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ON SELF-SIMILAR SOLUTIONS OF SEMILINEAR HEAT
EQUATIONS AND SEPARATION STRUCTURE
FOR RELATED ELLIPTIC EQUATIONS

Soohyun Bae

Abstract. We establish that if n > 3 and p > 1 are large enough, then for
each a > 0 the elliptic equation Au + 3z - Vu + Zu+ |z|'u? = 0 in R" with
[>—-2and m = f_‘% possesses a positive radial solution u, with u4(0) = o
such that (i) ug > u, for 8 > a > 0; (ii) for every a > 0, r™uy (r) — £
as r — oo for some 0 < ¢ = {(a) < L; (iii) () is a one-to-one and onto
increasing map from (0,00) to (0, L), where L = [m(n — 2 —m)]/(P=1),

1. INTRODUCTION

In this paper, we study the elliptic equation

m

5 Ut |z|'uP = 0,

1
(1.1) Au+§az-Vu+

where n > 3, A = Z;":lg—;? is the Laplace operator, and [ > —2, m = T
p > 1. This equation is derived from the semilinear heat equation

(12) wy = Aw + Jyl'wP in R"™ x (0,00).

By the scaling
wu(y,t) = prw(py, p't)

for p > 0, a solution w of (1.2) generates a one-parameter family of solutions. Of
particular interest are self-similar solutions w of (1.2), that is, wy(y, t) = w(y, t)
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for every p1 > 0. Then a solution w of (1.2) is self-similar if and only if w is of the
form

w(y, t) =t "™ u(y/Vt)

with u(x) satisfying (1.1). Self-similar solutions are useful in describing the large
time behavior of global solutions of (1.2). For more information about (1.1), we
refer the interested readers to [8, 13-16] and the references therein. To explain our
motivations, we first consider positive steady states of (1.2) which satisfy

(1.3) Au+ |z’ =0 in R™
More generally, the elliptic equation for radial solutions has the form

1
(1.4) Ury + ”Tur + K(r)? =0,

where u(x) = u(|z|), r = |z| and K = K(r). It is known that equation (1.4) with
u(0) = o > 0 has a unique positive solution u € C2((0,¢)) N C([0,¢)) for small
€ > 0 under the following condition:

K (r) is continuous on (0,00),
(K) < K(r) >0and K(r) #0 on (0,00),
L JorK(r)dr < .

For p > %E% with [ > —2, if 7"!K(r) is non-increasing on (0, o), then (1.4)
has the structure of Type S: (1.4) has a slowly decaying solution uq(r) for every
a > 0 which means that u,(r) > 0 on [0, 00) and 7" 2uy(r) — oo as 7 — <.
See [2]. In addition, if 'K (r) — 1 as r — oo, then every positive solution u of
(1.4) on (0, 00) satisfies

Com _
Tl;rgor u(r) = L,

where m = ;)%21 and

(1.5) L=L(np1) = [m(n—2—m)]7T.

Recently, considerable attention has been given to separation of solutions of (1.4)
(see [1, 3, 5-7]). In some cases, separated positive solutions are “stable” in a certain
sense (see [4, 11, 12]). More precisely, the structure of Type S is divided into two
types by the following exponent:

(n—2)2_2(l+2)((:j;))—(ijﬁll-lzazl/)(n—i-l)2—(n—2)2 it > 10441,

00 if n 10+4

De = pe(na l) =
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for some [ > —2. The exponent p.(n,0) has appeared in the study of elliptic
equations in [9]. For p > pc(n,l)(> %‘f—_‘gll), (1.4) has the structure of Type SS:
(1.4) possesses a slowly decaying solution u, for each o > 0 and any two of them
do not intersect, as follows ([5; Theorem 1.2]):

Theorem A. Let p > pe(n,l) with | > —2. Assume that K satisfies (K),
r~ K (r) is non-increasing in r € (0,00). Then the structure is of Type SS, and
there is a singular solution U(r) such that every positive solution uy of (1.4)
satisfies

L(n,p,1)
1

(1.6) ua(r) < U(r) ——————
[ K (r)]»-1

with the convention of L]0 = oo. Moreover, r"™uq(r) is strictly increasing as r
increases.

Our aim is to show the structure of Type SS for (1.1) when p > p.. In other
words, (1.1) as a lower order perturbation of (1.3) demonstrates separation structure
similarly. Under (K), the initial value problem for positive radial solutions
r
2

has a unique solution u € C2((0,¢)) N C([0,€)) for ¢ > 0 small. We denote the
unique solution by uq(r) also. The main result of this paper is the following

-1
1.7) Upr + (nT + o)ur + %u—kK(r)u” =0, u(0) =a >0,

Theorem 1.1.  Let p > pc(n,l) with | > —2. Assume that K satisfies (K),
7~ K (r) is non-increasing in v € (0,00). Then, (1.7) has the structure of Type SS,
and there is a singular solution U(r) such that every positive solution u,, satisfies
(1.6) with the convention of L]0 = oco. Moreover, (i) 7™uq(r) is strictly increasing
as r increases, (ii) for B > a > 0, 7 (ug(r) —uq(r)) does not converge to 0 at cc.

As a result of Theorem 1.1, we show uniqueness of solutions for the Cauchy
problem (1.2) with singular initial data
(1.8) w(y,0) =cly[™™ in R™{0}

for 0 < ¢ < L(n,p,1). In [10], Galaktionov and Vazquez considered the quasi-linear
heat equation

1.9) wy = Auw? +wP in R" x (0,00)

with singular initial data w(y,0) = c|y| 2/®—9) for some 0 < ¢ < cs, where

)
cs= —(n—2—— .
pP—q pP—q
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They raised several questions on the Cauchy problem (1.9). For ¢ = 1, their
conjecture is as follows [10; p. 41]:

(i) if p > pc(n,0), then there exists a unique solution in the class {w
L(n, p, 0)]y|~%/(»~1)};

(ii) if 22 < p < pe(n,0), then for ¢ = L(n,p,0) there exist infinitely many
solutions, and for L(n,p,0)—c > 0 small there exist an arbitrarily large finite
number of solutions, while for ¢ > 0 small the solution is unique;

(iii) if 25 <p %ﬁ—%, then there exist exactly two solutions.

In fact, they mentioned that (i) can be proved by Hardy’s inequality as done in
[17]. However, to apply Hardy’s inequality to the question (i), one need to analyze
the asymptotic behavior at oo of the difference of two solutions of the Cauchy
problem. Our approach is to study directly separation structure for (1.1) rather
than to employ the Hardy inequality. Then, the structure implies immediately the
uniqueness.

Theorem 1.2. Let p > pc(n,l) with | > —2. The Cauchy problem (1.2) and
(1.8) for 0 < ¢ < L(n,p,l) has a unique solution in the class {w  L|y|™™}.

2. PRELIMINARIES

In this section, we consider basic properties on solutions of (1.7) under the
assumption (K). In order to show the local existence of a mild solution which is
defined by

¢
(2.1 u(r) =a— /(tn_let2/4)_l/ [%u—l— KuP]s"1es"/4ds dt,
0 0

one may define a continuous and compact operator on C([0,¢)) with respect to the
uniform convergence,

T t
T(u)(r)=a— / (g Let’ /41 / [%u+Kup]s”—1e52/4dsdt.
0 0

By the contraction mapping principle, 7" has a fixed point for small € > 0 which is
a mild solution. On the other hand, any positive solution u € C2((0,¢)) N C([0,¢))
of (1.7) for small £ > 0 satisfies (2.1) with ©(0) = o Moreover,

(2.2) —rn e Ay, (r) = f[%u + KuP)s" e ds
0

and thus,
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2.3) ]r"ileﬁ/‘lur(r)\ r”*2672/4[%ar2 + ap/ sK(s)ds] < oo.
0

Therefore, for each o > 0, (1.7) has a local unique positive solution and the local
solution is decreasing and extended locally as long as it remains positive. Then, it
is natural to ask the maximal range on which the local solution is positive.

Proposition 2.1. Let p > g—j’—é with | > —2. Assume that K satisfies (K) and

24) lim 2K (r) = 0.

r—0

Then, every solution uq of (1.7) with ua(0) = a > 0 remains positive as long as
the relation

2.5) r2K (ryub(r) < IP7!
holds from r =0, where L = L(n, p,l) is given by (1.5).

Proof.  Let V(t) := r™uqy(r),t =logr. Then, V satisfies
1
2.6) Vit + (a + 562'5)1/; — PV 4 E(t)VP =0,

where a = n —2 —2m and k(t) := e P K(et). It follows from (2.4) that

lim k(t)V ()P~ = lir% r2K(r)ul 1 (r) =0

t——o00 r—H

and thus, kVP~1 < LP~! near —oo. Suppose that there exists 7" such that V is
positive and kVP~! < LP~L on (—o0,T), but V(T') = 0. Then, by (2.6), we have

1
Q2.7) Vit + (a + Ee%)Vt =P —kVPHV >0 on (—o0,T).

Multiplying (2.7) by ef(!), where

t 1 1 1
2‘ = — 2s = — 2t——
(2.83) 1) /)(a+2e ) ds at+4e v

and integrating from ¢ to 7', we obtain

SDVUT) > efOV(t)
2.9) )
= e =D/Apatmimy o (r) + ru (7))
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which goes to 0 as r — 0 since from (2.3) rul(r) — 0 as r — 0. Hence, we have
eIV, (T) > 0, a contradiction. [ |

From the proof of Proposition 2.1, we see the following

Corollary 2.2.  On the maximal interval in which (2.5) holds, r™uq(r) is
increasing as r increases while u(r) is decreasing.

Another consequence of Proposition 2.1 is that separation happens for a > 0
sufficiently small.

Proposition 2.3. Letp > Z—fé with | > —2. Assume that K satisfies (K) and
(2.4). If ug is a positive entire solution of (1.7) satisfying

(2.10) TZK(T)ug_l(T) %Lp_l,

then for each 0 < a < f3, uq is a positive entire solution of (1.7) and r"™(ug(r) —
o (7)) is increasing inr € (0,00). Moreover, if 7~ K (r) — 1 as r — oo, then for
0<a<pB, rug(r) —Lasr — oo for some 0 < () <{(B) W.

Proof. Foroa >0, let Vi, (t) :=r"uq(r), t =logr. Set W (t) := Va(t)—Val(t)
for given 3 > a > 0. By (2.6),

1 _
(2.11) Wi + (a + 5 )We = IP7IW + k(t)(V] — VE) =0.

Suppose that W > 0 on (—o0,T’) for some 7" and W(T') = 0. Then, from (2.10)
and (2.11), we have

(2.12) Wi + (a + %e%)W}, > (L7 — k(t)pVE W > 0.
Multiplying (2.12) by e/() and integrating from —oo to T', we obtain e/ D)W (T) >
0, a contradiction. Therefore, W > 0 and thus the inequality r2 Kuf %LI’*1
holds on any region. Then, by Corollary 2.2, u,, is an entire solution and r"u,, is
increasing. Moreover, Wisalsoincreasing. If 7" K (r)— 1 as r— oo, then it follows
from (2.5) and Corollary 2.2 that r"uq(r) — ¢ as 7 — oo and {(a) < 4(5). W

3. STRUCTURE OF TYPE SS

If (2.5) is true on [0,00), then u, is a positive entire solution of (1.7) and
T™uq(r) is increasing as r increases. The two conditions that r— K(r) is non-
increasing and p > pc(n,l), guarantee that this relation is satisfied in the entire
space and (1.7) has the structure of Type SS.
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Theorem 3.1. Let p > pc(n,l) with | > —2. Suppose that K (r) satisfies
K) and r'K (r) is non-increasing. Then, for each 0 < a < oo, (1.7) possesses a
slowly decaying solution uq, with ua(0) = a such that r™uo(r) is strictly increasing
and (2.5) holds on [0,00), where L = L(n, p,l).

Proof-  Condition (2.4) follows immediately from (K) and

T T 1 1
> -1 4+ ge > — |2 )
A sK(s)ds > K/Qs K(s)s' ! ds > 5 1= o | 72K (r)

Let a > 0 and V () := r™uq(r), t = logr. Then, V satisfies (2.6). Setting
T = sup{7|kVP~! < P! on (—o0, 1)},

we see by Proposition 2.1 that V' is positive on (—oo,T’). Suppose that T' < 400
and k(T)V(T)P~! = LP~L. From Corollary 2.2, e®V; is strictly increasing on
(=00, T) and Vi(t) > 0 for t T. Let q(V) = V;(¢). Then, ¢(V) > 0 on
(0, [k(l—T)]l/(p_l)L], q(V) —=0asV — 0F, and

ﬂ LP*1V—k(t)Vp
av < —a -+ P .

Therefore, for every p > 0, the line ¢ = M([;C(I—T)]l/ (1)L, — V) intersects the graph

of g(V') in the ¢ — V plane. Let (V, ¢(V}.)) be the intersection with the smallest
V-coordinate for each y > 0. Then, we have %‘}— > —pat 'V, and

W, — k@)VY
M([k(l_T)]l/(p_l)L— Vi)

dq
v

(VW) < —a+

Since k(t) is non-increasing, e.g., k(t) > k(T') fort T, we have

KWVl Pt = VE)

— M < —a-+ 1 ]_/(p 1)
M([m] ) L—-V,)
B (p— V)k(T)V, VP2 — L
= _—q+ P for some V,, € (V,, [k(T)]l/(P_l))
o —1
PR Ak D] Fi
7

ie., forall > 0,

(3.1 w2 —ap+ (p—1)IP~ > 0.
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It follows from (3.1) and p > p. > m;%—gll that ¢ > 0 and the discriminant
a®> — 4(p — 1)LP~! of the quadratic form in (3.1) is negative, which contradicts
p > pe. This shows that kVP~1 < LP~1 on (—o0,+00) and (2.5) holds for r > 0.
Consequently, e*V;(t) > 0 for all t € R. Therefore, 7™, (r) is strictly increasing
and u,, is a slowly decaying solution. ]

We are now ready to prove Theorem 1.1 and verify the structure of Type SS.
Here, we make use of the argument of Lemma 4.1 in [7].

Proof of Theorem 1.1. 1t follows from Theorem 3.1 that for each o > 0, u,, is
a slowly decaying solution. For o > 0, let V,(¢) := r™u,(r), t = logr. Setting
W(t) := Va(t) — Vo (t) for 8> a > 0 given, we see that IV is positive near —oo
and satisfies

(3.2) Wy + @)W, + (p — DLPTIW 4+ G(t) =0,
where ®(t) :=a + 1€?* and
G(t):= —pLP71W(t) + e_ltK(et)(Vg’ — VD).

Suppose that there exists £ € R such that W(¢) >0 on (—oo,?) and W (¢) =0. It
follows from (2.5) that for ¢ < ¢,

G(t) < —pLPW(t) + e UK (YW(t)pVE "
= —pW(t)(LP~ ! —e K (e)[rmug(r)]P~1)
0.

For ¢ 1, we have
1 1 1
(3.3) (W + EQW)t + §<I>(Wt + §<I>W) >0

since a®> —4(p—1)LP~1 > 0 from p > p,.. We may choose —oo < T' < £ satisfying
Wy(T) = 0. Multiplying (3.3) by ez Jr® and integrating from 7" to ¢t we obtain

e} I AW (0) + LW (1) >

Therefore, from W;(f) 0 we deduce that for t =,

&(TYW(T) > 0.

%cI)(t_)W(t_) > Wi(t) + %@(E)W(f)
> %@(T}W(T)e_% f;(b > 0,
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which implies W (¢) > 0, a contradiction. Therefore, we conclude that Vz > V.
Then, ug > uo > 0 in R"™ for 8 > a > 0, and (1.7) has the structure of Type SS.
Setting w(r) := W(t), we see that w satisfies

d r w
G4) (e (; + 5)wr = 0 2
where d =n — 1 —2m and
_ _ vP—v@
0 =17 1_TZK(T)T/%_—VQ

=[Pl T_ZK(r)pi)p_l

for some V,, < & < V3. From (2.5), —(p — 1)LP~! < @ < IP~!. Suppose that
w(r) — 0 as r — oco. We see that from (3.4),
00 t
—w(r) :/ (tdet2/4)_1/ s972e5" A gw ds dt
3.5) 50 2
= / (tdet2/4)1/ Sd72652/40(1) dsdt —|—0(€7T2/4) at r = oo.
r 1

By L’Hopital’s rule, we have

t
lim 72 = tdet?/4 s32¢5%/4ds dt
r—00 r 1

7
2 2
—p—de—r?/4 g4 2¢8 /4d3

oy 1

o rh—glo —2r—3

o rd—2gr/4

T 1550 2(d — 3)rd-der¥/4 4 pd—2¢r7 /A
=1.

Hence, we have w(r) = o(1/r?) at r = co and by repeating the above argument
with this finer estimate, w(r) = o(1/r%). Iterating the process, we derive that
w(r) =o(1/r") at r = oo for any 7 > 0. Since by (3.5),

wy(r) = rde’"z/‘l/ 925" g ds,
0
we have also wy (r) = o(1/r"™) at r = oo for any 7 > 0. To apply a comparison
argument, consider the function W (r) := r~("=2)/2¢=*/4 satisfying

1 A n+2+2b
AV+ —x - VU + (—5+——)U =
+52 \% —|—(’$|2+ 1 )¥ =0,
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where A = mp(n — 2 —m) and b = \/(n —2)%2/4— \. Because p > p. and

a®> —4(p—1)LP7L >0, we have (n —2)?/4 — X > 0. Setting q(t) := r™¥(r) =

=5 e7*/4, we see that ¢ is a positive solution of the equation

1 - m n+2+2b
(3.6) @ + (a+ §e2t)Qt +(p-1)LPtg= (5 - T)e% <0.

Observe that ¢; = (b—§)q — %e%q. Multiplying (3.2) by ¢, (3.6) by W, and taking
the difference, we have
(3.7) (Wiq— Wao) + (a + %e%)(Wtq ~Wa) +qG(t) > 0.
From (2.9), W(t), Wi(t) = O(e™) at t = —oo. Obviously,
efOq(t), fDgt) = 0(el+2)t) at t=—o0
and
ef(t)q(t) = O(e(b+%)t), ef(t)qt(t) = O(e(b+%+2)t) at t= +oo,

where f(t) is defined in (2.8). Multiplying (3.7) by e/ and integrating over (T, t),
we obtain

t t
& (Wi~ Way)|, > - / &) q(5)G(s) ds.
T

Letting 7" — —oo and then ¢ — 400, we have from the above decay estimates that
—+00
0> —/ e’ q(s)G(s) ds > 0

which is impossible. Therefore, W (¢) does not converge to 0 at ¢ = +o0.

Since any solution u, has uniform bounds by (2.5) on any compact set in
(0,00), the existence of a singular solution of (1.6) is verified by a standard method.
Combining (2.2), (2.5) and the fact that 'K is non-increasing, we have

—rnler®/Ay, (r) = Ar[%u+Kup]3”_1eS2/4ds
Ar[mTLSP_21 +Lpsfp_2%]snfle$2/4K(s)P_Tll ds
rﬁK(r)ﬁ[n;Llsn_l_mes2/4ds
—i—Lp/jsn_l_gr%lleSQ/‘lds].
0

Note first that K is positive near 0, and if K(R) = 0 for some R > 0, then
K(r) = 0 on [R,00), and second that u,(r) is decreasing in r. Hence, u, is
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uniformly bounded on any compact subset of (0, c0) in « and consequently, {uq}
is equicontinuous on any compact subset. Since u, is monotonically increasing, the
Arzela-Ascoli Theorem implies that U(r) := limg—yo0 ua(r) is well-defined and
continuous on (0,00) and for each o > 0,

(3.8) wa(r) < U(r) B
[P K(r)]»-1

By (1.7), « is uniformly bounded on any compact subset of (0, co) in o and {u’,}
is equicontinuous on any compact subset. It follows again from the Arzela-Ascoli
Theorem that for a subsequence {c;} going to oo, uﬁlj converges uniformly on any
compact subset and thus U is differentiable on (0, 00), uij — U’ uniformly on any
compact subset. Since by (1.7) u’C'Y], converges also uniformly, U’ is differentiable
on (0,00) and ug, — U” uniformly on any compact subset of (0, 00). Then, U
satisfies

n-1

U"+("—= + U + U+ K@U =0 on (0,00)

and U is a singular solutionof (1.7). Now, the proof of Theorem 1.1iscomplete. W

In case r 'K (r) — 1 as r — oo for some [ > —2, we analyze further separation
phenomena.

Theorem 3.2.  Assume the hypotheses of Theorem 1.1 and rK(r) — 1 as
r — o00. Then, there exists 0 < {*  L(n,p,l) such that r™U(r) — £* as r — o0
and for every a > 0, r™uq(r) — £ for some 0 < £ = {(a) < £*. Moreover,
0B) > l(a) for B> a>0.

Proof. By (2.5), we see that r"™uq(r) — £ L since r"™u(r) is increasing in
r. This fact combined with (3.8) implies that #™U(r) is increasing and converges
to ¢*for some 0<¢* L. For a>0, let V,(t) := r™uq(r), t =logr. Set W(t) :
= Vj(t) — Va(t) for given 3 > a > 0. From Theorem 1.1, W is strictly increasing
and thus ¢(3) > ¢(«). Therefore, 0 < ¢(c) < ¢(B) < £* for 0 < o < 3. [

In case K(z) = |x|', uniqueness for the Cauchy problem (1.2) and (1.8) follows
directly from Theorem 3.2. The Cauchy problem has a minimal solution w; and a
maximal solution wsy in the class {w  L|y|™™} (see [10, 15]). Moreover, £(«)
is a one-to-one and onto increasing map from (0, 00) to (0,L). We observe that
wi, wo are self-similar and

wily, ) =t Pui(y/ V), i=1,2,
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where u; are positive entire radially symmetric solutions of (1.1). Since r"u;(r) —

c as

r — o0, it follows from Theorem 3.2 (the uniqueness of solutions with the

asymptotic behavior) that ug = w1 and thus wp = w;.
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