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A NOTE ON SIX-DIMENSIONAL G1-SUBMANIFOLDS OF
THE OCTAVE ALGEBRA

M. Banaru

Abstract. It is proved that six-dimensional G'1-submanifolds of the octave
algebra are W; @ W3 - manifolds.

Dedicated to Professor Vadim F. Kirichenko on his 55-th birthday

1. INTRODUCTION

The dassification of the dmaost Hermitian sructures on first-order differentid-
geometrica invariants can be rightfully attributed to the mogt significant results
obtained by the outsanding American mathematician Alfred Gray in collaboration
with his Spanish colleague Luis M. Hervella. According to this classification, all
the almost Hermitian structures are divided into 16 cdasses. Analyticd criteria for
every concrete structure to belong to one or another dass have been obtained [ 7].

One of the least dudied Gray-Hervela classes is the G1 (or W, & W3 & Wy)
dass. Almog the only sgnificant work devoted to the G1-manifolds is the original
and interesting article by L. M. Hervellaand E Vidd [8]. This situation is at least
drange because the G1-manifolds class includes the Kahlerian (K), the neerly-
Kéhlerian (N K), the Hermitian (H), the special Hermitian (SH) and the locally
conformal K&hlerian (LC K) manifolds as wdl as the Vasman-Gray manifolds And
what is more, the G1-manifolds class forms aminimal dass that includes two of the
mog interesting dasses of almost Hermitian manifolds — the nearly-K&hlerian and
Hermitian manifolds classes to the study of which a great number of publications
have been devoted. Without going into details on such an extensive subject, we can
mark out the dassical works [5, 6, 9, 10, 11, 13].

In the present article, we give some results obtained in this direction by usng
the Cartan dructurd equations of the octave dgebra submanifold.
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2. PRELIMINARIES

Let O =R® be the Cayley algebra. As is well-known [5], two nonisomorphic
3-vector cross products are defined on it by

PI(X,Y,Z2)=-XY2)+ (X,Y)Z + (Y, 2)X —(Z,X)Y,
Py(X,Y,Z) = —(XY)Z +(X,Y)Z + (Y, 2) X —(Z,X)Y,

where XY, Z € O, (-,-) is the scdar product in O, X — X is the operator of
conjugation [4]. Moreover, any other 3-vector cross product in the octave dgebra
is isomorphic to one of the above-mentioned [5].

If M6 C O is asix-dimensiond oriented submanifold, then the induced admost
Hermitian structure {J,,g9 = (-, -)} is determined by the rdaion

Jo(X) = Po(X, e1,62), a=1,2,

where {e1, e2} is an arbitrary orthonormal basis of the normal space of M at a
point p, X € T,(M?5). The submanifold M° ¢ O iscdled a G1-submanifold if for
arbitrary vector fidds X, Y € R(M?®) the following condition is fulfill ed:

D Vo (F)(X,Y) = Vyx(F)(JX,Y) = 0.

Here F(X,Y) = (X, JY) isthe fundamental (or K&hlerian [11]) form of M6, and
V is the Riemannian connection of the metric. We note that A. Gray and L. M.
Hervella [7] have proved that condition (1) is equivalent to the following relation
imposed on the Nijenhuis tensor S:

(S(X,Y), X) = 0.
We recd | that the point p € M is cdled generd [6] if
e ¢ T,(M®) and T,,(M®) C L(ep)™,

where e is the unit of Cayley algebra and L(eg)= is its orthogonal suppl ement.
A submanifold M° c O consiging only of general points is called a general-type
submanifold. In what follows all the conddered M% are meant as general-type
submanifolds.

3. THE MAIN ResuLTS

We usethe Cartan structurd equations of an almost Hermitian M6 ¢ O obtained
in [10]:
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Here eupe = €23, e = £45¢ are components of the Kronecker tensor of the

abc?
third order [12], ¢ = 6¢) — 02},
DChZD@E? DhC:Dhéa DhC:Df,,ca
Dej = +T8 +417, Dy = £T8 T}

cy? éj?
where T,;’;- are components of the configuraion tensor (in A. Gray’s notation [5],
or of the Euler curvature tensor [3]), i = /—1. Here and further: a,b,c,d, g, h =
1,2,3;a=a+3; o=7,8 k,7=1,2,3,4,5,6.

The Gray-Hervdla condition (1) on dmost Hermitian structures belonging to the
Gl (=W, @Ws3®Wy) classis equivadent to the skew-symmetry of the Kirichenko
gructure tensor on the first pair of indexes [1]:

Babc = _Bbac’ Babe = — Bpac-

We use the Kirichenko tensor rdations for six-dimensond dmos Hermitian sub-
manifolds of Cayley dgebra[l, 2]:

abe _ L _anbpy e _ 1 h
B =5 P Dy, Babc—7§5ah[bD d-

Hence, the following equalities are a criterion for an arbitrary Sx-dimensional
submanifold of Cayley algebra to beong to the G1-class:

@) et D, = ebhle p, el anpD" o) = pna D"y

Lemma. Condition (2) is equivalent to the fact that the matrix (Dgz) is scalar,
ie.,

1
Dgs = 3 0g tr Dgga.

Proof. First we note that each equdity from (2) can be obtained by the compl ex
conj ugation of the other.
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1. Let (2) be fulfilled. Then
Eah[thc]: 6bh[al)hc] =

Eah[thc} _ Ebh[aDhc] -0 &

Sahthc o {_:athhb + EbhaDhC o 8bthha: 0 <
eathhl; +ebheDya= 0.

We reduce this equality (.fq):
5?21),]5 + (%bczDh&: 0
(538 B8 Dyy+ (330 — ) Dra= 0
04D g5 — 04D 3, +84Daa — 04D ya= 0,
(bf) : Dga — 03 tr Dga +3Dgs — Dga= 0 &

Ddd: % 53 tr Dd&'

Thus, (2) = Ddd = %63 tr Ddd'
2. We prove the converse statement. Let Dy, = %63 tr Dga. Then
gah[thc] _ Ebh[aDhC] — EahCDh?) + Ebthh&

(6”“”65% tr Dgg + Eth(SZ tr Dgg,)

WIRW| W] —RW|—

(6abc tr Dd& -+ Ebac tr Dd&)

tr Dd&(eabc +Ebac)

(Eabc . Eabc) —0.

|
-t
=~
)
&

a

Taking into account the remark a the beginning of the proof, we come to the

conclusion: )
Dgs = 552 tr Dz = (2).

As aresult we have that conditions (2) and D, = %6; tr Dy, are equivdent. ®

It is interesing to note that the condition for the matrix (Dy;) to be scdar is
a criterion for an dmog Hermitian submanifold of Cayley adgebra to beong to the

W1 @ Wa-manifolds class [1, 2].
Thus is proved
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Theorem. Every six-dimensional G1-submanifold of Cayley algebra is a man-
ifold of the W1 & Ws-class.

As the dmost Hermitian structures of the W; & Ws-class are semi-Kahlerian
(SK-structures) [1, 7], we get an important.

Corollary 1. Every six-dimensional Gl-submanifold of Cayley algebra is a
semi-Kdhlerian manifold.

We remark that the Hermitian (H, or W3& W) sructures on the sx-dimensional
submanifolds of Cayley dgebra can be represented only by the sructures beonging
tothe H N SK-class:

H=Wse Wy, SK=WoWyd Ws,

HNSK =Ws.

Corollary 2. Every six-dimensional Hermitian submanifold of Cayley algebra
is a special Hermitian (W3) manifold.

Smilar considerations will lead us to the correctness of two other gatements

Corollary 3. Every six-dimensional Vaisman-Gray submanifold of Cayley al-
gebra is a nearly-Kahlerian manifold.

Corollary 4. Every six-dimensional locally conformal Kdihlerian submanifold
of Cayley algebra is a Kihlerian manifold.
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