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WEAK AND STRONG CONVERGENCE IN THE HYPERSPACE CC(X)

Thakyin Hu and Jui-Chi Huang

Abstract. Let CC(X) be the collection of all non-empty compact, convex
subsets of a complex Banach space X endowed with the usual Hausdorff met-
ric h. We shall define a natural weak topology 7, on CC(X) and investigate
properties of 7,,-convergent sequences. Our main result is a theorem which
states that if A,,, A € CC(X) and A,, is T,-convergent to A, then there exists
a sequence {B,} (each B, is a finite convex combination of Aj’s) such that
B,, converges to A with respact to the Hausdorff metric h.

1. INTRODUCTION

Let X be a Banach space and BCC(X) be the collection of all non-empty
bounded, closed, convex subsets of X endowed with Hausdorff metric h. If
dim(X) < oo and A,, € BCC(X) is a bounded sequence (i.e. there exists M < oo
such that h(A,,{0}) < M < oo for all n = 1,2,...), Blaschke [2] proved that
{A,} has a subsequence { A, } such that { A, } converges to some A € BCC(X).
DeBlasi and Myjak [3] introduced the concept of weak convergence of a sequence
in BCC(X) and they proved an infinite dimensional version of Blaschke’s theorem.
Suppose X is regarded as a real Banach space, A,, and A are assumed to lie in finite
dimensional subspaces of X and A, converges weakly to A. DeBlasi and Myjak
[3] also proved that there exists a sequence {Z,, }, where each Z,, is a finite convex

combination of the A,’s such that Z,, converges to A strongly (i.e. anA). This
result is an extension of the classical Mazur’s theorem. In this paper, we will define
a certain weak topology 7, on the hyperspace CC(X), which is the collection of
all non-empty compact, convex subsets of X. We obtain some basic properties of
the hyperspace (CC(X), 7,,); moreover, we prove a 7,-convergence theorem for a
sequence {A,} C CC(X) which is more general than the above-mentioned result
of DeBlasi and Myjak.

Received June 30, 2006, accepted January 17, 2007.

Communicated by Bor-Luh Lin.

2000 Mathematics Subject Classification: 54A05, 54A20, 54B20.

Key words and phrases: Strong convergence, Weak convergence, Hyperspace.

1285



1286 Thakyin Hu and Jui-Chi Huang

2. NOTATIONS AND PRELIMINARIES

Let X be a Banach space, X* its topological dual, and Z the complex plane. The
closed unit balls of X and X * are denoted by B and B*, respectively; BCC(X)
is the collection of all non-empty bounded, closed convex subsets of X, CC(X)
is the collection of all all non-empty compact convex subsets of X, CC(Z) is the

collection of all non-empty compact convex subsets of the complex plane. For
A,B € BCC(X), define N(A;e) = {x € X : |[xr —al| < € for some a € A}
and h(A,B) = inf{e > 0: A C N(B;e) and B C N(A;¢)}. Equivalently,

h(A, B) = max < supd(a, B),supd(b, A)} . In this paper, we are concerned only
a€A beB
with the hyperspace CC(X).

Lemma 1. Let A, B, C, D € CC(X) and o € 7. We have

a) h(A,{0}) = sup{|la]| : a € A},

b) h(A,B) <h(A,C)ifBCC;

¢) h(aA,aB) = |alh(A, B);

d) h(A+C,B+ D) <h(A,B)+h(C, D).

The proofs follow immediately from the definition and shall be omitted. Observe
that for A, B € CC(X) and A € Z, wehave A+ B={a+b:a € A,bec B} and
AA = {Xa : a € A} both belong to CC(X) since addition and scalar multiplication
are continuous. Also for z* € X* and A € CC(X), it follows from the continuity

and linearity of z* that *(A) is a compact, convex subset of the complex plane Z,
ie., z*(A) € CC(Z).

(
(
(
(

Lemma 2. (cf[4]). Let A, B, Ay, Ag,..., A, € CC(X), au, ag,..., an €
1) with Y7 | o = 1, and x* € X*. Then we have

(@) >0 ;A € CC(X),;
(b) A= B ifandonly if t*(A) = x*(B) for each z* € X*;
(¢)

x*: (CC(X),h) — (CC(Z), h) is continuous. In fact, h(x*(A),z*(B)) <
|z*|[(A, B).

[0

C

The proof of (b) is a simple application of the Hahn-Banach theorem and the
proof of (c) is a consequence of the fact that |z*(a) — 2*(b)| = |z*(a — b)| <
[l ||fla — .

Recall now that the weak topology 7,, on X is defined to be the weakest topology
on X which makes each z* : (X, 7,) — (Z,| |) continuous. Now that we have,
by Lemma 2, that each z* : (CC(X),h) — (CC(Z),h) is continuous, we may
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define 7,, to be the weakest topology on the hyperspace CC(X) such that each
x*: (CC(X),Ty,) — (CC(Z),h)) is continuous. We shall use the notation W(A;
xy, ...zt e) ={B € CC(X) : h(z}(B),z}(A)) <efori=1,2,...,n} to
denote a 7,-neighborhood of A in CC(X). The Hausdorff metric topology and
the 7,,-topology shall be called as the strong topology and the weak topology on
CC(X), respectively.

Thus we have the following

Definition 1. Let A,, A€ CC(X) and K C CC(X).
(a) Ay — A strongly if and only if h(A,, A) — 0;
A, — A weakly if and only if h(z*(A4,), 2*(A)) — 0 for each z* € X*.
(b) K is strongly bounded if and only if there exists some M > 0 such that
sup{h(A,{0}): A€ K} < M < o0
K is weakly bounded if and only if there exists some M, « > 0 such that
sup{h(z*(A),{0}): A € K} < M,+ < oo for each z* € X*.
Suppose z* is a complex-linear functional on X and w its real part, the equation
x*(x) = u(x)—iu(iz) = u(z)+iu(—iz) tells us that each complex-linear functional
is uniquely determined by its real part. we now define

Definition 2. Let A € CC(X) and 2* € X*. Define 04(z*) = sa(Rez*) =
max{Rez*(a) : a € A}, where s4 is known as the support function of A.

Let R be the set of all real numbers. Then CC(R) is simply the collection of
all non-empty closed intervals and it is well-known that h([a, b], [c, d]) = max{|c —
al,|d — b|}. The basic and important relationship between o 4(z*) and z*(A) is
now given by the next lemma.

Lemma 3. Let A, B € CC(X), z* € X* Then |oa(z*) — op(z*)| <
h(Rexz*(A), Rex*(B)) < h(z*(A),z*(B)) < ||=*||h(A, B). Inparticular |o o(z")]
< h(Rex*(A),{0}) < h(z*(A),{0}) < ||z*||h(A, {0}), where the same symbol
{0} is used to denote the zero-element of the corresponding spaces, namely R, 7
and X.

Proof.  Let Rex*(A) = [a1,a2], Rex*(B) = [b1,bs] € CC(R). Then
loa(z*) — op(z*)| = |sa(Rex*) — sp(Rex*)| = |by — az| < max{|bs — as],
b1 — a1|} = h([ay, as], [b1, bo]) = h(Rex™(A), Rea™(B)) < h(z*(A),2*(B)) <
|lz*||h(A, B) since Re : (CC(Z),h) — (CC(R),h) is a nonexpansive mapping
and the last inequality follows from Lemma 2.

It follows from Lemma 3 and Proposition 2.1 of [3] that we have

Lemma 4. Let A, Be€ CC(X), o, 8> 0. Then
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(a) 0anypB = oA + BoB.
(b) h(A, B) = sup{h(a*(A),z*(B)) : ||=*|| <1} = sup{|oa(a*) — op(z¥)|:
|z*]| < 1}

3. MAIN RESULTS

Firstly, we show that 7,,-convergence and weak convergence in the sense of
DeBlasi and Myjak [3] are equivalent.

Theorem 1. Let X be a complex Banach space, and A, A, € CC(X). Then
x*(A,) — x*(A) for each x* € X* if and only if 0 4, (z*) — oa(z™) for each
r* e X*

Proof.  Suppose z*(A,) — z*(A) for each z* € X*. Then Rex*(A,) —
Rex*(A) since Re : (CC(Z),h) — (CC(R),h) is nonexpansive. Also max :
(CC(R), h) — R is nonexpansive implies that 0 4,, (z*) = s 4, (Re x*) =max{ Re z*
(A,)} —»max{Rex*(A)}=04(x*) for each z* € X*.

On the other hand, assume o 4, (z*) — o4 (2*) for each 2* € X*. If there exists
some x* such that ©*(A,,) /4 x*(A), then there exists ¢ > 0 and a subsequence
{Ay, } such that h(z*(Ay,),z"(A)) > ¢ forall k = 1,2,. .., which in turn implies
that either (a) 2*(A4,,) ¢ N(z*(A);e) or (b) 2*(A) & N(2*(Ap,);€). Assume
(a) is true. Then there exists a,, € Ap, such that z*(a,,) € N(z*(A);¢), ie.,

|z*(an,) — x*(a)] > € for all a € A. Hence |z*(ap,) — 2*(a)| = |[u(an,) —
iu(ian, )] — [u(a) — iu(ia)]| > e, which implies that |u(ay,) — u(a)| > % or

lu(ian, ) — u(ia)] > % for each a € A. If u(a,,) — u(a) > %, then u(a,,) >
%—i—u(a), and thus o4, (z*) = s4, (u) > %—i—u(a) for all @ € A and consequently
oa,(z*) > % + o4(x*), which implies that o 4, (z*) 4 oa(z*). If u(a) —

*

w(an,) > %, we let v(z) = —u(z), y* = v(z) — v(iz), to get that v(a,,) >
v(a) —1—% and thus 0 4, (y*) = sa,, (v) 7/ sa(v) = oa(y*). Thatis a contradiction.
By similar reasoning, all the remaining cases also yield a contradiction and the
theorem is proved.

The next results are extensions to the hyperspace CC(X) of their corresponding

counterparts in the underlying space X.

Theorem 2. [f {A,} is a T,-Cauchy sequence in CC(X), then there exists
M > 0 such that sup{h(A,,{0})} < M. Moreover, if A, — A weakly, then
n>1

h(A, {0}) < lim inf h(A,, {0})

Proof. For each z* € X*, {z*(A,,)} is a Cauchy sequence in CC(Z). Thus
there exists M+ > 0 such that h(z*(Ay),{0}) < M, for all n = 1,2,.... Let
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B = U2, A, C X. Then for each b € B = UA,, there exists some a; €
Ay, such that b = ag. Hence |2*(b)| = h({z*(b)},{0}) = h({z*(ar)},{0}) <
h(z*(Ag),{0}) < M,«. Thus B C X is a family of linear functionals on X* such

that sup |z*(b)| < M~ and it follows from the uniform boundedness principle that
beB
sup{||b|| : b € B} < M < oco. Consequently, h(B,{0}) =sup{|[b||: b€ B} <M

which implies that h(A,, {0}) < h(B,{0}) < M. That proves the first part of the
theorem. Suppose now A, % A, and if lim inf h(An, {0}) < a < h(A, {0}). Then
n—oo
there exists some subsequence {4,, } with h(A,,,{0}) < a. On the other hand,
h(A,{0}) > o implies the existence of some a € A such that ||a|| > a. By Hahn-
Banach theorem, there exists some z* € X* with ||z*|| = 1, and |2*(a)| = | a]|
and thus h((z*(A),{0}) > |la|| > «. But, by Lemma 3, h(z*(Ay,),{0}) <
|z*||h(Ap,, {0}) < h(A,,,{0}) < c. It follows that 2*(A,, ) does not converge
to *(A). That is a contradiction and the proof is complete. ]

Corollary 1. Let A, — A weakly in CC(X). Then o4, : B* — R is a se-

quence of functions such that o 4, (") — oa(x*) and ||oa, || = sup |oa,(z*)| <
r*eB*

M < oo foralln=1,2,...

Proof. A, — A weakly implies that 04, (z*) — oa(z*) for each 2* €
X* by Theorem 1. And ||o4,|| = sup |oa,(z*)| < sup {h(z*(4,), {0}} <

a*E€B* a*EeB*

h(A,, {0}) <MVn=12,...

Theorem 3. Let X be a complex Banach space, B* the closed unit ball of X *

and A € CC(X), fa(z*) = x*(A). Then fa : (B*, 1)) — (CC(Z),h) is con-
tinuous.

Proof. Let x* € B* and € > 0 be given. A is compact and A C sup N(a; §)

a€A
implies the existence of a finite number of points a1, aso, ..., a, such that A C
UL N(a; 5). Let U(x*;a1,a9,...,a,;5) be a 75 -neighborhood of z* and y* €
U(z*;a1,...,an;5). For each a € A, there exists some a; (1 < k < n) such

that [|a — a|| < 5, and [y*(a) — 2" (a)| < |y*(a) — y*(ar)| + |y*(ak) — 2" (ar)| +
|z*(ar) — 2*(a)] < |ly*[llle = axll + 5 + |lz*[[lar — all < §+ 5+ 5 = ¢ since
lly*[|, |=*]] <1. Hencey*(A) C N(z*(A);e) and z*(A) C N(y*(A);e) which im-
plies that h(fa(y*), fa(z*))=h(y*(A),x*(A)) < € and the proof is complete. =

*

Corollary 2. The mapping o 4 : (B*,7,;) — R is continuous.

’Tw

Proof.  Since |04(y*) —oa(z*)| = | max{Rey*(A)} —max{Rez*(A)}| <
h(Rey*(A), Rea™(A)) < h (y*(A), 27(A)) = h(faly"), fa(z™)).
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Finally, we prove the following extension of Mazur’s theorem. Our theorem
extends DeBlasi and Myjak’s result to compact convex sets of a complex Banach
spaces instead of finite dimensional convex sets.

Theorem 4. Let X be a complex Banach space, A, A € CC(X) and A, — A
weakly. Then there exists a sequence {Zy,} of finite convex combinations of A,,’s
such that Z,, — A strongly.

Proof. Let A, — A weakly and 04,,, 04 are their corresponding support func-
tionals. It follows from that o4,,04 : (B*,7,) — R are continuous and hence

oa,,04 € C((B*,75);R), the Banach space of all real-valued, continuous, func-

w
tions on (B*, 7

+) with supremum norm. If x is any complex measure on (B*, 7 ),
Lebesgue’s dominated convergence theorem implies that [ o4, dp — [ oadpu.
Since the Riesz representation theorem identifies the dual of C(B*, 7)) with the
space of all complex regular Borel measures on B*, we have 0, = 04, — 0 =024
weakly (for notational simplicity we set 0, = 04,, 0 = 04). Thus it follows
from Mazur’s theorem that there exists a sequence of finite convex combinations
of o,’s, say Zfﬁl tn(i)On(i)» Where t,; > 0 and Zfﬁl tn@) = 1 such that
I Zfﬁl tn@)On(i) — |l — 0 as n — +o00. Suppose € > 0 is given, choose ng such

that n > ng implies || Zfﬁl tn(i)On(i) — ol < &. It follows now from Lemma 4 that
kn kn kn
Zﬁﬂ%mWMV:Zﬁﬂ%ma%m:Ong%m%myLaZn:Xhﬂ%mAmw
Then Z, € Conv{Ay, As, ...}, and h(Zy, A) = || S5, tu(i)0n) — o||. Thus for
n > ng we have h(Z,, A) < e. That is, Z,, — A strongly as n — oo and the proof
is complete. u

That A and A,,’s must all be compact in Theroem 4 is essential can be illustrated
by the next example which is due to DeBlasi and Myjak [3].

Example. Let ly = {z = (x,) | ||z|| = (Z\xn\2)% < oo}, Ay = {z =
(1,22, ..., 2n, 0,...) | |lz|| < 1}, By = {x | ||z|]| < 1}. Then A, is Ty-
convergent to By, but h(A,, B1) =1Vn =1,2,.... Note that B; is not compact.

Remarks. The notion of weak convergence of bounded closed convex sets has
been studied by many mathematicans ([1, 3, 7-9]), and this paper is inspired by
their work. However, our approach is different that enables us to define the weak
topology 7, instead of the notion of weak convergence. Consequently, validity of
fixed point theorems for mappings defined on 7,,-compact sets £ C CC(X) may
be further investigated ([5, 6]). In fact, it has been shown [4] that the classical
Markov-Kakutani theorem can be extended to the hyperspace (CC(X), 7). We
are influenced and indebted to DeBlasi and Myjak [3] for the completion of this

paper



Weak and Strong Convergence in the Hyperspace CC(X) 1291

REFERENCES

1. G. Bear, Topologies on Closed and Closed Convex Sets, Mathematics and its Appli-
cations, 268, Kluwer Academic Publishers, Dordrecht, 1993.

2. W. Blaschke, Kreis und Kugel, Chelsea Publishine Company, New York, 1949.

3. F. S. DeBlasi and J. Myjak, Weak convergence of convex set, Arch. Math., 47 (1986),
448-456.

4. T. Hu and J.-C. Huang, Weak topology and Markov-Kakutani theorem on hyperspace,
Publ. Math. Debrecen, 53 (1998), 113-117.

5. T. Hu and W. S. Heng, An extension of Markov-Kakutani’s fixed point theorem,
Indian J. Pure Appl. Math., 32 (2001), 899-902.

6. T. Hu, J.-C. Huang and B. E. Rhoades, A general principle for Ishikawa iterations
for multi-valued mappings, Indian J. Pure Appl. Math., 28 (1997), 1091-1098.

7. G. Salinetti and R. J.-B. Wets, On the convergence of sequences of convex sets in
finite dimensions, SIAM Rev., 21 (1979), 18-33.

8. Y. Sonntag and C. Zalinescu, Scalar convergence of convex sets, J. Math. Anal.
Appl., 164 (1992), 219-241.

9. R. Wijsman, Convergence of sequences of convex sets, cones and functions, II, Trans.
Amer. Math. Soc., 123 (1966), 32-45.

Thakyin Hu

Department of Mathematics,
Tamkang University,
Tamsui 25137, Taipei,
Taiwan, R.O.C.

Jui-Chi Huang

Center for General Education,

Northern Taiwan Institute of Science and Technology,
No. 2, Xue Yuan Road,

Peito, Taipei 112,

Taiwan, R.O.C.

E-mail: juichi@ntist.edu.tw



