(t)]|7 dt]l/2 < 00. The space L%(J, U)
will denote the Hilbert space of all stochastic processes §;-adapted measurable defined on
J with the values in H satisfying with the norm ||u||L2 70) [fo E ||u(t )HQU dt] 12 < 00.
(For details see [5},/12] and references therein).

Suppose that {r(t) : t € J} is the F-adapted Poisson point process taking its values in
a measurable space (Z, B(Z)) with a o-finite intensity measure A(dn). We denote N (ds, dn)
as the Poisson counting measure, which is induced by r(-) and the compensating martingale
is given by

N(ds,dn) = N(ds,dn) — \(dn)ds.

Let w be the Fr-adapted @-Wiener process independent of the Poisson point process
{r(t):t € J} on (Q,F,P) with linear bounded covariance operator () such that Tr(Q) <
0o. We assume that there exists a complete orthonormal system {e,} in K, a bounded
sequence of nonnegative real numbers {\,} such that Qe, = A\,e,, n = 1,2,... and a

sequence {f,} of independent Wiener process such that

=Y VA len, ) Bu(t), YEK, t>0.
n=1
Let ¢ € L(K, H) and define

1415 = Tr($Qv") zuf dea”

If |9l g < oo, then ¢ is called a Q-Hilbert Schmidt operator. Let Lo(K, H) be the space
of all @Q-Hilbert Schmidt operators ¢): K — H. The completion Lg(K,H) of L(K, H)
with respect to the topology induced by the norm ||- ||, with ||¢||2Q = (¢, 1) is a Hilbert

space with the above norm topology.

Definition 2.1. |10,[22] The one parameter family {C(t) : t € R} of operators in L(H) is

said to be a strongly continuous cosine family if|
(i) C(0) = I, where I is the identity operator in H.
(i) C(t+s)+C(t—s)=2C(t)C(s), Vs,t € R.
(iii) C(t)x is continuous in ¢ on R for every z € H.

The strongly continuous sine family {S(¢) : ¢ € R} associated to the given strongly con-
tinuous cosine family {C(t) : t € R} is defined to be

t
S(t):c:/ C(t)xds, zeH,teR.
0
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We define the linear operator as

d2
Az = ﬁC(t)x o for v € D(A),

which is the generator of the strongly continuous cosine operator C'(¢). It is known that
A is the closed, linear operator and densely defined on H. We denote by M. and M, a
pair of positive constants such that ||C(t)|| < M. and ||S(t)|| < M, for every t € J (see
Proposition 2.3 in [10]). We recall some definitions on multivalued maps (see [8.|9]).

For our convenience, we define the following notations: Let X and Y be Banach
spaces and denote Gr(F) = {(z,y) e X xY :x € X,y € F(z)}. Let P(X) be the set of

all nonempty subsets of X.
Pu(X)={AeP(X): Ais closed}, Ppa(X) ={A € P(X) : Ais bounded},
Pep(X) ={A € P(X): Ais compact},  Pg(X)={AeP(X):Ais convex}.

Definition 2.2. Given a Banach space X and a multivalued map F: X — 2%\ {0} =
P(X). Then

(i) F' is convex valued if F(z) is convex for every x € X.

(ii) F is said to be upper semicontinuous (u.s.c) on X if for each z¢ € X, the set F(x)
is nonempty, closed subset of X and if for each open set U of X containing F'(x¢),
there exists an open neighborhood V' of z¢ such that F'(V) C U.

(iii) F' is bounded on the bounded sets if F(B) = Jzep F(x) is bounded in X for all
B € Pra(X) (ie., supep {sup{llyl| : y € F(2)}} < o0).

(iv) F' is completely continuous if F'(B) is relatively compact for every bounded subset
B e P(X).

(v) The multimap F is said to be closed if its graph Gr(F) is a closed subset of X x Y.
(vi) F has a fixed point if there is an element x € X such that x € F(z).

Definition 2.3. Let X be a Banach space and X* be its dual space. The Clarke’s
generalized directional derivative for a locally Lipschitz function F': X — R at x in the
direction v, denoted by F°(x;v), is given by

Fly+Mv)—F
FO(z:v) = lim sup (y + 1;\) (y)
T x—0t

The generalized Clarke subdifferential of F' at x, denoted by OF is a subset of X*, given
by
OF (x) = {1‘* e X*: FO(z;0) > (z%,v) ,Vv € X} :
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Lemma 2.4. (see [9]) Let X and Y be the metric spaces and if F: X — K(Y) is a closed

compact multimap then F is u.s.c.

Lemma 2.5. (see [5]) Let G: J x Q — Lg(K, H) be a strongly measurable mapping such
that [ E(|G(6)7 (s, dt < 0. Then

t 2 t
E‘/ G(s) dw(s)| < Lg/ E|G(s)|2ds, VteJ,
0 0

where Lg is a constant involving on T

Theorem 2.6. (see [6]) Let U and U be the open and closed subsets of a Banach space
X. Let ¢1: U = X be a single-valued and ¢a2: U — Pepco(X) be a multi-valued operator
such that ¢1(U) + ¢2(U) is bounded. Suppose that

(i) ¢1 is a contraction with a contraction constant k and
(ii) @2 is u.s.c and completely continuous.
Then either
1. the operator inclusion xx € ¢1x + ¢pax has a solution for x =1, or
2. there is an element T € OU such that xT € ¢17 + ¢27 for some x > 1, where OU is

the boundary of U.

3. Main results

3.1. Existence of mild solutions

This section provides the existence of a mild solution for the proposed system (|1.1]). Now

we examine the existence of mild solution of the semilinear inclusion: (see [12])

da’ (t) € [Az(t) + Bu(t)] dt + g(t, z(t)) dw(t)
(3.1) + [y h(t, 2(t),n)N(dt,dn) + OF (t,z(t)), ae. teJ,
z(0) = x9, 2'(0) = yo.

If z(t) € C(J,L*(F, H)) is a solution of (3.1)), then there exists a F;-adapted measurable
function f(t) € OF(t, z(t)) such that f € L3(J, H) and

dz'(t) = [Az(t) + Bu(t)] dt + g(t, z(t)) dw(t)
+ [, h(t,x(t), n)N(dt,dn) + f(t), ae. teJ,
z(0) = zo, 2'(0) = yo.



Hemivariational Inequalities with Poisson Jumps 1461

This implies,

(da'(t) + [Az(t) + Bu(t)] dt + g(t, x(t))dw(t) + [, h(t,z(t),n)N(dt, dn), V)
+{f(t),v) =0, ae teJ,
z(0) = zo, 2'(0) = yo.
Since f(t) € OF (t,z(t)) and (f(t),v) < FO(t,x(t);v). Then,
(da'(t) + [Ax(t) + Bu(t)] dt + g(t, x(t)) dw(t) + [, h(t, x(t),n)N(dt,dn),v)
>

(t
+FO(t,2(t);v) >0, ae teJandVveH,
2(0) =z, 2'(0) = yo.

Thus, inspite of studying the stochastic hemivariational inequality (|1.1]), we have to discuss
with the semilinear stochastic inclusion (3.1]).

Definition 3.1. (see [12,22]) For every u € L(J,U), a function x(t) € C(J, L*(F, H)) is
called a mild solution of a system ({3.1]) if there exists a Fi-adapted measurable function
f € L?(F, H) such that f(t) € OF(t,z(t)) for a.e. t € J and

t

o) = Clt)ao + S0 + | (¢ = 9)\Bu) + ()} ds+ [ Slt=s)g(s.a(s) dus)

0

/St—s/hsx (dsdn) Vte

We will make the following hypotheses for proving our main results.
(H1) The sine operator S(t) associated with the operator A is compact for every ¢ > 0.
(H2) Let F': J x H — R be a function satisfying the following conditions:

(i) F(-,z) is measurable for every x € H.
(ii) F'(t,-) is locally Lipschitz continuous for a.e. t € J.

(iii) There exists a function a; € L%(J, R") and a constant ¢ > 0 such that
0F (8, 2)|* = sup {|F(1)I* /£ (t) € OF (t,2)} < ar(t) + ¢z

for all x € H and a.e. t € J.

(iv) The mapping 9F(t,-) satisfies the Lipschitz continuity with respect to the

second variable, i.e., there exists a positive constant M such that
|OF (¢, 1(£)) — OF (£, a2 (t))||* < My ||21 () — w2(t)||?

for every x1,x2 € H and for every t € J.
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(H3) ¢g: JxH — Lg(K, H) is Lipschitz continuous with respect to the second variable for
a.e. t € J with the Lipschitz constant M, and there exists a function as € L%(J, RT)

and a positive constant d such that
2 2
lg(t, 2T () < a2(t) + d 2]

(H4) h: JxHxZ\{0} — H is Lipschitz continuous with respect to the second variable for
a.e. t € J with the Lipschitz constant M}, and there exists a function ag € L%(J, RT)

and a positive constant e such that
2 2
| Intt A s < as(t) +e ol

Define the multivalued operator N': L(J, H) — P(L3(J, H)) by
N ={z€ L3(J,H)/2(t) € OF (t,z(t)),ae. t € J}, Va € L3(J, H).

Lemma 3.2. (see Lemma 3.3 in [12]) If the hypotheses (H1)—(H4) are satisfied. Then for

each © € L%(J, H) the set N(x) is nonempty, convex and have weekly compact values.

Lemma 3.3. [10] Suppose (H1)—(H4) hold and the operator N satisfies that, if x, — x
in L3(J, H), zn — z weakly in L3(J, H) and z, € N (xy,) then we have that z € N'(x).

Theorem 3.4. If the hypotheses (H1)-(H4) and Lemma hold then for every u €
L%(J, U), the stochastic controlled system (3.1]) has a mild solution on J provided My, M? <
1.

Proof. Consider the multivalued map F: C(J, L2(§, H)) — 26(/L*@H) defined by
Fa) = { € COLAG H) 1 y(0) = Clt)o+ S0 + [ (¢ = ){Bu(s) + F(5)]ds
—|—/O S(t—s)g(s,z(s)) dw(s)
+/O S(t— s)/Zh(s,x(s),n(s))]v(ds,dn)},

where f € N(z). Now the problem of finding mild solutions for is equivalent to
attaining fixed points of F(z). It is enough to show that the operator F(z) should satisfy
all the conditions in Theorem [2.6f We will characterize the proof into several steps. First
we decompose F(z) = Fi(z) + Fa(z).

Define F1: C(J, L2(F, H)) — 2C(L*EH)) 1y

File) = {y € C(J, 23, 1)) : y(t) = C(t)o + S(t)uo

+ [l [ h(s,x<s>,n<s>>ﬁ<ds,dn>}
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and define Fy: C(J, L2(§, H)) — 2L GH) by
Fa(z) = {y € C(J,L*(3, H)) : y(t) = /Ot S(t —s)[Bu(s) + f(s)] ds
+ /Ot S(t—s)g(s,z(s)) dw(s)},

where f € N (z).
Step 1: F1 is a contraction mapping.
Let z1,72 € C(J, L*(§, H)). Using (H2)—(H4),

E ||(Fizy)(t) — (Fra2) ()]

< EHC(t)UCO w50+ [ 8 —9) [ hs, w600 N (s, d
t ~ 2
e+ swm + [ 509 [ 1s.aao)n6) N )|

< [EIS@ =97 [ BllA(s,21(),n(s) ~ (s, 2a(s) n(s)) A ds
0 Z
< MhMg/ E 21 (s) — wo(s)|| ds
0

< M, M? S%pt)E z1(s) — 22(8)|| 77 < MpMZ |21 — 22|72 .
se(0,

We have M, M2 < 1, thus J; is a contraction mapping.
Step 2: Fo(x) is convex for every x € C(J, L*(F, H)).
If y1,y2 € Fo(x) then there exists fi, fo € N(x) such that for every ¢t € J we have,

nlt) = [ 8= 9)Buls) + Al ds + [ St~ s)gls,as) duls)
alt) = [ S 9[Buls) + (sl ds + [ St~ s)gls, s) duls).
Let 0 < r < 1, then for any ¢ € J we have
(o + (= r))(0) = [ (= )[Bu(s) + (e + (1= ()] ds
4 /Ot S(t — s)g(s, 2(s)) dw(s).

By Lemma N (z) is convex then we have rf; + (1 —r)fo € N(x). Hence (ry; + (1 —
r)y2)(t) € Fa(x). Therefore Fa(x) is convex. Also by Lemma it is clear that the
operator Fo(x) is nonempty and has weakly compact values for every z € C(J, L*(F, H)).
Step 3: The operator Fa(x) maps bounded sets into bounded sets in C(J, L*(F, H)).
For any [ > 0, define B; = {:U € C(J, LA, H)) : ||m||% < l}. For every x € B; and t € J.
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Then applying Holder inequality and (H2)—(H3) we have

E || Fa(x)]?
2 ¢ 2
53{1@ +E /(]S(t—s)f(s)ds

!

[ t t t
<302 |1 [ BlBu)Pas + [ 1) ds+ Lo [ Blals.a(s)]P ds

/t S(t — s)Bu(s)ds
0

+E /OtS(t—s)g(s,m(s))dw(s)

[ t t
< 3M2 | TIBIE Jully g0 + [ (@r(6) + Elal)ds + L [ (eals) + a8 ol s

< 3M2 | T1IBI® ullZz 0 + Nlarll 2 gy TV + T + Lalasl g2 gz T2 + diT)|

< 3M? T IB]* HuH%%(J,U) + HCLIHLg(J,Rﬂ + La HGQHLg(J,Rﬂ + (c+ LGd)lT}
=ly.

Hence, there exists a positive constant Iy such that for each y € Fo(x), Ellyl* < lo.
Therefore, F2(B;) is bounded in C(J, L3(F, H)).

Step 4: {Fa(x) : © € By} is equicontinuous.
Initially, for every x € By, when t; = 0, 0 < t2 < dg and &g is sufficiently small, we have
that

E ||(For)(t2) — (Foz)(t1)|

2 2

<2E /0 ’ S(te — s)[Bu(s) + f(s)]ds|| +2E /0 ’ S(ta — s)g(s,z(s)) dw(s)

< 2MZE (IBIP 32 (1.0 00 + lall 2 ey 802 + o ) + 2L M2 (Nlazllyz () 8/ + dido)

Thus, E ||(Fox)(t2) — (Fox)(t1)||> — 0 independently of = € B; as §p — 0. Likewise, for
any x EB[, 50/2 <t <ty < T,
B ||(Faw)(t2) — (Fox)(t)]|”
to t1
= E‘ S(ty — s)(Bu(s) + f(s))ds — S(t1 — s)(Bu(s) + f(s)) ds
0

2

0

+ [ 82— s)gts.alo) duls) — [ 5t~ $)gls. () duls)

2

<2 {E /Otl [S(ta —s) — S(t1 — s)](Bu(s) + f(s))ds + : S(ta — s)(Bu(s) + f(s))ds

t1
2}

[ 1800 = ) = (e = gt w9 duts) + [ (e~ s)als, o) ()

t1

+E

=1+ I>.
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Consider

I <4 / CEN|[S(t2 — 5) — St — 8))(Bu(s) + £(s))]2ds + / “EIS(t2 - )(Bu(s) + £(5))]ds

ty

t1—96
§4{/ E|[S(ts — s) = S(tr = s)||* || Bu(s) + f(s)]* ds
0

[ EIS( - ) - 8- 8) 1 Bu(s) + S (5] ds
t1—9

+ [ RIS = 9l 1Buls) + £ s

<4| s BIS( - 5) - St - )
SE[O,t]-é]

x (IIBH2 ||u||i§(J,U) (ts = 8) + llaall 2 sy (1 = )12 +cl(ts = 5))

2 2
+ 2012 (IBIP Jull32 ) 0 + ot 2 sy 672 + i)
002 (IBIP [l g0y (12— 1) + gz ey (12— 007 - elltz — 1)) |

Also,
t1—4
B<are| [ RISt -9 = Sl =) la(s.(s)]* ds
+ [ Bt =) - St = )l lgte,a(e))7ds
+ [ BIS( = 51 lg(o.a(6)1 s

s4LG[ sup  E|[S(t = ) = S(t = )] (llazll 2 sz, (0 = )2 + di(ts = 6))
s€[0,t1—6] s

282 (lasl 2 gy 872+ l8) + M2 (llaall ey (12— 07 it — 1) |

We noted down that the continuity of S(¢), (¢ > 0) in ¢ in the uniform operator topology
the right-hand side of the above inequalities I; (i = 1,2) are independent of z and tends
to zero as ty — t; and § — 0. Therefore E ||(Faz)(t2) — (Foz)(t1)||* = 0 independently of
x € B; as § — 0 which implies that the family {F2(z) : = € B;} is equicontinuous.

Step 5: Fa(x) is completely continuous.
Let t € J be fixed. Our claim is to show that the set II(t) = {(Faz)(t) : € B;} is relatively
compact in H. If t = 0, then II(0) = {(F2x)(0) : z € B;} = {0} which is compact.

Let 0 < t < T be fixed. For any = € B; and for every € € (0,t), define the operator F§
on B; as,

(Fa)(t) = / S(t - 8)[Buls) + £(s)]ds + / (1t — 8)g(s, 2(s)) du(s)

:AES(E)S(t—S—e)[BU(S)+f<8>]d8+/0ES(G)S(t—s—e)g(s7$(s))dw<s>
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S(e)/OES(tse)[Bu(s)+f(s)] derS(e)/Oe S(t — 5 — e)g(s, o(s)) duw(s),

where f € N(z). Noted down that E Hfg’_e S(t—s—e)[Bu(s) + f(s)] dsH2 is bounded,

since by using the definition of B,
t—e 2
E S(t—s—e)[Bu(s)+ f(s)]ds
0

< [TRISE s~ Buts) + S ds
0

< MZE (| BIP llull g2 o) (t = ) + lall g2z (E = /% +cl(t =€)

Already we have assumed that E Hx||?{ < 00, then E Hfg_€ S(t—s—¢€)g(s,x(s))dw(s)
bounded. Since by Lemma [2.5 and again by using the definition of B;

2

2.
| s

E A S(t — s — e)g(s, 2(s)) du(s) s[; E||S(t - s — €)g(s, 2(s))|? ds

< LM? (llazllyz (e (= €12 + dift = €)) < .

By using the compactness of S(€), (¢ > 0) we obtain that the set II(t) = {y(¢) : F(B;)} is

relatively compact in H for every e € (0,t). Moreover, for every z € B; we have that
E ||(Fox)(t) — (Fsz)(B)]”
¢ t
=2 Elst- $)I* | Bu(s) + f(s)[* ds + 2LG/t IS(t = 5)IElg(s, x(s))||* ds
<2M?]||B|? lallZ2 oy € + larll 2 (rmy €/ + cle + Le (HaQHLé(lRﬂ €2+ dle)|,

which implies that the set II(¢) is totally bounded (i.e., relatively compact in H). By
Arzela-Ascoli’s theorem, we conclude that Fa(z) is completely continuous.

Step 6: Fa(x) has a closed graph.
Let x, — z* in C(J, L3(§, H)), yn € F(x) and y, — y* in C(J, L*(F, H)). Then we have
to show that y* € Fa(x*). Let y, € Fa(xy,) then there exists f, € N(x,) such that

(3.2) yn(t) = /Ot S(t — s)[Bu(s) + fn(s)] ds + /Ot S(t—s)g(s,zn(s)) dw(s).
Using (H2)(iii) and (H3), we can show that

{(fa: 9 2}z € L3(J, H) x Lo(K, H)

is bounded. By passing to a subsequence if necessary that

(3.3) (Frg(-,zn)) = (f5.9(-,2%)) weakly in L3(J, H) x Lo(K, H).
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Since we have S(t) is compact, also with the hypothesis (H3), equating (3.2)) and (3.3]) we
get

(3.4) yn(t)%/OtS(ts)[Bu(s)+f*(s)] ds+/0t5(ts)g(s,x*(s))dw(s).

We note that y, — y* in C(J, L*(F, H)) and f, € N(z,). From Lemma and (3.4),
we obtain that f* € N (z*). Therefore y* € Fo(z*). Thus, Fo(z) has a closed graph. By
proposition 3.3.12(2) in [16], F3 is u.s.c.

Step 7: The operator inclusion xx € Fi(x) + Fo(x) has a solution for xy = 1.
According to the Theorem it suffices to show that no element x € C(J, L*(F, H))
exists such that yzr € Fi(z) + Fo(x) for some xy > 1. Suppose xz € Fi(x) + Fa(x) for
some x > 1 and there exists f € N(z) such that

() = CH)zo + S(E)yo + /0 " S(t— 8)[Bu(s) + £(s)]ds + /0 "t — 5)g(s, 2(s)) du(s)
+/Ot5(t—s)/Zh(s,x(s),n(s»ﬁ(ds,dn).
Using (H2)—(H4) we get
E|la(t)] < G{MZE ool + MZE ol + 242 [ B | Buts) P ds + 02 [ B 5(5)1? s
+LoM? [ Elgts,ao)Pds+ 02 [ [ E||h<s,x<s>,n<s>>A<dn>||2ds}
< 6{M§E ol + DZE ol + M2 IBI? [l )¢ + M2 125
02 [ Elle(o)|ds + LoM? (||a2|rL§(J,R+>t1/2 v [ tEH:c(s)n?ds)
#2022 (Nl 2 4 [ B olo) P as) |
<p+6(M2c+ LoMZ2d+ MZ2e) /OtE z(s)||? ds,
where
p = 6MZE [aal? + M2{E lol* + 1BI? ul2 )t + Il 2
+ L ||a2HL§(J,R+) £ + ||a3||L§(J,R+) tl/Q}

Put C; = 6M2(c+ Lad+e). Thus, E ||lz(t)||> < p+Cy fOtE |z(s)||* ds. By using Gronwall’s
inequality
E[|z(t)]? < pe,

which implies E ||:U||%2 < pe1t = r, with p and O} are the positive constants.
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Set V, = {x € C(J,L2F, H)) :E|z||3. <7+ 1}. Clearly, V,. is an open subset of
the Banach space C(J, L?(§, H)). From the choice of V;, there is no = € C(J, L*(F, H))
satisfying yx € Fi(x) + Fo(x) for some xy > 1. Hence by the Theorem we conclude
that the operator inclusion z € F(z) = Fi(x) + Fa(z) has a solution which is the mild
solution of the system in J. O

3.2. Existence of optimal control

In this section, we derive the existence of optimal control for the problem (3.1) with the
corresponding cost function.

Let Y be the reflexive Banach space in which the control u takes values. Define the
multivalued map A: J — P(V) and V is closed, convex and bounded such that A(-) is
measurable. Let X be a bounded subset of Y such that A(-) C X. Let U be the set of all

admissible controls and
U = {u(-) € L(J, X) such that u(t) € A(t) ae.} .

Clearly U is nonempty and U C L%(J,Y) is bounded, closed and convex (see [21]). We
consider the stochastic optimal control problem (P) as follows:

Find a control (2°,u%) € C(J, L?(F, H)) x U such that J(2°,u") < J(z,u), Vu € U,
where J(z,u) = Ef(;r L(t,xz(t),u(t))dt is the performance index.

We make the following assumptions (H5):

(i) The functional £: J x H x Y — R U {zo00} is Borel measurable.

(ii) L(t,-,-) is sequentially lower semicontinuous on H x Y for a.e. t € J. That is,
Vee HueY, {z"} C H and {u"} C Y such that 2" — z in H and v" - uin Y

we have limgn_,o inf L(¢, 2™, u") > L(t, z,u).
(iii) L(t,z,-) is convex on Y for every x € H and t € J a.e.

(iv) there exists constants p, ¢ > 0, & is nonnegative and x € L!(J,R) such that L(¢, z(t),
u(t)) > w(t) + pE ||zl + ¢E |lully > —co.

Theorem 3.5. Suppose the hypotheses (H1)—(H5) are satisfied. Let B be a strongly con-

tinuous operator then the optimal control problem (P) admits at least one optimal pair.

Proof. Suppose inf {7 (xz,u):u € U} = oo then the result is obvious. Assuming that
inf {J(z,u):uw € U} =m < oco. Using the hypotheses on £ we have that J(z,u) > m >
—00.

By the definitions of infimum, there exists a minimizing sequences of feasible pair

{z",u"} C Awhere A = {(x,u) : x is a mild solution of the proposed system corresponding
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to u € U} such that J(z",u") — m as n — +oo. Since {v"} C U, n=1,2,... and {u,}
is a bounded subset of a reflexive Banach space, there exists a subsequence denoted by
{u"} again such that u” — u® weakly in L(.J,Y). We have that U is closed and convex,
by using Marzur lemma u® € U. Suppose {2"} is the sequence of mild solution of the

proposed system corresponding to u™ and f™ € N(z™) then,
2(£) = C(8)wo + S()yo + /0 'St — $)[Bu(s) + f7(5) ds
+ [ 5= 99050 () dus)
0
t -
+/ S(t s)/ h(s, 2™ (s),n(s)) N(ds, dn), Vi€ J.
0 z
Also 20 is the mild solution corresponding to u® and f° € A/(2°) then
2%(t) = C(t)zo + S(t)yo + /Ot S(t — s)[Bu®(s) + fO(s)] ds
+ /t S(t—s)g(s,2%(s)) dw(s)
0
t -
+/ S(t—s)/ h(s,2°(s),n(s))N(ds,dn), VtcJ.
0 z

From the boundedness of {u"}, {u’} and Theorem it follows that there exists a
positive number M such that E ||z"||* < M, E ||:1:0H2 < M.
For every t € J, we obtain that

E ||z" () — 2°(t)||”

<al [RIsw - 3o~ B as + [ RIS - 1576) - ] s
+ Lg /OtE 18t = 9)I* [|a(s, 2" () — g(s,2°(s))]| " ds
+ [BISE= o [ B e (6)m) ~ o2 (6) A s

<4M3U0t1EHBu"(s) —Buo(s)||2ds+/0tsup (E||£7(s) = £°(s)|”) ds
+ng\t/[g/0 ]EHx"(s)—:vo(s)H2ds+Z\t4hE/0 E [Ja" () — 20(s)]* ds|

:4M3UO IEH?u"(s)—BuO(s)szs—l—/o ]EH@I*:(S,Q:”(S))—8F(s,m0(s))||2ds
+LgMg/0 E||x”(s)a:0(5)”2ds+Mh]E/O EH:C”(S)*xO(s)szs}

t t
§4M§/ ]EHBu"(s)—Bu0(3)||2ds+4M52(Mf+LgMg+Mh)/ EH:U"(S)—QCO(S)Hst.
0 0
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By the virtue of singular version of Gronwall’s inequality, there exists a constant M >0

such that
2

E Hx”(t) - a:o(t)H2 < ME HBu” — Bu(]’ 20y)

where M = 4M?2TeT and « is a positive constant. Also we have that B is strongly
continuous and u" — u® weakly then E|Bu™— Bu0||i%({]ﬁy) — 0 weakly as n — oo.
Therefore, E ||z (t) — xo(t)]|2 — 0 weakly as n — oo. This provides 2" — x° weakly in
C(J,L*(F,H)) as n — oo [1].

Note that the assumptions (H5) implies that all the hypotheses of Balder’s theorem [2]
are satisfied. Thus, (z,u) — E (f(f L(t, 2°(t),u’(t)) dt) is sequentially lower semicontiu-
nous in L%(J, Y). Hence J is weakly lower semicontinuous. Using the condition (H5)(iv),
J attains its infimum at u° € U, i.e.,

m = lim E tL(t,x”(t),u"(t)) dt > E/t[,(t,xo(t),uo(t)) dt = J(2°,u") > m,
0 0

n—oo
ie.,

ue

IE/Otﬁ(t, 2O(t), () dt = T (o0, ) = m = inf T (2, ).

Hence (2%, u®) is the required optimal control pair. ]

4. Example

We consider the nonlinear stochastic wave equation with initial and boundary conditions
driven by Poisson jumps as

(4.1)
B (ay“’x)> _ {329(%?0) + f(t,x)} Ot + hy (t, /Olpl(s)y(t,x) ds> dw(t)

ot Oz
1 ~
+ </0 b(z, s)u(s,t) ds) ot —&—/Zy(t,x)nN(dt,dn), tel0,1]=J, z €]0,7],

y(t,0) = y(t,m) =0 and y(0,2) = yo(z), 0<t<1,
dy(0, z)

ot
Let H = U = L*([0,7]). Let (Q,F,P) be the complete probability space. Let f be
the known measurable §;-adapted multivalued function of y of the form —f(t,z) €
OF (x,t,y(t,z)) a.e. Here OF (x,t,£) denotes the Clarke’s generalized gradient with re-
spect to the last variable of the function F' and F: [0,7] x [0,1] x R — R is a locally

=y(z), O<z<m.

Lipschitz energy function in £ which is generally nonsmooth and nonconvex. The multi-
valued function OF(x,t,£): R — 2% is non-monotone and it includes the vertical jumps.
Here hy: [0,00) x R = Lg(R), p1: [0,00) — R be the continuous functions. Let w(t) be
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the §-adapted standard Wiener process in H. Let {k(t) : t € J} is a F-adapted Poisson
point process, independent of the Wiener process w(t), taking its values in the space [0, c0)
with o-finite measure \(dn). Let N(ds,dn) be the Poisson counting measure induced by
k() and N(ds,dn) = N(ds,dn) — A(dn)ds be its compensating martingale. The operator
A is defined as

AC=("

with the domain D(A) = {¢ € H : ¢, ¢ are absolutely continuous ¢ € H,((0) = ((1) =
0}. The spectrum of A consists of eigenvalues —n? for n € N with associated eigenvectors
en(¢) = /2/msin(n¢). Moreover, the set {e, : n € N} is an orthonormal basis of H.

Az = Z —n?(x,en) en, € D(A).

n=1

The operators
(o.9)
C(t)x = Z cos(nt) (z,en) e,, e€ER,

S(t)x = Z sin(nt) (x,en)en, ecR.

From [22], Vo € H and ¢t € R, ||S(t)|| < 1 and ||C(t)|| < 1. Now consider the function
F:(0,1) = R defined by

F(t,y) = /OT o(z,t,y(z))dx forae. te(0,1),y€H,
where o(x,t,2) = [§ ¢(x,t,0)db, (x,t) € (0,7) x (0,1), z € R. Assume that ¢: (0,7) x
(0,1) x R — R is a function satisfying
(i) for every x € (0,7) and z € R, ¢(-,x,2): (0,1) — R is measurable.
(ii) for every t € (0,1) and z € R, ¢(¢,-,2): (0,7) — R is continuous.
(iii) for all z € R, there exists a positive constant r; such that |[p(-,-,2)| <ri(1+ |z]).
(iv) for all z € R, ¢(-,-,2z £ 0) exists.

If ¢ satisfies the conditions (iii), then we have that do(z) C [¢(2),¢(z)] for z € R (omit
(z,t) here), where ¢(z) and ¢(z) denote the essential supremum and essential infimum of
¢ at z (see p. 34 in [3]).

If ¢ satisfies the conditions (i)—(iv), then the function o defined above is such that

(i) for every x € (0,7), z € R, o(-,2,2): (0,1) — R is measurable and o(-,-,0) €
12((0,7) % (0,1)).
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(ii) for every t € (0,1), z € R, o(t,-,2): (0,7) = R is continuous.
(iii) for all (x,t) € (0,7) x (0,1), o(=z,t,-): R — R is locally Lipschitz.

(iv) there exists ro > 0 such that |y| < ro(1 + |2]) for all v € do(z,t,z2,), (z,t) €
(0,7) x (0,1).

(v) there exists r3 > 0 such that 0°(x,t, 2; —2) < r3(1+]z|) for all (z,t) € (0,7) x (0,1).

We take the function u: ¥x([0,1]) — R as the control such that v € L?(¥x([0,1])) and
t — wu(t) is measurable. The set C = {u € U : |jull,; < u} where p € L*(J,RT). We
restricted that the admissible controls to be all u € L2(Wz([0,1])) such that |ju(-,#)||* <
wu(t) ae. teJ.

Now consider

y(t)(z) = y(t,x), tel0,1], € [0,n],

B(t)u(t,x) = B /bms (s,t)ds,

Q1(6(€)) = /0 1(0)(6, €) do,
o(t,2) = ha(t, Q1)) h(t,y.m) = y(t, 2)n = y(&) (@)n.

By assuming that the nonlinear functions satisfying the hypotheses (H2)—(H4) and the
boundedness of the above functions, we observe that the system can be rewritten in
the abstract form of . Since all the hypotheses of Theorem are satisfied, there
exists a mild solution for the system (4.1)). Consider the following cost function: J(u) =
E {fy L(t,y(t), u(t)) dt} where L(t, y(t), u(t))(z) = [ofy ly(t,2)]* dwdt+ [ [y [u(t, z)|? dudt
and it is easy to see that the hypotheses of the Theorem are satisfied. Therefore, there
exists at least one optimal pair for the problem .

5. Conclusion

This paper has investigated that the optimal control study of second order stochastic evo-
lution hemivariational inequalities with Poisson jumps in Hilbert space. The existence of
mild solution for the proposed system has been formulated and proved by utilizing the
semigroup of operators theory, stochastic analysis techniques, properties of generalized
Clarke subdifferential operators and a fixed point theorem of multivalued maps. Addi-
tionally, the existence of optimal control for the considered system has been discussed.
Finally, the obtained results have been verified through an example. Due to the impor-
tance of SEEs and hemivariational inequalities in both theoretical and real-life applications

to mechanical problems, it is significant to find its existence, optimal control results and



Hemivariational Inequalities with Poisson Jumps 1473

other quantitative and qualitative properties in infinite dimensional spaces. Some kinds of

dynamical systems requires both Poisson jumps and fractional Brownian motion to model

its dynamics. Hence in the forthcoming paper, we will consider the optimal control results

for fractional differential equations with delays and having mixed fractional Brownian

motion in Hilbert spaces.

Acknowledgments

The authors would like to express their sincere thanks to the editor and anonymous re-

viewers for helpful comments and suggestions to improve the quality of this manuscript.

1]

References

P. Balasubramaniam and P. Tamilalagan, The solvability and optimal controls for
impulsive fractional stochastic integro-differential equations via resolvent operators,
J. Optim. Theory Appl. 2016 (2016), 1-17.
https://doi.org/10.1007/s10957-016-0865-6

E. J. Balder, Necessary and sufficient conditions for L1-strong-weak lower semi-
continuity of integral functionals, Nonlinear Anal. 11 (1987), no. 12, 1399-1404.
https://doi.org/10.1016/0362-546x(87)90092-7

F. H. Clarke, Optimization and Nonsmooth Analysis, Wiley, Newyork, 1983.
https://doi.org/10.1137/1.9781611971309

R. Cont and P. Tankov, Financial Modelling with Jump Processes, Chapman &
Hall/CRC Financial Mathematics Series, Chapman & Hall/CRC, Boca Raton, FL,
2004. https://doi.org/10.1201/9780203485217

G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Encyclope-
dia of Mathematics and its Applications 44, Cambridge University Press, Cambridge,
1992. https://doi.org/10.1017/CB09780511666223

B. C. Dhage, Multi-valued mappings and fized points II, Tamkang J. Math. 37 (2006),
no. 1, 27-46.

L. Gasinski, Optimal control problem of Bolza-type for evolution hemivariational in-
equality, Discrete Contin. Dyn. Syst. 2003, suppl., 320-326.

S. Hu and N. S. Papageorgiou, Handbook of Multivalued Analysis I, Theory, Math-
ematics and its Applications 419, Kluwer Academic Publishers, Dordrecht, 1997.
https://doi.org/10.1007/978-1-4615-6359-4


https://doi.org/10.1007/s10957-016-0865-6
https://doi.org/10.1016/0362-546x(87)90092-7
https://doi.org/10.1137/1.9781611971309
https://doi.org/10.1201/9780203485217
https://doi.org/10.1017/CBO9780511666223
https://doi.org/10.1007/978-1-4615-6359-4

1474

[9]

[10]

[12]

[14]

[17]

Palanisamy Muthukumar, Nagarajan Durga, Fathalla A. Rihan and Chinnathambi Rajivganthi

Y. Huang, Z. Liu and B. Zeng, Optimal control of feedback control systems governed
by hemivariational inequalities, Comput. Math. Appl. 70 (2015), no. 8, 2125-2136.
https://doi.org/10.1016/j.camwa.2015.08.029

X. Li, Z. Liu and S. Migérski, Approzimate controllability for second order nonlinear
evolution hemivariational inequalities, Electron. J. Qual. Theory Differ. Equ. 2015
(2015), no. 100, 1-16. https://doi.org/10.14232/ejqtde.2015.1.100

X. Li and J. Yong, Optimal Control Theory for Infinite Dimensional Systems, Sys-
tems & Control: Foundations & Applications, Birkhduser Boston, Boston, MA, 1995.
https://doi.org/10.1007/978-1-4612-4260-4

L. Lu and Z. Liu, Existence and controllability results for stochastic fractional evo-
lution hemivariational inequalities, Appl. Math. Comput. 268 (2015), 1164-1176.
https://doi.org/10.1016/j.amc.2015.07.023

F. Masiero, Stochastic optimal control problems and parabolic equations in Banach
space, STAM J. Control Optim. 47 (2008), no. 1, 251-300.
https://doi.org/10.1137/050632725

S. Migérski, A note on optimal control problem for a hemivariational inequality mod-
eling fluid flow, Discrete Contin. Dyn. Syst. 2013, Dynamical systems, differential
equations and applications, 9th AIMS Conference, Suppl. 545-554.

S. Migorski and A. Ochal, Optimal control of parabolic hemivariational inequalities, J.
Global Optim. 17 (2000), no. 1, 285-300. https://doi.org/10.1023/A: 1026555014562

S. Migérski, A. Ochal and M. Sofonea, Nonlinear Inclusions and Hemivariational
Inequalities: Models and analysis of contact problems, Advances in Mechanics and
Mathematics 26, Springer, New York, 2013.
https://doi.org/10.1007/978-1-4614-4232-5

P. D. Panagiotopoulos, Non-convex superpotentials in the sence of F.H. Clarke and
applications, Mech. Res. Comm. 8 (1981), no. 6, 335-340.
https://doi.org/10.1016/0093-6413(81)90064-1

, Hemivariational Inequalities: Applications in Mechanics and Engineering,
Springer-Verlag, Berlin, 1993. https://doi.org/10.1007/978-3-642-51677-1

J. Y. Park and J. U. Jeong, Optimal control of hemivariational inequalities with
delays, Taiwanese J. Math. 15 (2011), no. 2, 433-447.


https://doi.org/10.1016/j.camwa.2015.08.029
https://doi.org/10.14232/ejqtde.2015.1.100
https://doi.org/10.1007/978-1-4612-4260-4
https://doi.org/10.1016/j.amc.2015.07.023
https://doi.org/10.1137/050632725
https://doi.org/10.1023/A:1026555014562
https://doi.org/10.1007/978-1-4614-4232-5
https://doi.org/10.1016/0093-6413(81)90064-1
https://doi.org/10.1007/978-3-642-51677-1

[20]

[21]

22]

[23]

[24]

[26]

Hemivariational Inequalities with Poisson Jumps 1475

J. Y. Park and S. H. Park, Ezistence of solutions and optimal control problems for
hyperbolic hemivariational inequalities, ANZIAM J. 47 (2005), no. 1, 51-63.
https://doi.org/10.1017/51446181100009767

C. Rajivganthi and P. Muthukumar, Almost automorphic solutions for fractional
stochastic differential equations and its optimal control, Optimal Control Appl. Meth-
ods 37 (2016), no. 4, 663-681. https://doi.org/10.1002/0ca.2186

Y. Ren and R. Sakthivel, Fxistence, uniqueness, and stability of mild solutions for
second-order neutral stochastic evolution equations with infinite delay and Poisson
gumps, J. Math. Phys. 53 (2012), no. 7, 073517, 14 pp.
https://doi.org/10.1063/1.4739406

J. Ren and J. Wu, The optimal control problem associated with multi-valued stochastic
differential equations with jumps, Nonlinear Anal. 86 (2013), 30-51.
https://doi.org/10.1016/7.na.2013.03.006

J. Shi, Optimal control for stochastic differential delay equations with Poisson jumps
and applications, Random Oper. Stoch. Equ. 23 (2015), no. 1, 39-52.
https://doi.org/10.1515/rose-2014-0028

J. Zhou, Infinite horizon optimal control problem for stochastic evolution equations
in Hilbert spaces, J. Dyn. Control Syst. 22 (2016), no. 3, 531-554.
https://doi.org/10.1007/s10883-015-9307-2

J. Zhou and B. Liu, Optimal control problem for stochastic evolution equations in
Hilbert spaces, Internat. J. Control 83 (2010), no. 9, 1771-1784.
https://doi.org/10.1080/00207179.2010.495161

Palanisamy Muthukumar and Nagarajan Durga

Department of Mathematics, The Gandhigram Rural Institute - Deemed University,
Gandhigram - 624 302, Tamil Nadu, India

E-mail address: pmuthukumargri@gmail.com, durgal992mdu@gmail. com

Fathalla A. Rihan and Chinnathambi Rajivganthi
Department of Mathematical Sciences, College of Science, UAE University, Al-Ain
15551, UAE

E-mail address: frihan@uaeu.ac.ae, rajivganthicQuaeu.ac.ae


https://doi.org/10.1017/s1446181100009767
https://doi.org/10.1002/oca.2186
https://doi.org/10.1063/1.4739406
https://doi.org/10.1016/j.na.2013.03.006
https://doi.org/10.1515/rose-2014-0028
https://doi.org/10.1007/s10883-015-9307-2
https://doi.org/10.1080/00207179.2010.495161

	Introduction
	Preliminaries
	Main results
	Existence of mild solutions
	Existence of optimal control

	Example
	Conclusion

