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MULTIPLIERS AND TENSOR PRODUCTS
OF VECTOR VALUED LP? (G, A) SPACES

Birsen Sagir

Abstract. In this paper we define a normed space A] (G, A) and prove some
properties of this space. In particular, we show that the space LV (G, A)® po (G, A)
LM (G, A) is isometrically isomorphic to the space A (G, A) and the space of

multipliers from L? (G, A) to Le (G, A*) is isometrically isomorphic to the
dual of the space A (G, A) if G satisfies a property Py.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we let G be a locally compact Abelian group with Haar
measure dt, A be a commutative Banach algebra with identity of norm 1 and X
be a Banach space. Cy(G, X) denotes the Banach space of X-valued continuous
functions on G vanish at infinity, under the supremum norm

[fllox =sup £ ()l x for f & Co(G,X)
teG

Let Co(G, X) be the space of all continuous and X -valued functions on G with
compact support. and

LY (G,X) ={f: G — X; fis measurable and ||f (.)||x € LY (G)}
with the norm given by

1/p

1l = / O] 1<p< o
G
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It follows that LP (G, X) is a Banach space for 1 < p < co. If X = C, the set of
complex numbers, then we write that LP (G, X) = L¥ (G). If A is a commutative
Banach algebra with identity of norm 1, then the space L! (G, A) is a commutative
Banach algebra under convolution

fro®= [1t=s)9@ds= [ 1)gt-ds
G G

and the norm

I£ha= [ 17 ®lL e
G

for f,g € L' (G.A),([4], [6]).

For 1 < p < oo,% + % = 1, the dual space LY (G,X)* is isometrically
isomorphic to L4(G, X *) if and only if X* has the Radon-Nikodym property (RNP
for brevity) in the wide sense (Lai [9]). (See Theorem 1.2 in [8]). Thus for
feLP(G,X),g€ L1(G, X*), the dual pair < f(.),g(.) >€ L' (G) and Holder
inequality implies

/ < F0r00) > 1t < 1l - llox. -
G

In [8], Lai proved the following theorems.

Theorem A ([8;Theorem2.2]). Let 1 < p < oo, zl) + % =1,fe LP(G,A) and
g€ LI(G,A). Then fxge Cy(G,A) and

[f4qlloon = [1fllpa-llgllga

Analogy to the scalar function case ([4] 20.18. Theorem) we can easily obtain the
following;

Theorem B Let 1+1>1land L +1-1=1 If f € I (G, A), g € LY(G, A)
then fxge L" (G, A) and

[f+gll,a < 1[fllpa-llgllya

A Banach space V is called a left (right) Banach A-module over a Banach
algebra A if V is a left (right) module over A in the algebraic sense for some
multiplication, (a,v) — a.v, and satisfies ||av|| < |a|.|v| forall a € A,v € V.
Again, we can assume that V' is a Banach A-module. Then the closed linear
subspace of V' spanned by

AV ={avla € A,v eV}
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is called the essential part of V' and is denoted by V.. If V =V, then V is said to
be an essential Banach A-module. In [8], Lai proved the following theorem.

Proposition C ([8; Proposition 2.3]). Let X* have the wide RNP. Then the
Banach space LP (G, X) is an essential L' (G, A) - module under convolution such
that for f € L' (G, A) and g € L? (G, X) we have

[fegllpx < [1flla-llgllx -

Let V' and W be a left and right Banach A-module respectively. Let V @, W
denote the projective tensor product (Bonsall-Duncan,[1]) of V' and W, and let K
be the closed linear subspace of V' ®, W which is spanned by all the elements of
the form

v @w—vEaw,foreverya € Ajv e V,weW.

Then the A-module tensor product V ®4 W is defined to be the quotient Banach
space (V ®, W) /K. It is known that every element ¢ of V ®4 W is defined by

o0 o0
(1.1) t=2 vi®w, v € V,\Wi e W, |lui|lwi| < oo,
=1 =1

It is a normed space under the norm

o0
[¢]} = inf {Z [[oill flwill < 00}
=1

where the infimum is taken over all possible representations for .

If V and W are left (right) Banach A-modules, then a multiplier (or module
homomorphism) from V to W is a bounded linear operator 7' from V' to W, which
commutes with module multiplication i.e. T'(av) = aT'(v) fora € Aand v € V.
We denote Hom 4(V, W) or M (V, W) as the space of multipliers from V' to .

Now let V and W be a left and right Banach A-module respectively. It is known
that W*, the dual of W, is a left Banach A-module. Rieffel in [11] proved that
there is a natural isometric isomorphism

(1.2) Homa(V,W*) 2 (V@4 W)*

under which the linear functional ¢ on V ® 4 W, which corresponds to an operator
T € Homy(V,W*) has the value < w, T (v) >=t(vQuw) forv@w e Vs W
and the ultra weak*-topology on Hom 4(V, W*) corresponds to the weak*- topology
on (V ®4 W)* (see Rieffel [11] and also Lai [6], [7]).
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Rieffel [11,5.5.Theorem] proved that if G satisfies property PJ (see Def. 2, §3)
then LP(G) ®¢ L1(G) = A}, for 1 < p, ¢ < co. By using the before-mentioned Ri-
effel’s technique, in this study we will show that LP (G, A) ® 1, a)) L7 (G, A™) =
Al (G, A).

2. The Space Ag(G,A)

Throughout this section we let G be a locally compact Abelian group, A be a
commutative Banach algebra with identity of norm 1.

In view of Theorem B, we can define a bilinear map b from LP (G, A) xL4 (G, A)
into L" (G, A)by

b(f,9)=fxg, f€eLP(G,A),geLI(G,A)

where f(z) = f(—z). It is easy to see that [|b]| < 1. Then, b lifts to a linear
map B from LP (G, A) ®, LY(G,A) into L" (G, A) ,B(f ® g) = f * g, where
feLlP(G,A),ge L1(G,A) and ||B|]| < 1 by the Theorem 6 in (Bonsall-Duncan,
[1]).

Definition 1. The range of B with the quotient norm will be denoted by
AL (G, A)
p\&sA) -

Thus A} (G, A) is a Banach space of functions defined on G, which can be
viewed as a linear submanifold in L" (G, A). In view of the fact that every element
of IP (G, A) ®, L4 (G, A) has an expansion of the form (1.1), we can see that (see
[8]) A} (G, A) consists of exactly those functions i on G, which has at least one
expansion of the form

h=>_fixg,fi € I’ (G,A),g € L1(G, A)

i=1
o0
such that 3 || fill 4 - [l9ill,a < 00 . Af (G, A) is equipped with the norm
=1

[[[2[]] = inf {Z [ fillpallgillga = fi € L7 (G, A), gi € LY (G,A)}

i=1

Applying relation (1.2) to the spaces V = LP (G, A) and W = L1(G, A) yields

Homp,a) (I (G, A4), LY (G, A)) = (L7 (G, A) @1 g.a) L4 (G, 4))”
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for 1 <p <ooand 1l <q < co. We now turn to the problem of representing the
dual space of L? (G, A) ®p1(g,4) L? (G, A) as a function space. Lai [8] has shown
that

Hole(G,A) (Ll (Ga A) , LP (G7 X*)) = (Ll (G7 A) ®L1(G,A) L1 (G7 X))*
~ 17 (G, X

where 1 < p < 00, % + % = 1. Thus we can assume that p > 1 and ¢ > 1.

3. MULTIPLIERS FROM LP (G, A) To LY (G, A*)

In this section, we assume that G is not a compact Abelian group. Let K be
the closed linear subspace of L (G, A) ®~ L? (G, A), which is spanned by all the
elements of the form

(p*xfl)®g—g® (P *f)

where f € LP (G,A),g € LY(G,A) and ¢ € L' (G, A). Then, the L' (G, A)-
module tensor product LP (G, A) ®r1(g 4y L (G, A) is defined to be the quotient
Banach space

LP (G,A)®~ L1 (G, A) /K.
We denote by L, f the s-translation of f on G, that is,
Lf(t)=f(t—s) fort,s € G.

A bounded linear operator T from L? (G, A) to LY (G, A*) is invariant if T
commutes with the translation operators L (s € G). That is, LT = TLs, s € G.

Lemma 1. ([12; lemma 1]. Let G be a non-compact locally compact Abelian
group. Then

. 1
Jim 1 Lafllx = 2Y7 1 f L
for f € LP(G,X),1 <p<oo.

Theorem 1. If T is a bounded invariant operator from LP (G, A) to LY (G, A*)
and p > ¢ then T = 0.

Proof. Assume that T # 0. Since T is a linear bounded operator, there exists
¢ > 0, such that

(3.1 ITfllgas < cllfllpafelP(GA)
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Since T is an invariant linear operator, we write
1T+ LsTfllga- < clf + Lsfllpa-
Also by Lemma 1 we have
2YT T fllyae < 2| £]pa -

Hence, we find

11
[T fllgar < c20 7 || flla

and ¢.21/P1/7 < ¢ if p < ¢'. But, this is a contradiction because c is the smallest
constant satisfying the inequality (3.1). Therefore, 7' = 0.

TheoremZ.If%—i—%<1and1 < p,q < oo then

Lr (Ga A) ®L1(G,A) L1 (Ga A) = {0}

Proof. If % + % < 1 then, p > ¢/, where % + % = 1. Moreover, we have

(3.2) (LP(G, A) ®1ia.4 LG, A))* = Homyx (c,a) (LP(G, A), L7 (G, A*))

(see Theorem 1.4 in Rieffel, [11]). From (3.2), Theorem 1 and the Hahn-Banach
theorem, we obtain

Lr (G’ A) ®Ll(G,A) L1 (G’ A) = {0} :

This completes the proof.

It is known that the X-valued space C.(G,X) of continuous functions with
compact support in G is dense in LP (G, X), 1 < p < co. The following lemma is
easily proved.

Lemma 2. Let 1 < p,q < oo,% —1—5 > 1 and ¢ = 2p. Given any ¢ €
Cc (G, A), define T, by Ty, (f) = fep, f € LP (G, A). Then, T, € Hompy (g, a)

L? (G, A), LY (G, A*)) and the inequality
Tl a Ml n
holds.
Proof. For all f € LP (G, A) and g € L' (G, A) we have

Ty (g+f) = (9xf) 0 = 95 (fup) = 9T (f) -
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1
7

That means T}, is a L' (G, A) -homomorphism. Since ¢’ = 2p, we have Z

1—1) + % — 1 and 1—1) + % > 1. Hence, if we apply Theorem B, we have

froe Ll (G, A) and [Ty ()llya < [fllpalllelllga
for f € LP (G, A) and ¢ € C. (G, A) C L1(G, A). Therefore, we find
|||T¢H|q/7,4 |HSD|||q7A’

where |[|.|[|,/ 4 and [[|.[||, 4 are operator norms on LY (G, A) and L7 (G, A), re-
spectively. Thus T;, is continuous. Consequently,

T, € Homp g, (Lp (@, A), LY (G, A*)) .

Definition 2. A locally compact Abelian group G is said to satisfy property Py
if every element of Homp (g ) <Lp (G,A),LY (G, A*)) can be approximated in
the ultraweak operator topology by operators of the form Ty, ¢ € C. (G, A).

Theorem 3. Let G be a locally compact Abelian group. If ¢ = 2p, 1—1)—}—5—1 = %
and 1—1) + % > 1 then the following statements are equivalent:

(a) G satisfies property Py

(b) The kernel of B is K and

IP (G, A) ®r1(q,a) L1 (G, A) = AL (G, A).
Proof. Assume that G satisfies property P. It is obvious that K C KerB. To

show KerB C K, it suffices to show K+ C (KerB)*. Let F € K. From the
isometric isomorphism

K* 2 (I (G, A) 8p1(g.a) L1 (G, 4))" = Hompy g a) (17 (G, A), L7 (G, A) )

there is a multiplier T € Hompi (g, a) (Lp (G,A), LY (G,A*)) corresponding F
such that

oo
(3.3) <t,F>=Y <g,Tfi>
=1

o0 o0
where t € KerB,t =} fi ® g; and )_ || fill,4 - gill,4 < co. Furthermore, since
i=1 i=1

@G satisfies property Py, there exist ope;ators net (T%,) , 0 € Cc (G, A) such that
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o0 o0 o0
(3.4) h;n2;< 9 Ty, fi > = h]m;< gir fix j > = §;< 90 Tfi >
1= 1= 1=

We also note that

o0 o0
(3.5) Y < i fups >= Y < fix ginpj >

=1 i=1

Again, if we use the Holder inequality and the equality (3.5) then we obtain

(3.6) <D fingi
=1

Ml g =0
rA

o0
=1

oo
> < figis 0 >
i=1

Hence, if we combine (3.4) and (3.6) then

o
<t,F>=) <g,Ty >=0.
=1

Therefore, < ¢,F >= 0 for all t € KerB. That means F € (KerB)". Hence
K = KerB. This proves that

L? (G7 A) ®L1(G,A) L? (G7 A) = Ag (Ga A) .

Suppose conversely that KerB = K. We will illustrate that the set N =
{T,|p € Cc (G, A) } is everywhere dense in Homp1 (g, 4) (Lp (G,A), L7 (G, A*))
in the ultraweak* operator topology. Let M be the set of all linear functionals
which corresponds to the operators Ti,. If we prove that M is everywhere dense
in (L? (G, 4) ® a4 L1(G, A))* in the weak*-topology then we complete the
proof. Since

(L (G, A) ®11(c,a) L1 (G, A))" = (KerB)™*,

<t,F>=0forallt € KerB and F € M i.e., t € M'. That means KerB C
M. Conversely, if we use (3.5) to obtain that

o
(3.7) <Y fixgio>=<t,F>=0.
1=1

Also, by using the equality (3.7) and the Hahn-Banach theorem, we find that
0o
> fixgi = 0. Therefore, M L+ ¢ KerB. Consequently, M L = KerB. This

i=1
proves the assertion.
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Corollary 1. Let G be a locally compact Abelian group and q' = 2p, %—l—% >1,
1—1) + % -1= %,% + % = 1. If G satisfies the property Py, then we have the

identification

Homp g, (IP(G, A), L7 (G, A)) = (A3(G, 4))°

Proof. By Theorem 3 and the isometric isomorphism (1.2), one can obtain that

Homp,a) (I (G, A), LY (G, A)) 2 (I (G, A) ©p1(g.a) L (G, 4))"
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