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POLYNOMIALS OVER FINITE FIELDS WITH A GIVEN VALUE SET

Jiangmin Pan* and Kar-Ping Shum

Abstract. We study polynomials over finite fields with a given value set.
By constructing relations among the coefficients of Lagrange Interpolation
Formula of these polynomials, we obtain its new kind of expression. Using this
we find some characterizations for the set and the number of such polynomials.

1. INTRODUCTION

Definition 1.1. Let F, be the finite field of ¢ = p™ elements, where p is a
prime and n is a positive integer. Let f € F,[z], the value set V; of polynomial f
is defined to be the set {f(a) : a € F};}.

It is well known that every function (map) f : F, — Fj can be uniquely
expressed by a polynomial with degree < ¢ — 1 (since f and ¢ induce the same
function on Fy if and only if f(x) = g(x)(mod 2% —x)). In fact, using well known
Lagrange Interpolation Formula, see [5, p. 348], f can be expressed as follows:

(1) f@)=3" fl@l— (& —a))

acFy

Henceforth, it is enough to restrict our attention on polynomials with degree < ¢—1.
Throughout the paper, we adopt following definitions and notations.

Definition 1.2. For 0 < d < ¢—1,1 < k < g, we define M,(k), Ny(k),
M,(d, k), Nq(d, k) as follows:

My(k) ={[f € Fyla] : [Vy| = k}
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Mqy(d, k) = {f € Fy[z]: deg(f) = d and |Vy| = k}

and
Nq(k) = |My(k)|, Nq(d, k) = [My(d, k)|.

Definition 1.3.  Let M = {ai,---,ar} be a subset of F,. We define
My(d, M) = My(d,{a1,---,ax}) as follows:

My(d, M) ={f € Fylz] : deg(f) = d and Vy = M}
and Ny(d, M) = |M,(d, M)].

Proposition 1.4.

q—1
MQ(k) = U MQ(dv k), MQ(dv k) = UMQ(dv M),
d=0 M

q—1
Ny(k) =Y _ Nold, k), No(d, k) =y _ No(d, M),
d=0 M
where M extends over all k-elements subsets of F;.
Ny(d, 2) = Ny(d, M) (%) for each 2-elements subset M of F,.

Proof. Notethat ¢ : f(z) — ¢1+(c2—c1) f(x) is an one-to-one correspondence
between M, (d, {0, 1}) and M,(d, {c1, c2}), the second statement follows. The first
statement is trivial. [ ]

Among the notions defined above, the number N, (k) is not difficult to determine
(see [2, p. 173]). However, the others, in general, are difficult to characterise even
in a simple case: F} is prime and k = 2 or 3 (see [1], [4]). Recently, [3] studied the
number of polynomials of a given degree over a finite field with value sets of a given
cardinality. By observing that the coefficient c,_; of 29! (we use ¢, to denote the
coefficient of z¥) of f(z) in (1) = — > _acr, f(a), the author related these numbers
to the solutions of a class of equation over Fy, and, for prime fields, obtained
a explicit formula for N,(p — 1, M). In the present paper, we study M,(d, M)
and N,(d, M) without the restriction d = ¢ — 1. In section 2, we give a new
expression of polynomials over finite field with a given value set by analyzing the
relations among ci, co, - - -, c4—1. In section 3, we obtain a specific characterization
of polynomials over F>» with value set of cardinality 2. Precisely, we give a formula
to count the number N2 (d, 2) and determine the explicit form of polynomials in
Mon(d, 2) for every d. In section 4, The number of minimal value set polynomials
with cardinality p’ is determined. In final section, we obtain a formula to count the
number Ny(q — 1, 3).
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2. EXPRESSIONS OF POLYNOMIALS OVER Fy WITH GIVEN VALUE SET

Letq = p™, s = p', where ¢ < n is a positive integer. Let T = {0,1,---,q—1}.
We define a relation “~” over T as follows:

0~ 0,

i~ jiff i = s"j(mod q— 1) for some integer r > 0when 1 <i,5 <q— 1.

It is not difficult to prove that the relation “~” is an equivalence relation over
T, so it can determine a partition of 7". Write

[i] : the equivalent class of number s.
n(i) : the cardinality of the set [4].
[(i) : the largest number of the set [i].
k : the smallest positive integer of k mod( ¢ — 1).
R : the representative set consisting of the largest integer in each equivalent

class of 7" and R* = R\{0}.
The next proposition is obvious.
Proposition 2.1.

(1) [i] = {i,si,---,s"O-1i} for 1 <i < q—1.
(2) n(i) =min{j > 0: s/i = i(mod q—1)}. Particularly, n(0) = n(q—1) = 1.

As a direct consequence of Lemma 2.1, it follows from (1) that

(2) a=(-1)"Y fl@a®* (k=1,2,---,¢-1)

acFy

Theorem 2.2. Let f € Fy[z]. If a® = a for each a € V4, then f can be
uniquely expressed in the following form:

n(z)—1 o
(3) f@)y=c+ > > '
ieR* j=0

Where ¢; satisfying c?(i) = ¢; for each i € R*.
Proof. To prove the theorem, by Proposition 2.1, it suffices to prove

c—=c’ fori=1,2,---,q—1.
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Note that if %, [ are positive integers, then z* and z! express the same function over
F, ifand only if k = I(mod ¢ —1). So, for 1 <i <¢—1, ala—i=1)s) — gg—isi—1
for each a € F;,. Then (2) gives

¢ = (03 fla)TalrD
acFy
= (-7 ) flayar

acFy

i8]
The uniqueness of the expression is obvious. ]

Remark 2.3. In a special case t | n, i.e., V¢ is in the subfield Fs of F, f(x)
can be expressed in form (3) with ¢; € ;) for all i € R*.

Corollary 2.4. Let M be a subset of ;. If a® = a for each a € M, then
Ny(d,M)=0ifd ¢ R*.

3. CHARACTERIZATION OF POLYNOMIALS OVER Fin
WITH VALUE SET OF CARDINALITY 2

In this section, we always suppose that ¢ = 2".
The following Theorem 3.1 and Corollary 3.2 give a specific characterization
for polynomials with a value set of cardinality 2 over F,.

Theorem 3.1.

n(z)—1 _
M,(2) = {a +0b Z Z c?jxin

(4) i€R* j=0
ra € Fg,be Fj,c; € Fyni) not all zero}

Proof. By Proposition 1.4, each polynomial f(z) € M,(2) has the form:

f(x) = a+bg(x)

where g(x) € F,[x] with the value set V, = {0,1}. Theorem 2.3 now implies that
the set in left-hand side of (4) is contained in the set in right-hand side.
Conversely, for every ¢ € R, since c?"“) = ¢; and i2™(9) = j, one can check

that 3, - Z?ﬁg_l 2 %" (denoted by h(z)) satisfies

(2

h(z)? = h(z)(mod 27 — x)
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So V, € {0,1}. Our proof is then finished by noting that these polynomials have
degrees € {1,2,---,q— 1}. ]

Corollary 3.2.  Write R* = {l(1),(42), - - - ,l(i,)} with I(i;) ordered such
that [(i1) < l(i2) < --- < (i,), where r =| R* |. Then

2“’2?211 (i) (on(ix) _ 1)(¢ hen d = (3
Ni(d.2) = { ) e = i

0 other case

The “even” property of degrees of polynomials in M, (2) is revealed as follows.

Theorem 3.3. Let f € Fy[z] and |Vf| = 2. Then deg(f) is always an even
integer > 2! except deg(f) = ¢ — 1.

Proof. The inequality is trivial. If deg(f) # ¢ — 1, by Corollary 2.4, it is
suffices to prove that (i) are even for all i # ¢ — 1, equivalently, following claim:

Claim: If 271 is odd, then 277 > 27+1;.

Suppose 27+ = 2k + 1 < ¢ — 1, then 273 > 27~1. Otherwise, 27+ = 2277 is
even, a contradiction. So 27i — 271§ =27 — (227 — (¢—1)) =¢—1-2"i > 0. =

Corollary 3.4. My (2"",2) = {a+ bTrp, p,(cx) : a € Fy,b,c € Fr}, and
Ny (2771, 2) = (21— 2)(9).

Proof. Itiseasytoseethati(1)=2""1 n(1)=n, (i) >1(1)for1 <i<qg-1
and each polynomial f € M, (2"!,2) can be expressed as follows:

2n—1 2n—1

fx)=a+blecx+c2® 4+ + &z )=a+blrp, g (cr)
where a € Fy, b, c € F. The second result is then obvious. n
Corollary 35. Ny(q—1,2)=27"1(3).

Proof.  For each polynomial f € U,., 1 M,(d,{0,1}), by Theorem 3.1,
277! + f(x) € M,(q —1,{0,1}), and each polynomial in M,(g — 1,{0,1}) can
be obtained in this way, so Ny(q —1,{0,1}) =3, 1 Ny(d,{0,1}). Therefore,
Ng(q—=1,2) = >, 1 Ng(d,2). The result now follows by N,(2) =27(3). m

Corollary 3.6. If ¢ — 1 is a (Mersenne) prime, with notations as in Theorem
3.2, we have

M,(2) = {a + b<cq_1xq_1 + T?"Fq/FQ(cZ‘laci1 + cigaci2 + -+ cir_lx“—l))}
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where a € F;,b € Fy, ciyyroo iy € By cqm1 € F and ¢; not all zero.

Proof. First, n(¢ —1) = 1. For 1 <1i < ¢ — 2, we have n(i) = n, the result
now follows by Theorem 3.1 and the additivity of traces. |

4, MINIMAL VALUE SET PoLyNomIALS WITH GIVEN CARDINALITY oVER FINITE FIELDS

If f € F,[x] has degree d, since every polynomial cannot have zeroes more than
its degree in any field, it is easy to see that

) L1 <

(We use | k] to denote the integer part of k). Polynomials achieving the lower bound
are said to be minimal value set polynomials, and polynomials achieving the
upper bound ¢ (i.e., Vy = Fy) are known as permutation polynomials (see [5,
Chapter 77).

Let ¢ = p", s = p', where ¢ is a positive divisor of n. Set A = L;’:—}J. Then it
is easy to see that f(x) € M,(s) is a minimal value set polynomial if and only if
Pt < deg(f) < A

The following theorem give the expression of minimal value set polynomials
with cardinality s over Fy.

Theorem 4.2. Set S = {p"~t, p"* +1,---,A}. Then the set of all minimal

value set polynomials with the value set F'; is as follows:

n(i)—1

{CO + Z Z Cz{s]xisj 1o € Fy,¢; € Fuy not all zero}.
i€eR* S j=0

Proof. Similar to the proof of Theorem 3.1. ]

Corollary 4.2. Write R*( S = {i(41),1(i2), -, 1(im)} With [(i1) < I(i2) <
-+« < (ip). Then for p"~t < d < A, we have

520 nG5) (gnlin) — 1) when d = (i
Nq(d,Fs):{ s ) when d = 1)

0 other case

Example Let ¢ = 5. Determine all minimal value set polynomials with the
value set I'5 over Fy.
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First, it is easy to compute that S = {25, 26,27,28,29,30,31}, R*S =
{25,30,31}, n(25) = n(30) = 3 and n(31) = 1. Then Theorem 4.1 and Corollary
4.2 shows that the set of all minimal value set polynomials with the value set F7 is
MQ(257 F5) UMQ(?)Ov F5) U Mq(317 F5) and

My(25, F5) = {co+Trg,p(c17) 1 co € Fs,c1 € F}, Ny(25, F5) = 620.

My(30, F5) = {co + Trp,/p(c1z + c2a®)

tco € F5,c1 € Fq, Cco € F;}, Nq(30, F5) = 77500.

My(31, F5) = {co + Trp,/p (12 + c2a%) + c32h)

tco € Fs,cq,c9 € Fq, c3 € Fg}, Nq(?)l, F5) = 312500.

Remark 4.3. Informally speaking, minimal value set polynomials over prime
fields (i.e., ¢ = p) are few (see [2], [4], [6]). However in case ¢ = p™ > p, minimal
value set polynomials over F; are rich.

5. FORMULA FOR N4(g —1,3)

Definition 5.1. Let f € F,[z] and V; = {v1,vo,v3}. Set m; = [f~(v;)| =
Ha € F, : f(a) = v}| for i = 1,2,3. We call My = (mq,mg, m3) the
multiplicity vector of polynomial f.

Definition 5.2. Let S = (m1, m2, m3) be the multiplicity vector of a polyno-
mial in Fy,[z]. We define N,(d, S) as follows:

No(d,S) = {f € Fyla] : deg(f) = d and My = S}|

Note that m; +mao +m3 = g and Ny(d, 3) = Y ¢ Ny(d, S), where the summa-
tion extends over all possible multiplicity vector S.

Theorem 5.3. Let ¢ > 3 and S = (m,mg,m3) as in the above. Set
N = 2ala=D)a=5) e have

m1!m2!m3!
(1) If there exists m; such that p | m;, then N,(¢ —1,5)=0.
(2) If ptm; fori=1,2,3, then
N mq,mo, mg are different
Nq(q—l,S): %N mi1 = Mmg = Mms

1N other case
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Proof. ~ Suppose f € M,(3) such that M; = (mi,mg,m3) and V; =

{v1, va, v3}.

By (2), the coefficient of 291 in f(z) is cqu1 = — >, miv;. SO f € My(q—
1, S) if and only if myvy + movg + mgvs # 0.

Consider the equation

(6) mix1 +moxg +mgxg =0
over Fy with restriction x; # x; if i # j.

Case 1. If there exists one m;, for example my, such that p | m;.
Since my 4+ mq + mg = ¢, the equation (6) shows p | mq and xs # x3, in turn,
p | ms. Therefore, ¢,—1 = 0. This proves (1) in the theorem.

Case 2. If ptm; fori=1,23.

For any given xzp,x3 € Fj, with x5 # x3, there exists an unique z; € Fj
satisfying (6) and = not equals x or x3, so the number of solutions in F of the
equation (6) is ¢(¢ — 1). Our proof is then finished by Theorem 2.2 in [3]. |
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