
TAIWANESE JOURNAL OF MATHEMATICS
Vol. 7, No. 2, pp. 309-328, June 2003

ALGEBRA OF CALDERÓN-ZYGMUND OPERATORS
ON SPACES OF HOMOGENEOUS TYPE

Yongsheng Han and Chin-Cheng Lin

Abstract. Applying orthonormal wavelets, Meyer proved that all Calderón-
Zygmund operators satisfying T (1) = T¤(1) = 0 form an algebra. In this
article the same result is proved on spaces of homogeneous type introduced by
Coifman and Weiss [5]. Since there is no such an orthonormal wavelet on the
general setting, we apply the discrete Calderón reproducing formula developed
in [13] to approach.

1. INTRODUCTION

We begin by recalling the definitions necessary for introducing the Calderón-
Zygmund operator and spaces of homogeneous type.

To generalize the Hilbert transform and the Riesz transforms, Calderón and Zyg-
mund developed a class of singular integral operators called convolution operators,
which commute with translations. Notice that the Riesz transforms Rj ;1 · j · n;
are defined by Rj =Dj(¡¢)¡1=2, whereDj = ¡i@=@xj and ¢ =

Pn
i=1 @

2=@x2
i .

We have Rj(1) = (Rj)
¤(1) = 0, where (Rj)

¤ is the transpose of Rj ; and all
Calderón-Zygmund convolution operators have this property. The collection of these
operators is a commutative algebra of Calderón-Zygmund convolution operators and
T(1) = T ¤(1) = 0 for every T in this collection. However, there are a lot of non-
convolution operators such as the Calderón commutators, the Cauchy integral on
Lipschitz curves, the double layer potential on Lipschitz surfaces, the multilinear
operators of Coifman and Meyer (see [1], [2], [4], [9], [7]). Coifman and Meyer
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introduced the following generalized Calderón-Zygmund singular integral operators
which include all non-convolution operators mentioned above and, of course, the
Calderón-Zygmund singular integral convolution operators.

Definition 1.1 ([4]). Let T : D(Rn) 7! D0(Rn) be a continuous linear operator
associated to a kernel K(x; y); a continuous function defined on Rn£Rnnfx= yg.
We say that T is a Calderón-Zygmund singular integral operator if there exist a
constant C and an exponent " 2 (0;1] such that the following conditions are
satisfied :

jK(x;y)j · Cjx¡ yj¡n;(1.2)

(1.3) jK(x;y)¡K(x0; y)j · Cjx¡x0j"jx¡ yj¡n¡" for all jx¡x0j · 1

2
jx¡ yj;

(1.4) jK(x;y)¡K(x;y0)j · Cjy ¡ y0j"jx¡ yj¡n¡" for all jy ¡ y0j · 1

2
jx¡ yj;

T (f)(x) =

Z

Rn
K(x;y)f(y)d(y) for all f 2 D(Rn) and x =2 supp(f):

Definition 1.5 ([4]). A Calderón-Zygmund singular integral operator T is said
to be a Calderón-Zygmund operator if T can be extended to a bounded operator
on L2(Rn): The norm of such an operator is defined by

kTkCZ = kTk2;2 + inffC : (1:2); (1:3); and (1:4) holdg:

Meyer introduced a class of Calderón-Zygmund operators and proved that this
class forms an algebra of Calderón-Zygmund operators. To state Meyer’s result, we
need to explain the definition of T (1) = 0: By Calderón-Zygmund operator theory,
if T is a Calderón-Zygmund operator, then T is also a bounded operator on Lp for
all 1 < p < 1, and from L1 to BMO(Rn), where a locally integrable function
f 2BMO(Rn) if

kfkBMO = sup
Q

1

jQj
Z

Q
jf(x)¡ fQjdx <1;

where the supremum is taken over all cubes Q whose sides are parallel to the axes
and fQ = 1

jQj
R
Q f(x)dx. See [4] for details.

If T is a Calderón-Zygmund operator and, hence T¤ is a Calderón-Zygmund
operator as well. Then by a remarkable duality argument between the Hardy space
H1 and BMO proved by C. Fefferman [10], for any function f 2 H1;T (1) can
be well defined by

hT(1); fi = h1;T ¤(f)i



Algebra of CZO’s 311

since T and T¤ are bounded fromH1 into L1, and therefore, T (1) = 0 means thatR
T¤f(x)dx = 0 for all f 2 H1. Similarly, T ¤(1) = 0 means that

R
Tf(x)dx= 0

for all f 2 H1 .
We now can state Meyer’s result as follows.

Theorem 1.6. Let A be the collection of Calderón-Zygmund operators satis-
fying T (1) = T¤(1) = 0. Then A is an algebra.

The idea of the proof of Theorem 1.6 is to introduce a non-commutative algebra
of matrices acting on `2 . Meyer considered the matrix representations of operators
in the collection A with respect to an orthonormal wavelet basis, and showed that
these matrices representing such operators belong to the non-commutative algebra
of matrices on `2 mentioned above. See [17] for more details.

The purpose of this paper is to generalize Meyer’s result to more general setting,
namely spaces of homogeneous type introduced by Coifman and Weiss [5]. Spaces
of homogeneous type include the Euclidean space, the n-torus in Rn, the C1-
compact Riemann manifolds, the boundaries of bounded Lipschitz domains in Rn,
and the Lipschitz manifolds introduced recently by Triebel [18], which include
various kind of fractals. See [6] and [19] for more examples.

A quasi-metric d on a set X is a function d : X £X 7! [0;1] satisfying:

(a) d(x;y) = 0 if and only if x = y;

(b) d(x; y) = d(y; x) for all x; y 2 X;

(c) there exists a constant A <1 such that

d(x; y) ·A¡d(x;z) + d(z; y)
¢

for all x;y; and z 2 X:

Any quasi-metric defines a topology, for which the balls B(x; r) = fy 2 X :
d(y; x) < rg; r > 0; form a base. However, the balls themselves need not to be
open when A > 1. In the sequel we always use A to denote this constant.

Definition 1.7 ([5]). A space of homogeneous type (X;d;¹) is a setX together
with a quasi-metric d and a nonnegative measure ¹ on X satisfying

(i) ¹(B(x;r)) <1 for all x 2X and all r > 0;

(ii) there exists a constant C <1 such that

¹(B(x; 2r)) · C¹(B(x; r)) for all x 2X and all r > 0:

Here ¹ is assumed to be defined on a ¾-algebra which contains all Borel sets and
all balls B(x;r).
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Macias and Segovia [16] have shown that one can replace d by another quasi-
metric ½ such that there exist C <1 and some µ;0 < µ < 1,

½(x; y) ¼ inff¹(B) : B is a ball containing x and yg;
j½(x;y)¡ ½(x0; y)j · C½(x;x0)µ[½(x;y) + ½(x0; y)]1¡µ for all x;x0; and y 2 X;

where the expression a ¼ b means, as usual, that there are constants C1 and C2

(independent of the main parameters involved) such that C1 · a=b · C2 . We also
preserve µ to denote this constant.

We now can introduce Calderón-Zygmund operator theory on spaces of homo-
geneous type.

Definition 1.8 ([6]). Let C´0 denote the collection of all continuous functions
with compact support such that kfk´ = sup jf(x)¡f (y)j

½(x;y)´ < 1. Let T : C´0 (X) 7!
(C´

0 )0(X); ´ > 0; be a continuous linear operator. We say that T is a Calderón-
Zygmund singular integral operator if there exist a continuous function K(x;y), a
constant C, and an exponent " 2 (0; µ] satisfying

jK(x; y)j · C½(x;y)¡1;(1.9)

(1.10) jK(x;y)¡K(x0; y)j · C½(x; x0)"½(x;y)¡1¡" for all ½(x; x0)· ½(x;y)

2A
;

(1.11) jK(x; y)¡K(x;y0)j · C½(y;y0)"½(x;y)¡1¡" for all ½(y;y0)· ½(x;y)

2A
;

T(f)(x) =

Z

X
K(x;y)f(y)d¹(y) for all f 2C´

0 (X) and x =2 supp(f):

Definition 1.12 ([6]). A Calderón-Zygmund singular integral operator T de-
fined in Definition 1.8 is said to be a Calderón-Zygmund operator if T can be
extended to a bounded operator on L2(X): The norm of such an operator is de-
fined by

kTkCZ = kTk2;2 + inffC : (1:9); (1:10) and (1:11) holdg:

Again, by the Calderón-Zygmund operator theory on spaces of homogeneous
type, any Calderón-Zygmund operator is also bounded on Lp;1 < p < 1, and
bounded from L1 to BMO, where space BMO on spaces of homogeneous type
is defined by similar way as in Rn with replacing cubes Q on Rn by balls B on
X: See [6] for more details. Moreover, if T is a Calderón-Zygmund operator on
spaces of homogeneous type, then T (1) = 0 and T ¤(1) = 0 have the same meaning
as mentioned above for Rn.
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We now are able to state our main theorem.

Theorem 1.13. Let A be the collection of Calderón-Zygmund operators on
spaces of homogeneous type, which satisfy T (1) = T ¤(1) = 0. Then A is an
algebra.

There are no Fourier transform, translation and dilation on spaces of homoge-
neous type, so the orthonormal wavelet is not available. Hence, the idea used in
[17] doesn’t work for this more general setting. A new idea to prove theorem 1.13
is to use the discrete Calderón reproducing formula developed in [13]. To state
such a discrete Calderón reproducing formula, we will suppose that ¹(X) =1 and
¹(fxg) = 0 for all x 2X . These hypotheses allow us to construct an approximation
to the identity (see [15]).

Definition 1.14. A sequence of operators fSkgk2Z is called an approximation
to the identity if the kernels Sk(x; y) of Sk are functions fromX £X into C such
that there exist constant C; and some 0 < " · µ satisfying; for all k 2 Z and all
x;x0; y; and y0 2X;

(i) jSk(x;y)j · C
2¡k"

(2¡k + ½(x;x0))1+"
,

(ii) jSk(x;y)¡Sk(x0; y)j · C
³ ½(x;x0)

2¡k + ½(x;x0)

´" 2¡k"

(2¡k + ½(x;x0))1+" ,

for ½(x;x0) · 1

2A
(2¡k + ½(x;x0)),

(iii) jSk(x;y)¡Sk(x;y0)j · C
³ ½(y;y0)

2¡k + ½(x;x0)

´" 2¡k"

(2¡k + ½(x;x0))1+"
,

for ½(y; y0) · 1

2A
(2¡k + ½(x; x0)),

(iv) j[Sk(x;y)¡Sk(x;y0)] ¡ [Sk(x0; y)¡Sk(x0; y0)]j

· C
³ ½(x;x0)

2¡k + ½(x;x0)

´"³ ½(y; y0)
2¡k + ½(x; x0)

"́ 2¡k"

(2¡k + ½(x;x0))1+"
,

for ½(x;x0) · 1

2A
(2¡k + ½(x;x0)) and ½(y;y0) · 1

2A
(2¡k + ½(x;x0));

(v)
Z

X
Sk(x;y)d¹(y) = 1,

(vi)
Z

X
Sk(x;y)d¹(x) = 1.
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The existence of the above approximation to the identity has been established
in [8] (condition (iv) is not stated there but can be easily established by the same
arguments).

To state the discrete Calderón type reproducing formula on spaces of homoge-
neous type, we recall the following result given by Christ [3], which is an analogue
of the Euclidean dyadic cubes.

Theorem 1.15. There exist a collection of open subsets fQk¿ ½ X : k 2
Z; ¿ 2 Ikg; where Ik denotes some (possibly finite) index set depending on k; and
constants ± 2 (0; 1); ® > 0; and C > 0 such that

(i) ¹(XnS
¿
Qk
¿) = 0 for all k 2 Z;

(ii) if j ¸ k; then either Qj¿ 0 ½Qk
¿ or Qj

¿0 \Qk
¿ = Á;

(iii) for each (k;¿) and each j < k; there is a unique ¿ 0 such that Qk¿ ½ Qj¿0 ;

(iv) diameter (Qk
¿ )· C±k;

(v) each Qk
¿ contains some ball B(zk¿ ;®±

k).

We fix such a collection of open subsets and call all Qk¿ in Theorem 1.15 the

“dyadic cubes” in X . Without loss of generality, we may assume ± =
1

2
in Theorem

1.15. Let i be a fixed large positive integer, and denote by yk+i
¿ the point in Qk+i¿ .

The discrete Calderón type reproducing formula on spaces of homogeneous type can
be stated as follows.

Theorem 1.16 ([13]). Suppose that fSkgk2Z is an approximation to the identity
defined above. Set Dk = Sk ¡ Sk¡1 . Then there exist two families of operators

f eDkgk2Z and f eeDkgk2Z such that; for all fixed yk+i¿ 2Qk+i
¿ and all f 2L2(X);

f(x)=
X

k2Z

X

¿2Ik+i

¹(Qk+i
¿ ) eDk(x;y

k+i
¿ )Dk(f)(yk+i¿ )

=
X

k2Z

X

¿2Ik+i

¹(Qk+i
¿ )Dk(x;y

k+i
¿ )

eeDk(f)(y
k+i
¿ );

where the series converge in L2(X). Moreover, eDk(x;y); the kernel of eDk; satisfy
the following estimates: for 0 < "0 < "; there exists a constant C > 0 depending
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on " and "0 such that

j eDk(x;y)j· C 2¡k"
0

(2¡k + ½(x;y))1+"0 ;

j eDk(x;y)¡ eDk(x
0; y)j· C

µ
½(x;x0)

2¡k + ½(x; y)

¶"0 2¡k"
0

(2¡k + ½(x;y))1+"0

for ½(x; x0) · 1

2A

¡
2¡k + ½(x; y)

¢
;

Z

X

eDk(x;y)d¹(x)=

Z

X

eDk(x; y)d¹(y) = 0 for all k 2 Z:

eeDk(x;y); the kernel of eeDk; satisfy the same conditions above but with interchanging
the positions of x and y.

Suppose that fDkg; f eDkg, and feeDkg; k 2 Z, are families of operators given by
the discrete Calderón reproducing formula in Theorem 1.16. Let T be a Calderón-
Zygmund operator. Then we obtain the following matrix representation of T with
respect to all these families fDkg;f eDkg; and f eeDkg; k 2 Z.

T(f)(x) =
X

k2Z

X

¿2Ik+i

X

k 02Z

X

¿02Ik0+i


T¹(Qk0+i

¿0 )
1
2Dk0 (¢; yk0+i¿0 ); ¹(Qk+i

¿ )
1
2Dk(y

k+i
¿ ; ¢)®

(1:17) ¢ ¹(Qk+i
¿ )

1
2 eDk(x; yk+i¿ )¹(Qk

0+i
¿ 0 )

1
2
eeDk0 (f)(yk

0+i
¿ 0 ):

It is easy to see that K(x;y), the kernel of T; can be written as

K(x;y) =
X

k2Z

X

¿2Ik+i

X

k02Z

X

¿02Ik0+i


T¹(Qk0+i

¿0 )
1
2Dk 0(¢; yk0+i¿0 ); ¹(Qk+i

¿ )
1
2Dk(y

k+i
¿ ; ¢)®

¢¹(Qk+i¿ )
1
2 eDk(x;y

k+i
¿ )¹(Qk0+i

¿0 )
1
2
eeDk0(y

k0+i
¿0 ; y):

To introduce the non-commutative matrices algebra, we need the following defini-
tion.

Definition 1.18. A matrix A = (®(¸;¸0))(¸; 0̧)2¤£¤ belongs to M" if there
exists a constant C > 0 such that, for all ( ;̧ 0̧) 2 ¤£¤;

j®(¸;¸0)j · C!"(¸;¸0);
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where ¤ = f(k;yk+i¿ ) : k 2 Z; ¿ 2 Ik+i; y
k+i
¿ is the center of ball Qk+i

¿ g and,
there is an "0 < ",

!"( ;̧ 0̧) =
q
¹(Qk+i

¿ )¹(Qk0+i
¿0 )2¡jk¡k

0j"0 2¡(k^k0)"

(2¡(k^k0) + ½(yk+i¿ ; yk
0+i
¿0 ))1+"

;

where a ^ b denotes the minimum of a and b.

Now we have

Proposition 1.19. For any 0 < " · µ;M" is an algebra.

We say that an operator T 2 OPM" if the matrix of T with respect to fDkg
as mentioned in (1.17) belongs to M", and say that a Calderón-Zygmund operator
T 2 A" if T is a Calderón-Zygmund operator with the regularity exponent " in
Definition 1.8, and T(1) = T ¤(1) = 0.

The following theorem together with Proposition 1.19 shows the main Theorem
1.13.

Theorem 1.20. If 0 < "· µ and T 2 OPM"; then T 2A"0; and; conversely;
if T 2 A"; then T 2 OPM"0; for all "0 < ".

2. THE PROOF OF MAIN THEOREM

The proof of Proposition 1.19. It suffices to show that

X

¤

!"(¸0;¸)!"(¸;¸1) · C!"(¸0;¸1):(2.1)

To establish this inequality, by symmetry we may consider only the cases where
k0 · k1 · k;k0 · k · k1, and k · k0 · k1. Denote I1; I2, and I3 three partial
sums in (2.1) corresponding to these three cases, respectively.

Notice that

2¡(k^k0)"

(2¡(k^k0) + ½(yk+i¿ ; yk0+i
¿0 ))1+"

· C 2¡(k^k0)"

(2¡(k^k0) + ½(y;yk0+i¿0 ))1+"
for y 2Qk+i

¿ ;

and similarly

2¡(k^k1)"

(2¡(k^k1) + ½(yk+i¿ ; yk1+i
¿1 ))1+"

· C 2¡(k^k1)"

(2¡(k^k1) + ½(y;yk1+i¿1 ))1+"
for y 2Qk+i

¿ :
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Thus,

X

yk+i¿

¹(Qk+i¿ )
2¡(k^k0)"

(2¡(k^k0) + ½(yk+i¿ ; yk0+i
¿0 ))1+"

¢ 2¡(k^k1)"

(2¡(k^k1) + ½(yk+i¿ ; yk1+i¿1 ))1+"

· C
X

yk+i¿

Z

Qk+i
¿

2¡(k^k0)"

(2¡(k^k0) + ½(y;yk0+i
¿0 ))1+"

¢ 2¡(k^k1)"

(2¡(k^k1) + ½(y;yk1+i
¿1 ))1+"

d¹(y)

= C

Z

X

2¡(k^k0)"

(2¡(k^k0) + ½(y;yk0+i¿0 ))1+"
¢ 2¡(k^k1)"

(2¡(k^k1) + ½(y;yk1+i¿1 ))1+"
d¹(y):

In the first case k0 · k1 · k, we get

I1 · C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=2
X

k0·k1·k
2(k0¡k)"02(k1¡k)"0

¢
Z

X

2¡k0"

(2¡k0 + ½(y;yk0+i
¿0 ))1+"

¢ 2¡k1"

(2¡k1 + ½(y;yk1+i¿1 ))1+"
d¹(y):

We write
Z

X

2¡k0"

(2¡k0 + ½(y;yk0+i¿0 ))1+"
¢ 2¡k1"

(2¡k1 + ½(y; yk1+i
¿1 ))1+"

d¹(y)

=

Z

½(y;y
k0+i
¿0 )¸ 1

2A½(y
k0+i
¿0 ;y

k1+i
¿1 )

+

Z

½(y;y
k0+i
¿0 )< 1

2A½(y
k0+i
¿0 ;y

k1+i
¿1 )

= I11 + I2
1:

Since ½(y; yk0+i
¿0 ) < 1

2A½(y
k0+i
¿0 ; yk1+i

¿1 ) implies ½(y; yk1+i
¿1 ) ¸ 1

2A½(y
k0+i
¿0 ; yk1+i

¿1 ),

I11 · C
2¡k0"

(2¡k0 + ½(yk0+i
¿0 ; yk1+i

¿1 ))1+"
¢
Z

X

2¡k1"

(2¡k1 + ½(y;yk1+i¿1 ))1+"
d¹(y)

· C 2¡k0"

(2¡k0 + ½(yk0+i
¿0 ; yk1+i

¿1 ))1+"
:

To estimate I2
1 , consider first that 2¡k0 ¸ ½(yk0+i

¿0 ; yk1+i
¿1 ). Then

I2
1· 2k0

Z

X

2¡k1"

(2¡k1 + ½(y; yk1+i
¿1 ))1+"

d¹(y)

· C2k0

· C 2¡k0"

(2¡k0 + ½(yk0+i¿0 ; yk1+i
¿1 ))1+"

:
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If 2¡k0 < ½(yk0+i
¿0 ; yk1+i

¿1 ), then

I21· C
2¡k1"

½(yk0+i¿0 ; yk1+i
¿1 )1+"

¢
Z

X

2¡k0"

(2¡k0 + ½(y;yk0+i¿0 ))1+"
d¹(y)

· C
2¡k1"

½(yk0+i¿0 ; yk1+i
¿1 )1+"

· C
2¡k0"

(2¡k0 + ½(yk0+i
¿0 ; yk1+i¿1 ))1+"

since k0 · k1. Both estimates show

I21 · C
2¡k0"

(2¡k0 + ½(yk0+i
¿0 ; yk1+i

¿1 ))1+"

and hence, together with the estimate on I1
1 ,

Z

X

2¡k0"

(2¡k0 + ½(y;yk0+i¿0 ))1+"
¢ 2¡k1"

(2¡k1 + ½(y; yk1+i
¿1 ))1+"

d¹(y)

· C 2¡k0"

(2¡k0 + ½(yk0+i
¿0 ; yk1+i

¿1 ))1+"
:

This yields

I1· C¹(Qk0+i
¿0

)1=2¹(Qk1+i
¿1

)1=2
2¡k0"

(2¡k0 + ½(yk0+i¿0 ; yk1+i
¿1 ))1+"

X

k0·k1·k
2(k0+k1¡2k)"0

· C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=2 ¢ 2¡jk0¡k1 j"0 2¡(k0^k1)"

(2¡(k0^k1) + ½(yk0+i
¿0 ; yk1+i¿1 ))1+"

= C!"(¸0; ¸1)

since k0 · k1.
Similarly, for the case k0 · k · k1 ,
Z

X

2¡(k^k0)"

(2¡(k^k0) + ½(y;yk0+i¿0 ))1+"
¢ 2¡(k^k1)"

(2¡(k^k1) + ½(y;yk1+i¿1 ))1+"
d¹(y)

=

Z

X

2¡k0"

(2¡k0 + ½(y;yk0+i¿0 ))1+"
¢ 2¡k"

(2¡k + ½(y; yk1+i
¿1 ))1+"

d¹(y)

· C
2¡k0"

(2¡k0 + ½(yk0+i¿0 ; yk1+i¿1 ))1+"
;
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and thus,

I2· C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=2

¢
X

k0·k·k1
2(k0¡k)"02(k¡k1)"0 2¡k0"

(2¡k0 + ½(yk0+i
¿0 ; yk1+i

¿1 ))1+"

· C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=2(k1¡ k0)2(k0¡k1)"0 2¡k0"

(2¡k0 + ½(yk0+i
¿0 ; yk1+i

¿1 ))1+"

· C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=2 ¢ 2¡jk0¡k1 j"00 2¡(k0^k1)"

(2¡(k0^k1) + ½(yk0+i¿0 ; yk1+i¿1 ))1+"

· C!"(¸0; ¸1);

where we use the facts that k0 · k1 and (k1 ¡ k0)2
(k0¡k1)"0 · C2¡jk0¡k1 j"

00 for
any "00 < "0.

Finally, if k · k0 · k1 , by an easier estimates
Z

X

2¡(k^k0)"

(2¡(k^k0) + ½(y;yk0+i¿0 ))1+"
¢ 2¡(k^k1)"

(2¡(k^k1) + ½(y;yk1+i¿1 ))1+"
d¹(y)

· C 2¡k"

(2¡k + ½(yk0+i
¿0 ; yk1+i

¿1 ))1+"
;

we obtain
I3· C¹(Qk0+i

¿0 )1=2¹(Qk1+i
¿1 )1=2

¢
X

k·k0·k1
2(k¡k0)"02(k¡k1)"0 2¡k"

(2¡k + ½(yk0+i¿0 ; yk1+i¿1 ))1+"

· C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=22¡(k0+k1)"0

¢
X

k·k0

½(y
k0+i
¿0 ; y

k1+i
¿1 )¸2¡k¸2¡k0

2¡k("¡2"0)

(½(yk0+i
¿0 ; yk1+i¿1 ))1+"

+C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=2 2¡(k0+k1)"0
X

k·k0
2¡k0·½(yk0+i

¿0 ;y
k1+i
¿1 )<2¡k

2¡k("¡2"0)

2¡k(1+")

+C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=22¡(k0+k1)"0
X

½(y
k0+i
¿0 ;y

k1+i
¿1 )·2¡k0<2¡k

2¡k("¡2"0)

2¡k(1+")

· C¹(Qk0+i
¿0 )1=2¹(Qk1+i

¿1 )1=22¡jk1¡k0j"
0 2¡k0"

(2¡k0 + ½(yk0+i¿0 ; yk1+i
¿1 ))1+"

= C!"(¸0;¸1):
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We remark that the estimate in (2.1) is very useful and it will be used often in
the proof of Theorem 1.20.

The proof of Theorem 1.20. We first prove the converse in Theorem 1.20.
Suppose that T 2 A". It is sufficient to show the following estimate:

¯̄
TDk0 (¢; yk 0+i¿0 ); Dk(y

k+i
¿ ; ¢)®¯̄

· C2¡jk¡k
0j"00 2¡(k^k0)"0

(2¡(k^k0) + ½(yk+i¿ ; yk
0+i
¿0 ))1+"0

;
(2.2)

where 0 < "00 < "0. If Ek(x; y), the kernel of Ek appeared in the discrete Calderón
reproducing formula, satisfies

(i) Ek(x;y) = 0 if ½(x; y) ¸ 2¡k and kEk(x;y)k1 · 2k,
(ii) jEk(x;y)¡Ek(x0; y)j · C½(x;x0)"2k(1+"),

(iii) jEk(x;y)¡Ek(x;y0)j · C½(y;y0)"2k(1+"),

(iv)
Z
Ek(x;y)d¹(y) =

Z
Ek(x; y)d¹(x) = 0,

then the same estimate as (2.2) for Ek instead of Dk is easy to prove. See [15]
for details. To deal with a general Dk whose kernel satisfies the conditions of
Definition 1.14, we use the discrete Calderón reproducing formula:

f(x)=
X

j

X

¿

¹(Qj+i
¿ ) eEj(¢; yj+i¿ )Ek(f)(y

j+i
¿ )

=
X

j

X
¿

¹(Qj+i
¿ )Ej(¢; yj+i¿ )

eeEj(f)(yj+i¿ );

where Ej(x;y), the kernel of Ej , satisfies the conditions (i)¡(iv) mentioned above.
Now we obtain
¯̄
TDk0(¢; yk0+i¿0 );Dk(y

k+i
¿ ; ¢)®¯̄

=
¯̄
¯
DX

j

X

¿00
¹(Qj+i

¿00 )TEj(¢; yj+i¿ 00 )
eeEj(Dk0 (¢; yk

0+i
¿0 )(yj+i¿00 );

X

j0

X

¿000
¹(Qj0+i

¿000 )Ej0(¢; yj
0+i
¿000 )

eeEj0(Dk(y
k+i
¿ ; ¢)(yj0+i¿000 )

E¯̄
¯

·
X

j

X

¿00

X

j0

X

¿000
jeeEj(Dk0(¢; yk0+i¿0 )(yj+i¿00 )

eeEj0(Dk(y
k+i
¿ ; ¢)(yj0+i¿ 000 )j

¢
¯̄
¯
D
TEj(¢; yj+i¿00 );Ej0(y

j0+i
¿000 ; ¢)

E¯̄
¯¹(Qj+i¿ 00 )¹(Qj

0+i
¿ 000 )
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· C
X

j

X

¿00

X

j 0

X

¿ 000
2¡jj¡k

0 j"00 2¡(j^k 0)"0

(2¡(j^k0) + ½(yk
0+i
¿0 ; yj+i¿00 ))1+"0

¢ 2¡jj
0¡kj"00 2¡(j0^k)"0

(2¡(j 0^k) + ½(yk+i
¿ ; yj

0+i
¿ 000 ))1+"0

¢ 2¡jj¡j
0j"00 2¡(j ĵ0)"0

(2¡(j ĵ0) + ½(y
j+i
¿00 ; y

j0+i
¿000 ))1+"0

¹(Qj+i
¿00 )¹(Qj0+i

¿000 )

= C
X

j

X

¿00

X

j 0

X

¿ 000
¹(Qk

0+i
¿0 )¡1=2¹(Qj+i¿00 )¡1=2!"0(¸1; ¸2)¹(Qj+i¿ 00 )¡1=2¹(Qj0+i

¿000 )¡1=2

¢!"0(¸2; ¸3)¹(Qj
0+i
¿000 )¡1=2¹(Qk+i¿ )¡1=2!"0(¸3;¸4)¹(Q

j+i
¿ 00 )¹(Qj0+i

¿000 );

where ¸1 = (k0; yk
0+i
¿ 0 ), ¸2 = (j;yj+i¿00 ), ¸3 = (j0; yj

0+i
¿000 ), and ¸4 = (k;yk+i¿ ). We

hence have

¯̄
TDk 0(¢; yk0+i¿0 ); Dk(yk+i¿ ; ¢)®̄̄

· C
X

j

X

¿00

X

j 0

X

¿ 000
¹(Qk

0+i
¿0 )¡1=2¹(Qk+i¿ )¡1=2!"0(¸1; ¸2)!"0(¸2; ¸3)!"0(¸3; ¸4)

· C¹(Qk0+i
¿0 )¡1=2¹(Qk+i

¿ )¡1=2!"0(¸1; ¸4)

= C2¡jk¡k
0 j"00 2¡(k^k0)"0

(2¡(k^k0) + ½(yk+i¿ ; yk
0+i
¿0 ))1+"0

:

The last inequality follows again from estimate (2.1).
We now return to the proof that if 0 < " · µ and T 2 OPM", then T 2 A"00

where "00 < ". As mentioned before, K(x; y), the kernel of T; can be written as

K(x;y) =
X

k2Z

X

¿2Ik+i

X

k02Z

X

¿02Ik0+i


T¹(Qk

0+i
¿ 0 )

1
2Dk0(¢; yk0+i¿ 0 );¹(Qk+i¿ )

1
2Dk(yk+i¿ ; ¢)®

¢ ¹(Qk+i
¿ )

1
2 eDk(x;y

k+i
¿ )¹(Qk0+i

¿0 )
1
2
eeDk0(y

k 0+i
¿0 ; y):

Thus,

jK(x;y)j
· C

X

k2Z

X

¿2Ik+i

X

k 02Z

X

¿02Ik0+i

¯̄
T¹(Qk0+i

¿0 )
1
2Dk0 (¢; yk

0+i
¿0 ); ¹(Qk+i

¿ )
1
2Dk(y

k+i
¿ ; ¢)®¯̄

¢ j¹(Qk+i
¿ )

1
2 eDk(x; yk+i

¿ )¹(Qk
0+i
¿ 0 )

1
2
eeDk0 (y

k0+i
¿ 0 ; y)j
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· C
X

k2Z

X

¿2Ik+i

X

k02Z

X

¿02Ik0+i
¹(Qk

0+i
¿0 )¹(Qk+i

¿ )2¡jk¡k
0 j"0

¢ 2¡(k^k0)"

(2¡(k^k0) + ½(yk+i¿ ; yk
0+i
¿0 ))1+"

j eDk(x;y
k+i
¿ )j jeeDk0(y

k0+i
¿ 0 ; y)j

· C
X

k2Z

X

¿2Ik+i

X

k02Z

X

¿02Ik0+i

Z

Qk
0+i

¿ 0

Z

Qk+i¿

2¡jk¡k
0 j"0 ¢ 2¡(k^k 0)"

(2¡(k^k 0) + ½(u; v))1+"

¢ 2¡k"
0

(2¡k + ½(x;u))1+"0
2¡k

0"0

(2¡k0) + ½(v;y))1+"0
d¹(u)d¹(v)

· C
X

k2Z

X

k02Z
2¡jk¡k

0 j"0
Z

X

Z

X

2¡(k^k0)"

(2¡(k^k 0) + ½(u;v))1+"

¢ 2¡k"
0

(2¡k + ½(x;u))1+"0
2¡k

0"0

(2¡k0) + ½(v;y))1+"0 d¹(u)d¹(v)

· C
X

k2Z

X

k02Z
2¡jk¡k

0 j"0 2¡(k^k0)"

(2¡(k^k0) + ½(x;y))1+"

· C½(x;y)¡1:

To show that K(x; y) satisfies the estimate of (1.10), for any fixed k 2 Z, set

T1 =
n
¿ : ½(x;x0)· 2¡k + ½(x; yk+i

¿ )

4A

o

and

T2 =
n
¿ :

2¡k + ½(x; yk+i
¿ )

4A
< ½(x;x0)

o
:

It is easy to check that if u 2 Qk+i
¿ with ¿ 2 T1 , then, for "00 < "0 < ",

j eDk(x;y
k+i
¿ )¡ eDk(x

0; yk+i
¿ )j · C

³ ½(x;x0)
2¡k + ½(x;u)

´"00 2¡k"
0

(2¡k + ½(x; u))1+"0 :

If u 2 Qk+i
¿ with ¿ 2 T2 , then 1

4A
(2¡k + ½(x; yk+i¿ )< ½(x; x0) and hence

j eDk(x; y
k+i
¿ )¡ eDk(x

0; yk+i¿ )j· j eDk(x; y
k+i
¿ )j + j eDk(x

0; yk+i¿ )j

· C
µ

½(x; x0)
2¡k + ½(x;u)

¶"00 2¡k"
0

(2¡k + ½(x;u))1+"0

+C

µ
½(x; x0)

2¡k + ½(x0; u)

¶"00 2¡k"
0

(2¡k + ½(x0; u))1+"0 :
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We now write

jK(x;y)¡K(x0; y)j
· C

X

k2Z

X

¿2Ik+i

X

k 02Z

X

¿02Ik0+i

¯̄
T¹(Qk0+i

¿0 )
1
2Dk0 (¢; yk 0+i¿0 ); ¹(Qk+i

¿ )
1
2Dk(y

k+i
¿ ; ¢)®

¯̄

¢
¯̄
¹(Qk+i

¿ )
1
2 [ eDk(x; y

k+i
¿ )¡ eDk(x

0; yk+i¿ )]¹(Qk
0+i
¿0 )

1
2
eeDk0(y

k0+i
¿0 ; y)

¯̄

= C

µX

k2Z

X

¿2T1

X

k02Z

X

¿02Ik0+i
+
X

k2Z

X

¿2T2

X

k02Z

X

¿02Ik0+i

¶

:= C(J1 +J2):

For ¿ 2 T1 and "00 < "0 < ",

J1· C
X

k2Z

X

¿2T1

X

k02Z

X

¿02Ik0+i
2¡jk¡k

0j"0
Z

Qk
0+i

¿ 0

Z

Qk+i¿

2¡(k^k 0)"

(2¡(k^k 0) + ½(u;v))1+"

¢
³ ½(x; x0)

2¡k + ½(x; u)

"́00 2¡k"
0

(2¡k + ½(x;u))1+"0
2¡k"

0

(2¡k + ½(v; y))1+"0
dudv

· C
X

k2Z

X

k02Z
2¡jk¡k

0 j"0
Z

X

Z

X

2¡(k^k0)"

(2¡(k^k0) + ½(u;v))1+"

¢
³ ½(x; x0)

2¡k + ½(x; u)

"́00 2¡k"
0

(2¡k + ½(x;u))1+"0
2¡k"

0

(2¡k + ½(v; y))1+"0
dudv

· C
X

k2Z

X

k02Z
2¡jk¡k

0 j"0
Z

X

2¡(k^k0)"

(2¡(k^k0) + ½(u;y))1+"

¢
³ ½(x; x0)

2¡k + ½(x; u)

"́00 2¡k"
0

(2¡k + ½(x;u))1+"0 du:

For 1
2A½(x;y) · ½(x; u) and ½(x; u) < 1

2A½(x;y), the last integral is dominated by

C
³ ½(x;x0)

2¡k + ½(x; y)

"́00 2¡k"
0

(2¡k + ½(x; y))1+"0
+C2k"

00
½(x; x0)"

00 2¡(k^k0)"

(2¡(k^k0) + ½(x; y))1+"
;

and hence

J1· C
X

k2Z

X

k02Z
2¡jk¡k

0 j"0
³ ½(x; x0)

2¡k + ½(x;y)

´"00 2¡k"
0

(2¡k + ½(x;y))1+"0

+C
X

k2Z

X

k02Z
2¡jk¡k

0 j"02k"
00
½(x;x0)"

00 2¡(k^k0)"

(2¡(k^k0) + ½(x;y))1+"

· C½(x;x0)"00½(x;y)¡(1+"00):
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To deal with J2, consider first ½(x; x0) <
1

4A2
½(x;y). Using the estimate for

u 2 Qk+i
¿ with ¿ 2 T2, we have

J2 ·C
X

k2Z

X

¿2T2

X

k02Z

X

¿02Ik0+i
2¡jk¡k

0j"0
Z

Qk
0+i

¿ 0

Z

Qk+i¿

2¡(k^k 0)"

(2¡(k^k 0) + ½(u;v))1+"

¢
n³ ½(x;x0)

2¡k + ½(x;u)

´"00 2¡k"
0

(2¡k + ½(x; u))1+"0

+
³ ½(x; x0)

2¡k + ½(x0;u)

"́00 2¡k"
0

(2¡k + ½(x0;u))1+"
0

o 2¡k"
0

(2¡k + ½(v;y))1+"0 dudv;

which implies

J2 · C½(x;x0)"
00
½(x;y)¡(1+"00) for ½(x; x0) <

1

4A2
½(x; y):

This inequality together with the estimate on J1 yields

jK(x;y)¡K(x0; y)j · C½(x; x0)"00½(x; y)¡(1+"00) for ½(x; x0)<
1

4A2½(x;y);

which together with the estimate of (1.9) on K(x; y) shows that K(x; y) satisfies
the estimate (1.10).

The proof of the estimate for jK(x;y)¡K(x;y0)j is the same.
To see T¤(1) = 0, it suffices to show that T is bounded from H1 to H1. In

order to do so, we need

Theorem 2.3. ([14]). For 1
1+" < p· 1,

kfkHp ¼
°°°°°
½X

k2Z

X

¿2Ik+i

³
jDk(f)(yk+i¿ )jÂQk+i¿

´2
¾1=2

°°°°°
p

;

where Dk is the same as the one in the discrete Calderón reproducing formula.

To show theH1 boundedness of T , applying Theorem 2.3 and the representation
of T , we write

Dj(Tf)(yj+i¿00 ) =
X

k

X

¿

X

k0

X

¿ 0


T¹(Qk0+i

¿0 )
1
2Dk0( ¢; yk

0+i
¿0 ); ¹(Qk+i

¿ )
1
2Dk(y

k+i
¿ ; ¢)®

¢ ¹(Qk+i
¿ )

1
2¹(Qk

0+i
¿0 )

1
2Dj

eDk(y
j+i
¿00 ; y

k+i
¿ )

eeDk0(f)(y
k 0+i
¿0 ):

Using the estimate

jDj
eDk(y

j+i
¿00 ; y

k+i
¿ )j · C2¡jj¡kj"

00 2¡(j^k)"0

(2¡(j^k) + ½(yj+i¿ 00 ; y
k+i
¿ ))1+"0
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and estimate (2.1) again, we obtain

Dj(Tf)(yj+i¿ 00 )

· C
X

k

X

¿

X

k0

X

¿ 0
!"0 (¸1; ¸2)¹(Qk0+i

¿ )1=2¹(Qj+i¿00 )¡1=2 !"0(¸1; ¸3)j eeDk0(f)(yk
0+i
¿0 )j

· C
X

k0

X

¿ 0
!"0(¸2; ¸3)¹(Qk

0+i
¿ )1=2¹(Qj+i¿00 )¡1=2jeeDk0 (f)(yk

0+i
¿ 0 )j:

Here we use notation ¸1 = (k;yk+i¿ ), ¸2 = (k0; yk
0+i
¿0 ), and ¸3 = (j; yj+i¿00 ). Thus,

jDj(Tf)(yj+i¿00 )jÂ
Q
j+i

¿00
(x)

· C
X

k0

X

¿ 0
¹(Qk

0+i
¿0 )2¡jk

0¡j j"00 2¡(k 0^j)"0

(2¡(k0 ĵ) + ½(yk
0+i
¿ 0 ; yj+i¿00 ))1+"0

¢ jeeDk0(f)(y
k0+i
¿0 )jÂQj+i

¿ 00
(x)

· C
X

k0

X

¿ 0
¹(Qk

0+i
¿0 )2¡jk

0¡j j"00 2¡(k 0^j)"0

(2¡(k0 ĵ) + ½(yk
0+i
¿ 0 ;x))1+"0

¢ jeeDk0(f)(y
k0+i
¿0 )jÂQj+i

¿ 00
(x):

By an estimate in [12],

X

¿0

2¡(k0 ĵ)"0

(2¡(k0^j) + ½(yk
0+i
¿0 ;x))1+"

0 j eeDk0(f)(yk
0+i
¿0 )j

· C2k
0^j2(k 0¡(k0^j))=r

n
M
³X

¿ 0
jeeDk0(f)(y

k 0+i
¿0 )jÂ

Qk
0+i

¿ 0

´ro1=r
(x);

where 1=(1 + "0) < r < 1, we obtain

jDj(Tf)(yj+i¿ 00 )jÂQj+i
¿ 00

(x) ·C
X

k 0
2¡k

0
2¡jk

0¡j j"002(k0^j)2(k0¡(k0 ĵ))=r

¢
n
M
³X

¿0
jeeDk 0(f)(yk

0+i
¿0 )jÂ

Qk
0+i
¿0

´ro1=r
(x)ÂQj+i

¿00
(x):

Since 1=(1 + "00) < 1=(1 + "0) < r implies
8
>>><
>>>:

sup
j

X

k0
2¡k

0
2¡jk

0¡jj"002(k0 ĵ)2(k0¡(k0 ĵ))=r <1

sup
k0

X

j

2¡k
0
2¡jk

0¡jj"02(k0 ĵ)2(k0¡(k0 ĵ))=r <1;
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nX

j

X

¿ 00
jDj(Tf)(y

j+i
¿00 )j2ÂQj+i

¿00
(x)
o1=2

· C
nX

j

X

¿ 00

hX

k0
2¡k

0
2¡jk

0¡j j"02(k0 ĵ)2(k0¡(k0 ĵ))=r

¢
n
M
³X

¿ 0
jeeDk0(f)(y

k 0+i
¿0 )jÂ

Qk
0+i

¿ 0

´ro1=r
Â
Qj+i
¿ 00

(x)
i2o1=2

· C
nX

j

X

¿ 00

X

k0
2¡k

0
2¡jk

0¡jj"02(k0^j)2(k0¡(k0^j))=r

¢
n
M
³X

¿ 0
jeeDk0(f)(y

k 0+i
¿0 )jÂ

Qk
0+i

¿ 0

´ro2=r
Â
Qj+i
¿ 00

(x)
o1=2

· C
nX

k 0

X

j

2¡k
0
2¡jk

0¡jj"02(k0 ĵ)2(k 0¡(k0^j))=r

¢
n
M
³X

¿ 0
jeeDk0(f)(y

k 0+i
¿0 )jÂ

Qk
0+i

¿ 0

´ro2=ro1=2

· C
nX

k 0

n
M
³X

¿0
jeeDk0(f)(y

k0+i
¿0 )jÂ

Qk
0+i
¿ 0

´ro2=ro1=2
:

This shows, by 1=r > 1 and Fefferman-Stein’s vector valued maximal inequality
[11],

°°°
nX

j

X

¿00
jDj(Tf)(y

j+i
¿00 )j2Â

Q
j+i

¿00
(x)
o1=2°°°

1

· C
°°°
nX

k0

n
M
³X

¿0
jeeDk 0(f)(yk

0+i
¿0 )j2Â

Qk
0+i

¿ 0

´ro2=ro1=2°°°
1

= C
°°°
nX

k0

n
M
³X

¿0
jeeDk 0(f)(yk

0+i
¿0 )jÂ

Qk
0+i
¿0

´ro2=ror=2°°°
1=r

1=r

· C
°°°
nX

k0

³X

¿0
jeeDk0(f)(yk

0+i
¿0 )jÂ

Qk
0+i

¿ 0

2́or=2°°°
1=r

1=r

= C
°°°
nX

k0

X

¿ 0
j eeDk0(f)(yk

0+i
¿0 )j2Â

Qk
0+i
¿0

o1=2°°°
1

· CkfkH1;

where the last inequality follows from a result in [14].
The proof of T(1) = 0 is similar and we leave details to the reader.

Remark. The above proof can be applied to the Hp boundedness of T for
1

1+" < p < 1. It seems that the method used here is new even though for the case
of Rn.
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