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THE EXISTENCE OF POSITIVE SOLUTIONS FOR A CLASS OF
INDEFINITE WEIGHT SEMILINEAR ELLIPTIC PROBLEMS
WITH CRITICAL SOBOLEV EXPONENT

Bongsoo Ko

Abstract. We prove the existence of classical positive solutions for a class
of indefinite weight semilinear elliptic partial defferential equations on the
homogeneous Dirichlet boundary conditions and with that the growth of the
perturbation is critical Soboler exponent.

1. INTRODUCTION

In this paper we discuss the existence of positive solutions of the following
boundary value problems:

—Au = Ng(z)f(u) in Q,
) { g(z) f(u)
u=0 on 01,

where ) is a real parameter, € is an open bounded domain in RN, N > 3, with the
smooth boundary 0.

We shall consider the critical exponent case f(u) = w(1l + |uP) with p =
4/(N — 2). The function g : @ — R is smooth and changes sign.

We proved the existence of positive solutions of the following problems:

—Au=Mg(x)f(u) in Q,

ou
(1—a)%+aU—0 on 01,
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in the case 0 < p < ﬁ (see [1]). Here o € (0,1) or /g(x)d:c # 0 and

Q
a € (ap, 0] for some constant ap < 0. We used the constrained minimization
method of the functional

E _ 2 _ 2 o 2
- (u) L|Vu| )\Agu +(1_a)/mud8x

on the constrained set

u 1,2 : wlPt? =
{ue WH(Q) %gu 1}

to prove the existence. If p = ﬁ, the above set may not be weakly closed, and
so we should find a different method to get a positive solution.

In Section 2, we show that a minimizing sequence of the functional which is
induced by the weighted problem (Iy) with f(u) = u(1 4 |ulP):

1 A A
JA(U)=§A|VU|2—§AW2—]Q—+2 QQWD+2

on the Nehari manifold:
M) = {u eWg(Q) 1 u#0, < Ji(u),u>= 0},

where
< T (u),u>= / Vul? — A / qu?(1+ [uf?),
Q Q

converges to a positive function in I/VO1 2 (€2) which is a classical positive solution
of the problem (I) if A= < A <A™, and X is near to either A~ or A™, where A~
and AT are the principal eigenvalues of the following problem (See [3]):

—Au = Ag(z)u in Q,
(L
u=0 on Of.

Furthermore, we estimate the length of the intervals about A in which the existence
is guaranteed.

In the end of Section 2, we can show that, if g(z) = 0 on some open subset of
€, then (I),) has a positive solution for all A € (A, AT), except A # 0. However,
we note that if Q is a ball, g =1, and N = 3, then (I) has a positive solution if
and only if %)\1 < A < A1, where A is the principal eigenvalue of —A (See [5]).
As the application of the result, we can prove the existence of a positive solution
of the following problem:

—Au = g(x)u% in Q,
u=10 on 0,
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if g satisfies the above same special condition. On the other hand, we note that, if
g =1 1n €, we have had the nonexistence result of any positive solution (See [2]).

2. THE MAIAN RESULTS

We first recall some facts about how the method of eigencurves can be used
to prove the convergence of a minimizing sequence of J, on some subset of the
Nehari manifold. We define () by

() = inful(\w\? _gud) iue WOLQ(Q),AU? _ 1}

It can be shown that (0) > 0 and the function A — () is a concave function
such that p(A) — —oo as A — too. So it follows that A — p(\) has exactly one

negative zero A~ and one positive zero AT, and those are principal eigenvalues for
(L). Furthermore, the eigencurves A — p(\) can be used to produce an equivalent
norm for Wy3(€). In fact, it can be shown that, if A € (A=, A™),

||u||A={A[|Vu|2—Agu2]}2

defines a norm in Wy'*(Q) which is equivalent to the usual norm for Wy(£)
(See [1]).

Lemma 2.1 Let A€ (A, A1), A #0 and let

My = {u EWIHQ) : w0, < Jy(u),u >= 0} :

Then M) is a nonempty subset of W01’2 ().

Proof.  Since g changes sign, we can choose a nonzero function ug € Wol’Q(Q)

so that
/ g|uo\pJr2 > 0.
Q

) /|Vuo|2—x/gu%
tr = .

>\/QIUOI”+2
Q

Let

Then u = tug € M.
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Definitions: We define the following functions: for A > 0,

K :inf{/[|Vu|2 —Agu?]:u € W01’2(Q),/ glulPt? = 1}
Q Q

and Ky =inf {/ Vul?: u e Wol’Q(Q), / glufP™? = 1} .
Q Q

Lemma 2.2 Ky > 0.

Proof.  We show that Ko > 0. If not, there is a sequence u,, € W,(£2) so

that
lim/|Vun|2:0

n—oo Q

/ 9|un‘p+2 =1
Q

By the Sobolev embedding : W, %(Q) — L%(Q), it is impossible.

Remark:  We note that K, is a concave continuous curve on the interval
[0, A*T]. Hence, Ky Kj for all A > 0. Furthermore, by the Sobolev embedding,
the equivalent norm, and the relations between the principal eigenvalues and the
function g (See [1]), the following properties hold: (i) K+ = 0, (i1)) Ky > 0 if
0 A<

Definitions and Remarks: Let A € (0, \*). We define the following sets:

Hy = {u e Wy(Q) : / glulPt? = 1}

Q

Let u € H). Then’yuHAueM,\ If w € M), then HuHAp“ue H). We define
the functional E\ : Hy — Rl b

o= e fo

B = 22425, ()]

pE2

_ )
) = g (1)

Then we obtain

and
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If we let
Qx =inf E\(H)) and C) = inf Jy\(M)),

then by the simple calculation it follows that

Ap +2) 7
Q= _(pp )CA :

N

This implies that if {u,} is a minimizing sequence of E\ on H), then {||uy ||} un}
is also a minimizing sequence of Jy on M) and vice versa.

Remark: We can prove that w = 0 is not a limit point of M) if 0 < A <A™,
To show that, we assume there is a sequence {uy,} in M) so that ||up|[x — 0 as

: 1,2 2
n — oo. From the Sobolev embedding: W*(€2) < L~-2(£2), the sequence {wy, }

2N
which is defined by wy, = is a bounded sequence in L7 (€2). We hence

fln |
have the following result: ’

0

[ v = [ g
= o D ([l a2 / glonP™? - 1as n— oo,
anl 2 0

which leads to a contradiction. This implies that ), > 0, and so K > 0. In fact,
1
we can show that if u,, € K,, then v,, = A" »+2u,, € H,. Hence, K, > 0.

Lemma 23  There are two positive numbers 01 and d2 such that for any
A€ ATLAT +8) U =82, AT), if {un} be a minimizing sequence of Jy on

M. Then
/ gua,
Q

Proof. Let ¢~ and ¢T be the corresponding eigenfunctions to the principal
eigenvalues A~ and AT, respectively. We can assume that

/ gl P = 1, / gt =1.
Q Q

(See Lemma 3.1 in [1]). We also note that

[)g(so)2 <0, [)9(90+)2 > 0.

liminf > 0.
n—o0
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Let

Vet > — Ko
Sy = AT — 4 __ fo

2 :
fQ gle™| Ag|80+|2

Then for A € (AT — 0o, A1) and if {u,,} is a minimizing sequence of J) on My, it
is bounded in Wy(€2), and then w,, — u weakly in W,'*(Q) and u,, — u strongly
2

in L2(9). By the previous equality about minimums we know that {||u,, ||;mun}
is a minimizing sequence of F/, on H,, and so there is a positive number ¢ such
that

__4
i il [ 90l [ o] <0< Ko
n—oo [¢) Q
Since ||un||x - 0 as n — 00, if [, g(un)* — 0 as n — oo, we get
Ky qg< K07

which leads to a contradiction. Therefore,

lim [ gu? # 0.
Q

n—oo
Let ) ) )
51:fQ’vSO_| _KO_/\_:_ Ky ,
Lol [ alor
Q Q
where

K| :inf{/ (Vul? = ue W2, /g|u|P+2 = _1}_
Q Q

For the value A € (A=, A\~ +47), we can get the same results by the above methods.
This completes the proof.

We denote by B.(X) the ball in a Hilbert space X centered at 0 and of radius
€. We state the following:

Proposition (See [4]) Let J be a C'-functional on a Hilbert space X and let
M be a closed subset of X verifying the following property:

For any w € M with J'(u) # 0, there exists, for a small enough ¢ > 0, a
Fréchet differentiable function s, : B:(X) — Rl such that, by setting t,(0) =

Su (5%) for0 § €, we have

£(0) = 1 and £4(0) (u —5%) e M.
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If J is bounded below on M, then for any minimizing sequence {vy} in M for
J, there exists another minimizing sequence {uy} in M of J such that

J(up)  J(vp), LUm ||up, —wvp|| =0
n—oo
and

1
— (U a1t O)1) + [, (O] < T (), wn >,

|17 (un)l
where < , > is the inner product in X.

Proof.  Let C = inf J(M). Use Ekeland’s variational principle (see [4]) to
get a minimizing sequence {u,} in M with the following properties:

. 1

1) J(un) J(vpn) < C+ﬁ’

@) i o ~onll =0,

(i) J(w) > J(un) — EHw — uy|| for all w € M.

Let us assume ||J'(uy,)|| > 0 for n large, since otherwise we are done. Apply
the hypothesis on the set M with u = u,, to find ¢,(0) = sy, (6%“—”L) such

| (un)|
that wg = t,,(9) (un — 6%) € M for all small enough 6 > 0.
Use now the mean value theorem to get
1

E”W —un|| > J(un) — J(ws)

= (1= ta(8)) < J'(ws), un > +3ta(8) < J'(ws), 702y > +o(6)

where %ﬁ — 0 as § — 0. Dividing by § > 0 and passing to the limit as § — 0 we
derive

: (L + [t(O)[[un]l) = —(0) < J"(un), un > +{|.J (un)]],

n
which is our claim.

Lemma 25 Given A € (A=, \T), X\ # 0, J, is bounded below on M, and
there exists a minimizing sequence {u, } of Jy on M, so that

. 1 o
Jim [Ty (un)l[x =0
and

lim J/\(un) = inf J)\(M)\)

n—oo
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Proof.  Let A > 0. We show that J is bounded below on M). In fact, the
following can be checked easily: if w € M), then

)x/g|u|p+2 >0
Q

— p)\ p+2
B = gty [[atrt

and

Let u € M. Define G : R! x Wy*(Q) — R! by G(s,w) = ®x(s(u — w)),
where ® : Wy (2) — R is a functional defined by

(W = [ 1947 = [ g =2 [ glur
Q Q Q

Since G(1,0) =0 and

4,0 = 2/ Vul? —2)\/gu2—)\(p+2)/ glufP?
ds Q Q Q

- (A [|Vu|2—>\gu2]) £0.

Hence, we can apply the Implicit Function Theorem at (1,0) and get that for § > 0

small enough, there exists a differentiable function s,, : Bs( I/VO1 2(Q)) — R! such
that s,(0) = 1, sy(w)(u —w) € M), and

< @i\(u), w

>
< 8(0),w>=
$u(0) w < @ (u),u >

u

for all w € B5(W01 2(Q)). From the identification of duality to the Hilbert space
Wi2(), we let

AW N
Wy = ||J’( ) and t,(p) = su(pwu)

forall0 p §. Thent,(0) =1 and
tu(p)(u— pwu) = su(pwu)(u — pwyu) € M.

From Proposition 2.4, there is a minimizing sequence {uy, } of Jy on M), so that

. 1 .
In(un)  Ja(vn) <inf Jy(My)+ —, lim ||Ju, — vs[y =0,
n n—,oo
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and

1
1753 (un)lx = (1 + [, O)lllunlly) + [, (O] < JX (un), un > |.

n
Since Jx(un) = %H%Hi so the sequence {u,} is bounded in W, (). Let
[lun||x  Ci for all n. Then

1
[T ()| x (1t £, (0)[C1) -
Since

< P (), w > |
pllunl B

It (0)]

)

where w,, = w,,,,, and lim,,_, . inf ||u, ||y > 0, if we show that |¢/, (0)|is uniformly
bounded on n, we are done. In fact,

< @ (un),wn >| 2 A Vitn - Vo] + 2 /Q fmton] + AP +2) [2 9] tom| P 0,

the well-known Sobolev embedding theorem, ||wy|[x = 1 for all n, and Holder
inequality, we have two positive constants C> and C3 so that

‘< @f\(un),wn >} Coun||x + Cs.

Since {uy} is a bounded sequence in W(}’2(Q), s0 is < @) (up), w, > on n.
Therefore, we can conclude that

. 1 o
Jim |73 (un)l[x = 0.

Clearly, we note that
lim Jx(uy,) =inf Jy(M)).

n—oo

For A < 0, we can get the same result by the above methods.

Theorem 2.6 Forany A€ (A~ , A\~ + 1) U(AT —d2,\T), A # 0, the problem
(I)) has a positive solution.

Proof- Let
¢ =inf J\(M))
and let {u, } be a sequence in M) such that

lim Jy(up) =c.
n—oo



80 Bongsoo Ko

By Lemma 2.5, we can assume that
. ! .
Jim |5 (un)[[x = 0.

Then {u,} is bounded and we can find a weak limit point u of the sequence in
W,2(€). We can also assume that {u,,} converges weakly to u and, by the Rellich-
Kondrakov Theorem(see [4]), that u, — u strongly in L(Q) for all ¢ < ]\?—i\f In

5
particular, for any v € C§°(£2),

< J\(up),v>= / Vu, - Vv —/\/ JURV —/\/ gUn |ty [Pv,
Q Q Q
which converges as n — co to

/(Vu - Vv — Aguv — AgululPv)dz =< Jj (u),v > .
Q

Hence, < J3 (u), v >= 0 forall v € W,"*(Q) which means that u is a weak solution
for (I). In particular, < J}(u),u >= 0. Since liminf /gui
Q

n—oo

> (0 by Lemma

2.3, we have that v = 0. Therefore, u € M.
Since J) is weakly lower semi-continuous, we get

c  JI(u) nli_{%oJA(u") =c
It follows that Jy(u) = ¢ and that ||uy||x — ||u||» which implies that u, — u
strongly in WO1 2(2). Since J 1 1s continuous at u, we get J3 (u) = 0.

The positivity of u is clear from the equality Jx(u) = Jx(|ul).
This completes the proof.

Theorem 2.7 [f there is a open subset Qg of Q2 so that g(x) = 0 for all x € Q.
Then for any X € (A=, AT), A # 0, the problem (I) has a positive solution.

Proof. By Theorem 2.6, we have a positive solution u, of the problem:
—Au = Ag(x)u + g(x)u|ulP in £,
u = 0 on 0f),

for A € (A7 + 01, A7) U (AT — 82, 7).
Let0 <X < A" and let {u,} be a minimizing sequence of .Jy in M.
If K\ < Ky on (0, A7), we note that, since K = )\p%Q/\, SO

2 __4
tim 375 [ o [ ] = 5
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by the same method in Lemma 2.3, we can have the same inequality about the
limit lim inf

2
/ Uy,
n—oo | |

solution of (I)). We note that K K for all A € (0, A1).

Suppose that there is \g so that 0 < \g < AT and K) = K for the value
A € (0,\0] and Ky < Ko on (Ao, AT). Let uy be the positive minimizer of the
functional J) on M) for A € (Mg, AT). Let

)\/gu§+2+()\—)\0)/gu§\
£ . 2.

Ao / g u§+2
Q

(i) =8 H(w) + 520 - %0) [ o]

> 0, and so Theorem 2.6 implies the existence of a positive

Then t\uy € M), and

As the previous calculation in Remark, we note that

inf gu§+2 >0,
A= JO

and we also note that
liminf Jy(uy) < oo

A— o
2
/ guy
Q

and hence, ty, — 1 as A\ — X\g. Since {¢,u,} is a minimizing sequence of J, as
A — Ao, we get the weak limit uy, of u) so that

implies that

lim inf
A—=Ao

# oo,

. _ . 2
)\li)n)}o taux =uy, in L7(Q).
If uy, # 0, we know that it is the minimizer of J), and is the positive solution

of the above boundary value problem with respect to Ag. Let

1 _2
vy = A pez||unly, P .

K, = / Vup[2 - A / g(vy)?
Q Q

Ky = / Torl? — Ao / o(vr,)’.
[9] Q

Then



82 Bongsoo Ko

K,—-K
- / OV e wall / 9(v2,)*
Q 0 Q

Taking the limit on the both side as A — Ag, we get

00 == [ glo)?

Hence, K is differentiable at A = )\g, and so

K}g(w\o)2 = 0.

Ky, = Ko = L Vo, %,
S0 vy, 1s also a positive solution of the problem:

—Au = g(x)u|ulP in Q,
u = 0 on 0f),

Then

Since

which leads to a contradiction.

Let uy, = 0. The uy — Oa.e. in 2 as A — Ao. Since Auy(z) = 0 in €,
by the Maximum Principle and the Harnack Inequality (See [6]), we can argue that
u) — 0 uniformly in €2, and then by the Lebesgue dominated convergence

1= li 3V P2 =0
Jm a5 [ gluap*2 =0,

since ||uy |y - 0 as A — Ao, which also leads to a contradiction.
We can get the same result for the value A < 0.
This completes the proof.

Theorem 2.8 Let g(x) = 0 on some open subset of ). Then the following
problem:

4,
—Au = g(z)uju| -7 in Q,
u = 0 on 0f),
has a positive solution.

Proof.  With the result of Theorem 2.7 if we let \g = 0, the proof for the
convergence of a minimizing sequence of the functional:

p+24
=5 [V =5 [ gl aa
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on the Nehari manifold

(we WhQ) : w0, / \Vu\2—/gyuyp+2 _ 0}
Q Q

can be produced by the proof of Theorem 2.7.
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