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Coalescence on Supercritical Bellman-Harris Branching Processes

Krishna B. Athreya and Jyy-I Hong*

Abstract. We consider a continuous-time single-type age-dependent Bellman-Harris
branching process {Z(t) : t > 0} with offspring distribution {p;};>0 and lifetime
distribution G. Let k& > 2 be a positive integer. If Z(t) > k, we pick k individuals
from those who are alive at time ¢ by simple random sampling without replacement
and trace their lines of descent backward in time until they meet for the first time. Let
Dy (t) be the coalescence time (the death time of the most recent common ancestor)
and let X (¢) be the generation number of the most recent common ancestor of these
k random chosen individuals. In this paper, we study the distributions of Dy (t) and
X (t) and their limit distributions as ¢ — oo.

1. Introduction

When a population evolves in time, its size can be viewed as a branching process. For
such an evolution, there are two directions to investigate its changes. One is to look at its
future and the other one is to study its history. In this paper, we consider a continuous

time process and the past of the population is of our interest.

1.1. Bellman-Harris branching processes

We consider a population starting with an individual and in which each individual lives for
a random amount of time, say L, with distribution function G and, upon death, produces
a random number ¢ of children according to the probability distribution {p;};>0. We
assume that the life time and the reproduction of each individual are independent of its
lifetime and of other individuals (see Athreya and Ney [4]).

Let Z(t) be the population at time ¢, i.e., the number of individuals alive at time
t. Then {Z(t) : t > 0} is called a continuous-time single-type Bellman-Harris branching
process with the lifetime distribution G(-) and the offspring distribution {p;};>0.

For a Bellman-Harris process, if Y, is the number of individuals in the nth generation,

then {Y},}n>0 is called its embedded Galton-Watson branching process.
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Let
oo
j=1

and the Bellman-Harris branching process is called supercritical, critical, subcritical or
explosive process according as 1 <m < oo, m =1, m < 1, or m = 0o, respectively.
Moreover, a probability space (€2, F, P) is constructed by T. E. Harris [9] (see chapter
VI) for the branching process {Z(t) : t > 0} to live. Each point 7 of the sample space €2 is
called a family tree of the process {Z(t) : t > 0} and it can be thought of as a “tree” whose
branch lengths represent individual life lengths; the number of branches at a given vertex
representing the number of offspring of a given individual. Each family tree 7 provides
the complete family information including the time of birth, life length, ancestors and

descendants of each individual in the family.

1.2. The coalescence problem

A branching process is often used to describe the evolution of a population in time. One
way to investigate the population is to look at its future. But, when a population grows
so old, it is always interesting to know what happened to it in the past. The coalescence
problem provides a way to understand the structure of the population and the ancestry of
the individuals in it such as the “closeness” of any number of randomly chosen individuals.
For a supercritical Bellman-Harris age-dependent processes, we now address the problem
of coalescence.

Pick k individuals at random from the population alive at time ¢ by simple random
sampling without replacement. Trace their lines of descent backward in time till they
meet. Let Xj(t) be the generation number of the coalescence time of these k individuals
alive. We call the common ancestor of these chosen individuals in the X (¢)th generation
their most recent common ancestor. In this paper, the limit behavior of the distributions
of Xy(t), for any integer k > 2, is studied for the supercritical case. Also, we investigate
the coalescence time (the death time of the most recent common ancestor) Dg(¢) and its
limit distribution as ¢t — oo.

The coalescence problem has been studied for different branching processes. Athreya
[1,2] has the results on the single-type Galton-Watson branching processes. Hong [10-12]
extends them to multi-type Galton-Watson branching processes and also has studied the
subcritical case for Bellman-Harris processes. In addition, many related works, such as
the degree of relationship and other family structures, have been done for different cases
in Markov branching processes, see Biihler [5,6], Durrett 7], Le [16] and O’Connell [17].
Fleischmann and Siegmund-Schultze [§] also study the coalescence in a reduced critical

Galton-Watson tree. Lambert |14] obtains the limit distribution of the coalescence time in
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subcritical case with a more general settings (both discrete and continuous time and state
space). Moreover, Lambert and Popovic [15] and Popovic [18] define a coalescent point
process with the coalescence time of two successive individuals alive at the same time as
the first point mass in it and study the limit of this coalescent point process.

In this paper, some classical limit theorems for Bellman-Harris processes are stated
in Section [2] and will be used for the proofs. The main results on the generation number
X, (t) of the most recent common ancestor are in Section [3.1 while the results on the death
time Dy (t) of the most recent common ancestor are provided in Section In Section
Lemmas are listed. The proofs for the main results can be seen in Section |b| and, at the

end of the paper, the lemmas are proved in Section [6]

2. Preliminaries

In this section, we introduce the notations which will be used in theorems, lemmas or
proofs. Also, some well-known results regarding the population growth and age distribu-
tion for a Bellman-Harris process are provided here for later.

First, we introduce a parameter o which will describe the growth rate of the population.

The Malthusian parameter for m and G is the root « in R (provided it exists) such that

m/ e “dG(z) =1.
0

Let f be the generating function of the offspring distribution, i.e.,
o
f(s) = ijs], 0<s<1
=0

and

F(s,t) =Y P(Z(t)=j| Z(0)=1)s’, 0<s<1.
§=0
Then F(s,t) is the unique bounded solution of the following integral equation
t
F(s,t) = s[1 —G(t)] —i—/ f(F(s,t —x))dG(x), 0<s<I.
0

Thus, F' is fully determined by the pair (f, G).
Also, let ¢ be the probability of the extinction, i.e.,

qg=P(Z(t) =0 for some t | Z(0) =1).

The following theorem gives the growth rate of the population size Z(t) and the prop-
erties related to its limit distribution. See Theorem 2 on page 172 in Athreya and Ney [4]
for the details.
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Theorem 2.1. Let 1 <m < oo. Let Zop =1 and 72, (jlog j)p; < oo, then
e MZ(t) - W w.p.1
where W is a nonnegative random variable such that
(i) EW = 1.
(ii) W has an absolutely continuous distribution on (0, c0).
(iii) P(W =0) =q= P(Z(t) =0 for some t).

Another important and useful aspect of Bellman-Harris branching processes is the
limit behavior of the age distribution. For any family history (in what follows by a family
history we mean the full information of the tree initiated by the initial ancestor including
information on the life times and the number of offspring of all individuals in the family
tree) and 0 < z < o0, let A(x,t) be the proportion of the individuals, whose ages are less

than or equal to x, at time ¢. Then Athreya and Kaplan have the following theorem.
Theorem 2.2. (Athreya and Kaplan [3]) Let 1 <m =372, jp; < 00 and po = 0. Then
(a) If 3272, (jlogj)p; < oo, then, ast — oo,
sup |[A(z,t) — A(x)| = 0 w.p.1
z

_ Jy e 1-G(u)] du
T e u1-G(u)] du”

where A(x)

(b) For any bounded continuous a.e. (w.r.t. Lebesque measure) function h(-) on the sup-

port of G, as t — 00,

/ ) dA(z, 1) D / " () dA(x).
0 0

3. Main results

Note that the assumption pg = 0 is not necessary for all four main theorems in this chapter.

By conditioning on the event of non-extinction, the proofs can be changed appropriately.

3.1. Results on the generation number

Let L,,; . be the lifetime of the ancestor in the kth generation of the ith individual in the
nth generation. Then {L,;r :n > 0,i > 1,k =0,1,2,...,n — 1} are i.i.d. copies with
distribution G.
Also, Sy = Z;é Ly, i 1 is the birth time of the 7th individual in the nth generation.
Let W, ; be the limit of e=*'Z, ;(t) as t — oo (see Theorem where Z,, ;(t) is the
branching process initiated by the ith individual of the nth generation.
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Theorem 3.1. Let 1 < m < oo, Z;’il(j log j)p; < 00, po =0 and the life time distribu-
tion G be non-lattice with G(04+) = 0. Then, for any integer k > 2,

(a) (Quenched version) For almost all family history trees T and r =0,1,2,...,

Zz}‘il (e—aSr,in)k
( Zfél e 5 W, ;) :

as t — oo, where {Yy, }n>0 is the embedded Galton-Watson branching process. (For
properties on {W,.;}, see Theorem below.)

PXi(t)<r|T)— ¢p(r,T)=1-—

(b) (Annealed version) For each k, Xj(t) 9 Xi as t — oo with

Zzil (efaST,in)k
) k
( ZYT1 e W, ;)

1=

P()?k<r):1—E< )Eqﬁk(r), r=0,1,2,....

(c) Further, limyjoo ¢r (7, T) =1 for almost all trees T and lim, 4o ¢p(r) = 1.

When k£ — oo, we show that the random variable )?k converges in distribution to a
proper random variable U which is the last generation consisting of only one individual.
With the assumption pg = 0, no sub-family (or sub-tree) will die out, so the limit (in
distribution) as k — oo of X r can be thought as the generation number of the youngest

individual who is an ancestor of the total future population.

Theorem 3.2. Let 1 < m < oo and U = max{n > 1 :Y, = 1}. Under the same
hypotheses of Theorem then )ka LU as k — oo.

Remark 3.3. The distribution of the random variable U can be found by simple calculation.
Especially, if pg = 0 and p; > 0, then, by the independent reproduction law of the

branching process, we have that
PU=k)=PYi=1Ys=1,....Y, =1,V > 1) = pf(1 — p1)

for all kK =1,2,.... That is, U is geometrically distributed with parameter p;.

3.2. Results on the death time

Let Ls; be the total lifetime of the ith individual alive at time s. Then {Ls;}i>1 are
i.i.d. copies of the lifetime random variable with distribution G.
Let as; be the corresponding age and R,; be the corresponding residual lifetime at

time ¢. That is, Rs; = Ls; — as; for any 4 > 1 and any s > 0.

Theorem 3.4. Let 1 <m < oo, > 22, (jlogj)p; < oo, po = 0 and the life time distribu-
tion G be non-lattice with G(0+) = 0. Then, for any integer k > 2,
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(a) (Quenched version) For almost all family trees T and any s > 0, there exists positive
real-valued random variables sti, i=1,2,...,7(s), such that
Z _ R
S (e W)t
Z = \k
( Zz:(i) em i Wy ;)

P(Dy(t) <s|T)— Hi(s,T)=1-—

as t — oo. The random wvariables Wm, i=1,2,...,Z(s), are all functions of the
tree T. Further, conditioned on Z(s), they are the i.i.d. copies of the sum Z§:1 W;
where & is a random variable with the offspring distribution {p;};>0 and {W;};>0 are
i.3.d. copies of W as defined in Theorem (b) and & and {W;};>1 are independent.

(b) (Annealed version) For each k > 2, there exists a nonnegative real-valued random
variable ]5k such that Dy(t) 4, ]_~7k ast — oo and

_ Z2(8)(,—aRs ;Y7 \k
P(Dy<s)=1-FE 2z (€ Wi ) = Hi(s)
Z(s) ,—aR, k
(Zi:l € “Ws,i)

for any s > 0.

The next theorem shows that the limit law of ﬁk converges to the first time when the

process splits into more than one as k — oo.

Theorem 3.5. Let 1 < m < oo and U = max{n > 1:Y, = 1} where {Y,}n>0 is the
embedded Galton-Watson branching process. Under the hypotheses of Theorem there
exist a random variable D such that IN)k 94D ask — o and, for any s > 0,

P(D<s)=P(Ly+Li+-+ Ly <s)
where {L;}i>o are i.i.d. random variables with distribution G and independent of U.

Remark 3.6. The limit (in distribution) as k — oo of Dy, describes the death time of the
youngest ancestor of the total future population and it is the sum of U i.i.d. copies of

lifetime law.

4. Lemmas

The following lemmas will be needed for proving the main results in this paper. The first

lemma, follows from a well-known fact that, as n — oo,

1 P
— max X; — 0
n 1<i<n

where {X;};>1 are i.i.d. copies with finite mean.
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Lemma 4.1. For any s > 0, let {Wy;; : j > 1,9 > 1} be i.i.d. copies of W defined in
Theorem [2.1] - ) and be independent of {{SZ}Z>1 where &s,i 15 the number of offspring of
the ith individual alive at time s. Let VVS i = Z Wsm Then, under the hypotheses of
Theorem as s — 00,

1 ; 7.
m 1<Igl<azx( )Ws i — 0 in probability.
Lemma 4.2. For any k > 0, let Z(s, k) be the number of individuals alive at time s with

the residual lifetime less than or equal to k. Then, under the hypotheses of Theorem

as s — 00,
Z(s,k)
Z(s)

— B(k) in probability
where

f[Ooo Gz + k) — G(x)] dx
f[O,oo) e ‘m[l — G(z)]dx

Lemma 4.3. Fix k > 0, let Ws,i and Z(s,k) be the random variables defined in Lem-

mas and respectively. Then, under the hypotheses of Theorem there exists
6 > 0 such that, as s — 00,

B(k) =

=

SJfI(Rs,iSk) Z 0 — 1.

5. Proofs of main results

5.1. Proof of Theorem

Let {Z,;(t) : t > 0} be the branching process initiated with the ith individual in the rth
generation when it is of age 0, then {Z, ;(t — S,;) : t > S, ;} denotes the size of the process
initiated with the ith individual of the rth generation with birth time S, ;.

(a) For almost all trees 7 and any r = 0,1,2,...,

S T2 (Zi(t — i) — 4)
1520 (2(t) - 5)
S TS0 (Ze(t = Sre) = )
N Hk}:l (Zyi Zyi(t — Sri) — j)
PR [ B | by et Z, it - Syy) —j)}
§ by [2?1 e Snieml=5ri) (Z,i(t — Sy;) — j)}

P(Xi(t) 2 v | T) =
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where « is the Malthusian parameter for the offspring mean m and the lifetime distribution
G.
It is known from Theorem that if Zg =1, po = 0 and

(e 9]

> (logj)p; < o,
j=1

then
e Z(1t) =W wpl ast— oo
where W is a random variable such that P(W > 0) = 1. So, as t — oo,

Y- —aSy; Nk
P(Xpt)>r|T)— 2z (€ W) = =1—g(r,T)

( Zzil emSri W, ;)

as t — oo, where, conditioned on Y, and averaged over all trees T, {W,;};>1 are the

i.i.d. copies of W.
(b) Since P(Xy(t) > r) = E(P(Xk(t) > r | T)) and hence, by the bounded convergence

theorem, as t — oo,

Yy (€7QST‘iWT,i)k

> it
P(Xk(t) > T) —E ((Zf};l e_aS“iWT,i)k

) = 1—¢k(7“)

forr=1,2,....
To finish the proof, we need to show that ¢ is a proper probability distribution, i.e.,
or(r) — 1 as r — oo. For this, it is sufficient to prove that

Y,
Z(e_o‘s"viW,«,i)k — 0 in probability asr — oo
i=1
and then by the bounded convergence theorem, this will yield
Ye [ —aS,;
E ( il (em i W )"
_ ) k
(Zfél e *5niW)

First, note that, conditioned on Y, and averaged over all trees 7, {W,;};>1 are

)—)0 as r — o0.

i.i.d. copies of W and are independent of Lgy,Lq,...,L,—1 and Yy, Y7,...,Y, and since
{Sm‘ = Zz;é Lr7i7k}i21 are identically distributed and {L,;, : 0 < k < r — 1} are

i.i.d. copies of the lifetime random variable L for each ¢ > 1, we have that

Y,
FE <Z eiaST’i Wrﬂ')

=1
Y,
=F (Z e i B(Wyi | Lo, L, ..., Ly—1, Yo, Y1, . .. 7Y;")>
=1
= EY, - (Be )y =m" . (B(e™))" =1 < 0
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where EW = 1 and mE(e~*F) = 1 by the definition of the Mathusian parameter for m
and G. Therefore, any n > 0, by Markov’s inequality,

Y, . Y. ,
P <Z e_O‘S’"’iWr,z’ > 77) < 5E‘ <Z e_OéST’iWr,i) — 5

i=1 =1

So, for any € > 0,

Y-
P (Z(e_aST”'Wm)k > e)

i=1

k-1 Yr
S P <11,<Ili)}(/ e—OéSr,z'Wr,i) Z e—OéST-,iWT’i > €
U< Ty

=1

k-1 Y
(( max e aSr,iWM) Ze O‘S“Wm > € Ze O‘S”W > 77)
1<i<Yy

=1 =1

k—1 Y Yr
max e—aSr,iWr,i E e_aST’iWri > €, E 6_aST’iWr’i < n
1<7§<YT 7 7

i=1 i=1

1 =l e
_ P < maX e_aS'r',iWr,i) > —
77 1<i<Yr n

and hence it suffices to prove that

max e O‘S”WM — 0 in probability asr — oo.
1<i<Y,

Let &, be the o-algebra generated by all the information up to the rth generation in
the embedded Galton-Watson tree. Moreover, let 1(y) = sup,>, vP(W > z). The fact
that EW < oo implies zP(W > x) — 0 as * — oo and hence, for any ¢ > 0 and | > 0,
there exists a > 0 such that yP(W > y) < le for all y > a and therefore n(a) < le. Now,

let n > éln 2, then we have that ee®” > a and

P max e O‘S”W > €
1<i<Yy

min S,; < n) +FE (P( max e O‘S”I/V >e min Sp; >n ‘ QST>>
1<i<y, 1<i<Y, 1<i<Yy

1<i<Yr

+F ZP (Wni > €™ min Sri>n ‘ Q5T>)
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Moreover,

P( min Sr’ign):ZP<min Sr7i§n’ﬁzx>P()@:$)

1<i<Yr 1<i<Y,
=0
o
<> xP(S;1 <n)P(Y; = z) = P(S,1 < n)EY,
=0

_ (efes,ﬁ,l > 670n> EY,

< E(e091)

< — m" = e@n(Ee—HL)rmr — eGn(mSOL(Q))r

—0 as r — oo

where o1, (0) = E(e™%") is the Laplace transform of the lifetime L and 6 > « such that
mer(0) < 1.
Therefore, for any € > 0,

r—00 1<i<Y)

lim P ( max e_“S”'Wm > e) <l
for any [ > 0. Hence, for any € > 0,

P (1?@}1{/ e*O‘S”Wr,i > e) —0 asr— oco.
<1 <Yrp

The proof of Theorem [3.1]is complete.

5.2. Proof of Theorem |3.2

Let U = max{n >1:Y, =1}. Then

~ YT _aSr,i Nk Y’r —aSm- Nk
P(Xk Z 7”) =F ZZ?} (6 WTJ) % I(T<U) -+ FE ZZ;I (C Wr,z) kI(T>U+1)
( > ilt e—aS,.,in) - ( > il e_as"‘iWr,i)

e )

k
_QST 1
] r,1
—Pr<U)+E(YE (an SW) I

Zﬁl G L (
v %
(X1, e osm,.y)

r>U+1)

:P(r§U)+E(E<

Y,

1=

Since pg = 0 and 32, (jlogj)p; < oo, P(0 < W, ; < 00) =1 for all j > 0 and all
r=20,1,2,.... So, on the set {r > U + 1},

e_O‘S“lWTJ
Y, _ )
T

=

0<

<1 wup.l
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and hence, for any r =0,1,2,..., as k — 00,

e aSr 1 1 k
: -0 w.pl
PDHAT R VA

Therefore, by the bounded convergence theorem, we have that

P(Xp>r) = P(U>r) ask— oo

and the proof is complete.

5.3. Proof of Theorem

Let {Zt—s—Rs,i,j it > s+ Rs;} be the branching process initiated by the jth offspring of

the ith individual alive at time s.
For almost all trees 7 and s > 0,

P(Dy(t) <s[T)
—1- P(Dp(t) > 5| T)
Z(g) s, fs,i ~ s,
Z (Z Zt SRSMJ)(ZJ IZt ‘;sz_ Z Zt 9Rs77] k+1)

DR
P e ) S0 Zes s 1) (P S 2o g K1)
| —

ZZ( )Hl— ( aR“ZEH Zt T —a(t—s—Rs.;) _( 1)6 a(t—s— Rs,l))
[T (7 Rt 5504 Zum o e o= — (1= eal=Re)

=1

and then, by Theorem

ZZZ(T ( —aRs ; Zfs R s,z,g)k
(D2 emahes 3500 Wy )

e = Hy(s, )

as t — o0

PDg(t)<s|T)—1-—

where WS i = ZES ¥ Wi ; for i > 1 and s > 0 and, conditioned on Z(s) and averaged over
all trees T, {W; j}j>1 are i.i.d. copies of W in Theorem 2.1} .

So, by the bounded convergence theorem, as ¢t — oo,

S7S e R W )b\ H
(2) e B W)

P(Dy(t) < s)=E(P(Dy(t) <s|T)) = 1-E <

Next, we need to show that Hj is a proper probability distribution, i.e., show that
Hi(s) — 1 as s — oo and it is the same as showing that

. Zz (i)( _aRs’iWS,i)k
(EzZ(i) e—aRS,iWS’i)k:

)—)0 as s — o0.
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It suffices to prove that, as s — oo,

Z(S) —OéRs,iW . k
> iz (e :’Z) - — 0 in probability.

Moreover, since

—~ k — —~ k—1
_ ) Z _ . — ;
(maxlSiSZ(s)e QRS’ZWS’i> < 7 (e Rei W, ) <maX1SiSZ(s)€ aRS’ZWS’i>
Z(s) _ X — Z(s) _ 5 \k — Z(s) _ X7 )
Zi:(1)€ aRS’ZWs,i (Z‘:(1)€ aRS’ZWs,i) Zi:(1)€ aRS’ZWs,i

7

it is enough to show that, as s — oo,

—aR. ;117
maXlSigz(s) e @ s’lWSJ‘
Z _ 117
Z (Lls’)e aRsﬂWS’Z,

1=

— 0 in probability.

First of all, by Lemmas .2 and [£.3] we know that, there exists 6 > 0 such that, for
any ¢ > 0, there exists an M > 0 such that for any s > M,

Z(s,k) 1 )
P( 705) < 2B(k)) < 3

and

N
0D

7k) — 6
WS,kI(RSJSk) <f] < 5
1

1

P
Z(s

)

Z(s,k Z(s,k) 157
Then, we let A = {428 > 1B(k)} and B = { 55 2 Wi, <iy > 0} e
two events. So, for any € > 0, s > M and k > 0,

—aR; i/v .
maXlSigz(s) e~ Hts, WS,’L
G I
S ek W,

)

ak 1 17
Z(s) MaXi<i<z(s) Wi

<P > €
- Z(s)k) 1 Z(S) 17
70y 75y 2aimt Weil(R,i<h)
2(s)
1 2k 1 _
= P s ak Y S,L-I .
Z0s) 1085 Wai > ¢ 0 20 m) - Weil(R,i<k)

1 —~ 1
<P s > —efe *B(k 5.
< P (05 g, o> 5074809 +

Thus, by Lemma and since ¢ is arbitrary, we have that, for any € > 0,

—aR. 117
X maxi<;<z e Misi ¥/, i
lim P _ZZ(;) () s el =0
s—00 Z 1 e—aRsinsﬂ,

1=

and the proof of Theorem [3.4] is complete.
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5.4. Proof of Theorem

From Theorem for any s > 0, we have that

ZiZ(i)( —aR, iWs Z)k
(zzZ(l) —eli )

L p [ S e W)

(ZZZ(T) efaRs,ZWSﬂ,)
= P(Ls,i,o + Lsin+--+Lg;u > s)
ZZYT ( —aR, ’/V[\? )k
+E (E <(ZZ(1) —aR”W ) I(Ls,i,0+Ls,i,1+~--+Ls,z‘,USS) Z(s)
i=1

:P(L0+L1+"‘+LU >8)

—aRg ’W k

S ’L

tE Z E e—aR I(Ls,i,o-i-Ls,i,l+~~~+Ls,i7U§s)
:1 S ZW/v

P(Dy(t) >s)=E (

I(Ls,i,0+Ls,i,1+“‘+Ls,i,U>5))

I(Ls,i,0+Ls,i,1+"'+Ls,i,U§3)>

Z(s)

where {L;};>0 are i.i.d. random variables with the lifetime distribution.
SincAe/po =0,1<m< o0, Z]o-il(j log j)pj < oo and WN/SJ = i:l W j.k, we have that
P(0 < W, <oo)=1forall j >0ands > 0. So, on the set {L,; 0+ Lsii1+--+Lsiv <

s},
e Rs,j WSJ‘

0<
Z Txr
S e—aRoa Ty,

<1l wupl

and hence, as k — oo,

e_aRS’stj k
760 an == -0 w.pl
2licy e Wi

Therefore, by the bounded convergence theorem again, the proof is complete.

6. Proofs of lemmas

6.1. Proof of Lemma

For any fixed k > 0, consider the function g defined by

G(a+k) — G(a)

gla)=P(Rs; <kl|as; =a)= 1= Gla)

Let §s be the o-algebra generated by all the history of this branching process up to

time s.



258 Krishna B. Athreya and Jyy-I Hong

Then, for any € > 0,

([ o))

)
—E <P< ZZ(;ES/’)C) —B(k)’ - &))
1 Z(s)
=F|P 0] I(Rs,i<k)—B(k)‘ >e| s
i=1
Z(s) 2(s)
" B i ZES) Z(I(R“Sk) N g(asvi)) + 28) Z(g(as,z) B(/{:))‘ >el|Fs
i=1 pt
1 Z(s)
=B\ Z(s) > Uin, .<w) —g(as,i))‘ >3 ‘ 3
1 Z(s) )
+P ‘Z(S) (g(as,;) — B(k‘))’ > 3

First, by the weak law of large numbers for Bernoulli random variables and the bounded

convergence theorem, as s — 00,

Z(s)
(6.2) E (P (z}s) Z(I(RSJS,C) - g(as,i))‘ > % ‘ 5)) 0.

=1

So, it remains to prove that

1 Z(s) .
‘Z(s) ;(ﬂas,i) - B(k))’ > 5 —0 ass— oo.

Let A(z,s) = % EZZ:(‘? I(a, <z as defined in Sectionand since g(z) = %@g(@

is a bounded function that is continuous except on a countable set and hence bounded

a.e. with respect to A(-) defined in Theorem by Theorem [2.2|c), we have, as s — oo

1 Z(s)
70 800 = [ o)ades) = [ gle)daw) = B0) wp

Therefore, for any ¢ > 0,

Z(s)
1
(6.3) P ‘ Zg(a&i) — B(k:)‘ > % — 0 ass— oo.
i=1

Z(s) &

From (6.1)), (6.2) and (6.3]), we have that, for any € > 0,
7

Z(s) >E)*>O as s — oo

and the proof is complete.
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6.2. Proof of Lemma

Let ng1 =min{l < j < Z(s) : Ry j < k} and ns; = min{n,,;,—1 < j < Z(s) : Rs; < k} for
3 > 2. Then

1 Z(s) ) Z(sk)
1 s,n
Z(S’ k) =1 W (R‘S Z<k) Z(87 k) ; W 8t (RS Ns <k)
Z(s,k)
1 —
= Wsn
Z(S, k;) — Ms,i

Note that EW, .1 > 0 and hence there exists an 1 > 0 such that P(W 1>1n)>0.
Let §s be the o-algebra generated by all the information of this Bellman-Harris branch-

ing process up to time s. Then

P(Win,, > 1)
Z(s,k)
:E<P snSZ_nlgs))— ZP(Wsnsz—nansz—jlgs)
j=1
Z(s,k) Z(s,k)
=E P(Wyj>nmnei=j|8) | =E( Y. P(Wey>n|F)Pns; =515
Jj=1 j=1
Z(s,k)
=F P(Wsl>77’gs) (ns,i:j‘gs) :P(Ws,12n>-
7j=1
1 stn >n,
XS7Z — 1 S, ’l /r]
0 if Ws,ns,i <n
then
Z(s,k) Z(s,k)
Zz; WSans,i S k Z 77
Z(s,k)
1 —
= Xsi—PWsn,, >
T, Z(S,k) P ( ) (W 5,1 T’))
04 + LN P(Wyn, . > 1)
"\ zGm) & sinai =1
1 Z(s,k)
= Xsi —P(Wsp,, >
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Then we know from the weak law of large numbers again that the first term converges
to 0 in probability. Also, the second term in (6.4]) does not depend on s, so if let § =
%UP(WSJ >n), then 6 > 0 and, as s — oo,

1 Z(s,k)
P Weilin. . >0 — 1.
Hence, Lemma is proved.
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