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STRONG CONVERGENCE THEOREMS BY THE VISCOSITY
APPROXIMATION METHOD FOR A COUNTABLE FAMILY
OF NONEXPANSIVE MAPPINGS

Misako Kikkawa and Wataru Takahashi

Abstract. In this paper, we extend Moudafi’s result in a Hilbert space to
that in a Banach spaces. Then, we introduce implicit and explicit sequences
for an infinite family of nonexpansive mappings in Banach spaces and prove

strong convergence theorems for finding a common fixed point of the family
of mappings.

1. INTRODUCTION

Let E be a Banach space and let C be a closed convex subset of E. Then a
mapping 71" from C' into itself is called nonexpansive if

[Tz =Tyl < |z —yll, Va,yeC.

For a mapping T of C into itself, we denote by F'(T') the set of fixed points of
T,ie., F(T) ={xz € C: Tz = x}. Let f be a function of C into itself. Then,
f is said to be a-contractive on C' if there exists a constant a € (0, 1) such that
| f(z) = f(y)|l < allz—y] for all z,y € C. We denote that Cont(C) is the set of
all contractions on C. In 1967, Browder [3] obtained the following:

Theorem 1.1. Let H be a Hilbert space and let C be a closed convex
subset of H. Let T be a nonexpansive mapping of C' into itself such that F(T) is
nonempty. Let xy be an arbitrary point of C and define S, : C — C by

Spx = (1 — ap)Tz + apzo

forall x € C and n € N, where 0 < a, < 1. Then the following hold:
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(i) Sy, has a unique fixed point u,, € C;

(it) if an — 0, then the sequence {u,} converges strongly to Pp)zo where
Pr 7y is the metric projection onto F(T).

After Browder’s result, such a problem has been investigated by many authors:
for instance, see Marino and Trombetta [8] and Takahashi and Kim [17]. In 2000,
Moudafi [9] proved the following strong convergence theorem:

Theorem 1.2. Let H be a Hilbert space and let C be a closed convex
subset of H. Let T be a nonexpansive mapping of C' into itself such that F(T) is
nonempty and let f be a-contractive of C' into itself. Let

(1 Tn

= Txn+ Tn),

1+e, " 1+enf( )
where {e,} is a sequence in (0,1) and €¢,, — 0. Then {x,} converges strongly to
the unique solution & € C' of the variational inequality

& € F(T) such that (I — f)z,&2 —x) <0, Vxe F(T),

Further, in 2004, Xu [20] extended Moudafi’s result in the framework of a
Hilbert space to that in a uniformly smooth Banach space.

In this paper, motivated by Moudafi’s result, we first extend Moudafi’s result
in a Hilbert space to that in a Banach space (Theorem 3.1). Next, we prove a
strong convergence theorem for finding a common fixed point of an infinite family
of nonexpansive mappings. Finally, using Theorem 3.1, we consider the problem of
finding a zero of an accretive operator.

2. PRELIMINARIES AND LEMMAS

We denote by N the set of all natural numbers and by R and R™ the sets of
all real numbers and all nonnegative real numbers, respectively. A Banach space
E is called uniformly convex if for any two sequences {z,}, {y,} in E such that
lznll = llynll = 1 and lim, oo ||Zn + Ynl| = 2, limy,— oo || — yn|| = 0 holds. A
closed convex sebset of C' of a Banach space FE is said to have normal structure
if for each bounded closed convex subset of K of C' which contains at least two
points, there exists an element of K which is not a diametral point of K. It is well
known that a closed convex subset of a uniformly convex Banach space has normal
structure and a compact convex subset of a Banach space has normal structure. The
following result was proved by Kirk [7].
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Theorem 2.1. Let E be a reflexive Banach space and let C' be a nonempty
bounded closed convex subset of E which has normal structure. Let T' be a non-
expansive mapping of C' into itself. Then F(T') is nonempty.

Let £ be a Banach space and let £* be its dual, that is, the space of all
continuous linear functionals f on E. The duality mapping J from E into 27" is
defined by

J(x)={f € E*: f(z) = |z* = |I/]"}
for every x € E. The norm of F is said to be Gdteaux differentiable if

- et tyl el

t—00 t
exists for each z,y € Sp = {z € E : ||z|| = 1}. The norm of F said to
be uniformly Gateaux differentiable if for each y in Sg, the limit (2) is attained
uniformly for x € Sg. If a Banach space F has a Gateaux differentiable norm, then
the duality mapping J is single valued. Further, we have

el = lyll* > 2(x =y, ()

for everyx,y € FE; see [15]. Let pu be a mean on N, i.e., a continuous linear
functional on [*° satisfying ||u|| = 1 = p(1). We know that x is a mean on N if
and only if

inf a, < M(f) < supap

neN neN
for each f = (a1, a9,...,) € [*°. Occasionally, we use u,(ay,) instead of pu(f).
A Banach limit p is a mean g on N satisfying p,(an) = pn(ans1). Let f =
(ar,ag,--+,) € I*° with a,, — a and let u be a Banach limit on N. Then,

w(f) = pn(an) = a; see [15] for more details. Further, we know the following
result [16].

Lemma 2.2. Let C' be a nonempty closed convex subset of a Banach space E
with a uniformly Gdteaux differentiable norm, let {x,,} be a bounded sequence of
E and let i be a mean on N. Let z € C. Then

finlzg — 2))* = i i [ — yll?

if and only if wn(y — z, JJ(xn, — 2)) < 0 for all y € C, where J is the duality
mapping of E.

We also know the following lemma [13].
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Lemma 2.3. Let a be a real number and let (ay,az,---) € 1°° such that
tn(an) < a for all Banach limits p and limsup,,_, (an+1 — an) < 0. Then,
lim sup,, o @n < a.

Let 71,75, ... be infinite mappings of C' into itself and let A1, A, ... be real
numbers such that 0 < \; < 1 for every ¢ € N. Then, for any n € N, Takahashi
[14] (see also [12, 18 and 6]) defined a mapping W,, of C into itself as follows:

Un,n+1 = I,
Un,n = )\nTnUn,n—i—l + (1 - )\n)Iv
Un,n—l - )‘n—lTn—lUn,n + (1 - )\n—l)Iv

Unjie = MTkUp g1 + (1 — M),
Uni—1 = Me—1Th—1Unp + (1 — Np—1) 1,

Un2 = MToUnz + (1 = X)I,
Wi =Up1 = MTiUp2 + (1 = M)I.

Such a mapping W, is called the W-mapping generated by T},,T},—1,...,711 and
)‘nv )‘n—lv EERE )‘1-
Using [12] and [1], we obtain the following two lemmas.

Lemma 2.4. Let C be a nonempty closed convex subset of a Banach space E.
Let T, Ty, . .. be nonexpansive mappings of C' into itself such that (\;2, F(T;) is
nonempty and let A1, Ao, . .. be real numbers such that 0 < A1 <1 and 0 < \; <
b<1foranyi=23,... Then for every v € C and k € N, the lim,,_,oc U, @
exists.

Using Lemma 2.4, for k£ € N, we define mappings U and U of C into itself
as follows:
Usopx = lim U, o
n—oo

and

Uz = lim Wyx = lim Uy 12
n—oo n—oo

for every z € C. Such a U is called the W-mapping generated by 17,15, ..., and
AL, Ay

Lemma 2.5. Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, Ts, . . . be nonexpansive mappings of C' into itself such that
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Niz, F(T;) is nonempty and let A1, Xa, . . . be real numbers such that 0 < X1 <1
and0 < X\ <b<1foranyi=2,3,... Let W,,(n =1,2,...) be the W-mappings
of C into itself generated by Ty, T, 1, ..., Ty and A, Ap—1, . . ., Ay and let U be the
W-mapping generated by T1,T>, ... and A1, A, ... Then F(W,) = (., F(T;)
and P(U) = (2, F(T,).

An operator A C E x E with domain D(A) = {z € E : Az # (0} and range
R(A) = U{Az : z € D(A)} is said to be accretive if for any x; € D(A) and
yi € Ax;, i = 1,2, there exists j € J(x1 — x2) such that (y; — y2,5) > 0. A
mapping B C E x FE is said to be c¢-strongly accretive if for any a; € D(B) and
yi € By, i = 1,2, there exists j € J(x1 —x9) such that (y; —y2, j) > c||x1 —x2]|?,
where ¢ > 0. If A is accretive, then we have

|21 — 22| < (|21 — 22 +7(y1 — v2) ||

for all x; € D(A) and y; € Ax;, i = 1,2, and r > 0. An accretive operator A is
said to be m-accretive if R(I +rA) = E for all » > 0. If A is accretive, then we
can define, for any r > 0, a nonexpansive single valued mapping J, : R(I+rA) —
D(A) by J, = (I +rA)~L. It is called the resolvent of A. We also define the
Yosida approximation A, by A, = (I — J,)/r. We know that A,z € AJ,x for all
x € R(I+rA) and |A,z| <inf{||y| : y € Az} for all z € D(A) N R(I + rA).
We also know that for an m-accretive operator A, we have A~10 = F(J,) for all
r > 0. See [15] for more details.

3. STRONG CONVERGENCE THEOREM

We first prove the following strong convergene theorem which generalizes the
Browder’s convergence theorem. Our proof employs the methods of Reich [11],
Takahashi and Kim [17]; see [15].

Theorem 3.1. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm. Let C be a closed convex subset of E, and let T
be a nonexpansive mapping of C into itself such that F(T) # 0. Let [ be an
a-contractive mapping of C' into itself. For n € N, define S,, : C — C by

Spr = (1 —ap)Tx+ anf(z)
for each x € C, where 0 < oy, < 1. Then the following hold:

(i) Sy has a unique fixed point u,, in C;
(i) if ap, — 0, then the sequence {u,} converges strongly to u € F(T).
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Further, for each f € Cont(C), define P with P(f) = limy, o0 up,. Then P(f)
solves the variational inequality

€) (I =H)P(f), J(P(f) =) 20 forany x € F(T).

Proof. (i) Letx,y € C and n € N, we have
[Sn = Spyll < (1 = an)|Tz = Tyl + anll f(z) = f ()]l
< (1 —an)llz = yll + acnlz — y||
= (1 —an(l—a))llz -yl
Then, since 5, is a contraction of C' into itself, there exists a unique fixed point u.,
of S, in C.
(ii) Let z € F(T). Since
[un = 2[| = [|(1 = an) (Tup — 2) + an(f(un) — 2)||
< (1 - an)Hun - z” + an”f(un) - ZH
< (1= an)llun = 2ll + an{l[f (un) = F)I + 1f(2) = 2[}
< (1= an)llup — 2[| + acn |lup — 2|| + anl| f(2) — 2],
we have )
lin = 2l € = £(2) = 2I.

Since {u,} is bounded, for any subsequence {uy,,} of {u,}, we can define a real
valued function g on C' given by

9(2) = pallun, — 2|

for any z € C, where p is a Banach limit. Define the set
M ={veC:g(v)=inf g(z)}.
zeC

Then M is nonempty, bounded, convex and closed; for more details, see [15].
Further, since
Hun - Tun” < H(l - O‘n)Tun + O‘nf(un) - Tun”
= || Tun — f(un)||

and T'u,, and f(u,) are bounded, we obtain

) lim [|un — Tup| = 0.
n—oo
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For any v € M, from (4), we have
il [tn; —Tl| < paflltn; — Tun, || + [ Tun; — To|[}
< pui[tn; —0fl-

This implies that M is T-invariant. Therefore, from Theorem 2.1, we have a fixed
point zg of T"in M. Next, we show that {u,,} converges strongly to a fixed point
of T. Since 2y is a minimizer of the function g on C, by Lemma 2.2, we have

©) 11 (2 — 20, J (un, — 20)) <0

for all z € C. Putting z = f(2¢) in (5), we have

(6) 1i(f (20) = 20, J (un, — 20)) < 0.
Since
[tn; — zo0ll?
= (Up, — 20, J (Un, — 20))
= (1 — o, )(T'un, — 20, J (un; — 20)) + an, (f(un,) — 20, J(un, — 20))

< (1 - anz)Hunz - ZOH2 + anz<f(unz) — 20, J(’U,nl - ZO)>7

we have [|un, — 20> < (f(un;) — 20, J(un, — 20)) and hence

(7 Mz”unz - ZOH2 < Mz<f(unz) — 20, J(’U,nl - ZO)>7
where 4 is a Banach limit. From (6) and (7), we have

MZHU'TLZ - ZOH2
< Mz<f(unz) - f(Zo), J(’U,nl — ZO)>
This implies s;]|un, — 20]|* = 0. So, we can choose a subsequence {un, } of {un,}

such that {u,,; } converges strongly to z. In order to prove {u,} converges strongly
to a fixed point of 7', we assume that {u,, } — z and {u,, } — 2. Then, from

Iz =Tzl < |lz = un, || + lun, — Tzl
< Hz - u”k” + ”(1 - ank)Tunk + ankf(unk) - Tz”
< 2”'2 - u”k” + ankHT’U’nk - f(unk)H7
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we obtain z = T'z. Similarly, we have Z = T'Z. Since, I —T' is accretive, we have for
any w € F(T), (up —Tup, J(u, —w)) > 0. From w, = (1 — o) Tup + o f (u),
we have

(8) (Tup, — f(up), J(up, —w)) <0.
From (8), we have
<T’U,nk B f(unk)7 J(unk - 2)> <0

and
<Tum - f(um)v J(um - Z)> <O0.

So, we have (Tz — f(z),J(z — 2)) < 0 and (T2 — f(2),J(2 — z)) < 0. Since
Tz=zand TZ = Z, we have
(z—f(2),J(z=2)) <0
and
(2-f(2),J(2-2)) <0.
This implies

Iz = 21> < (£(2) = f(2), (2 = 2)) < allz 2|

So, we obtain z = 2. Therefore, {w,} converges strongly to a fixed point of 7.
Now, we define a mapping P : Cont(C) — F(T') by P(f) = lim,,_.o u,. Since
(I = flu, = —%ﬂ([ — T)uy,, we have

(I = flun, J(un = 2)) = =152 ((] = T)up, J(up — x))
<0

for all x € F(T'). Taking the limit, we obtain
(I=F)P(f), J(P(f)—x)) < 0. m
Further, using the W-mapping, we obtain the following theorem.

Theorem 3.2. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm. Let C be a closed convex subset of E, and let {T,,} be
a countable family of nonexpansive mappings of C' into itself suth that (\;2, F(T;)
is nonempty. Let f be a-contractive mapping of C' into itself. Let b be a real
number with 0 < b < 1 and let \1, Xo, ... be real numbers such that 0 < A1 <1
and 0 < \; < b <1 foreveryi=23,... Let W,,(n=1,2,...) be W-mappings
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of C into itself generated by Ty, T,,_1,...,T1 and Ay An—1, ..., A1. Let U be the
W -mapping generated by T1,T5, ... and A1, Mo, ..., ie,

Uz = lim Wyx = lim Uy 12
n—oo n—oo

for every x € C. Forn €N, define S,, : C — C by
Sur = (1= U+~ f(2)
Wt = e+ —f(a

for each x € C. Then the following hold:
(i) Sy has a unique fixed point u,, in C;

(ii) the sequence {uy} converges strongly to w € F(U). Further, for each | €
Cont(C), define P(f) = lim,, o0 Un.

Then P(f) solves the variational inequality
©9) (I =NP(f),J(P(f) —x)) 20 forany z € F(U).

Next, using Theorem 3.2, we prove the following strong convergence theorem
for finding a common fixed point of a countable family of nonexpansive mappings.

Theorem 3.3. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm . Let C be a closed convex subset of E, and let
{T,,} be a countable family of nonexpansive mappings of C' into itself such that
N2, F(T;) is nonempty. Let f be a-contractive mapping of C' into itself. Let b
be a real number with 0 < b < 1 and let A1, Mo, ... be real numbers such that
O0< AN <land0< X, <b<1jforeveryi=23,... Let Wy,(n =1,2,...) be
W -mappings of C into itself generated by T, Ty—1,...,T1 and Ap, Ap—1, - - ., A1
Let U be the W-mapping generated by T, Ts, ... and A1, Mo, ..., ie,

Uz = lim Wyx = lim Uy 12
n—oo n—oo

for every x € C. Let {x,} be a sequence generated by

r1 =z € C,
Tot1 = Qnf(xn) + (1 — an)Wha,, n=1,2,...,

where {ay,} C [0, 1] satisfies lim,, o0 0y, = 0, Y 07 o = 00 and Y 7 o q1 —
an| < oo. Then, {x,} converges strongly to z = Pp() f(z), where Ppis the
sunny nonexpansive retraction of C onto F(U).
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Proof. From Lemma 2.5, we obtain (", F(T,) = (o, F(W,) = F(U).
For any u € (;2, F'(T;), we have
[#n41 — ull < ol f(@n) = ull + (1 = o) [[Wnzn — ul|
< an{[|lf(2n) = f)]| + [1f(w) = ull} + (1 = an)llen — ull
< (1= ol = a))llzn — ull + an(l = @) 711 () — ull.

If |z, — ul < 1| f(u) — ul|, we obtain

1
s — ull € —— 11 (u) ~ ul|

If |z, — ul > 1| f(u) — ul|, we obtain
[Zn41 = ul < lzn — ull.

So, we have {z,} is bounded. We also obtain {W,x,} and { f(x,)} are bounded.
Next, we show that lim,, || Zp+1 — || = 0. We have

Wnzn-1—Wh_1zp—1|| = [[Un1Zn-1 — Un—1,1%n—1]]

< M| Un22n—1 — Up—1,2T0—1]|

n

S H )\zHTnxn—l — Tp-—1 H

i=1
n

<K(ITn)

=1

where K = 2sup,cql|z||-
So, we have

[Zn41 — @l
= [lanf(zn) + (1 = an)Wozn — (ap-1f(2n-1) + (1 = 1) Wh—125-1) |
< (I =oan+ta-an)|zn = anal + Klog — an]
+(1 = ap-1) [ Wazn-1 — Wp_12n-1||
n

<(1=on+aan)|zn — Tl + Klag — ano1| + (1 — o) K - ] A
=1
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For all m,n € N, we have

| Zntma1 — Tl
< (1 — Qpym + Q- Oén—i—m)Hxn—l—m — Tnt+m—1 H + K‘an—l—m — Opim—1

n+m

+(1 = apgm—1) K - H Ai
=1
<1 -1 =a)antm){(1 = (1 = a)antm—1)|Tntm—1 — Tntm—2||
n+m—1
+K‘Oén+m—1 - CVn—l—m—2‘ + (1 - CVn—f—m—2)]:( : H )\z}
=1

n+m

+K‘an+m - an—l—m—l‘ + (1 - an—l—m—l)K : H )\z
=1

n+m—1
< JI =0 =a)ar)lzmi —zmll
k=m
n+m—1 n+m—1 [+1
+E > Jagp—okl + K > (J] M)
k=m I=m =1
n+m—1
< JI 0=0=a)ar)lzmi —zmll
k=m
n+m—1 1
pmtl(1 — b
=m

Therefore, from ) > | v, = 0o, we obtain

limsup ||zn41 — || = Hmsup [|Tpim+1 — Topml|
n—oo n—oo

m—+1

xD
b
SKZ\%H—%HKl_b

k=m
: o0
for all m € N. Moreover, since ) | |apq1 — | < 00, we have

m—+1

o
e "D DINNEER Y
=m

:07
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and hence
(10) lim || zp41 — 2zp]] = 0.
n—oo

For each k € N, let uj, = £ f(uy,) + (1 — +)Uuy. From Theorem 3.2, we know
that u, converges strongly to u = Pp(y) f (u) as k — oo. We obtain, for every
n,keN,

|01 — Ui
= lanf(zn) + (1 — an)Whx, — Uugl|
< anl[f(zn) = Uuk| + (1 = cn){IWan — Waugl| + [Wnu — Uug|[}
<K -ap + ||zn — ugl| + ||Whug — Uug|.

Since limy, o0 @, = 0 and limy, o0 || Wy ur, — Uug|| = 0, for each k € N, we have

(11) pon || 20 — UukH2 = pn |71 — UukH2 < pn||Tn — ’UJkH27

where p is a Banach limit. On the other hand, from z,, — uy = %(mn — flug)) +

(1 = 2)(zn — Uuy), we also have

(1- %)QH% — Uug||® > [l — wgl® = T (w0 — f(ur), J (@ — ui))

= ||zn — ukH2 — —{wp — ug + ug — fur), J(zn — ug))

oI N

= (1= e — w2 ) — i, T — ).

So, from (11), we have

1 1
(1- E)2Monn —ugl? > (1~ E)2MnHwn — Uug|)?
2 2
2 (1= 2)nllzn — ug|* + o hn (S (uk) =g, I (20 —up))-
This implies that
1
(12) ﬁMnHwn—UkW > pn(f (k) — g, J (2 — up))-

Since {uy} converges strongly to u = Pp(y)f(u) as k — oo, from the uniformly
Gateaux differentiability of the norm of E and (12), we have

0 Z Mn<f(u) —u, J(xn - ’U,)>,
where u = Pr( f(u). By (10), we have

lim |(f(u) = u, J(@ni1 —w)) = (f(v) =u, J(zn —w))[ =0

n—oo
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Hence, from Lemma 2.3, we obtain

(13) lim sup(f(u) — u, J(z, — u)) < 0.

From 2,11 — u = an(f(zy) —u) + (1 — ap) Wy, — u), we have
(1= )Wz — ull® > |zni1 — ull® = 200 (f(20) = u, J(zn41 — w)).
Hence,
lzn1 = ull? < (1= an)?[[Wazn — ull® + 200 (f (2n) — u, J (2041 — w))
< (1= an)?[lzn — ull® + 200 (f (2n) = f (), J(@ni1 — u))
+2an(f(u) —u, J(@nt1 — u))
< (1= an)?[lzn — ull® + 2anallzn — ul||2n41 —ul
+2an(f(u) —u, J(#nt1 — u))
< (1= an)?[lzn — ull® + anafflzn — ull? + |lzn — ul?}
+2an(f(u) = u, J(@nt1 — u)).
This implies that

1 — ull?

- 1—aaq, 1—aaq,
S(l__i
1—aaqay,

+2(11_—;O)§n Qani\fa) e . ()~ T — )},

where M = sup,, ||z, — u||®>. Put 8, = % We obtain > >° ; 3, = oo and

lim 3, =0.

n—oo

Let € > 0. From (13), there exists m € N such tha

1
1—a

(flu) = u, J(zn —u)) < 5

for all n > m. Then we have

lomar = wl? < (1= Ba)lam — ul® + (1= (1= Bm))e.
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Similarly, we have

m+n—1 m+n—1
|zmn —ul® < [T (= Bllem —ul®+ 0= J] Q=8k)e
k=m k=m

o0
We know that Y72 (3 = oo implies H (1 — B) = 0. Therefore, we have
k=m

lim sup||z, — u||? = lim sup||zm1n — ul|? < e
n—oo n—oo

Since € > 0 is arbitary, we obtain

lim sup||z, — ul|* < 0.
n—oo

So, we conclude that {z,,} converges strongly to u = Pp(i) f(u). [ ]

4. APPLICATIONS

Let F be a Banach space and let A C F x E be an m-accretive operator. In
this section, we consider the problem of finding a point v € E such that 0 € Av.
Many researchers have studied the convergence properties of such a problem; see,
for instance, Bruck and Reich [4], Reich [10, 11], Kamimura and Takahashi [5].

On the other hand, there is the viscosity approximation method; for instance,
see Tikhonov in 1963 [19]. This method provide an efficient approach to many
problems of mathematical analysis; see, Attouch [2] and the references mentioned
there. The abstract setting of the viscosity approximation method is as follows: Let
f+ E — (—o0,00] be a real-valued function with some constraints. We consider
the minimization problem

min{ f(z);z € E'}. ---(MP)

In order to find a point of solution set of (MP), for ¢ > 0, we consider the approx-
imate minimization problem

min{ f(z) + eg(x); z € E}, ---(AMP)

where g : E — [0, 00| called the viscosity function. Usually, the function g has
some properties like strict convexity, continuity and coresiveness. Motivated by this
method, we can prove the following theorem:

Theorem 4.1. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm. Let A C E X E be an m-accretive operator and
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let B C E x E be an m-accretive operator which is c-strongly accretive. Let
JA = (I +rA)~ and let JP = (I +rB)~! forall v > 0. Forr > 0, let x,

satisfying
(14) Ay (z,) + rBy(z,) =0,

where A, = (I — J2) and B, = L(I — JB). Then {x,} converges strongly to &
as r — 0, where & = JA(%)

Proof. The viscosity formulation 0 = A, (x,) + rB,(x,) can be rewritten as

L oa " B
Ty = —J x, + ——J ;.
T
Since JTA is a nonexpansive mapping and J7 is ﬁ-contractive, by Theorem 3.1,
we obtain z, — 2 € F(JA). n

REFERENCES

1. S. Atsushiba and W. Takahashi, Strong convergence theorems for a finite family of
nonexpansive mappings and applications, Indian J. Math., 41 (1999), 435-453.

2. H. Attouch, Viscosity solutions of minimization problems, SIAM J. Optim., 6 (1996),
769-806.

3. F. E. Browder, Nonlinear operators and nonlinear equations of evolution in Banach
spaces, Proc. Sympos. Pure Math., 18, Amer. Math. Soc. Providence, R. 1. 1976.

4. R. E. Bruck and S. Reich, Nonexpansive projections and resolvents of accretive
operators in Banach spaces, Houston J. Math., 3 (1977), 459-470.

5. S. Kamimura and W. Takahashi, Weak and strong convergence of solutions to Ac-
cretive operator inclusions and applications, Set-Valued Anal., 8 (2000), 361-374.

6. Y. Kimura and W. Takahashi, Weak convergence to common fixed points of countable
nonexpansive mappings and its applications, J. Korean Math. Soc., 38 (2001), 1275-
1284.

7. W. A. Kirk,, A fixed point theorem for mappings which do not increase distances,
Amer. Math. Monthly., 72 (1965), 1004-1006.

8. G. Marino and G. Trombetta, On approximating fixed points for nonexpansive maps,
Indian J. Math., 34 (1992), 91-98.

9. A. Moudafi, Viscosity approximation methods for fixed-points problems, J. Math.
Anal. Appl., 241 (2000), 46-55.

10. S. Reich, Weak convergence theorems for nonexpansive mappings in Banach spaces,
J. Math. Anal. Appi., 67 (1979), 274-276.



598

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Misako Kikkawa and Wataru Takahashi

S. Reich, Strong convergence theorems for resolvents of accretive operators in Banach
spaces, J. Math. Anal. Appi., 75 (1980), 287-292.

K. Shimoji and W. Takahashi, Strong convergence to common fixed points of infinite
nonexpancive mappings and applications, Taiwanese J. Math., 5 (2001), 387-404.

N. Shioji and W. Takahashi, Strong convergence theorems of approximated sequences
for nonexpansive mappings in Banach spaces, Proc. Amer. Math. Soc., 125 (1997),
3641-3645.

W. Takahashi, Weak and strong convergence theorems for families of nonexpansive
mappings and their apprications, Ann. Univ. Mariae Curie-Sklodowska Sect. A, 51
(1997), 277-292.

W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama,
2000.

W. Takahashi and Y. Ueda, On Reich’s strong convergence theorems for resolvents
of accretive operators, J. Math. Anal. Appl., 104 (1984) 546-553.

W. Takahashi and G. E. Kim, Strong convergence of approximants to fixed points
of nonexpansive nonself-mappings in Banach spaces, Nonlinear Anal., 32 (1998),
447-454.

W. Takahashi and K. Shimoji, Convergence theorems for nonexpansive mappings and
feasibility problems, Math. Comput. Modelling, 32 (2000), 1463-1471.

A. N. Tikhonov, Solution of incorrectly formulated problems and the regularization
method, Soviet Math. Dokl., 4 (1963), 1035-1038.

H. K. Xu, Viscosity approximation methods for nonexpansive mappings, J. Math.
Anal. Appl., 298 (2004) 279-291.

Misako Kikkawa and Wataru Takahashi

Department of Mathematical and Computing Sciences,
Tokyo Institute of Technology,

Oh-okayama, Meguro-ku,

Tokyo 152-8552,

Japan

E-mail: takahata@is.titech.ac.jp

wataru@is.titech.ac.jp



