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THE EXPONENTIAL DIOPHANTINE EQUATION
AX?2+ BY? = \kZ AND ITS APPLICATIONS

Zhenfu Cao, Chuan I Chu and Wai Chee Shiu

Abstract. Let A/ B € Nwith A > 1,B > 1 and ged(4,B) =1, k > 2
be an integer coprime with AB, and let A\ € {1,2,4} be such that if A = 4,
then A # 4 and B # 4; and if k is even, then A = 4. In this paper, we shall
describe all solutions of the equation

AX? 4+ BY? =Mk, XY, Z €7, gcd(X,Y) =1, Z>0

with X|*A or Y|* B, where the symbol X|*A means that every prime divisor
of X divides A. Then, using this result, we give some more general results
on the number of solutions of the equation la® + mb¥Y = Ac*, z > 1, y > 1,
z > 1. In addition, using Cao’s result on Pell equation, we obtain some im-
provement of Terai’s results on the equations a* + 2 = ¢*,a” + 4 = ¢* and
a® + 29 = c*.

1. INTRODUCTION

In this paper, we let Z, N, P be the sets of integers, positive integers and prime
numbers respectively. For z, A € N, the notation x|*A means that every prime
factor of x is also a factor of A.

Let A, B € Nwith A>1, B> 1and gcd(A, B) = 1. If the equation

(1.1) X2+ ABY?=9p?, X,Y,ZeN,peP,ged(X,Y) =1

has a solution (X, Y, Z), then there exists a unique solution (X, Y}, Z,) which
satisfies Z, < Z, where Z runs over all solution of (1.1). The solution (X,,Y}, Z,)
is called the least solution of (1.1).
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In [10], Cao considered the solutions (, y, 2) € N? of the Diophantine equation
(1.2) AX?+BY?=p? XY, ZeN,peP, ged(X,Y) = 1.

He obtained the following two theorems.

Theorem A. Suppose that x,y, z € N satisfy the equation
(1.3) Az? + By? = 2%, 2> 2, z|*A and y|*B.

Then
|Az? — By?| = 2X,, 2y = Ya, 22 — 2 = Zy,

except for (A, B,x,y,z) = (5,3,1,3,5), (5,3,5,1,7) and (13,3,1,9,8), where
(X2, Yo, Zy) is the least solution of the equation (1.1) with p = 2.

Theorem B. Suppose that x,y, z € N satisfy the equation
(1.4) Az + By =p*, p€ P, p>2, 2|*A and y|*B.

Then

|Az? — By?| = Xp, 2xy =Y, 22 = 7,

or
|A2? — By?| = X,| X} — BABY;|, 2zy = Y,[3X — ABY}?|, 2z = 3Z,

the latter occurring only for

32s _q 32s+2 _ q 32s+1 _ q 3
Aw2+By2:348+3< 3 >+< 3 )=<T> =p7,

where (X, Y, Z,) is the least solution of the equation (1.1) and s € N.

From Theorems A and B, we have (please see Lemma 6 of [23]).
Theorem C. The equation
a®+ b = ged(a,b) =1, ceP,a>1,b>1
has at most one solution when the parities of x and y are fixed, except for (a,b, c) =
(5,3,2), (13,3,2), or (10,3,13). The solutions in the case of (5,3,2) are given

by (z,y,2) = (1,1,3), (1,3,5), (3,1,7), in the case of (13,3,2) by (1,1,4) and
(1,5,8), and in the case of (10,3,13) by (1,1,1) and (1,7, 3). (c.f. [6, 22]).
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In [11], Cao obtained further results when the right sides of Equation (1.3) and
Equation (1.4) are replaced by 4k* and k* respectively, where k£ € N.

Let A,B € Nwith A > 1, B> 1 and gcd(A, B) = 1. Let k > 2 be an integer
coprime with AB, and let A € {1,2,4} be such that A\ = 4 if k£ is even. In this
paper, we shall first consider a more general equation of the form:

(1.5) AX?2 4+ BY? =\k?, XY, Z € Z, gcd(X,Y) =1, Z > 0.

Suppose that A = 4, A = 4and (X, Y, Z) is a solution of (1.5). Since gcd(A, B) =1,
Y must be even. Thus Equation (1.5) can be rewritten as

2 Y2 Z
X +B<5> =k 7X,Y,Z€Z, ng(X7Y):17 Z > 0.

This equation was discussed in [11]. From now on, we will assume that if
A =4, then A # 4. For the same reason we shall assume that B # 4 as well if
A=4.

2. PRELIMINARIES

Before considering Equation (1.5) we recall some known results.

For a, b, c € Z, the discriminant of the form aX? + 20 XY + cY? is 4b% — 4ac,
thus —4D is the discriminant of D;X? + DyY?, where D = D;Ds. The set of
positive binary quadratic forms of discriminant —4D is partitioned into a finite
number of equivalence classes which we denote by h(—4D).

By Theorems 11.4.3, 12.10.1 and 12.14.3 of Hua [18], we get (see Proposition
1 of [3]).

Lemma 2.1. Let D € N. We have

4D

s

h(—4D) < log(2eV'D).

Let Dy and D> be coprime positive integers, D = D1 Ds and let k£ > 2 be an
integer coprime with D. Let A € {1,2,4} be such that A = 4 if k is even. Keeping
these notations, Bugeaud and Shorey [3] proved the following lemma.

Lemma 2.2. Let D1Dy & {1,3}. The solutions of the equation

(2.1) D1 X%+ DyY?2=\k?, XY, Z€Z, ged(X,Y)=1, Z>0

can be put into at most 2*%)=1 classes, where w(k) denotes the number of distinct

prime divisors of k. Furthermore, in each such class S, there is a unique solution
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(X1, Y1, Z1) such that X1 > 0,Y1 > 0 and Zy is minimal among the solutions in S.
This minimal solution satisfies the condition that Z 1 divides h(—4D) if D1 = 1 or
Dy =1, and 27, divides h(—4D) otherwise. Moreover, every solution (X,Y, Z)
of (2.1) belonging to S can be defined as

XVDi1+Y—=Dy \ <X1\/D1+)\2Y1\/—D2)t

=M\
VA VA

where t > 1 is an integer, \1 € {—1,1,—i,i} and Ay € {—1,1}. If X\ = 2, then

t is odd. Furthermore, A1 € {—1,1} if Dy # 1 or t is odd and \1 € {—i,i} if
Dy =1 and t is even.

(2.2) Z = Zit,

A Lucas pair (respectively a Lehmer pair) is a pair («, ) of algebraic integers
such that a3 and a3 (respectively (a+/3)? and a3) are non-zero coprime rational
integers and «/3 is not a root of unity. For a given Lucas pair («, (3), one defines
the corresponding sequence of Lucas numbers by

an_ﬁn

un:un(avﬁ)_ Oé—ﬁ

For a given Lehmer pair («, (3), we define the corresponding sequence of Lehmer
numbers by

(n=0,1,2,...).

n _ Aan
B s odd,
SO a—p
Up = Up(a, f) = ot g
m, if n is even.

It is clear that every Lucas pair («a, () is also a Lehmer pair, and

U, if n is odd,
n pu—

(a+ B)uy, ifnis even.

Let («, 3) be a Lucas (resp. Lehmer) pair. A prime number p is a primitive
divisor of the Lucas (resp. Lehmer) number u,, (v, 3) (resp. u,(«, 3)) if p divides
uy,, but does not divide (o — 3)uy - - -up_1 (resp. if p divides , but does not
divide (o — %)%4y - - -Uy_1). Y. Bilu, G. Hanrot and P. Voutier [2] proved the
following

Lemma 2.3. For any integer n > 30, every n-th term of any Lucas or Lehmer
sequence has a primitive divisor.

A Lucas (respectively Lehmer) pair («, ) such that w,(a, 3) (respectively
U (v, 3)) has no primitive divisors will be called n-defective Lucas (respectively
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Lehmer) pair. Two Lucas pairs («, 51) and (g, f2) are equivalent if g—; = g—;

= +1. Two Lehmer pairs (aq, 31) and (aq, B2) are equivalent if a= g—; € {£1,
+/—1}.

For n < 30, all n-defective Lucas pairs and Lehmer paris are determined by
Voutier [26] and Bilu et al. [2] as follows.

Lemma 2.4. ([26]) Let n satisfy 4 < n < 30 and n # 6. Then, up to
equivalence, all n-defective Lucas pairs are of the form ((a — v/b)/2, (a+V/b)/2),
where (a, b) is given in Table 1 of [2].

Let n satisfy 6 < n < 30 and n ¢ {8,10,12}. Then, up to equivalence, all

n-defective Lehmer pairs are of the form ((\/a — V/b)/2, (\/a + V/b)/2), where
(a,b) is given in Table 2 of [2].

Lemma 2.5. ([2]) Any Lucas pair is 1-defective, and any Lehmer pair is 1-
and 2-defective.

Forn € {2,3,4,6}, all (up to equivalence) n-defective Lucas pairs are of the
form ((a — V/b)/2, (a+ V/b)/2), where (a,b) is given in Table 3 of [2).

Formn € {3,4,5,6,8,10,12}, all (up to equivalence) n-defective Lehmer pairs
are of the form ((\/a — V'b)/2, (v/a + V/b)/2), where (a,b) is given in Table 4 of
[2].

From Remark 1.1, Proposition 2.1(i) and Corollary 2.2 of [2], we get a classical
result as follows.

Lemma 2.6. If p is a primitive divisor of the Lucas (respectively Lehmer)
number u,(c, B) (respectively uy, (e, 3)), then n = £1 (mod p).

In this paper, we let F; and L; be the [-th terms of Fibonacci number and Lucas
number respectively, [ € Z. Thatis Fp =0, F1 =1, F; = F_1+F;_o and Ly = 2,
Li=1,L,=L;_1 + L;_>. By Binet formulas we have

(2.3) L} —5FF = (—1)'4.

Lemma 2.7. For n > 3, the equation L; = 2™ has no solution for | > 0.
Indeed Ly = 2 and Ls = 22 are the only solutions.

Proof. 1f Ly = 2" for some n > 3, then from (2.3) we have 22" —5F? = (—1)!4.
2
So Fj is even. Hence we have, 2272 — 5 (%) = (~1)". Thus £ must be odd

2
and then (%) = 1 (mod 8). Hence we have 3 = (—1)! (mod 8), which is
impossible. u
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Lemma 2.8. For n > 4, the equation F; = 2™ has no solution for [ > 0.
Indeed F3 =2 and Fg = 23 are the only solutions.

Proof. If F; = 2™ for some n > 4, then from (2.3) we have [; is even

2
and (%) — 52" 1% = (=1)!. Thus £ must be odd and [ is even. Hence

L)? 1 5eon-1y2 _L _L
2) —1=5(2""")% Puta= 3 +1and b= 3 — 1. As both a and b are even

and a — b = 2 we have two cases.

Case 1. Suppose that a = 5.2t withi > 1and b = 22" 277 with 2n—2—i > 1.
Since a — b = 2, we have 5-2/~1 —227=i=3 — 1_ Clearly the equation cannot have
solution if 2 <7 < 2n — 4.

If =1, then we have 5—22"*=1. Hence 22" =4 which implies that n=3.

If i = 2n — 3, then we get 5 - 22"~% — 1 = 1, which is also impossible.

Case 2. Suppose that a = 27 and b = 5- 227277 for some j > 4 (since a > b)
and 2n — 2 — j > 1. Since a — b = 2, we have 271 —5.22n77=3 — |,

Thus if 2n — j — 3 > 1, then the above equation cannot have solution. We
only have to consider 2n — 7 — 3 = 0. Thatis, j — 1 = 2n — 4. Again we get
22n=4 _ 5 = 1 which obviously has no solution. ]

It is easy to check the following lemma holds. Also one may refer to Lemma 2.3
of [3].

Lemma 2.9. For any integer | > 2 and any € € {—1, 1}, we have
4F; — Fl+2e = L,

and
4L — Ll+2e =5[] ..

Furthermore, for any integer | > 4, we have

Oy 1 — Fop 7+ (—1)1 .6\ 2
Fl+2< 21 27+ (21) )+L1—1:4Fl5

10

and

7 <9F2z+1 — Fy 5+ (-1)!-6
1—2

2
Ly = 4FP.
10 ) + I+1 1

3. MAIN THEOREMS

It is known (for example, see [13]) that if Equation (1.5) has a solution (X, Y, Z),
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then the solutions of the equation can be put into at most 2¢(*)=! classes, where
w(k) denotes the number of distinct prime divisors of & . In each such class, say S,
there is a unique solution (X )s, Y)s, Zxs) such that X5 > 0,Y\s > 0 and Z)s
is minimal among the solutions in S.

Theorem 3.1. Suppose (X,Y,Z) € N3 is a solution in the class S of
Equation (1.5), and X|*A or Y|*B. Then

(X,Y,2) = (X»s,Yas, Zrs),

except the following exceptional cases:
(1) 3:13%2+45-12 = 427, 5:41247-7% = 4.37, 13-712+3-12 = 4-47 (or = 4-21%),
7-11692+11-12=2-97 (or =2-3);
(2) 5-192+3-92 =4-29%
(3) 2(g+3)(2¢—3)%+2(3¢—3)(3)2 = A¢®, ¢ e Nwithq >3"1,1>0
and 31q if 1 >0,

(=11 (mod 4), for A =1,
¢g=<{ (-1)! (mod4),q>1, for\=2,
0 (mod 2), Sfor A =4;

(4) (a) 3F_0-[AF? — 2F,_5.F} + (—1)1]2 + 3L - 12 = AP, 1 € N, where
e==1,1>3 and
2¢  (mod 6), for \=1,
I=< 5¢ (mod6), for\=2,
0,e (mod 3), for \=4.

(6) §Li-0e[AL? — 2L oLy + 5(=1)111]* + § - 5Fy. - 52 = AL}, where
e==1,1>0and
5¢  (mod 6), Jor X =1,
I=4 2 (mod 6), for A =2,
0,e (mod3),l#1, for\=4.

Proof. For A > 1,B > 1, we have AB ¢ {1,3}. Let (X,Y,Z) € N be a
solution in the class S of Equation (1.5). Put (X1,Y1,Z1) = (X)s, Yas, Zxs)- By
Lemma 2.2, we get

t
XVA+YvV-B XiVA+ \Y1v—B
G.1) 7 = 7t VA + :)\1< WA+ Y, > 7

2 2
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where t > 1, A\j, Ay € {—1,1}.
Suppose ¢ is even. By Lemma 2.2, X is equal to 1 or 4. From (3.1) we have

XVA+YV=B _ N <u—|—v\/—AB>t/2 here

VA VA

(3.2) Lo AXT—BY? | 2BYP 4 AT 24XF - D
VA VA v
2
v = ﬁ)QXlYl'
One can easily check that u, v € Z and
(3.3) u? + 02 AB = \K*%,
u+vV/=AB\"? U+V/=AB

We would like to write Aq for some U,V €

VA VA

Q. It can be shown that U,V € Z (for A = 1, it is clear; for A = 4 it can be shown
by induction).

From (3.1) we have Xv/A = U and Y = V/A. Hence A is a square. From
(1.5), we have A(X? + BV?) = Mk?. Since gcd(AB, k) = 1, A|)\. Since 4 > 1
and A is a square, A = 4 = \. But this contradicts to our assumption.

Hence we get that ¢ must be odd.

Let
o X1VA+Y1V/-B 5 X1VA-Y1V/-B

VA ’ VA '

Then from (3.1) we have
Oct —|—ﬁt Oct _ ﬁt
X=X Y =Y;

1 Oé—f—/B ) 1 Oé—,B )
and so X = Xja,Y = Yib, where
(34 a= (o +8)/(a+B), b=’ =)/ (a =Pl

Clearly, the number (! + (3%)/(a + 3) is t-th term of Lehmer sequence with pair
(a, —3) and the number (o — 3')/(a — ) also is t-th term of Lehmer sequence
with pair (o, 3).

We write the Lehmer pair in (3.4) as ((v/u — v)/2, (Vu + /v)/2), then it is
easy to see that

(*) (u,v) = (4AXE/\, —4BYZ /).
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Since ¢ is odd, from the first equality of (3.4), we have
)\%(t—l)a — ‘(XI\/Z)t—l + <;) (Xl\/Z)t—B(Yl /_B)2 + .
t
+(, ) oveBr

t—1

(3.5)

Using (*) we get

)

t-1)/2 . (VY t=3)/2, . Eo) t-1)/2
U —|—<2>u v+ +<t—1>v

and similarly we have

1

172 <t>u<t—3>/2v g2
3

If X|*A, then a|*A since X = Xja. Suppose that ¢ € P with g|a. Since a|*A, we
know from (3.5) that ¢|(,,)(Y1v—B)"™!. Since gcd(A, B) = ged(X,Y) = 1,
q|t. By Lemma 2.6 and the first equality of (3.4), we have that (of + 3%)/(a + 3)
has no primitive divisor, i.e. (o + 3%)/(a+ ) is t-defective.

Similarly, if Y|*B then (a! — 3')/(a — 3) is t-defective.

For ¢t = 1, our theorem clearly holds. For ¢ > 3 and odd, by using Lemmas 2.3,
2.4 and 2.5, Tables 2 and 4 in [2] we get only 4 cases, namely ¢ = 3,5,7 or 9.
Since A, B > 1, we shall get the following 4 exceptional cases:

Case 1. t="7. We have (u,v) = (3,-5),(5,—7),(13,—-3) or (14, —22). By
using Equations (3.6) and (3.7) we get the following cases:

3-132+5-12 =4.27;
5-412 4772 =4-37;
13-7124+3-12 =447 (or =4-2);

7-1169%+11-12 =2-97 (or =2-3).

Case 2. t=19. We have (u,v) = (5,—3) or (7, —5). For (u,v) = (5, —3) we
get
5.19°+3-92 =4.2°

For (u,v) = (7, —5), there is no solution.

Case 3. t = 3. We have (u,v) = (1+¢,1—3q),q € N with ¢ > 1 or
(3" +¢q,3" —3q) with 31 q, (I,q) # (1,1),1 € N. When (u,v) = (14 ¢, 1 — 3q),
from (3.7) we have b = 1. Similarly, when (u,v) = (3' + ¢, 3! — 3¢) we have
b = 3. Thus, combining these two cases we have
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A A
T(a+3)(2¢ =397+ 7(3¢ - 3)(3)7 = A”,

where ¢ € N with [ > 0; if [ = 0 then, ¢ > 1; if [ > 1, then ¢ > 3!~! with 3{ ¢;
and
(—=1)"*1  (mod 4), for A =1,
g=1{ (=1) (mod 4), for A=2, ¢>1,
0 (mod 2), for A =4.

Case 4. t = 5. We have (u,v) = (Fj_9¢, Fj_9. — 4F;) for [ > 3 or
(Li—9¢, Li—9¢ —4L;) for I > 0 and | # 1, where ¢ € {—1,1}.
If (u,v) = (Fj—9¢, F1—2: — 4F}), | > 3, then from Equations (3.7) and (3.6) we
have
b =|F7,. —3F_2.Fy + I}J;
@ =|FP, ~ 5Fi i+ 5F|

It is easy to show by induction that F> ,_ —3F,_o.F; + F}? = (—1)!. Thus we have
b=1and a = ]4Fl2 — 2F)_9.F; + (—1)!|. Hence, by Lemma 2.9 we have

A A
(3.8) ZFl_%a? + 7 Lite 12 = AFP,1 € N with [ > 3,

where a = [4F? — 2F,_o.F, + (—1)!].

In (3.8), we can easily see that if | = 5¢ (mod 6) then Fj_o. = Lj1. = 2
(mod 4), if I = 2¢ (mod 6) then Fj_o. = L;y. = 0 (mod 4), and if | # 2¢
(mod 3) then F;_s. = Lj+. = 1 (mod 2). Hence, we have

2¢ (mod 6), for A=1,
=< 5¢ (mod6), for\=2,
0, (mod 3), for \=4.

Similarly, if (4AX2/\, —4BY?2/\) = (Lj_2¢, Li_2:—4L;), forl > 0and  # 1,
where ¢ € {—1,1}, [ is a non-negative integer, then from (3.7) we calculate b = 5
and we get the following exceptional cases:

A A
(3.9) Tl + 5 5Fe 50 = ALY,
where ¢ = [4L? — 2L;_5.L; + 5(—1)"*1|. Hence we have
5¢  (mod 6), for A =1,
=4 2 (mod 6), for A\ =2,

0, (mod3),l#1, for\=4.
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This completes the proof. u

Note that condition “X|*A and Y'|*B” in Theorems A and B is improved in
Theorem 3.1 to “X|*A or Y|*B”.

4. SOME COROLLARIES OF THE MAIN THEOREM
Applying Theorem 3.1 we will obtain the following results.

Corollary 4.1. Suppose Z ¢ {3,5,7,9,14}. Then Equation (1.5) has at most
2¢B)=1 solutions (X,Y, Z) with X|*A or Y |*B. Moreover, the solution (X,Y, Z)
satisfies 7 < %\/ ABlog(2evAB).

Proof. Suppose Z ¢ {3,5,7,9,14}. Then from Theorem 3.1 we have that in the
class S, there is a unique solution (X, Y, Z) = (X s, Yas, Zxs)- So, Equation (1.5)
has at most 2¢(*)—1 solutions (X, Y, Z) satisfying X *| A or Y*|B, since the solution
of Equation (1.5) can be put into at most 2w(k)=1 ¢lasses. Also, by Lemma 2.2, we
know that the minimal solution (X s, Y)s, Z)s) satisfies 275 divides h(—4AB),
where h(—4AB) is the class number of primitive binary quadratic forms with the
discriminant —4AB. Hence, by Lemma 2.1, we get

Z=2Zys < %h(—élAB) < g\/ ABlog(2evV AB). [
T

Let I,m,a,b,c € N witha > 1, b > 1, ¢ > 1 and ged(la, mb) = 1, and let
A € {1,2,4} be such that A = 4 if ¢ is even. Le [20] showed that the Diophantine
equation

4.1) la® +mbY =X, z>1,y>1,2>1

has at most 2¢(9+1 solutions (z,%,z) with [ = m = XA = 1 and ¢ odd. From
Theorem 3.1, we have

Corollary 4.2. Except the following possible cases:
5-1924+3% =211 1.612+3-5% =2'2 11.19% + 5% = 212,
(2¢435) (21 =392+ (3-2°—31) .32 = 23¢*2 ¢ [ € N with (e, 1) # (1,1),(2,2),
Equation (4.1) has at most 4 solutions (x,y, z) with ¢ = 2.
Proof. Since A = 4 when ¢ = 2, from Equation (4.1) we have

4.2) la® +mb? =22 a>1,b>1,2>1,y>1,2>1.
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We classify all solutions (z, y, z) of (4.2) as follows: Class 1. z even, y even; Class
2. x even, y odd; Class 3. = odd, y even; Class 4. = odd, y odd. For each class,
Equation (4.2) can be written as

(4.3) lal(a®=D/2)2 4 mp? (DW—9)/2)2 = 9742,

where ¢, j € {0,1,2}, both i and j cannot be zero. By Theorem 3.1, except some
cases, Equation (4.3) has at most one solution (z, y, z).

Now, we consider the exceptional cases described in Theorem 3.1. Since (4.2)
required @ > 1 and b > 1, it is easy to check that the case “5- 192 + 3% = 2!1” and
the case “(2°+3')(2°F1 —3!)2 +(3.2¢ —3!).3% = 232 ¢ | ¢ N with 2¢ > 3/-1
and (e,l) # (1,1),(2,2)” are exceptional cases. For the other cases, it suffices to
check the cases when L; = 2" for some n € N and F; = 2™ for some m € N. By
Lemmas 2.7 and 2.8 we only have to consider four cases: F3 =2, Fg =8, Lo =2
and L3 = 4.

For the first two cases, since (4.2) requires a > 1 and b > 1, from (3.8) that if
there is an exceptional case then L;,. must be a square, for ¢ = £1. But this is
clearly impossible.

For the case Ly = 2, we have 3 - 12 + 552 = 27, which is not in the form of
(4.1). For the case L3y = 4, we have

11-192+5% = 2%

)

1-612+3.53 = 212

Note that Theorem 3.1 requires A > 1, we cannot apply Theorem 3.1 to the last
case. That means it is another exceptional case. ]

It is easy to get the following corollary.

Corollary 4.3. Except some possible exceptional cases described in Theo-
rem 3.1, Equation (4.1) has at most 2“9t solutions (x,y,z). Moreover, the
solution (x,vy, z) satisfies

2abv
z < Zabvim log(2eabVvim).
7r

5. OTHER RESULTS

In addition, we shall consider the following three special types of Equation (4.1).

(5.1) a*+2=c¢, z,ze€N,a>1,¢>1;
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(5.2) a*+4=¢c", z,zeN,a>1, c>1;

(5.3) a®>+2Y=¢*, xz,y,2z€ N, a>1, ¢>1 with a and c are odd.

In 1984 and 1986, Cao [5, 7], showed that

(1) Suppose that a,c € P and a + 2 = ¢ (i.e., a and ¢ are twin primes). Then
Equation (5.1) has only solution (z, z) = (1,1).

(2) Suppose that a, c € P and either at? +£ 4 = c or ct? £ 4 = a for some t € N,
Then Equation (5.2) has no solutions with x > 1, z > 1.

(3) Suppose that a,c € P,at?> +4 = c and a # 1 (mod 8), for some ¢ € N.
Then Equation (5.3) has only the solution t = a*, (z,y,2) = (2k +1,2,1),
where k € Z with k > 0.

Results (1), (2) and (3) can also be found in [6]. By using a lower bound for
linear forms in logarithms of algebraic numbers, Terai [25] showed that

(4) Suppose that @ + 2 = ¢ with a > 3394 or a® + 2 = ¢ with a > 3. Then
Equation (5.1) has no solutions with z > 1 (Theorems 3 and 4 of [25]).

(5) Suppose that a*#+2 = cwithy =1or3,a=3or5 (mod 8), and a > 1697
if 4 = 1. Then Equation (5.3) has only the solution (z,y,2) = (p,1,1)
(Theorems 5 and 6 of [25]).

Also, some other results on Equation (5.3) can be found in [12] and its
references.

Lemma 5.1. [(8, 9, 14)] Let a,b € N with ab not a square. Suppose that
c€{1,2,4},1 < a # c and there exist x,y € N such that

ax? —by*=c, x[*a or y|*b.

Then ) .
55 or 553, forc=1,
2 2
M—i—xy\/a —{ core’, for c =2,

2
1
Q or 193, for c =4,

except (a,b,c,z,y) = (5,1,4,5,11). Here £ = ug + voVab and Q = Uy + Vovab
are the least positive integer solution of Pell’s equation u? — abv? = 1 and U? —
abV'? = 4, respectively.

By applying the above Cao’s result on Equations (5.1) and (5.2) we have the
following two lemmas.
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Lemma 5.2. Let a,c € N and at®> + 2 = ¢, where t € N. If Diophantine

Equation (5.1) has a solution (x,z) with xz = 1 (mod 2), then t = a1 2 =

2k —1,z=1, for some k € N.
Proof. Since 2 { xz, Equation (5.1) can be written as
(5.4) (at? + 2)((at? +2) = V/2)2 _q(al==D/2)2 = 2,
Note that it can be shown that ac is not a square. By Lemma 5.1, (5.4) gives

(at2+2)((at2+2)(z—1)/2)2+a(a(m—1)/2)2
2
(5-3) + ((at? + 2)ED/2) (a@=D/2) fa(al? + 2)

= ¢ or &,

where € = ug 4 vgy/a(at? + 2) is the least positive integral solution of Pell’s equa-
tion u? — a(at® +2)v? = 1. From [13], we know that ¢ = at® + 1 +t\/a(at? + 2).
Hence, (5.5) gives

(at2 + 2)((0,752 + 2)(z—1)/2)2 + a(a(m—l)/2)2
(5.6) 2

((af? +2) =7V (@ T772) = 1,

:at2—|—1,

or

(at2+2)((at2+2)(z—l)/2)2+a(a(a;—1)/2)2
(5.7) 2

((at? + 2)E1/2)(0@=D/2) = (4(at?)? + 8at® + 3).

= (at®+1)(4(at?)* +8at®+1),

Clearly, (5.6) gives z = 1,t = @ 1/2 je. t =aF' 2z =2k — 1, where k € N.
And we easily check that (5.7) is impossible. ]

Lemma 5.3. Let a,c € N and at®> + 4 = ¢, where t € N. If the Diophantine
equation (5.2) has a solution (x, z) with vz =1 (mod 2), then z = 1.

Proof. Assume that 2 { zz. Then Equation (5.2) can be written as
(5.8) (at® + 4)((at?+ 4)E /22 _ g (g#=1/2)2 = 4,
Note that it can be shown that ac is not a square. By Lemma 5.1, (5.8) gives

(at?44)((at24+4)ED/2)2 4 g(q(@-1)/2)2
2
(5.9) H(at?+4)ED/2) (oED/2) | fo(a £4)

_ 103
= Qor 70°,
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where 2 = Uy + Vv ab is the least positive integral solution of Pell’s equation
U? — abV? = 4. From [13], we know that Q = at? +2 +t\/a(at® + 4). By using
the same argument as in the proof of Lemma 5.2, we get z = 1. ]

Nagell [21] showed the following lemma.

Lemma 5.4. The equation > +2 = y",n > 1 has only the positive integral
solution (x,y,n) = (5,3,3). The equation x*>+4 = y",n > 1 has the only positive
integral solutions (x,y,n) = (2,2,3) or (11,5, 3).

Cao and Dong [15] extended the above lemma and provided an elementary
proof.

Lemma 5.5. The equation x> + 2™ = y", y odd, m > 2, n > 1 has only
the positive integral solutions (x,y,m,n) = (7,3,5,4) and (z,y,n) = (2™ 2 —
1,2m7241,2).

In 1986, Cao [4] claimed that Lemma 5.5 is valid and using Lemma 5.5, Sun and
Cao [24] gave all solutions of the Diophantine equation 22 42" = y", z,y,m,n €
N, 2|y, n > 1. But in [4], Cao did not give a detail proof. Six years later, Cohn
[16] only solved the case 2t m. In 1997, Le [19] proved that Lemma 5.5 holds for
sufficiently large n. In 1999, Cohn [17] proved that Lemma 5.5 is true in general.
In fact, using a result of Y. Bilu, G. Hanrot and P. Voutier [2], and M. Abouzaid
[1], we can obtain a simple proof of Lemma 5.5.

Theorem 5.6. If a,c € N and a**7' + 2 = ¢, for some k € N, then Equa-
tion (5.1) has the only solution (z,z) = (2k — 1,1).

Proof. Suppose zz = 1 (mod 2). Then Equation (5.1) has the only solution
(z,z) =(2k —1,1) by Lemma 5.2.

Suppose = = 0 (mod 2). If z > 1, then by Lemma 5.4, we have (a2, ¢, z) =
(5,3, 3) which contradicts to the hypothesis that a?*~! + 2 = ¢. If z = 1, then by
the given assumption we must have x = 2k — 1 which is odd. Thus it contradicts
to even x.

Suppose x = 1 (mod 2) and z = 0 (mod 2). Then it is clear that both a and
c are odd. From (5.1) we have a + 2 = 1 (mod 8). Hence a = 2°a; — 1 for some
s> 3 and a; € N with a; # 0 (mod 2). Then Equation (5.1) can be written as

(2%a1 — 1)% +2 = ((2%a; — 1)*71 4 2)%
Since © = 1 (mod 2) and z =0 (mod 2), we have

(2%a1 —1)+2=((2%a1 — 1) +2)* =1 (mod 2°T).
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Then a; = 0 (mod 2), which is impossible. ]

Theorem 5.7. Ifa,c € N and at? +4 = ¢, where t € N, then Equation (5.2)
has only the solution z = 1 except 2° + 4 = 62.

Proof.

Case 1. Suppose that xz = 1 (mod 2). Then Equation (5.2) has only the
solution z = 1 by Lemma 5.3.

Case 2. Suppose that x = 0 (mod 2). Then by Lemma 5.4, we see that
Equation (5.2) is impossible since at? +4 = c.

Case 3. Suppose that z = 1 (mod 2) and z = 0 (mod 2). If z = 1, then
since at® + 4 = ¢, from (5.2) we have > = cii—_%l < c%+44 < 3. Then (5.2) has no

solution. So we may assume z > 3. Suppose both a and ¢ are odd. Then (5.2)
gives
e - aj, 1?42 = as, a =aiaz, az > aj; > 1,

and so a5 — ai = 4. Hence,
4=a% —af=(azg—a1)(as ' +ai a1+ +agai 2 +ajt)
> a3 a5 a4 aga{ T af T > 4
which is impossible.

Suppose that a or c is even. Then both of them are even. If z > 2, then (5.2)
gives that 4||a”. This contradicts to z > 3. So z = 2. Since a and ¢ are even, from
T 4l= (%)2 we have 2||c. From ¢ = at? +4 we have 2||a and ¢ is odd. By (5.2)
we have a® = ¢ —4 = a?t* £ 8at? +12. Thus, a|12. Hence a = 2 or 6. For a = 2
we only get 2° + 4 = 62. For a = 6, (5.2) becomes 2°723%~1 = 3t* + 442 + 1.
After taking modulo 3, only 27723771 = 3t4 — 42 + 1 = (3t> — 1)(t* — 1) can
happen. Since t is odd, 3t> — 1 =2 (mod 4). Thus 2[[3t2 — 1. As 3132 — 1 we

have 2 = 3t2 — 1 and hence t2 = 1. Then 2*~23%~! = () which is absurd.
This completes the proof. ]

Theorem 58. If a,c € N with a # 1 (mod 8) and at? + 2 = ¢, where
t € N with 25t |t2 — 1 if 2%||a + 1 for some 1 < s € N, then the solutions of
Diophantine Equation (5.3) are: (x,y, z,t) = (2k—1,1,1,a*Y); and (z,vy, 2, t) =
(2,14+2,2,1),a=2"—1and c=2"+1, where k€ Nand 1 <1 € N.

Proof.  We first observe that if a +1 = 0 (mod 8), then a + 1 = 2%a; with
s > 3 and a7 is odd. Then we have

2%a1 — 1 if z odd 25 —1 ifx odd
(5.10) a” = { 1 ifzeven { 1 if z even (mod 2°75).
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By the hypothesis of the theorem we have ¥ = 1 (mod 2°*1). Since ¢ = at? + 2,

2%5a; +1 if z odd 5{2 +1 if z odd (mod 2+1).

z =
G et = { 1 if z even 1 if z even
Suppose x =0 (mod 2) and z = 1. Equation (5.3) becomes
(5.12) a® + 29 = at® + 2.

When y = 1. From Equation (5.12) we have a* = at?. Since z is even, a must be a
perfect square. Hence a = 1 (mod 8), which is not the case. It is easy to check that
(5.12) is impossible when y = 2. So we may assume that y > 3. Note that ¢ is odd
since a is odd. Equation (5.12) gives 1 = a+2 (mod 8) or equivalently a +1 =0
(mod 8). By (5.10) and (5.11) we have 1+2Y = 2°+1 (mod 25t1). Then we get
y = s. Since a is odd, from (5.12) we have a|2°~! — 1. Thus 257! > a + 1 > 29,
which is impossible.

Suppose = = 0 (mod 2) and z > 1. Rewrite Equation (5.3) as (a®/%)? + 2V =
c¢®. By Lemmas 5.4 and 5.5, we have

(a®?,¢,2,y) = (5,3,3,1), (2,2,3,2), (11,5,3,2), (7,3,5,4)
or (2m72 —1,2m2 41,2, m) for m > 3.

Only the last case is possible. When m = 3, we get a = 1 which is not the
case. When m > 4, we have a*/2 = 2™2 — 1 = —1 (mod 4). It implies that
2 must be odd. Since 2™72 = ¢*/2 + 1 = (a + Dzt - —a+1) =
(a + 1) x (an odd integer), a +1 =272 Hencez = 2. Sot =1, a = 2/ — 1,
c=2'4+1,y=1+2and z = 2, where [ > 1.

Suppose zz = 1 (mod 2). Equation (5.3) becomes a +2Y = ¢ = at® + 2
(mod 8). Thus ¢ is odd and hence 2¥ = 2 (mod 8). It gives y = 1. So, equation
(5.3) has the only solution t = a*~', 2 = 2k — 1 and z = 1, where k € N by
Lemma 5.2.

Finally, suppose x = 1 (mod 2) and z = 0 (mod 2). If y > 3, then Equa-
tion (5.3) becomes a = 1 (mod 8). This contradicts to the assumption. If y = 2,
then (5.3) gives

% -2 =af, % 42 = a3, a = aias,

and so a5 — ai = 4, which is impossible. If y = 1, then Equation (5.3) gives

a+1=0 (mod 8). By (5.10) and (5.11) we have 2° — 1 +1 =1 (mod 2°1). It
is impossible. u

Corollary 5.9. Ifa,c € Nwitha # 1 (mod 8) and a®*~' +2 = ¢, where k €
N, then Diophantine Equation (5.3) has the only solutions (z,y,z) = (2k—1,1,1)
and (k,a,c,z,y,2) = (1,20 = 1,2' 4 1,2,1+ 2,2), where 1 <1 € N.
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Proof. By taking t = a*~! for some k € N, we have that if 2° || a + 1 then

-

1 =10a%"2—-1=0 (mod 2°*!). Then Theorem 5.5 applies. [

Corollary 5.9 is an improvement of Theorems 5 and 6 in [25].
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