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A GENERAL ORLICZ-PETTIS THEOREM

Wu Junde and Lu Shijie

Abstract. In this paper, we show that the ¸ - multiplier convergent of series
depends completely upon the AK - property of sequence space ¸ . From this
conclusion we obtain a lot of new important theorems.

Let [X;Y ] be a dual pair and ¾(X;Y ); ¿(X;Y ), ¯(X; Y ) the weak topology,
Mackey topology and the strong topology of X , respectively. ¸ a scalar-valued se-
quence space. A series

P
i xi in X is said to be ¸ - multiplier - ¾(X;Y ) convergent

if for each (ti) 2 ¸, there exists a x 2X such that for each y 2 Y ,

[x;y] =
1X

i=1

[tixi; y]:

A series
P

i xi in X is said to be subseries - ¾(X; Y ) convergent, if for each
strictly increasing sequence fing, the series

P
nxin is ¾(X;Y ) convergent. If

m0 is the scalar-valued sequence space which satisfies that for each (ti) 2 m0,
fti : i 2Ng is a finite set. Then the series

P
i xi is subseries - ¾(X; Y ) convergent

if and only if
P

i xi is m0 - multiplier ¾(X;Y ) convergent.
As is known, the famous Orlicz-Pettis theorem stated that ([1]): A series

P
i xi

in X is subseries - ¾(X; Y ) convergent if and only if the series
P

i xi in X is
subseries - ¿(X; Y ) convergent.

Equivalently, the theorem may also be stated as follows: A series
P

i xi in X
is m0 - multiplier - ¾(X; Y ) convergent if and only if the series

P
i xi in X is m0

- multiplier - ¿(X;Y ) convergent.
With the restriction that X is a weakly sequentially complete normed space, the

conclusion was proved by Orlicz in 1929 ([2]). However the theorem is also true
without this restriction (see [3]). The first proof of the result for general normed
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spaces was given by Pettis in 1938 ([4]), and it was Pettis who pointed out the
applications of the result to vector measures. During the course of its evolution
this theorem has evolved almost beyond recognition, and the techniques developed
helped to illuminate a number of ideas in functional analysis.

The Orlicz-Pettis theorem has been an important catalyst in the development of
the theory of (non-locally convex) F-spaces ([1]). A result of Orlicz-Pettis type is
a theorem that asserts that a series which is subseries convergent in some topology
is actually convergent in some stronger topology. The literature abounds with such
Orlicz-Pettis type results ([5]). For historical remarks and extensive references to
Orlicz-Pettis results, see ([6], [7]). In ([6, Th.2.2]), Dierolf improved the Orlicz-
Pettis theorem as follows:

Let [X; Y ] be a dual pair, ¹ = fM µ Y;M is ¾(Y; X)-bounded and for
every continuous linear operator S : (Y; ¾(Y; X))! (l1; ¾(l1;mo)) with the image
S(M) is relatively compact in (l1; k:k1)g. Let F(¹) denote the topology of uniform
convergent on all sets in ¹ . Then we have:

(a) F(¹) and ¾(X;Y ) have the same subseries convergent series.
(b) Let N be any system of bounded sets of Y which covers Y and denote

by F(N) the topology of uniform convergent on all sets in N . Then F(N) and
¾(X;Y ) have the same subseries convergent series if and only if N µ ¹.

Thus F(¹) is the finest [X; Y ] - polar topology on X which has the same
subseries convergent series as ¾(X; Y ).

Let c00 be the scalar valued sequence space which are 0 eventually, and the ¯
- dual space of ¸ to be defined by: ¸¯ = f(ui) :

P
i uiti is convergent for every

(ti) 2 ¸g. It is obvious that if c00 µ ¸ , then [¸; ¸¯ ] is a dual pair with respect to
the bilinear pairing [t; u] =

P
i uiti, t = (ti) 2 ¸, u = (ui) 2 ¸¯ .

Let (¸;¿0) be a locally convex space, c00 µ ¸ and t = (ti) 2 ¸, denote t[0] = t,
t[n] = (t1; t2; t3; ¢¢¢ ; tn;0;¢¢¢). If for every t 2 ¸;ft[n]g converges to t with
respect to the topology ¿0, then (¸; ¿0) is said to be an AK - space.

Let A = fft[n]g1n=0 : t 2 ¸g and ¿A(¸¯ ; ¸) the topology of uniform convergent
on all sets in A. It is obviously that ¾(¸¯ ; ¸) µ ¿A(¸¯ ; ¸) µ ¯(¸¯ ; ¸). In ([8,
Th.4-5]), Wen Songlong et al. further showed that:

Let [X;Y ] be a dual pair, ¹¸ = fM µ Y;M is ¾(Y;X) - bounded and for
every continuous linear operator T : (Y;¾(Y;X)) ! (¸¯ ; ¾(¸¯ ; ¸)) defined by
T(y) = ([xi; y])1i=1, where the series

P
i xi is ¸ - multiplier - ¾(X;Y ) - convergent,

the image T(M) is ¿A(¸¯ ; ¸) - relatively sequentially compactg. Let F(¹¸) denote
the topology of uniform convergent on all sets in ¹¸ . Then we have:

(c) F(¹¸) and ¾(X; Y ) have the same ¸ - multiplier convergent series.
(d) Let D be any system of bounded sets of Y which covers Y and denote

by F(D) the topology of uniform convergent on all sets in D. Then F(D) and
¾(X;Y ) have the same ¸ - multiplier convergent series if and only if D µ ¹¸ .
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Thus F(¹¸ ) is the finest [X;Y ] - polar topology on X which has the same ¸ -
multiplier convergent series as ¾(X; Y ).

Note that m¯
0 = l1 and the Schur lemma ([9 , Th.1.3.2 and Remark 15.2.3])

that (l1; ¾(l1;m0)) and (l1;k:k1) have the same relatively sequentially compact sets.
Since ¾(l1;m0) µ ¿A(l1;m0) µ k:k1, so (l1; ¿A(l1; m0)) and (l1; k:k1) have the
same relatively sequentially compact sets. Thus, Wen Songlong’s result actually
generalized the Dierolf Theorem.

In this paper, we show that the ¸ - multiplier convergent of series depends
completely upon the AK-property of ¸. From this conclusion we can obtain some
new important facts. In particularly, we will give Wen Songlong’s result a direct
proof.

Let ! be the space of all scalar valued sequences. A non-zero vector sequence
fz(n)g in ! is said to be a block sequence if there exists ko = 0 and a strictly
increasing sequence of positive integers sequence fkng such that

z(n) = (0;0; ¢¢¢ ; z(n)
kn¡ 1+1; ¢¢¢ ; z

(n)
kn

;0; 0; ¢¢¢):

The sequence space ¸ is said to have the signed-weak gliding hump property (S-
WGHP) if given any t = (ti) 2 ¸ and any block sequence ft(n)g with t =

P1
n=1 t

(n)

(pointwise sum), then for each strictly increasing positive integers sequence fmkg
has a further subsequence fnkg and a signed sequence fµkg with µk = 1 or µk =
¡ 1(k 2 N), such that t =

P1
k=1 µkt

(nk) 2 ¸ (pointwise sum) (see [10]).

Lemma 1 ([11]). Let c00 µ ¸ and ¿0 be a locally convex topology of ¸¯ such
that ¾(¸¯ ; ¸) µ ¿0. The following states are equivalent :

(1) B is ¿0 - compact;
(2) B is ¿0 - countable compact;
(3) B is ¿0 - sequentially compact;
(4) B is ¿0 - bounded, and each sequence fu(n)g µ B which is coordinate

convergent to u(0) 2 !; then fu(n)g must be ¿0 - convergent to u(0) and
u(0) 2 B.

Lemma 2 ([12]). Let c00 µ ¸ and ¸ have the S-WGHP; then (¸;¿(¸; ¸¯ )) is
an AK - space.

Lemma 3 ([13]). If (X;¿1) is a sequentially complete locally convex space
and fxig µ X is a ¿1 - convergent sequence, then the absolutely convex closure of
fxig is a ¿1 - compact set and is also a ¿1 - sequentially compact set.

A property (P) is said to be continuous linear invariant, if the property (P)
is conserved with respect to all continuous linear mappings. Hence compact sets,
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countable compact sets, sequentially compact sets, convex compact sets, bounded
sets, convergent sequences and finitely sets are continuous linear invariants.

Let (X; ¿1) be a locally convex space. A sequence fxkg in (X;¿1) is said to
be ¿1 - K - convergent if every subsequence of fxkg has a subsequence fxnkg such
that the series

P
k xnk is ¿1 - convergent to an element of X ([5, x3]). While a ¿1 -

K - convergent sequence is ¿1 - convergent to 0, the converse does not hold, except
in complete metric linear spaces ([5, x3]). A subset B of (X; ¿1) is said to be ¿1 -
K - bounded if whenever fxkg µ B and ftkg is a scalar sequence converging to 0,
the sequence ftkxkg is ¿1 - K - convergent ([5, x3]).

It is obvious that ¿1 - K - convergent sequence and ¿1 - K - bounded sets are
also continuous linear invariants.

Let [X; Y ] be a dual pair and P = fD µ Y : D is finite set or D is ¾(X; Y )
- bounded and has the property (P)g. Now, we denote ¿P(X; Y ) the topology of
uniform convergent on all sets in P. That ¿P (X;Y ) is a [X;Y ] - polar topology is
clear. Similarly, we can also define the topology ¿P(¸; ¸¯ ).

Theorem 1. Let c00 µ ¸ and the property (P) be a continuous linear invari-
ant. Then for every dual pair [X; Y ]; every ¸ - multiplier - ¾(X;Y ) convergent
series

P
ixi in X must be ¸ - multiplier - ¿P(X; Y ) convergent if and only if

(¸;¿P(¸; ¸¯ )) is an AK - space.

Proof. ((=). Let [X;Y ] be a dual pair and
P

i xi be a ¸ - multiplier - ¾(X; Y )
convergent series in X. If

P
i xi is not ¸ - multiplier - ¿P (X;Y ) convergent, then

there exist (t(0)i ) 2 ¸, x0 2 X and D 2 P such that
P

i t
(0)
i xi is ¾(X;Y ) -

convergent to x0, but
P

i t
(0)
i xi does not converge to x0 uniformly on D. That is,

there exists "0 > 0 such that

lim
n!1

sup y2D
n¯̄
¯
h 1X

i=n

t(0)
i xi; y

i¯̄
¯
o
¸ "0:(1)

Note that the series
P

i xi is ¸ - multiplier - ¾(X;Y ) - convergent, so for every
(ti) 2 ¸, there exists x 2 X such that for every y 2 Y ,

hX

i

tixi; y
i

= [x; y]:(2)

(2) can be written as follows :
X

i

ti[xi; y] = [x; y]:(3)

This shows that for every y 2 Y , ([xi; y])1i=1 2 ¸¯ . If we define T : y !
([xi; y])1i=1, it follows from (3) that T : (Y;¾(Y; X)) ! (¸¯ ; ¾(¸¯ ; ¸)) is a con-
tinuous linear mapping. Since the property (P ) is a continuous linear invariant,
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therefore f([xi; y])1i=1 : y 2 Dg µ ¸¯ has also property (P ). Thus, it follows from
(¸;¿P (¸;¸¯ )) being an AK - space that there exists n0 2 N such that whenever
n ¸ n0 , we have

supy2D
n¯̄
¯
1X

i=n

t
(0)
i [xi; y]

¯̄
¯
o
<

"0
2
:

This contradicts (1) and the sufficiency is proved.
(=)). If (¸;¿P(¸; ¸¯ )) is not AK - space, there exist (t

(0)
i ) 2 ¸ , D µ ¸¯ and

D has the property (P ) such that

lim
n

sup
n¯̄
¯
1X

i=n

t
(1)
i ui

¯̄
¯ : (ui) 2 D

o
> 0:(4)

Let X = ¸ and Y = ¸¯ , ei be the sequence with a 1 in the ith coordinate and 0
elsewhere. Then

P
i ei is ¸ - multiplier - ¾(¸;¸¯) convergent. On the other hand,

it follows from (4) that
P

i ei is not ¸ - multiplier - ¿P(¸; ¸¯ ) convergent. This is
a contradiction.

From Theorem 1 and Lemma 3 we have :

Corollary 1. Let c00 µ ¸ and ¸ have the S-WGHP. Then for every dual pair
[X;Y ]; every ¸ - multiplier - ¾(X; Y ) convergent series must be also ¸ - multiplier
- ¿(X; Y ) convergent.

Since m0 has the S-WGHP, so Corollary 1 substantially improves the classical
Orlicz-Pettis theorem.

Let k(¸;¸¯); c(¸;¸¯), and v(¸; ¸¯ ) be the topologies of uniform convergent
on all ¾(¸¯ ; ¸) - compact sets, ¾(¸¯ ; ¸) - countable compact sets and ¾(¸¯ ; ¸) -
sequentially compact sets, respectivelly.

Lemma 1 showed that k(¸;¸¯) = c(¸;¸¯) = v(¸;¸¯). Furthermore, we have

Lemma 4. Let c00 µ ¸ and (¸¯ ; ¾(¸¯ ; ¸)) be a sequentially complete space,
if (¸;¿(¸; ¸¯ )) is an AK - space; then (¸;k(¸; ¸¯ )) is also an AK - space.

In fact, if not, there exist t 2 ¸ and D µ ¸¯ ; D is a ¾(¸¯ ; ¸) - compact set,
and a strictly increasing positive integers sequence fnkg, and fu(k)g µ D such
that j[t[nk] ¡ t; u(k)]j ¸ "1 > 0; k 2 N. By Lemma 1, we may assume that fu(k)g
is ¾(¸¯ ; ¸) - convergent. Since (¸¯ ; ¾(¸¯ ; ¸)) is sequentially complete, it follows
from Lemma 3 that the absolutely convex closure of fu(k)g is also (¸¯ ; ¾(¸¯ ; ¸))
- compact set. Thus, by the definition of Mackey topology ¿(¸; ¸¯ ), and because
(¸;¿(¸; ¸¯ )) is an AK - space, we have [t[nk] ¡ t;u(k)] ¡! 0. This is a contra-
diction.
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Since if c00 µ ¸ and ¸ has the S - WGHP, then ¾(¸¯ ; ¸) is a sequentially
complete space [10]. Thus, from Corollary 1 and Lemma 4 we can further improve
the classical Orlicz-Pettis theorem as follows :

Corollary 2. Let c00 µ ¸ and ¸ has the S - WGHP; then for every dual pair
[X; Y ] and every ¸ - multiplier - ¾(X;Y ) - convergent series must be also ¸ -
multiplier - k(X;Y ) convergent.

Let OP = fQ µ ¸¯ : Q is ¾(¸¯ ; ¸) - bounded set and for every (ti) 2 ¸ , the
series

P
i uiti converges uniformly with respect to (ui) 2 Qg. It is clear that the

topology ¿OP of uniform convergent on all sets in OP is a [¸;¸¯ ] - polar topology,
and (¸;¿OP (¸;¸¯)) is the following meaning finest AK - topology, that is, if ¿0 is
a [¸;¸¯ ] - polar topology, and (¸; ¿0) is an AK - space, then ¿

0 µ ¿OP(¸;¸¯ ):
Let A = fft[n]g1n=0 : t 2 ¸g and ¿A(¸¯ ; ¸) the topology of uniform convergent

on all sets in A. We have the following important results :

Theorem 2. Every Q 2 OP is a ¿A(¸¯ ; ¸) - relatively sequentially compact
set.

Proof. Let fu(k)g be a sequence in Q; since Q is ¾(¸¯ ; ¸) - bounded and
c00 µ ¸, by using a diagonal argument we can abtain a subsequence fu(kj)g of
fu(k)g such that fu(kj )g is coordinates convergent to u(0) 2 !. Now we prove that
fu(kj)g is ¿A(¸¯ ; ¸) convergent to u(0) and u(0) 2 ¸¯ :

In fact, let t = (ti) 2 ¸ ; since the series
P

i uiti converges uniformly with
respect to (ti) 2Q, for every " > 0, there exists k0 2 N, whenever k ¸ k0, for all
j 2N, we have

¯̄ 1X

i=k

u
(kj)
i ti

¯̄
<

"

4
:(5)

Let m; n 2 N and m ¸ n ¸ k0, note that fu(kj)g is coordinates convergent to
u(0), so limj

Pm
i=n(u

(kj )
i ¡ u

(0)
i )ti = 0. Thus

¯̄ mX

i=n

u
(0)
i ti

¯̄
·
¯̄ mX

i=n

(u
(0)
i ¡ u

(kj)
i )ti

¯̄
+
¯̄ mX

i=n

u
(kj)
i ti

¯̄

· ¯̄ mX

i=n

(u(0)
i ¡ u

(kj)
i )ti

¯̄
+
¯̄ 1X

i=n

u
(kj )
i ti

¯̄
+
¯̄ 1X

i=m+1

u
(kj )
i ti

¯̄

· ¯̄ mX

i=n

(u(0)
i ¡ u

(kj)
i )ti

¯̄
+
"

2
:
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Therefore, the series
P

i u
(0)
i ti is convergent, i.e., u(0) 2 ¸¯ : Similarly, we may

prove that fu(kj)g is ¿A(¸¯ ; ¸) convergent to u(0). By the Lemma 1 it follows that
Q is ¿A(¸¯ ; ¸) - relatively sequentially compact set.

Reark 1. Let [X;Y ] be a dual pair,
P

i xi a ¸ - multiplier - ¾(X;Y ) - conver-
gent series in X, N any system of ¾(X;Y ) - bounded subsets of Y which cover
Y and denote ¿N(¸¯ ; ¸) the topology of uniform convergent on all sets in N . It
follows from Theorem 1 and its proof that

P
i xi is also ¸ - multiplier - ¿N(X; Y )

convergent if and only if for every D 2 N , f([xi; y])1i=1 : y 2 Dg 2OP .

Theorem 3. Let D µ ¸¯ and D be a ¿A(¸¯ ; ¸) - relatively sequentially
compact set; then D 2 OP.

Proof. If not, there exist t = (ti) 2 ¸ and a strictly increasing positive integers
sequence fikg, a sequence fu(k)g 2 D and "0 > 0 such that

¯̄ 1X

i=ik

u
(k)
i ti

¯̄¸ "0; k 2N:(6)

Since D is ¿A(¸¯ ; ¸) - relatively sequentially compact, we may assume that
fu(k)g is ¿A(¸¯ ; ¸) - convergent to u(0) 2 ¸¯ . That is

lim
k

supfj[t[n]; u(k) ¡ u(0)]j : n = 0;1; 2; ¢¢¢g = 0:(7)

It follows from (7) that there exists k1 2 N, such that whenever k ¸ k1 , for any
n 2 N,

j[t[0] ¡ t[n];u(k) ¡ u(0)]j < "0
4
:

Since u(0) 2 ¸¯ , so there exists n1 2 N such that whenever n ¸ n1 ,

j[t[0] ¡ t[n];u(0)]j < "0
4
:

So whenever n ¸ n1 and k ¸ k1, we have

j[t[0] ¡ t[n]; u(k)]j · j[t[0] ¡ t[n];u(k) ¡ u(0) ]j+ j[t[0] ¡ t[n]; u(0)]j < "0

2
:

This contradicts (6) and the Theorem is proved.
From Theorem 2, Remark 1 and Theorem 3 we obtain immediately the Wen

Songlong’ conclusion.
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