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CHARACTERIZATION OF THE WEIGHTED LIPSCHITZ FUNCTION
BY THE GARSIA-TYPE NORM ON THE UNIT BALL

Hong Rae Cho1, Su-Mi Kwon and Jinkee Lee2

Abstract. The space BMOA can be characterized by the boundedness of
Garsia norm. In this paper like as the BMOA function we characterize the
holomorphic weighted Lipschitz function by the boundedness of the Grasia-
type norm on the unit ball in Cn.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let E be a bounded subset of R
N . Let ω be a majorant, i.e., a non-negative

continuous increasing function on (0, t0), where t0 is large enough, such that
lim supt→0+ ω(t) = 0 and that ω(t)/t non-increasing (t > 0). Then the weighted
Lipschitz space Λω(E) is defined by the requirement

(1.1) |f(x)− f(y)| ≤ Mω(|x− y|), x, y ∈ E.

The norm ‖f‖Λω(E)
is defined as the smallest M in (1.1).

Weighted Lipschitz spaces have been studied by many authors (see [2-6, 8, 9],
and references in their papers).

In this paper, we deal with the case where E is the unit ballB = {z ∈ Cn; |z| <
1}, f is holomorphic in B and continuous up to the boundary S = ∂B, and ω is a
majorant satisfying

(1.2)
∫ t

0

ω(s)
s

ds ≤ C(ω)ω(t) (0 < t < 1),
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and

(1.3) t

∫ ∞

t

ω(s)
s2

ds ≤ C(ω)ω(t) (0 < t < 1).

A majorant is henceforth called fast (resp., slow) if condition (1.2) (resp., (1.3)) is
fulfilled. Following Dyakonov a majorant is called regular if it is both fast and
slow.

A real function ω, defined on some interval, is called almost increasing if there
exists a constant C such that x < y implies ω(x) < Cω(y). (An almost decreasing
function is defined similarly.)

Remark 1.1. (i) We assume that ω is a majorant satisfying the conditions:

(1.4)
ω(t)
tα

is almost increasing for some α > 0

and

(1.5)
ω(t)
tβ

is almost decreasing for some 0 < β < 1.

We know that for a majorant conditions (1.2) (resp., (1.3)) and (1.4) (resp., (1.5))
are equivalent.

(ii) A non-trivial example of the majorant satisfying conditions (1.4) and (1.5)
is of the form ω(t) = tα(1 + | log t|)β where 0 < α < 1 and β ∈ R.

From now on we assume that ω is a regular majorant. By the same argument
as the proofs of Lemma 10.1.6 in [9] or Lemma 6.4.8 in [10], we can prove that
for a harmonic function f on B it follows that

(1.6) ‖f‖Λω(B) ∼ sup
z∈B

[
1 − |z|

ω(1 − |z|) |∇f(z)|
]

.

Let Rf be the radial derivative of a holomorphic function f in B defined by

Rf(z) =
n∑

j=1

zj
∂f

∂zj
(z).

It is obvious that |Rf(z)| ≤ |∇f(z)| on B. Even though these two gradients have
no the same size, we can see that (see Proposition 3.1)

(1.7) sup
z∈B

[
1 − |z|

ω(1 − |z|) |∇f(z)|
]
∼ sup

z∈B

[
1 − |z|

ω(1 − |z|) |Rf(z)|
]
.

By (1.6) and (1.7), we obtain the following.
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Theorem 1.2. If f is a holomorphic function on B, we have

‖f‖Λω(B) ∼ sup
z∈B

[
1 − |z|

ω(1 − |z|) |Rf(z)|
]
.

We recall that

‖f‖Λω(S) = inf{M ; |f(ζ)− f(ξ)| ≤ Mω(|ζ − ξ|), ζ, ξ ∈ S}.

Theorem 1.3. Let C[f ] be the Cauchy transform of f on S. Then

(1.8) sup
z∈B

[
1 − |z|

ω(1 − |z|) |RC[f ](z)|
]

� ‖f‖Λω(S).

By (1.8), we see that ‖f‖Λω(B) and ‖f‖Λω(S) are equivalent for holomorphic
function f ∈ C(B̄).

For 0 < p < ∞ the Hardy space Hp consists of holomorphic functions f in B
such that

sup
0<r<1

∫
S

|f(rζ)|pdσ(ζ) < ∞,

where dσ is the surface measure on S, normalized so that σ(S) = 1.

For any ζ ∈ S and r > 0, the non-isotropic ball in S with center ζ and radius
r > 0 is the set

Q(ζ, r) = {ξ ∈ S : |1− < ζ, ξ > |1/2 < r}.

Let BMOA denote the space of functions f in H 2 such that

sup
Q

1
σ(Q)

∫
Q
|f − fQ|2dσ < ∞,

where
fQ =

1
σ(Q)

∫
Q

fdσ

is the average of f over Q and the supremum is taken over Q = Q(ζ, r) for all
ζ ∈ S and all r > 0.

With each point z ∈ B we associate the Poisson kernel

(1.9) P (z, ζ) =
1 − |z|2
|ζ − z|2n

, ζ ∈ S.
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The Poisson integral of a function f ∈ L1(S) is defined, as usual, by

Pf(z) =
∫
S

f(ζ)P (z, ζ) dσ(ζ), z ∈ B.

Further, with f ∈ H1 we associate the nonnegative function

Gf (z) = P|f |(z)− |f(z)|, z ∈ B.

The Garsia norm is defined by

‖f‖G = sup{Gf2(z)1/2 : z ∈ B}, f ∈ H2.

It is proved that f ∈ BMOA if and only if the Garsia norm of f is finite.
One-dimensional case was proved by Garsia (see [7]) and the n-dimensional case
by Sh. Axler and J. Shapiro (see [1]).

We define the Garsia-type norm by

(1.10) ‖f‖G,ω = sup
{

1
ω(1− |z|)Gf2(z)1/2 : z ∈ B

}
, f ∈ H2.

Theorem 1.4. Let f ∈ H2. If ω and ω2 are regular, then ‖f‖Λω(B) ∼ ‖f‖G,ω.
Like as estimates for the classical Lipschitz case we need some key integral

estimates proved in Section 2. They are non-trivial and not proved by the same
methods as the classical Lipschitz case.

2. INTEGRAL ESTIMATES

In this section we prove some basic integral estimates that will be used in the
proofs of main results.

Lemma 2.1. We have∫
B

ω(1 − |w|)
(1− |w|)|1− 〈z, w〉|n+1

dV (w) � ω(1− |z|)
1− |z| ,

where dV is the volume measure on B, normalized so that V (B) = 1.

Proof. By the polar coordinate and the inequality in [10, Proposition 1.4.10],
we have∫

B

ω(1−|w|)
(1−|w|)|1−〈z, w〉|n+1

dV (w) =
∫ 1

0

∫
S

ω(1−r)
(1−r)|1−〈rz, ζ〉|n+1

dσ(ζ)r2n−1dr

�
∫ 1

0

ω(1−r)
(1−r)(1−r|z|)dr.
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Note that 1 − r|z| = (1 − r) + (1− |z|)− (1− |z|)(1− r). Thus we have
∫ 1

0

ω(1 − r)
(1− r)(1− r|z|)dr =

∫ 1

0

ω(s)
s[s + (1 − |z|)− (1− |z|)s]ds,

by putting 1 − r = s. We decompose the integral by two parts as following
∫ 1

0

ω(s)
s[s + (1−|z|)−(1−|z|)s]ds =

∫ 1−|z|

0
+

∫ 1

1−|z|

ω(s)
s[s + (1−|z|)−(1−|z|)s]ds

= (I) + (II).

For the first part we have

(I) =
∫ 1−|z|

0

ω(s)
s[s + (1 − |z|)− (1− |z|)s]ds =

∫ 1−|z|

0

ω(s)
s[s|z| + (1 − |z|)]ds

� 1
1 − |z|

∫ 1−|z|

0

ω(s)
s

ds

� ω(1 − |z|)
1 − |z| .

Now for the second part we have

(II) =
∫ 1

1−|z|

ω(s)
s[s + (1− |z|)− (1 − |z|)s]ds �

∫ 1

1−|z|

ω(s)
s2

ds � ω(1 − |z|)
1 − |z| .

We use the regular condition of ω at the last step of estimates for two parts of the
integral. Thus we complete the proof.

Lemma 2.2. We have∫
ζ∈S

ω(|1− 〈z, ζ〉|)
|1 − 〈z, ζ〉|n+1

dσ(ζ) � ω(1− |z|)
1− |z| .

Proof. For z̃ = z/|z| we let
S0 = {ζ ∈ S : |1 − 〈z̃, ζ〉| < 1 − |z|}

and

Sj = {ζ ∈ S : 2j−1(1 − |z|) ≤ |1− 〈z̃, ζ〉| < 2j(1− |z|)}, j = 1, 2, · · · .

Then

S =
∞⋃

j=0

Sj .
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We decompose∫
ζ∈S

ω(|1− 〈z, ζ〉|)
|1 − 〈z, ζ〉|n+1

dσ(ζ) �
∞∑

j=0

∫
ζ∈Sj

ω(|1− 〈z, ζ〉|)
|1− 〈z, ζ〉|n+1

dσ(ζ).

Note that 1−|z| ≤ |1−〈z, ζ〉| ≤ |1−〈z, z̃〉|+|1−〈z̃, ζ〉| = 1−|z|+|1−〈z̃, ζ〉| ≤
2(1− |z|) for ζ ∈ S0. Thus |1 − 〈z, ζ〉| ∼ 1 − |z| on S0. Therefore we obtain∫

ζ∈S0

ω(|1− 〈z, ζ〉|)
|1− 〈z, ζ〉|n+1

dσ(ζ) ∼ ω(1− |z|)
(1− |z|)n+1

σ(S0)

� ω(1− |z|)
(1− |z|)n+1

(1 − |z|)n

=
ω(1− |z|)

1 − |z| .

For j = 1, 2, · · · , we have on Sj

|1− 〈z, ζ〉| ≤ |1− 〈z, z̃〉|+ |1− 〈z̃, ζ〉|
= 1− |z|+ |1− 〈z̃, ζ〉|
< 1− |z|+ 2j(1− |z|)
< 2 · 2j(1 − |z|)

and
|1− 〈z̃, ζ〉| ≤ |1− 〈z̃, z〉|+ |1− 〈z, ζ〉|

= 1− |z|+ |1− 〈z, ζ〉|
≤ 2|1− 〈z, ζ〉|.

We note that

2j−1(1 − |z|) ≤ |1 − 〈z̃, ζ〉| � |1 − 〈z, ζ〉| < 2j(1 − |z|) on Sj

for j = 1, 2, · · · . Thus it follows that
|1 − 〈z, ζ〉| ∼ 2j(1 − |z|) on Sj, j = 1, 2, · · · .

Hence we obtain∫
ζ∈Sj

ω(|1− 〈z, ζ〉|)
|1 − 〈z, ζ〉|n+1

dσ(ζ) � ω(2j(1 − |z|))
∫

ζ∈Sj

dσ(ζ)
|1− 〈z̃, ζ〉|n+1

� ω(2j(1 − |z|)) σ(Sj)
(2j−1(1− |z|))n+1

� ω(2j(1 − |z|)) (2j(1− |z|))n

(2j−1(1− |z|))n+1

∼ ω(2j(1 − |z|))
2j(1 − |z|) .
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Note that ∞∑
j=1

ω(2j(1− |z|))
2j(1− |z|) �

∫ ∞

0

ω(2t(1− |z|))
2t(1− |z|) dt.

By putting s = 2t, we have∫ ∞

0

ω(2t(1 − |z|))
2t(1 − |z|) dt =

∫ ∞

1

ω(s(1 − |z|))
s(1 − |z|)

1
s

ds

�
∫ ∞

1−|z|

ω(x)
x2

dx

� ω(1− |z|)
1 − |z| .

Therefore the proof is complete.

If we use Lemma 2.2, by the same argument as the proof of Theorem 6.4.9 in
[10], we get Theorem 1.3.

We recall that z̃ = z/|z| ∈ S for z ∈ B.

Lemma 2.3. Let z ∈ B, then∫
ζ∈S

ω(|ζ − z̃|)
|ζ − z|2n

dσ(ζ) � ω(1 − |z|)
1 − |z| .

Proof. Let g be a function of one complex variable. Then for η ∈ S, we have∫
S

g(〈ζ, η〉) dσ(ζ) =
n − 1

π

∫ ∫
D

(1− |w|2)n−2g(w) dA(w).

By the unitary invariance of dσ and |ζ−
e1|2 = 2 Re (1−ζ1) for ζ = (ζ1, · · · , ζn),
ζ1 = x + iy, r = |z| and 
e1 = (1, 0, · · · , 0), we have

∫
S

ω(|ζ − z|)
|ζ − z|2n

dσ(ζ) =
∫
S

ω(|ζ − 
e1|)
|ζ − r
e1|2n

dσ(ζ)

=
n − 1

π

∫ ∫
D

ω(
√

2
√

1 − x)
(1 − 2rx + r2)n

(1 − x2 − y2)n−2 dx dy

�
∫ 1

−1

∫ √
1−x2

−√
1−x2

ω(
√

1 − x)
(1 − 2rx + r2)n

(1− x2 − y2)n−2 dy dx

�
∫ 1

−1

ω(
√

1 − x)
(1 − 2rx + r2)n

(1− x2)n−3/2 dx

� 1
1 − r

∫ ∞

0

ω((1− r)
√

t)
(t + 1)n

tn−3/2 dt.
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To obtain the last inequality, use 1− x2 ≤ 2(1− x),

3(1− 2rx + r2) ≥ 1 − x + (1 − r)2,

and put 1 − x = (1− r)2t. We have
∫ ∞

0

ω((1− r)
√

t)
(t + 1)n

tn−3/2 dt =
∫ 1

0

ω((1− r)
√

t)
(t + 1)n

tn−3/2 dt

+
∫ ∞

1

ω((1− r)
√

t)
(t + 1)n

tn−3/2 dt

= (I) + (II).

Estimating the two integrals, we see that the first right-hand side is

(I) =
∫ 1

0

ω((1− r)
√

t)
(t + 1)n

tn−
3
2 dt � ω(1− r)

∫ 1

0

tn−
3
2

(t + 1)n
dt

� ω(1− r).

By putting (1 − r)
√

t = s, the second term is

(II) =
∫ ∞

1

ω((1− r)
√

t)
(t + 1)n

tn−
3
2 dt � (1− r)

∫ ∞

1−r

ω(s)s

((1 − r)2 + s2)
3
2

ds

� (1− r)
∫ ∞

1−r

ω(s)
s2

ds

� ω(1− r).

Thus we get the result.

3. HARDY-LITTLEWOOD TYPE CHARACTERIZATION

Proposition 3.1. Let f be holomorphic in B with Rf ∈ L1(B). We have

sup
z∈B

[
1 − |z|

ω(1 − |z|) |∇f(z)|
]
∼ sup

z∈B

[
1 − |z|

ω(1 − |z|) |Rf(z)|
]
.

Proof. By the reproducing property of the Bergman projection, it follows that

Rf(z) =
∫
B

Rf(w)
(1− 〈z, w〉)n+1

dV (w).
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Thus we have

f(z) − f(0) =
∫ 1

0
Rf(tz)

dt

t

=
∫
B
Rf(w)dV (w)

∫ 1

0

1
(1− t〈z, w〉)n+1

dt

t

and so that
∂f

∂zj
(z) =

∫
B

Rf(w)dV (w)
∫ 1

0

∂

∂zj

[
1

(1− t〈z, w〉)n+1

]
dt

t

=
∫
B
Rf(w)dV (w)

∫ 1

0

(n + 1)w̄j

(1 − t〈z, w〉)n+2
dt.

We know that∫ 1

0

(n + 1)w̄j

(1− t〈z, w〉)n+2
dt =

w̄j

〈z, w〉
[

1
(1 − 〈z, w〉)n+1

− 1
]

=
e(z, w)

(1− 〈z, w〉)n+1
,

where e ∈ C∞(Cn × C
n). It follows that∣∣∣∣ ∂f

∂zj
(z)

∣∣∣∣ �
∫
B
|Rf(w)| 1

|1− 〈z, w〉|n+1
dV (w)

� sup
B

[
1 − |w|

ω(1 − |w|) |Rf(w)|
]∫

B

ω(1 − |w|)
(1 − |w|)|1− 〈z, w〉|n+1

dV (w)

� ω(1 − |z|)
1 − |z| sup

B

[
1 − |w|

ω(1− |w|)|Rf(w)|
]
,

by using Lemma 2.1. Thus we get

sup
z∈B

[
1 − |z|

ω(1− |z|) |∇f(z)|
]

� sup
z∈B

[
1 − |z|

ω(1− |z|) |Rf(z)|
]

and the converse inequality is obvious.

By (1.6) and Proposition 3.1, we complete the proof of Theorem 1.2.

4. CHARACTERIZATION OF THE WEIGHTED LIPSCHITZ NORM BY

USING THE GARSIA NORM

We recall that z̃ = z/|z| ∈ S for z ∈ B.

Lemma 4.1. Let f ∈ Λω(S) and z ∈ B, then

|Pf(z)− f(z̃)| � ‖f‖Λω(S) ω(1 − |z|).
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Proof. We have

|Pf(z)− f(z̃)| =
∣∣∣∣
∫
S

f(ζ)
1 − |z|2
|ζ − z|2n

dσ(ζ)−
∫
S

f(z̃)
1 − |z|2
|ζ − z|2n

dσ(ζ)
∣∣∣∣

�
∫
S

1 − |z|2
|ζ − z|2n

|f(ζ) − f(z̃)| dσ(ζ)

� ‖f‖Λω(S)(1 − |z|2)
∫
S

ω(|ζ − z̃|)
|ζ − z|2n

dσ(ζ)

� ‖f‖Λω(S)ω(1− |z|)
where the last inequality relies on Lemma 2.3.

Proof of Theorem 1.4. (i) For η, ζ ∈ S, a straight calculation in the Poisson
kernel (1.9) shows that

∣∣∣∣ ∂

∂r
P (rη, ζ)

∣∣∣∣ =
∣∣∣∣ ∂

∂r

(
1 − r2

|rη − ζ|2n

)∣∣∣∣
� 1

|rη − ζ|2n
.

Then we have the radial derivative of the Poisson integral formula

|Rf(rη)| ≤
∣∣∣∣
∫
S

r
∂

∂r
P (rηζ)[f(ζ)− f(rη)] dσ(ζ)

∣∣∣∣

�
∫
S

|f(ζ)− f(rη)|
|rη − ζ|2n

dσ(ζ).

Thus we have

(1− |z|)2|Rf(z)| �
∫
S

(1 − |z|2)|f(ζ)− f(z)|
|z − ζ|2n

dσ(ζ)

which implies that ‖f‖Λω(B) � ‖f‖G,ω.
For the converse we let ζ ∈ S and z ∈ B. Then

|f(ζ)− f(z)| ≤ |f(ζ)− f(z̃)|+ |f(z̃) − f(z)|
� ‖f‖Λω(S)ω(|ζ − z̃|) + ‖f‖Λω(S)ω(1− |z|)

(4.1)

where we use Lemma 4.1 to estimate the second inequality.
By (4.1), we still have

|f(ζ)− f(z)|2 � ‖f‖2
Λω(S)ω(|ζ − z̃|)2 + ‖f‖2

Λω(S)ω(1 − |z|)2.(4.2)
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Integrating (4.2) against P (z, ζ)dσ, we arrive at

1
1−|z|2

∫
S

|f(ζ) − f(z)|2P (z, ζ) dσ(ζ) �‖f‖2
Λω(S)

∫
S

ω(|ζ − z̃|)2
|ζ − z|2n

dσ(ζ)

+ ‖f‖2
Λω(S)ω(1−|z|)2

∫
S

dσ(ζ)
|ζ−z|2n

�‖f‖2
Λω(S)

ω(1− |z|)2
1− |z| .

Therefore we have ‖f‖G,ω � ‖f‖Λω(B).
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