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Pointwise Multipliers on BMO Spaces with Non-doubling Measures
Wei Li, Eiichi Nakai and Dongyong Yang*

Abstract. Let p be a non-negative Radon measure satisfying the polynomial growth
condition. In this paper, the authors characterize the set of pointwise multipliers on
a BMO type space RBMO(u) introduced by Tolsa.

1. Introduction

The characterization of pointwise multipliers on the space BMO¢(Td) was first studied by
Janson [9], where T? is the d-dimensional torus and BMO¢(Td) is the space of bounded
mean oscillation defined by a positive non-decreasing function ¢. Independently, when
d = 1, Stegenga [21] established a characterization of pointwise multipliers on the space
BMO(T) to study the boundedness of Toeplitz operators on the Hardy space H'(T). This
characterization was further generalized to R? in [19] and the spaces of homogeneous type
in [20]. For the characterization of pointwise multipliers on other function spaces, such as
weighted BMO spaces, we refer to [1,11+H18,24] and their references. We remark that the
pointwise multipliers on BMO(R?) was used by Lerner [10] to study the class P(R%) of
functions for which the Hardy-Littlewood maximal operator is bounded on the Lebesgue
spaces LP() with variable exponent, and positively solve a conjecture of Deining [3] saying
that there are discontinuous functions belonging to P(R%).

On the other hand, let n be a real number such that 0 < n < d and p a non-negative
Radon measure on R? satisfying the following polynomial growth condition that there

exists a positive real number Cj such that
(1.1) u(B(z,r)) < Cor™,

where B(x,r) is the ball centered at x € R? and of radius r > 0. In [22], Tolsa in-
troduced and studied the BMO-type space, RBMO(u) (the space of regularized bounded
mean oscillation), showing that RBMO(u) satisfies a John-Nirenberg inequality. In [6], a
John-Stromberg maximal characterization of RBMO(u) was established. For more refer-

ences on RBMO(p), see, for example, [51(7,23,25,26] and their references. The purpose of
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this paper is to study the characterization of pointwise multipliers on RBMO(u), where
a p-measurable function g is a pointwise multiplier on RBMO(p), if fg is in RBMO(u)
for all f € RBMO(u). To consider pointwise multipliers on RBMO(u), we need to regard
RBMO(p) as a space of functions modulo p-null-functions, since pointwise multipliers are
not well defined on a space modulo constant functions. In this paper we introduce a norm
|- IrBMO#(u) 0 RBMO(p) as a function space modulo p-null-functions like the preceding
researches.

We first recall some notion and notations. For a ball B = B(z,r) and p € (0, 00),
denote B(x, pr) by pB. We also denote by zp and rp the center and the radius of B,
respectively. For a subset A C R?, we denote by x4 the characteristic function of A.

Definition 1.1. Let o, 3 € (1,00). A ball B C R? is (a, 8)-doubling if

p(aB) < Bu(B).

It was proved by Tolsa in [22] that if § > o™ with n as in , then for every
ball B C RY, there exists some j € Z, = {0,1,2,...} such that o/ B is (a, §)-doubling.
Moreover, let 3 > a?. Tolsa [22] also showed that for pu-almost every z € R?, there exist
arbitrarily small (a, 8)-doubling balls centered at x. Furthermore, the radius of these
balls may be chosen to be of the form a/r for j € N = {1,2,...} and any preassigned
number 7 € (0,00). Throughout this paper, for any € (1,00) and ball B, B* denotes
the smallest (a,ﬂa) doubling ball of the form o/ B with j € Z,, where 8, > a®. When
a =5, we write B simply by B

Definition 1.2. Let Bgyouple be the set of all (5, 85)-doubling balls centered in points of
supp(u)-

The following coefficient Kp g was first introduced by Tolsa [22], where B and S are

cubes in R? therein; see also [2,8].

Definition 1.3. For any pair of two balls B = B(xp,rp) and S = B(zg,rg) satisfying
B C S, let Np s be the smallest integer k satisfying 2krp > rg, and let

NBS

We recall the definition of the space RBMO(x) which was introduced by Tolsa in [22];
see also [7]. For a ball B and a function f € L (u), let

(1.2) mp(f / f(@)du(z) and MO(f,B) = / (@) = ma(f)] du(w).
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Definition 1.4. Let RBMO(z) be the set of all functions f such that || f|lremo(.) < oo,

where
imp(f) —ms(f)]
Kpg '

| fllrBMO(m) = sup  MO(f,B)+  sup
BEBdouble Bvsggdsouble
C

In this paper, we assume that there exists a point 2o € R? such that u(B(zg,1)) >
0. Without loss of generality, we always take xqg = 0, the origin. Moreover, by ,
we may further assume that B(0,1) is (5, 85)-doubling. In fact, we may assume that
Bs > u(B(0,5))/u(B(0,1)). Based on this assumption, we define the space RBMO? (1) as

follows.

Definition 1.5. For a function f € RBMO(u), let

1/ IrBmot ) = I IRBMO() + IMB(0,1) (f)]
and denote by RBMO? (1) the space RBMO(u) equipped with the norm || - IRBMO® (12)-

Then RBMOY () is a Banach space modulo p-null-functions. Moreover, RBMO® (1)
has the following property: For a sequence {f;} in RBMO? (1),

lim Hfj - fHRBMoh =0
(1.3) Jarees (1)

= fiXB(o,r) = fXB(0,r) in measure p for each R > 0.

Since RBMO* (w) is a Banach space, using the property and the closed graph theorem,
we see that every pointwise multiplier on RBMO® (1) is a bounded operator.

To show the property , take a sequence {R,,} of positive numbers such that
B(0, Ry,) € Bgouble and Ry, — 0o as m — oo. Then, by the definition of the norm, we

have
Imp0,r) ()] < |mBo1)(f) = mB0.RW ()] + [mBO1)(f)]
< Kp0,1),80,1) 1 IRBMOM) + [MB0.1)(f)]
< KB(0,1),50,Rm) |1 [RBMO? (1)
and

/ (@) dp()
B(0,Rm)

< / |F(2) = mpo,r,) ()] du(@) + [mpo,r,) ()| (B0, Ryn))
B(0,Rm)
< [1+ Kp0,1),50,R)) HfHRBMO“(u)“(B(O’ Byn))-

This shows the property ((1.3)).
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To characterize pointwise multipliers on RBMO* (1), we also define RBMO,, (1) for a
variable growth function ¢: R? x (0,00) — (0, 00). For a ball B, we denote p(zg,r5) by

¢(B).
Definition 1.6. For ¢: R? x (0, 00) — (0, 00), let RBMO,, () be the set of all f € Li (1)

loc

such that || f|lremo,, (u) < 00, where

MO(f, B) ms(f) —ms(F)l

[fllRBMO, () = SUP  —— =+  sup
’ (“) BEBdouble LP(B) Bvsggdsouble SO(B) KB,S
C

For any a € R? and r € (0, 00), let

max(2,|al,r)
. _ n(B(0,1))
and
max(2,|al;r)
" -~ n(B(a,t))

The main result of this paper is as follows.

Theorem 1.7. A function g is a pointwise multiplier on RBMOU(M) if and only if g €
RBMOy () N L> (), where ¢ = 1/(®* + ®**). Moreover, there exists a positive constant
C > 1 such that

lgllor/C < llgllrBmo, (1) + 19l Lo (u) < Cllgllop,
where ||g|lop is the operator norm of pointwise multiplier g on RBMO?(1).

The organization of this paper is as follows. In Section [2] we give an example of
functions in RBMO(u). We first show an estimate on the measure p(B) for any ball B,
by which we construct an example of functions in RBMO(u) (see Proposition 2.5 below).
It is well known that a function f belongs to RBMO(u) if and only if for each ball B, the
mean value mp(f) in the definition of RBMO(1) can be replaced by a number fp (see, for
example, [22, Lemma 2.8] or Lemma below). In Proposition for any a € R%, we
define a function f, and show that f, € RBMO(u) by giving the suitable number (f,)p for
each ball B. This example is the logarithmic function in case that u is the usual Lebesgue
measure.

In Section [3] we establish three lemmas before showing Theorem [I.7] in Section [
Among these lemmas, we apply Proposition and show that for each ball B(a,r),
there exists a positive function f € RBMO®(x) which has uniform upper bound of norm
I flgBMO® () for a and satisfies the property that, for some positive constant C, f(x) >
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C(®*(a,r) + ®*(a,r)) if r < 1 and = € B(a,r), and that mp,)(f) = C(®*(a,7) +
**(a,r)) if B(a,r) € Bgouble (see Lemma below). Such a property is obvious on a
metric measure space (X, d, u) when p satisfies the doubling property and reverse doubling
property (see, [11, Lemma 2.2] or [20, Lemma 3.3 and Remark 3.3], for example), while in
the current setting where the measure doubling property and reverse doubling property is
not assumed uniformly for all balls, it is more complicated to see this fact. Moreover, the
conclusion of Theorem is still unknown for general Campanato spaces.

Finally, we make some conventions on notation. Throughout the whole paper, C
stands for a positive constant which is independent of choices of the main parameters,
but it may vary from line to line. Constants with subscripts, such as Cy and C7, do not
change in different occurrences. The symbol f < g or ¢ = f means that there exists a

positive constant C independent of f and g satisfying that f < Cg, and f ~ ¢g means that
fS9sr

2. An example of RBMO(u) functions

In this section, we give examples of functions in RBMO(u) on R? with a Radon measure
w as in (L.1). To this end, we begin with the following lemma.
Lemma 2.1. Let u be as in (.1)). Then for any a € R and r € (0, 00),

T a 2
A[Mi$m]ﬁ§2?MB@ﬂl

Proof. We use the Riemann-Stieltjes integral. Take § € (0,r) and let f(t) = —t~"/n and
g(t) = u(B(a,t))?. Then f is continuous and g is increasing on [§,7]. Hence f is Riemann-
Stieltjes integrable with respect to g. Since both f and g are increasing on [, r], by the
integration by parts for the Riemann-Stieltjes integral, we have that g is Riemann-Stieltjes

integrable with respect to f and

/mgﬁﬂﬁﬁ)ZfOﬁMT%—fQMKQ-/Wf@NMU)
é é

On the other hand, since ¢ is Riemann integrable and f is increasing and continuously

differentiable on [, 7], we have that gf’ is Riemann integrable and

/ "y df(t) = / g0 £/ (t) dt.
1) )

That is
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Next we estimate the integral [J ¢~ d(u(B(a,t))?). For its Riemann-Stieltjes sum
m
th—n [M(B(a‘7tj))2 - M(B(aﬂtjfl))g] , 0=t <ty <<ty =

using the estimate

[1(B(a, ;) — u(B(a,tj-1))*]
— [u(B(a,t;)) + u(Bla, t;—1))] [u(Bla. 1)) — n(Bla,t;1))]
< 2Cot} [(B(a,t;)) — p(B(a,tj-1))],
we have
> 5 [u(Bla,ty)® — w(Bla,t;-1))*] <2C0 Y [u(Bla,t;)) — p(Bla, tj1))
7j=1 j=1

This shows that
/ " d(u(Ba, 1)) < 20 [u(Bla.r)) — u(B(a, 8))]

From the above calculation we have

/; [M(iﬁi’lt))] dt < CO o 4 20 (B a, )

Letting 6 — 0, we have the conclusion. O

As an easy corollary of Lemma we obtain the following lemma.

Lemma 2.2. For any ball B = B(a,r),

2C
L) g 20

Proof. Let x be the characteristic function of the set {(z,t) € R x Ry : |a — x| <t < r}.
By Lemma we have

ol e = [ [ oo

<[ (iffif)” » SQSOH(B). -

We now recall an equivalent characterization of RBMO(p) in [22]
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Lemma 2.3. [22] A function f belongs to RBMO(u) if and only if the following statement
holds: For p € (1,00), there exist a positive constant C' and a collection of complex numbers
{fB}B (i-e., for each ball B, there exists fg) such that

1
w(pB)

and that, for any pair of balls B and S satisfying B C S,

/B @) — fulduly) < C

|fB — fs| < CKpgs.
Moreover, the minimal constant C' as above is comparable to || f|lrBmo(y)-

Remark 2.4. By Lemma we see that the space RBMO(p) is independent of the choice
of p € (1,00). Thus, for the sake of simplicity, in what follows, we may choose p = 5 when

we apply Lemma 2.3

For any a € R and r € (0, 00), let

(2.1) ®(a,r) = /1 wBla,t)) dt.

tn+1
Now we state our main result in this section.

Proposition 2.5. For a € RY, let

1 a
fale) = ®(a, a — ) :/ wBla.b)

z—al i+l
Then f, € RBMO(u) and there exists a positive constant C, independent of a, such that

| fallRBMO(M) < C.

Proof. We show Proposition 2.5 by applying Lemma [2.3| with p = 5 therein. For any ball
B = B(zp,rR), let ® be as in (2.1) and

®(a,3rp) if |a —zp| < 2rp,
(fa)B =
®(a,|a —xp|) otherwise.
We first show that,
(22) [ 1£@) = (F)pl duta) £ u(sB).

We consider the following two cases.
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Case 1: |a—zp| < 2rp. In this case, B C B(a,3rg) C 5B. From this and Lemma[2.2]

we deduce that
1
7 e = sl ante) = s [ o) = [ D ] )

1 B p(B(a,t)) .
:UJ(5B) /B(a,SrB) </|x—a ¢t dt) dlu( )

- W(B(a,3rp)) _
~  wBB) T~

IN

Case 2: |a — x| > 2rp. In this case, if x € B, then 3|a — 25| < [z — a| < 2|a — zp].
By this fact, the definitions of f, and (f,)p and (1.1)), we conclude that

1 lo=5l u(B(a, t))
d — =2 dt| d < 1.
i) e~ sl o) < o |17 T EEEED a5
Combining these two cases we see that (2.2)) holds.
Next we show that, for any pair of balls B and S satisfying B C S,
(2.3) [(fa)B — (fa)s| S KB,s-
To show ([2.3)), we first note that
drg
1(B(zp,2t))
2rp
Actually, using (|1.1]), we have
Arg 1+NB S 2k+1
w(B(zp,2t)) B(zp,2t))
/ZTB tn—i—l dt < Z ntl dt
N
u . u(2’€+2B) 2 gy <K
= 2Fr)™ Jon T S Es
k=1 2Frp

Now, we consider the following four cases.

Case (i): la —xp| < 2rp and |a — xg| < 2rg. In this case we have

3rg a
|(fa)B — (fa)s| = |®(a,3rp) — ®(a,3rs)| < /2 W dt.

From |a — zp| < 2rp and t > 2rp, it follows that B(a,t) C B(zp,2t). Then, using (2.4),
we have (2.3).

Case (ii): |a —xp| < 2rp and |a — zg| > 2rg. In this case we have

2rp <2rg <la—uzg| <l|a—zp|+ |z — x5 < 3rg
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and
%S u(B(a,t))

tn+1 dt.

(fa)5 — (fa)s] = 1 (a,3r5) — B(a, |a — zs])] < /

27‘3
By the same way as Case (i) we have ({2.3]).
Case (iii): la—zpg| > 2rp and |a —xg| < 2rg. In this case, we have |a — x| < 3rg and

s p(Blat)

tn+1 2

Iwmr%nbhﬂmmm—mm—¢mgwﬂ:/

la—zp|
From t > |a — xg| it follows that B(a,t) C B(xp,2t). Then, using (2.4]), we have

3rs 3rs
w(B(xp,2t w(B(xp, 2t
\mm—mms/ (iwl»ﬁgé (iﬂlnﬁgmw
a—xp rB

Case (iv): |a —zp| > 2rg and |a — xg| > 2rg. If |a — x| < 3rg, then |a — xg| < 4rg
and

4drg
p(B(a, 1))
T S

(fa)5 — (fa)s] = |®(a, a — z5]) — B(a, |a — z5])| < /

2rg

This implies (2.3). If |a — zg| > 3rg, then

1

§]a—x5| <l|a—2zp| <2la—zg|.
Using ((1.1)), we have

2la—zs|
p(B(a, 1))

(Fa)5 — (fu)s] = B (a]a — x5]) — B(a,|a — zs])| < /

la—zs]/2

Combining the four cases above, we see that (2.3)) holds, which together with (2.2)) com-
pletes the proof of Proposition [2.5 O

3. Lemmas

In this section we give several lemmas to prove Theorem Recall that ®* and ®** are
defined by (1.4) and (1.5)), respectively.

Lemma 3.1. There exists a positive constant C' such that, for any f € RBMO”(M) and
(5, Bs)-doubling ball B(a,r),

M50, (D] < CllflRpaos () (2 (a;7) + € (a,7)].

Proof. First note that, for any pair of balls R = B(zg,rr) and S = B(zg,rs) satisfying
R C S, the following two inequalities hold

(3.1) imz(f) —mg(f)| S Kr.sllfllrBmog)
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and

S w(B(zR,t))

tnt1 dt.

(3.2) Krs <1 +/

TR

For (3.1)), see |22, p. 99] or [8, p. 18]. For (3.2)), using (|L.1]), we have

Ng,s kp 2kt+lpp r
- /’L(z .%'R,t)) s M(B(.%'R,t))
k=1 TR
To prove the lemma, it suffices to show that
(3.3) Imp(a,n (f) —mpon ()| S IflreMo) [@F(a,7) + ®*(a,7)] .

To this end, we consider the following three cases:

Case (i): max(r,1,|a|/2) = |a|/2. In this case, we have
B(a,r)U B(0,1) C B(0,2l|al).
Then, using (3.1)), (3.2)) and (1.1)), we have

‘mB(a,r)(f) - mB(O,l)(f)‘
< e (F) = m gy (O] + [ms0n () = m e ()]

< [KB(ar),B020a) + KB(0,1),B0,21a)] |/ IRBMO()
2lal ,(B(a, t [ 2lal 1,(B(0, ¢t

s{ v (B D o) a [ EEGD ] sviog)
r 1

tn+1
< [0 (a,r) + @ (a, )] || fllrBMO(1)-

Case (ii): max(r,1,|a|/2) = r. In this case, we have
B(a,r)uU B(0,1) C B(0,3r).

Then, using and , we have
‘mB(a,r)(f) - mB(O,l)(f)‘

< |man () = Mg, ()] + [msen () = m g, ()]
S (KB, B(O 37‘) + Kp(0,1),80,3n) Il IlRBMO(1)
(B(a,t)) " u(B(0, 1))
{[ t"+1 dt| + |1 +/1 Wdt I fllRBMO (1)

S @%(a 7“)||f||RBM0( )-

AN
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Case (iii): max(r, 1, |a|/2) = 1. In this case, we have

B(a,r)U B(0,1) C B(a,3).

Then, using (3.1)), (3.2) and (1.1)) again, we have

‘mB(a,T)(f) - mB(O,l)(f)’
< M0 (F) = m g, (D] + [mson (D) = m s ()
< [KB(ar),B3) T KB0.1),B(3)] I IRBMO()
3 u(B(a 3 u(B(0,t
[1 + W dt] [1 + /1 W dt} } £ lRBMO (1)
**(aa r)HfHRBMO(/L)'

Thus, we finish the proof of (3.3]) and hence Lemma O

Recall that MO(f, B) is defined by (1.2)).
Lemma 3.2. Let f € RBMO(u) and g € L>®(u). Then fg € RBMO(u) if and only if

mplg) —ms\g
F(f,9)= swp |ma(f)MO@.B)+ suwp [ms(f) <;{ @l _
BeBgouble B,S€Bgouble B,S
BCS

In this case,

lIf9llrBMo) — F(f,9)| < 5 fllrBMogn 191 e () -

Proof. Assume that f € RBMO(u) and g € L (). Then for any B € Byouple, we have

- [(F9)(x) —mp(f9)ldu(x) — [mp(f)|MO(g, B)u(B)

= [Ilfg = mB(fo)llL1 (s um — Ima(f)(g —me(9) 1B
< |Ifg—ms(fg) —ms(f)g +mps(f)ms(9)l (s,

< [ 1tf9)(@) = m(a@)] du(e) + u(B)ms(F) = ms(mils)

<2 [ [(79)@) = mp(Pa(@)] du(a)

<2 [ 17(2) = m(7)|du(o) gl < 2B) | Irensonn 9l
This shows

(3-4) IMO(fg, B) — [mp(f)|MO(g, B)| < 2[| fllrBMmo(u) 9]l oo (1) -
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Moreover, for any B, S € Bgouble satisfying B C S,

lmp(fg) —ms(f9)l — Imp(f)lIms(g) —ms(g)ll
< |Imp(fg) —mp(f)ms(g)| + |ms(f)ms(g) —ms(fg)| + |mp(f) —ms(f)lms(g)|
< 2||f||RBMO(u)||g||L°°(u) + KB,S”fHRBMO(m”g”Loo(uy
This shows

Imp(fg) —ms(fg)l
Kps

These two inequalities (3.4)) and (3.5]) imply that fg € RBMO(u) if and only if F(f,g) <
oo. This finishes the proof of Lemma O

_ |mB(f)| ’mB(g) - mS(g)’

(3.5) Kps < 3| fllrBMmo () 19l Loo (1)

The following lemma on the properties of the coefficient Kp g was established by Tolsa
in [22]; see also [2,/4].

Lemma 3.3. [22]

(1) There exists a positive constant C, such that, for all balls B C R C S, Kpr <
CKpys, Krs <CKps, Kps < C(Kpr+ KRrs).

(2) For any a € [1,00), there exists a positive constant C,,, such that, for all balls B C S
with rs < arg, Kpg < Cy.

(3) For any p € (1,00), there exists a positive constant C,, such that, for all balls B,
KB,EP
that there exists no (c, 3)-doubling ball in the form of o*B, with k € N, satisfying

B C o*B C S, then there exists a positive constant Ca,g, such that Kp g < Cy .

< C,. Moreover, letting o, f € (1,00), B C S be any two concentric balls such

Lemma 3.4. Let ® be as in (2.1). For any a € R?, let

mex ) W(B(0,1)

ff(x) =1+ max(—®(0,2),—®(0,|z])) =1 —I—/ s ,

1

max(1,|al/2)
:1+max(o,/ /~L<B<a7t>>dt>,
|

1
a—x| tnt

and f = f*+ f**. Then f(z) > 1 for all x € R? and there exists a positive constant Cy,
independent of a, such that || fllgpmon(,) < Cr- Moreover, there exists a positive constant
Cy, independent of a, such that, for any r € (0, 00),

(1) of r <1, then, for any x € B(a,r),

(3.6) f(x) = Co[®%(a, ) + ™ (a,7)];



Pointwise Multipliers on BMO Spaces with Non-doubling Measures 195

(2) ZfB(CL,T‘) € Baouble, then
(37) mB(a,r) (f) Z 02[(1)*(&7 T) + (I)**(a¢ ’l“)]
Proof. By the definition of f we have f(z) > 1 for all x € R?. From Proposition it

follows that f € RBMO(u) and || f[remo(u) S 1. Next we show that mpy(f) S 1. In
fact, for |z| < 1, from (|1.1)), we deduce that

f*(x):1+/12M(B(0’t))dt§1.

tn+1

This shows mp(o1)(f*) < 1. To estimate mp(o1)(f**), we notice that, if 1 < |a|/2 and
x € B(0,1), then |a — z| > |a|/2 and

lal/2
max 0,/ Mdt =
ja—a| "

and hence f*(x) = 1, which implies that mp(f**) = 1. If 1 > [a|/2 and z €

B(0,1) \ B(a,1), then
bou(Ba,t) )
max (07 /|a_z| tnT dt) =

Thus, to estimate mp(o1)(f**), if 1 > [a|/2, it suffices to consider » € B(a,1). From
Lemma B(a,1) C B(0,3) and the (5, f5)-doubling property of B(0,1), we deduce
that

m <1 / / dtd
Bo.n(f7) 0 D) Jnan) Jia—s t"+1 ()
,U(B(a 1)) n(B(0,3)) -
<14 B0 < g MR
u(B(0,1)) = w(B(0,1)) ~
Combining the estimates of mp(o 1)(f**) and mp 1)(f*) we have mp 1)(f) < 1 and then
1/ lrBMOR () S 1

We now show ([3.6). We first estimate f*. Let 7 < 1 and = € B(a,r). If |a| < 2r, then

we see that

2 max(2,|z|)
q)*(avr)—l‘i‘/; M(f(—?lt))dt<1+/l /Wdt_f*(x)

If |a| > 2r, then |z| > |a| — |z — a| > |a] — r > |a|/2 and

max(2,al/2) max(2,|al)
. w(B(0,1)) / 1(B(0,1))
o*(a,r :1+/ ————=dt + — g dt
( ) 1 g+l max(2,|a|/2) trtl

< f*(x)+ Colog2 < (14 Cylog2) f*(x).
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Next we estimate f**. Let r < 1 and = € B(a,r). Then

max(1,]a|/2) max(2,]al)
@**(a,r)—lJr/ M(B(a’t))dtJr/ Mdt

tr+t max(Llal/2) "
max(1,]al/2)
p(B(a, 1))
la—z|

= f™(z) + Cplog2 < (1 + Cplog2) f*(x).

This finishes the proof of ([3.6)).
Next we show (3.7) for B(a,r) € Bgouble- We consider the following two cases:
Case (i): 7 > max(2, |a|). In this case,

" " u(B(0,1)) -
o (a,r):l—i—/1 Wdt and ®"(a,r)=1.

Then ®**(a,r) < mp(q,)(f*). To estimate mp(, ) (f*), we further consider the following
two subcases:

Subcase (i): |a| < r/2. In this subcase, choose yo € B(a,2r) \ B(a,r) and By, the
biggest (5, B5)-doubling ball of the form B(yo,577r), j € N. Then By, C Bm). We

claim that
K — <1
By, B(a,5r) ~

In fact, if " Bt < TSy then B(a,5r) C 55B,,. Using (1)—(3) of Lemma we deduce

that
— < < o <
KByO’B(a’5T) ~ KB?JO’55B?!0 ~ KByO’E)ByO + K5Byoy5Byo + K5Byo’55By0 ~ 1
If rsByO < rB(a,5r)’ then, by the fact that T5By0 > r, we see that

P

B(a,r) C 55@; C 25B(a, 5r),
which together with (1)—(3) of Lemma [3.3| further implies that

—_—

—~ < K
Byg,B(a,5r) ™~ Byy,25B(a,b5r)

+ K

<K @ .
~ "By, 558y, 55By,,25B(a,5r)

< — — <
~ KBy0755ByO + KB(a,r),25B(a,5r) S

From this claim, it follows that there exists a positive constant C3 such that

[0 (1) = M8,y (F)] < [y (F7) = e (5| [y () = e ()

= [KB(a,r),B/(Zé) + KBWB@E,J 1 £*[lRBMO (M) < Ci-
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Moreover, if x € By, then

o1 > Iyl ~ Iz ol > lyo — o] ~ lal ~ &~ yo| > 7~~~ L = >
T = 1Yo T —=Yo| Z |Yo — a a T — Yo 5 5 10r’
and hence
max(2,3r/10) B(0.t r B(0.1
a1 | B0, | HBO1) ,
1 t max(2,3r/10) "

< f*(x) + Colog(10/3) < [1 + Cplog(10/3)] f* (=),
which implies that
®*(a,r) S mp, (f7)

_mBar(

<mBar(

")+ [mBy, (f*) = mpn ()]

f
f7) + Cs S mp(an (7).

Subcase (ii): r/2 < |a| < r. In this subcase, take xg € B(a,r/20) and By, the biggest

(5, B5)-doubling ball of the form B(xo,5 1), j € N. Then By, C B(a,r/4) C B(a,r). As
in Subcase (i), by Lemma and Proposition we see that

imp,, (f*) = mpr ()| < Kb,y Bl IrBMOG) < Ca-

Moreover, if x € B, then

2l > Ja| ~ |e —al 2 5 - 7 = 1.
and hence
max(2,r/4) r
R n(B(0, 1)) / n(B(0, 1))
d =1 ———odt ———odt
(a7 r) " /1 tntl * max(2,r/4) tntl

< fH(z) + Colog4 < (1 + Colog4) f*(z),
which implies that

*(a,7) S mp,, ()
= Mp(a,r) (f*) [mBzO(f*) _mB(a,r)(f*)]
f

< MpB(a,r) ( *) + Cy NmB(ar)(f*)'

Case (ii): 7 < max(2, |a|). In this case,

max(2,]al) max(2,]al)
. 1(B(0,1)) . 1(B(a, 1))
<1><a7r>=1+/1 gt and @) =1+ | T O
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We first estimate mp(q, (f**). Choose x¢ € B(a,3r/10) and take B, the biggest (5, 35)-
doubling ball of the form B(xg,57r), j € N. Then B,, C B(a,7/2). As in the estimate
of Case (i), by Lemma [3.3| and Proposition we see that

imp,, (f**) = mpam ()| < Kb, BanlflreMo) < Cs.

Moreover, if x € By, then |a — z| < r/2 < max(1, |a|/2) and

max(1,]a|/2) max(2,|al)
3 (“’T):H/T Tt U e

< f7 (@) + Colog2 < (1+ Colog2) f*(x),
which implies that

™ (a,r) S mp,, (/)
= Mp(a,r) (f**) + [meo (f**) — MpB(a,r) (f**>]
S MPB(a,r) (f**) + Cs 5 mB(a,r)(f**)'

It remains to estimate mp, ) (f*). If max(2,|a|) = 2, then, for any = € B(a,r),

d*(a,r) =1 +/12 Mdt < f*(x).

This shows
(I)*(av 70) < mB(a,r) (f*)

If max(2, |a|) = |al, then

lal
®*(a,r) =1 —i—/l Wdt.

In this case, take By, the same as in Subcase (ii) of Case (i). Then we have
|meO (f*) - mB(a,r)(f*)‘ S Cé-

Moreover, if z € By, then

3
1> Jal [z —a] > [a] - © > Ja] - 4 = 3]
and hence
max(2,3|a|/4) B(0.t |al B(0.1
<I>*(a,7“):1+/ Wdt+/ wdt
1 t max(2,3a|/4) U

< f*(x) + Colog(4/3) < [1 + Colog(4/3)] " (x),
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which implies that

*(a,7) S mB,, ()
= Mmpan(f*) + [mBIO (f") - mB(a,r)(f*)]
S mBar) (f*) + C6 S mparn (f7)-
This finishes the proof of and hence Lemma O

4. Proof of the main result

In this section, using the lemmas in the previous section, we prove Theorem

4.1. Sufficiency

Assume that ¢ € RBMO, (1) N L*°(p). From Lemma for any f € RBMO%(y) and
B = B(a,r) € Bgouble, it follows that
()] oo 9" (0:7) + 7 @) = U vior o5
Then
m(IMOG.B) % I lusniori gy < I leniorgol9lmsio,

and, for any pair of B, S € Byouple satisfying B C S,

(DI gy )

) )

< [ f llrsaon () 19/lRBMO, (1)-
These two inequalities, together with Lemma show that fg € RBMO(u) and
1f9llreymow) S I1flRemos l9lRBMO, (1) + ([ IRBMO() 191 £o0 (12)

< Iflremosq (l9llrBMo, (o) + 9l () -

Moreover, since

Imp0,1)(f9)| < [mp0,1)(f9) — mpo1) (Fmpen(9)] + [mpon (mse(9)]
1
S TBED) o 90 = 02 92 )

+ }mB(o,l)(f)mB(o,l)(g)‘
< ||f||RBMoh(“)||9||Loo(u),
we see that

HngRBMO“(M) S Hf”RBMOh(p) (‘|9HRBMO¢(M) + HQHLOO(H)) .

Thus, g is a pointwise multiplier on RBMO? (1) and

lgllop < lglirBmo, (u) + lgllLoe (u)-
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4.2. Necessity

Conversely, assume that g is a pointwise multiplier on RBMO? (). For any f € RBMOh(u)
and for any B € Bgouble, We deduce by Lemma [3.1] that

t/m\fg )| dy(e J/\ £9)(@) — mp(fg)| du() + lms(f9)]

(4.1) ||fg||RBM0(,L) + [@7(ar) + 9% (a, )] 19l a0

S
S [@%(a, ) + @7 (a, )] || fllrBmosp l9llop-

For any a € supp(u), let f be as in Lemma [3.4] Take a sequence {r;} of positive numbers
less than 1 such that B(a,r;) € Bgouble and r; — 0 as j — oco. Then for each j and
z € B(a,rj),

(4.2) HfHRBMou( ) S1 and f(z) 2 @ (a,ry) + D7 (a, 7).
Combining (4.1]) and ( ., we have
1

S Jy 19140 5 ol

Letting j — oo, by the Lebesgue differentiation theorem in [22, p. 96], we see that |g(a)| <
lgllop for u-almost every a € R%. That is, g € L>(u) and

gl zoe ) S llgllop-
Next we show g € RBMO,(u). For any f € RBMO® (1), we deduce by Lemma,

that, for any B € Bgyouble,

(4.3) imp(f)|MO(g, B) < [l fgllrBmoq) + I lRBMO () 191l Lo (10)

~S HfHRBMOh(H (HQHOP + ||9||L°° u)) S HfHRBMoh ||9||OP7

and, for any pair of B, S € Byouple satisfying B C S,

w0 S gl + ko ol

S HfHRBMO” ||g||01>
For B = B(a,r) € Bgouble, let f be as in Lemma Then

* kk 1
(4.5) Hf“RBMO“(u) S1 and mp(f) 2 ®(a,r) + 7 (a,r) = o(B)
Combining (4.3]), (4.4) and (4.5)), we have
MO(g, B) Ims(g) — ms(g)|

< llgllop  and < llgllop-

¢(B) p(B)K

This implies that g € RBMOy () and [|g[|[rBmo,(u) < ll9llop, which completes the proof
of Theorem [L.7
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