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THE NEW k − n TYPE NEUBERG-PEDOE INEQUALITIES

Li Xiaoyan and Zhang Yao

Abstract. In this paper, a class of geometric inequalities for the volumes
of two n−simplexes and their k−subsimplexes are established. The results
are generalizations to several dimensions of the well-known Neuberg-Pedoe
inequality of two triangles.

1. INTRODUCTION

Geometric inequalities for simplices which are the simplest and the most useful
polytopes have been a very attractive subject for a long time. Mitrinovic, Pecaric,
Volenec [9], Ali [1], Gerber [4], Petty, Waterman [11] and other authors [7,8]
have obtained a great number of elegant results. Specially, the quantity relations
involving two simplices have been studied extensively. The well-known Neuberg-
Pedoe inequality is the first inequality for the edge-lengths and areas involving two
triangles [10].

The Neuberg-Pedoe inequality is as follows.
Let ai, bi, ci(i = 1, 2) be the edge-lengths of the triangle with area �i, then

(1.1) H2 = a2
1(−a2

2 + b2
2 + c2

2)+ b2
1(a

2
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2 + c2
2) + c2

1(a
2
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2 − c2
2) ≥ 16�1�2,

with equality holds if and only if two triangles are similar.
Following Neuberg-Pedoe, a number of inequalities for two simplexes have been

established.
In 1984, P. Chia-Kuei proved the following sharpening of the Neuberg-Pedoe

inequality [3].
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with equality holds if and only if two triangles are similar.
In 1981, Yang Lu and Zhang Jingzhong got a generalization to several dimen-

sions of Neuberg-Pedoe inequality (1.1) [13]. Su Huaming [12], Chen Ji and Ma
Yuan[2] also gave the generalization of Neuberg-Pedoe inequality (1.1) for the edge
lengths and volumes of two n−simplexes. In 1997, Leng Gangsong and Tang Lihua
([5,6]) obtained the generalization of the inequality (1.2) for the edge lengths and
facet areas and volumes of two n−simplexes.

In this paper, except for the introduction, is divided into two sections. In Sec-
tion 2, we shall extend inequalities (1.1) and (1.2) to n−dimensional Euclidean
space En, and establish a class of geometric inequalities for the volumes of two
n−simplexes and their k−subsimplexes. Moreover, we shall get the generalizations
and strengthening of the results in [2, 5, 6, 12], which different from the result of
Yang and zhang[13]. In Section 3, we introduce a class of lemmas which contains
the inequalities concerning mass-point systems for two simplexes. Further, we prove
our main results by applying these lemmas.

2. MAIN RESULTS

Our main results are the following three theorems and five corollaries.

Theorem 2.1. Let A and B be two n−simplexes inEn with the n−dimensional
volumes VA and VB respectively. Let Si(k) denote the k−dimensional volumes of
k−dimensional subsimplexes spanned by k + 1 vertexes A i1 , Ai2, · · · , Aik+1

of A,
and S =

m∑
i=1

Sθ
i (k), where m =

(n+1
k+1

)
= (n+1)!

(k+1)!(n−k)! , and Fi(k) denote the

k−dimensional volumes of k−dimensional subsimplexes spanned by k +1 vertexes

Bi1 , Bi2, · · · , Bik+1
of B, and F =

m∑
i=1

F θ
i (k). If α, β ∈ (0, 1], γ ∈ [0, n + 1 −

k], n ≥ 3, and ai, bi ∈ R+ (i = 1, 2) (here a1, b1 are any kα degree geometric
quantities, and a2, b2 are any kβ degree). Then

(2.1)

m∑
i=1

(
a1S

α
i (k) + a2S

β
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)
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b1F

α
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β
j (k)

)
− γ
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b1F

α
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β
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)
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2
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+
a1Sα + a2Sβ
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with equality holds if and only ifA and B are regular, where µ n,k =
√

k+1
k!

(
n!√
n+1

) k
n

,

(2.1)′

R1 =
γ

2(a1Sα + a2Sβ)(b1Fα + b2Fβ)
m∑

i=1

[
(b1Fα + b2Fβ)(a1S

α
i (k) + a2S

β
i (k))

−(a1Sα + a2Sβ)(b1F
α
i (k) + b2F

β
i (k))

]2 ≥ 0.

Theorem 2.2. Under the hypotheses in theorem 2.1, we have

(2.2)

√√√√ m∑
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Sα
i (k)Sβ

j (k)

√√√√ m∑
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m∑
j=1
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i (k)Fβ

j (k)

−γ
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i=1

S
α+β

2
i (k)F

α+β
2

i (k)

≥ 1
2
m(m − γ)µα+β

n,k

[√
FαFβ√
SαSβ

V
k(α+β)

n
A +

√
SαSβ√
FαFβ

V
k(α+β)

n
B

]
+ R2,

with equality holds if and only if A and B are regular, where

(2.2)′ R2 =
γ

2
√

SαSβFαFβ

m∑
i=1

(√
FαFβS

α+β
2

i (k)−√SαSβF
α+β

2
i (k)

)2

≥ 0.

Theorem 2.3. Under the hypotheses in theorem 2.1, we have

(2.3)

m∑
i=1
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j=1

Sα
i (k)Fβ

j (k)

(
m∑

u=1

m∑
v=1

Sβ
u (k)Fα

v (k) − γ2Sβ
i (k)Fα

j (k)

)

≥ 1
2
m2(m2 − γ2)µ2(α+β)

n,k

(
FαFβ

SαSβ
V

2k(α+β)
n

A +
SαSβ

FαFβ
V

2k(α+β)
n

B

)
+ R3,

with equality holds if and only if A and B are regular, where

(2.3)′ R3 =
γ2

2SαSβFαFβ
(FαFβSα+β − SαSβFα+β)2 ≥ 0.

By applying the arithmetic mean-geometric inequality in (2.1), (2.2), (2.3), we
get the following corollaries respectively.
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Corollary 2.1. Under the hypotheses in theorem 2.1, we have

(2.4)

m∑
i=1

(
a1S

α
i (k) + a2S

β
i (k)

)

 m∑

j=1

(
b1F

α
j (k) + b2F

β
j (k)

)
− γ

(
b1F

α
i (k) + b2F

β
i (k)

)
≥ 2m(m− γ)µα+β

n,k

[
a1a2

Fα + Fβ

Sα + Sβ
V

k(α+β)
n

A

+ b1b2
Sα + Sβ

Fα + Fβ
V

k(α+β)
n

B

]
+ R1,

≥ 4m(m− γ)
√

a1a2b1b2µ
α+β
n,k (VAVB)

k(α+β)
2n + R1,

with equality holds if and only if A and B are regular.

Corollary 2.2. Under the hypotheses in Theorem 2.2, we have

(2.5)

√√√√ m∑
i=1

m∑
j=1

Sα
i (k)Sβ

j (k)

√√√√ m∑
i=1

m∑
j=1

Fα
i (k)Fβ

j (k)

−γ

m∑
i=1

S
α+β

2
i (k)F

α+β
2

i (k) ≥ m(m − γ)µα+β
n,k (VAVB)

k(α+β)
2n + R2,

with equality holds if and only if A and B are regular.

Corollary 2.3. Under the hypotheses in Theorem 2.3, we have

(2.6)

m∑
i=1

m∑
j=1

Sα
i (k)Fβ

j (k)

(
m∑

u=1

m∑
v=1

Sβ
u (k)Fα

v (k) − γ2Sβ
i (k)Fα

i (k)

)

≥ m2(m2 − γ2)µ2(α+β)
n,k (VAVB)

k(α+β)
n + R3,

with equality holds if and only if A and B are regular.

Put α = β and a1 = a2, b1 = b2 in inequalities (2.1), (2.4) and (2.2), (2.5), we
obtain following corollary.

Corollary 2.4. Under the hypotheses in theorem 2.1, we have
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(2.7)

m∑
i=1

Sα
i (k)


 m∑

j=1

Fα
j (k) − γFα

i (k)




≥ 1
2
m(m − γ)µ2α

n,k

(
Fα

Sα
V

2kα
n

A +
Sα

Fα
V

2kα
n

B

)
+ R4

≥ m(m− γ)µ2α
n,k (VAVB)

kα
n + R4,

with equality holds if and only if A and B are regular, where

(2.7)′ R4 =
γ

2SαFα

m∑
i=1

(FαSα
i (k)− SαFα

i (k))2 ≥ 0.

Put α = β in (2.3), (2.6), we obtain following corollary.

Corollary 2.5. Under the hypotheses in theorem 2.1, we have

(2.8)

(
m∑

i=1

Sα
i (k)

)2( m∑
i=1

Fα
i (k)

)2

− γ2

(
m∑

i=1

S2α
i (k)

)(
m∑

i=1

F 2α
i (k)

)

≥ 1
2
m2(m2 − γ2)µ4α

n,k

(
F 2

α

S2
α

V
4kα

n
A +

S2
α

F 2
α

V
4kα
n

B

)
+ R5

≥ 1
2
m2(m2 − γ2)µ4α

n,k (VAVB)
2kα
n + R5,

with equality holds if and only if A and B are regular, where

(2.8)′ R5 =
γ2

2S2
αF 2

α

(
F 2

αS2α − S2
αF2α

)2 ≥ 0.

3. PROOFS OF THE THEOREMS

To prove the theorems in Section 2, we establish a number of lemmas as follows.

Lemma 3.1. ([5]) Let A an n−simplexes in E n with the n−dimensional
volumes VA, and Si denote the (n−1)−dimensional volumes of (n−1)−dimensional
subsimplexes spanned by n − 1 vertexes A1, · · · , Ai−1, Ai+1 · · · , An+1 of A(i =
1, 2, · · · , n + 1). Put λi ∈ R+, θ ∈ (0, 1]. Then

(3.1)

(
n+1∑
i=1

λiS
2θ
i

)n

≥ (n + 1)(n−1)(1−θ)

(
n3n

n!2

)θ


n+1∑

i=1

n+1∏
j=1
j �=i

λj


V

2(n−1)θ
A ,
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with equality holds if A is regular and λ 1 = λ2 = · · · = λn+1.

Lemma 3.2. ([5]) Under the hypotheses in lemma 3.1, put α i =

n+1∑
j=1

Sθ
j − 2Sθ

i

Sθ
i

(i = 1, 2, · · · , n + 1). Then

(3.2)
n+1∑
i=1

n+1∏
j=1
j �=i

αj ≥ (n + 1)(n− 1)n,

with equality holds if and only if S 1 = S2 = · · · = Sn+1.

Lemma 3.3. Under the hypotheses in lemma 3.1, put α, β ∈ (0, 1], then

(3.3)

n+1∑
i=1

Sα
i


n+1∑

j=1

Sβ
j − 2Sβ

i


 =

∑
1≤i<j≤n+1

(Sα
i Sβ

j + Sβ
i Sα

j ) −
n+1∑
i=1

S
(α+β)
i

≥ (n2 − 1)

[
n3

n + 1

(√
n + 1
n!

) 2
n

]α+β
2

V
(n−1)(α+β)

n
A ,

with equality holds if A is regular and S 1 = S2 = · · · = Sn+1.

Proof. Put λi =

n+1∑
j=1

Sβ
j − 2Sβ

i

Sβ
i

(i = 1, 2, · · · , n+1), according to Lemma 3.1
and Lemma 3.2, we get

n+1∑
i=1

Sα
i


n+1∑

j=1

Sβ
j − 2Sβ

i


 =

n+1∑
i=1

λiS
(α+β)
i

≥ (n + 1)
n−1

n
(1−α+β

2
)

(
n3n

n!2

)α+β
2n


n+1∑

i=1

n+1∏
j=1
j �=i

λj




1
n

V
(n−1)(α+β)

n
A

≥ (n + 1)
n−1

n
(1−α+β

2
)

(
n3n

n!2

)α+β
2n

(n + 1)
1
n (n − 1)V

(n−1)(α+β)
n

A

= (n2 − 1)

[
n3

n + 1

(√
n + 1
n!

) 2
n

]α+β
2

V
(n−1)(α+β)

n
A .
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Lemma 3.4. Under the hypotheses in theorem 2.1, then

(3.4)

(
m∏

i=1

Si(k)

) 1
m

≥ µn,kV
k
n

A ,

with equality holds if and only if A is regular.

Proof. Applying the result in [14] or [15], we obtain

(3.5)

(
n+1∏
i=1

Si

) 2n
n+1

≥ 1
(n + 1)n−1

(
n3n

n!2

)
V

2(n−1)
A ,

Using induction on k, the inequality (3.5) yields (3.4).

Lemma 3.5. Under the hypotheses in theorem 2.1, then

(3.6)
SαSβ − γ

m∑
i=1

Sα+β
i (k) =

m∑
i=1

Sα
i (k)(

m∑
j=1

Sβ
j (k)− γSβ

i (k))

≥ m(m − γ)µα+β
n,k V

k(α+β)
n

A ,

with equality holds if and only if A is regular.

Proof. For convenience, we employ R(α, β, γ) to denote the left side of the
inequality (3.6), then

R(α, β, γ) =


 ∑

1≤i<j≤m

(Sα
i (k)Sβ

j (k) + Sβ
i (k)Sα

j (k)) − (n − k)
m∑

i=1

Sα+β
i (k)




+(n + 1 − k − γ)
m∑

i=1

Sα+β
i (k) = I1 + I2,

where

I1 =
∑

(i1,i2,··· ,ik+2)∈T


 ∑

1≤r<t≤k+2

(Sα
ir(k)Sβ

it
(k) + Sβ

ir
(k)Sα

it(k))−
k+2∑
r=1

Sα+β
ir

(k)


 ,

I2 =
∑

(ir ,it)∈Q

(
Sα

ir(k)Sβ
it
(k) + Sβ

ir
(k)Sα

it(k)
)
− (n + 1 − k − γ)

m∑
i=1

Sα+β
i (k),

and

T =
{
(i1, i2, · · · , ik+2)|There exists a (k + 1)− subsimplex A(i1,i2,··· ,ik+2) of A,

such that its k+2 side facet volumes are Si1(k), Si2(k), · · · , Sik+2
(k), (1 ≤ i1, i2,

· · · , ik+2 ≤ n + 1) }



1184 Li Xiaoyan and Zhang Yao

Q =
{
(ir, it)|There is not a (k + 1)− subsimplex A(i1,i2,··· ,ik+2) of A,

such that its two side facet volumes are Sir (k), Sit(k)} .

Obviously, we easily get

|T | =
(

n + 1
k + 2

)
, |Q| =

(m

2

)
−
(

n + 1
k + 2

)(
k + 2

2

)
=

1
2
m[m−(n−k)(k+1)−1],

If (i1, i2, · · · , ik+2) ∈ T, we use Si(k + 1) to denote the volume of (k +
1)−subsimplex with side facet volumes Si1(k), Si2(k), · · · , Sik+2

(k), and putm′ =

|T | =
(

n+1
k+2

)
= n−k

k+2 m. Combining Lemma (3.3) with Lemma (3.4),and applying
arithmetic-geometric mean inequality, we infer that

I1 ≥
m′∑
i=1

k(k + 2)


(k + 1)3

k + 2

(√
k + 2

(k + 1)!

) 2
k+1




α+β
2

(Si(k + 1))
k(α+β)

k+1

≥ k(k + 2)


(k + 1)3

k + 2

(√
k + 2

(k + 1)!

) 2
k+1




α+β
2

m′ (Si(k + 1))
k(α+β)

m′(k+1)

≥ k(k + 2)


(k + 1)3

k + 2

(√
k + 2

(k + 1)!

) 2
k+1




α+β
2

n − k

k + 2
m

[√
k + 2

(k + 1)!

(
n!√
n + 1

VA

) k+1
n

] k(α+β)
k+1

= mk(n − k)

[√
k + 1
k!

(
n!√
n + 1

) k
n

]α+β

V
k(α+β)

n
A

= mk(n − k)µα+β
n,k V

k(α+β)
n

A ,

I2 ≥ m[m − (n − k)(k + 1)− 1]

(
m∏

i=1

Si(k)

)α+β
m

+m(n + 1 − k − γ)

(
m∏

i=1

Si(k)

)α+β
m

= m[m − (n − k)k − γ]

(
m∏

i=1

Si(k)

)α+β
m

≥ m[m − (n − k)k − γ]

[√
k + 1
k!

(
n!√
n + 1

) k
n

]α+β

V
k(α+β)

n
A

= m[m − (n − k)k − γ]µα+β
n,k V

k(α+β)
n

A ,
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Hence
R(α, β, γ) = I1 + I2 ≥ m(m − γ)µα+β

n,k V
k(α+β)

n
A .

Thus inequality (3.6) valid with equality holds if and only if A is regular.

Lemma 3.6. Under the hypotheses in theorem 2.1, then

(3.7)

(a1Sα + a2Sβ)2 − γ
m∑

i=1

(a1S
α
i (k) + a2S

β
i (k))2

=
m∑

i=1

(
a1S

α
i (k) + a2S

β
i (k)

)

 m∑

j=1

(
a1S

α
j (k) + a2S

β
j (k)

)
− γ

(
a1S

α
i (k) + a2S

β
i (k)

)
≥ m(m − γ)

(
a1µ

α
n,kV

αk
n

A + a2µ
β
n,kV

βk
n

A

)2

,

with equality holds if and only if A is regular.

Proof. We denote the left side of inequality (3.7) by P (α, β, γ), then

(3.8)

P (α, β, γ) = (a1Sα + a2Sβ)2 − γ

m∑
i=1

(a2
1S

2α
i (k)

+2a1a2S
α+a2β
i (k) + a2

2S
2β
i (k))

= a2
1

(
S2

α−γ

m∑
i=1

S2α
i (k)

)
+2a1a2

(
SαSβ − γ

m∑
i=1

S
α+β
i (k)

)

+a2
2

(
S2

β − γ

m∑
i=1

S2β
i (k)

)
.

Employing Lemma 3.5, we infer inequality (3.7) from (3.8), and equality holds
if and only if A is regular.

Lemma 3.7. Under the hypotheses in theorem 2.1, then

(3.9)

S2
αS2

β − γ2(
m∑

i=1

Sα+β
i (k))2 =

m∑
i=1

m∑
j=1

Sα
i (k)Sβ

j (k)
[

m∑
u=1

m∑
v=1

Sβ
u (k)Sα

v (k) − γ2Sβ
i (k)Sα

j (k)

]

≥ m2(m2 − γ2)µ2(α+β)
n,k V

2k(α+β)
n

A ,
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with equality holds if and only if A is regular.

Proof. We denote the left side of inequality (3.9) by W (α, β, γ). Combining
Lemma 3.4 and Lemma 3.5 and applying arithmetic-geometric mean inequality, we
deduce

W (α, β, γ)

=

(
m∑

i=1

Sα
i (k)

)2( m∑
i=1

Sβ
i (k)

)2

− γ

(
m∑

i=1

(Sα+β
i (k)

)2

=
m∑

i=1

Sα
i (k)


 m∑

j=1

Sβ
j (k)− γSβ

i (k)


 ·

m∑
i=1

Sα
i (k)


 m∑

j=1

Sβ
j (k) + γSβ

i (k)




≥ m(m − γ)µα+β
n,k V

k(α+β)
n

A · (m2 + γm)

(
m∏

i=1

S
α+β
i (k)

) 1
m

≥ m2(m2 − γ2)µα+β
n,k V

k(α+β)
n

A · µα+β
n,k V

k(α+β)
n

A

= m2(m2 − γ2)µ2(α+β)
n,k V

2k(α+β)
n

A .

.

Thus inequality (3.9) valid with equality holds if and only if A is regular.

Further, applying above lemmas, we can prove three theorems in Section 2.

Proof of the Theorem 2.1. Note

HAB =
m∑

i=1

(a1S
α
i (k) + a2S

β
i (k))

 m∑
j=1

(b1F
α
j (k) + b2F

β
j (k))− γ(b1F

α
i (k) + b2F

β
i (k))




= (a1Sα + a2Sβ)(b1Fα + b2Fβ)

−γ

m∑
i=1

(a1S
α
i (k) + a2S

β
i (k))(b1F

α
i (k) + b2F

β
i (k)),

HA = (a1Sα + a2Sβ)2 − γ

m∑
i=1

(a1S
α
i (k) + a2S

β
i (k))2,

HB = (b1Fα + b2Fβ)2 − γ

m∑
i=1

(b1F
α
i (k) + b2F

β
i (k))2,
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By computation, we easily deduce the following inequality.

(3.10) HAB =
1
2

(
b1Fα + b2Fβ

a1Sα + a2Sβ
HA +

a1Sα + a2Sβ

b1Fα + b2Fβ
HB

)
+ R1.

Substituting (3.7) to (3.10), we infer inequality (2.1). Moreover, by Lemma
3.6, we know the equality holds if and only if A and B are regular. Therefore We
complete the proof of Theorem 2.1.

Proof of the Theorem 2.2. Note

GAB =

√√√√ m∑
i=1

m∑
j=1

Sα
i (k)Sβ

j (k)

√√√√ m∑
i=1

m∑
j=1

Fα
i (k)Fβ

j (k) − γ

m∑
i=1

S
α+β

2
i (k)F

α+β
2

i (k)

=
√

SαSβ

√
FαFβ − γ

m∑
i=1

S
α+β

2
i (k)F

α+β
2

i (k)

GA = SαSβ − γ

m∑
i=1

Sα+β
i (k), GB = FαFβ − γ

m∑
i=1

Fα+β
i (k).

By computation, we easily deduce the following inequality.

(3.11) GAB =
1
2

(√
FαFβ√
SαSβ

GA +

√
SαSβ√
FαFβ

GB

)
+ R2.

Substituting (3.6) to (3.11), we infer inequality (2.2). Moreover, by Lemma 3.5,
we know the equality holds if and only if A and B are regular. The Theorem 2.2
is proved.

Proof of the Theorem 2.3.
Note

QAB =
m∑

i=1

m∑
j=1

Sα
i (k)Fβ

j (k)

(
m∑

u=1

m∑
v=1

Sβ
u (k)Fα

v (k)− γ2Sβ
i (k)Fβ

i (k)

)

= SαSβFαFβ − γ2
m∑

i=1

m∑
j=1

(Si(k)Fj(k))α+β

= SαSβFαFβ − γ2Sα+βFα+β

QA = (SαSβ)2 − γ2

(
m∑

i=1

Sα+β
i (k)

)2

= (SαSβ)2 − γ2S2
α+β,

QB = (FαFβ)2 − γ2

(
m∑

i=1

Fα+β
i (k)

)2

= (FαFβ)2 − γ2F 2
α+β ,
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By computation, we easily deduce the following inequality.

(3.12) QAB =
1
2

(
FαFβ

SαSβ
QA +

SαSβ

FαFβ
QB

)
+ R3.

Substituting (3.9) to (3.12), we infer inequality (2.3). Moreover, by Lemma
3.7, we know the equality holds if and only if A and B are regular. Therefore We
complete the proof of Theorem 2.3.
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