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CONTROLLABILITY OF NEUTRAL FUNCTIONAL
INTEGRODIFFERENTIAL INFINITE DELAY SYSTEMS

IN BANACH SPACES

K. Balachandran and E. R. Anandhi

Abstract. Sufficient conditions for controllability of neutral functional inte-
grodifferential infinite delay systems in Banach spaces are established. The
results are obtained by using the analytic semigroup theory and the Nussbaum
fixed point theorem. An example is provided to illustrate the theory.

1. INTRODUCTION

The problem of controllability of abstract functional differential equations has
received much attention in recent years. Balachandran et al. [1] studied the control-
lability problem for nonlinear functional differential systems in Banach spaces. Park
and Han [9] derived a set of sufficient conditions for the controllability of nonlinear
functional integrodifferential systems in Banach spaces whereas in [5] Han et al.
investigated the controllability problem of integrodifferential systems by consider-
ing the initial condition in some abstract phase space. Balachandran and Sakthivel
[2] discussed the controllability of neutral functional integrodifferential systems in
Banach spaces by using the semigroup theory and the Schaefer fixed point theorem.
Recently in [3] Dauer and Balachandran obtained the existence results for nonlinear
neutral integrodifferential equations in a Banach space and as an application the
controllability problem for the neutral system is discussed. The purpose of this
paper is to establish a set of sufficient conditions for the controllability of neutral
functional integrodifferential infinite delay systems in Banach spaces. The results
are established using the Nussbaum fixed point theorem.
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2.PRELIMINARIES

Consider the neutral integrodifferential control system of the form

(1)
d

dt
[x(t) − h(t, xt)] = Ax(t) + f(t, xt) +

∫ t

−∞
g(t, s, xs)ds + Bu(t), t ≥ 0,

x0 = φ ∈ Ω,

where Ω is an open subset of a phase space B which will be defined later, the state
x(·) takes values in a Banach space X with norm ‖ · ‖, xt represents the function
xt : (−∞, 0] → X defined by xt(θ) = x(t + θ), −∞ < θ ≤ 0 which belongs
to B, the control u(·) is given in L2(J, U), a Banach space of admissible control
functions with U as a Banach space and J = [0, b] and B is a bounded linear
operator from U into X . The nonlinear operators h : J ×Ω → X , f : J ×Ω → X

and g : J × J × Ω → X are continuous. Here A : D(A) → X is the infinitesimal
generator of an analytic semigroup T (t) of bounded linear operators on X . Then the
fractional power (−A)α can be defined [10] for 0 ≤ α ≤ 1 and (−A)α is a closed
linear invertible operator with domain D((−A)α) dense in X . The closedness of
(−A)α implies that D((−A)α) endowed with the graph norm ‖x‖X = ‖x‖+‖Aαx‖
is a Banach space. Since (−A)α is invertible its graph norm ‖ · ‖X is equivalent
to the norm |x| = ‖Aαx‖. Thus D(−Aα) equipped with the norm |.| is a Banach
space which we denote by Xα. Also it is clear that 0 < α < β implies Xα ⊃ Xβ

and that the imbedding is continuous.

Lemma. Suppose that (−A)α satisfies the above conditions, then

(i) For every b > 0, there exists a positive constant C such that

‖(−A)αT (t)‖ ≤ C

tα
, 0 < t ≤ b.

(ii) For every b > 0, there exists a positive constant C ∗ such that

‖(T (t)− I)(−A)−α‖ ≤ C∗tα, 0 < t ≤ b.

The proof of the above lemma can be found in [10].
In our study we follow the axiomatic definition for the phase space B introduced

by Hale and Kato [4] and the terminology used in [7]. The phase space B is a linear
space of functions mapping (−∞, 0] into X endowed with the seminorm |.|B and
assume that B satisfies the following axioms:

(A1) If x : (−∞, b) → X, b > 0 is continuous on [0, b) and x0 ∈ B, then for
every t in [0, b) the following conditions hold:



Controllability of Neutral Systems 691

(i) xt is in B.

(ii) ‖x(t)‖ ≤ H |xt|B.

(iii) |xt|B ≤ K(t) sup{‖x(s)‖ : 0 ≤ s ≤ t} + N (t)|x0|B.

Here H ≥ 0 is a constant, K, N : [0,∞) → [0,∞), K is locally bounded and
H, K and N are independent of x(·).

(A2) For the function x(·) in (A1), xt is a B valued continuous function on [0, b).

(A3) The space B is complete.

We need the following fixed point theorem due to Nussbaum [8].

Nussbaum Fixed Point Theorem. Let S be a closed, bounded and convex
subset of a Banach space X . Let Φ1, Φ2 be continuous mappings from S into X

such that

(i) (Φ1 + Φ2)S ⊂ S.

(ii) ‖Φ1w1 − Φ1w2‖ ≤ k‖w1 − w2‖ for all w1, w2 ∈ S, where k is a constant
and 0 ≤ k ≤ 1.

(iii) Φ2(S) is compact.

Then the operator Φ1 + Φ2 has a fixed point in S.
Let Br[x] ⊂ Ω be the closed ball centered at x with radius r > 0. We shall

assume the following hypotheses:

(B1) A is the infinitesimal generator of an analytic semigroup T (t) and there exists
a constant M > 0 such that ‖T (t)‖ ≤ M .

(B2) There exist constants β ∈ (0, 1) and L ≥ 0 such that the function h is Xβ

valued and satisfies the Lipschitz condition

‖(−A)βh(t, ψ1) − (−A)βh(s, ψ2)‖ ≤ L[|t − s| + ‖ψ1 − ψ2‖]

for every 0 ≤ s, t ≤ b and ψ1, ψ2 ∈ Ω and

L‖(−A)−β‖K(0) < 1.

(B3) (−A)βh and f are continuous and there exist M1, M2 ≥ 0 such that

‖(−A)βh(t, ψ)‖ ≤ M1 and ‖f(t, ψ)‖ ≤ M2

for every 0 ≤ s ≤ t ≤ b and ψ ∈ Br[φ].
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(B4) g : J × J × B → X is continuous and there exists N1 ≥ 0 such that

‖g(t, s, η)‖ ≤ N1

for every 0 ≤ s ≤ t ≤ b and η ∈ Br[φ].

(B5) For each φ ∈ B
q(t) = lim

a→∞

∫ 0

−a

g(t, s, φ(s))ds

exists and it is continuous. Further, there exists N2 ≥ 0 such that ‖q(t)‖ ≤
N2.

(B6) There is a compact set V ⊆ X such that T (t)f(s, ψ), T (t)Bu(s), T (t)g(s, τ, η)
and T (t)q(s) ∈ V for all ψ, η ∈ Br [φ] and 0 ≤ τ ≤ s ≤ t ≤ b.

(B7) The linear operator W : L2([0, b], U)→ X defined by

Wu =
∫ b

0

T (b − s)Bu(s)ds,

induces an invertible operator W̃ defined on L2([0, b], U)/kerW and there
exist positive constants K1, K2 > 0 such that ‖W̃−1‖ ≤ K1 and ‖B‖ ≤ K2.
See[11].

(B8) Let K∗ = max{K(t) : 0 ≤ t ≤ b} and for fixed ε, the following conditions
hold:

(i) |yt − φ|B ≤ ε.

(ii) ‖(T (t)− I)h(t, yt)‖ ≤ ε.

(iii) 0 ≤ L∗ = LK∗[‖(−A)−β‖ + C
β τβ] < 1.

(B9) Choose ρ =
r − ε

K∗ and ω = (1 + bMK1K2)‖(−A)−β‖LK∗.

(B10) b[[1 + bMK1K2]‖(−A)−β‖ML + MK1K2(‖x1‖ + M‖φ(0)‖

+ bM(M2 + N2 + bN1) +
CM1

β
bβ) + M(M2 + N2 + bN1)]

+ ε(1 + bMK1K2)(‖(−A)−β‖ML + 1) +
CM1

β
bβ ≤ (1 − ω)ρ.

Then the mild solution of the system (1) is given by [6]
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(2)

x(t) = T (t)[φ(0)− h(0, φ)] + h(t, xt) +
∫ t

0
AT (t − s)h(s, xs)ds

+
∫ t

0
T (t − s)[Bu(s) + f(s, xs) + q(s) +

∫ s

0
g(s, τ, xτ)dτ ]ds.

Definition. The system (1) is said to be controllable on the interval [0, b], if
for every initial function φ ∈ Ω and x1 ∈ X , there exists a control u ∈ L2([0, b], U)
such that the solution x(·) of (1) satisfies x(b) = x1.

3. MAIN RESULT

Theorem. If the hypotheses (B1) - (B10) are satisfied, then the system (1) is
controllable on J .

Proof. Using the hypothesis (B7) for an arbitrary function x(·), define the
control

u(t) = W̃−1[x1 − T (b)[φ(0)− h(0, φ)]− h(b, xb)

−
∫ b

0

AT (b − s)h(s, xs)ds −
∫ b

0

T (b − s)f(s, xs)ds

−
∫ b

0

T (b − s)q(s)ds −
∫ b

0

∫ s

0

T (b − s)g(s, τ, xτ)dτds](t).

Let y(., φ) : (−∞, b) → X be the function defined by

y(t) =

{
φ(t) −∞ < t < 0,

T (t)φ(0) t ≥ 0.

From the axioms of B, we see that the map t → yt is continuous. Let Y = C(J, X).
Define the set

Q = {z ∈ Y : z(0) = 0, ‖z(t)‖ ≤ ρ, 0 ≤ t ≤ b}.
Clearly Q is a nonempty, bounded, convex and closed subset of Y . For each z ∈ Y ,
define the function ẑ by

ẑ(t) =
{

0 t ≤ 0,

z(t) 0 ≤ t ≤ b.

If x(t) satisfies (2), then we can write it as x(t) = z(t) + y(t), 0 ≤ t ≤ b, which
implies that xt = ẑt + yt for every 0 ≤ t ≤ b and that the function z(t) satisfies
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z(t) = −T (t)h(0, φ) + h(t, ẑt + yt) +
∫ t

0
AT (t − s)h(s, ẑs + ys)ds

+
∫ t

0

T (t − η)BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]− h(b, ẑb + yb)

−
∫ b

0
AT (b − s)h(s, ẑs + ys)ds−

∫ b

0
T (b − s)f(s, ẑs + ys)ds

−
∫ b

0

T (b − s)q(s)ds −
∫ b

0

∫ s

0

T (b − s)g(s, τ, ẑτ + yτ )dτds]dη

+
∫ t

0

T (t − s)[f(s, ẑs + ys) + q(s) +
∫ s

0

g(s, τ, ẑτ + yτ )dτ ]ds.

Define the operator Ψ = Ψ1 + Ψ2 on Q by

Ψ1z(t) = −T (t)h(0, φ) + h(t, ẑt + yt) +
∫ t

0
AT (t − s)h(s, ẑs + ys)ds

and

Ψ2z(t) =
∫ t

0
T (t − η)BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]− h(b, ẑb + yb)

−
∫ b

0
AT (b − s)h(s, ẑs + ys)ds−

∫ b

0
T (b − s)f(s, ẑs + ys)ds

−
∫ b

0
T (b − s)q(s)ds −

∫ b

0

∫ s

0
T (b − s)g(s, τ, ẑτ + yτ )dτds]dη

+
∫ t

0
T (t − s)[f(s, ẑs + ys) + q(s) +

∫ s

0
g(s, τ, ẑτ + yτ )dτ ]ds.

Now we shall show that the operator Ψ has a fixed point. In order to apply the
Nussbaum fixed point theorem for the operator Ψ we prove the following assertions:

(i) Ψ1 and Ψ2 are well defined.

(ii) Ψ1 satisfies Lipschitz condition.

(iii) Ψ2 is relatively compact.

(iv) (Ψ1 + Ψ2)Q ⊆ Q.

We can easily see that if z(·) ∈ Q, then ẑt + yt ∈ Br [φ] for all 0 ≤ t ≤ b. From
axioms (A1) and (B8) we see that

|ẑt + yt − φ|B ≤ |ẑt|B + |yt − φ|B
≤ K∗ρ + ε

≤ r − ε + ε = r.
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Now, for 0 ≤ t ≤ b,

‖Ψ1z(t)‖ = ‖ − T (t)h(0, φ) + h(t, ẑt + yt) +
∫ t

0
AT (t − s)h(s, ẑs + ys) ds‖

≤ ‖(−A)−βT (t)‖‖(−A)βh(t, yt) − (−A)βh(0, φ)‖
+‖(I − T (t))h(t, yt)‖
+ ‖(−A)−β‖‖(−A)βh(t, ẑt + yt) − (−A)βh(t, yt)‖

+
∫ t

0
‖(−A)1−βT (t − s)‖‖(−A)βh(s, ẑs + ys)ds‖

≤ ‖(−A)−β‖ML(t + |yt−φ|B)+ε+‖(−A)−β‖L|ẑt|B+
∫ t

0

CM1

(t−s)1−β
ds

≤ ‖(−A)−β‖ML(b + ε) + ε + ‖(−A)−β‖LK∗ρ +
CM1

β
bβ

and

‖Ψ2z(t)‖ = ‖
∫ t

0
T (t − η)BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]− h(b, ẑb + yb)

−
∫ b

0
AT (b − s)h(s, ẑs + ys)ds −

∫ b

0
T (b − s)f(s, ẑs + ys)ds

−
∫ b

0
T (b − s)q(s)ds −

∫ b

0

∫ s

0
T (b − s)g(s, τ, ẑτ + yτ )dτds]dη

+
∫ t

0

T (t − s)[f(s, ẑs + ys) + q(s) +
∫ s

0

g(s, τ, ẑτ + yτ )dτ ]ds‖

≤ ‖
∫ t

0
T (t − η)BW̃−1[x1 − T (b)φ(0)

+ (−A)−βT (b)[(−A)βh(0, φ)− (−A)βh(b, yb)] + (T (b)− I)h(b, yb)

+ (−A)−β [(−A)βh(b, yb) − (−A)βh(b, ẑb + yb)]

+
∫ b

0
(−A)1−βT (b − s)(−A)βh(s, ẑs + ys)ds

−
∫ b

0

T (b − s)[f(s, ẑs + ys) + q(s) +
∫ s

0

g(s, τ, ẑτ + yτ )dτ ]ds]dη‖

+ ‖
∫ t

0
T (t − s)[f(s, ẑs + ys) + q(s) +

∫ s

0
g(s, τ, ẑτ + yτ )dτ ]ds‖

≤
∫ t

0
‖T (t − η‖‖B‖‖W̃−1‖[‖x1‖ + ‖T (b)φ(0)‖

+ ‖(−A)−β‖‖T (b)‖‖(−A)βh(0, φ)− (−A)βh(b, yb)‖
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+ ‖(−A)−β‖‖(−A)βh(b, yb) − (−A)βh(b, ẑb + yb)‖

+
∫ b

0
‖(−A)1−βT (b − s)‖‖(−A)βh(s, ẑs + ys)‖ds

+ ‖(T (b)− I)h(b, yb)‖+
∫ b

0
‖T (b − s)‖‖f(s, ẑs + ys)‖ds

+
∫ b

0
‖T (b − s)‖[‖q(s)‖+

∫ s

0
‖g(s, τ, ẑτ + yτ )‖dτ ]ds]dη

+
∫ t

0
‖T (t−s)‖[‖f(s, ẑs+ys)‖+‖q(s)‖+

∫ s

0
‖g(s, τ, ẑτ+yτ )‖dτ ]ds

≤ bMK1K2[‖x1‖ + M‖φ(0)‖+ ‖(−A)−β‖ML(b + |φ− yb|B)

+ ‖(−A)−β‖Lρ max
0≤t≤b

K(t) +
∫ b

0

CM1

(b − s)1−β
ds

+ ε + bM(M2 + N2 + bN1)] + bM(M2 + N2 + bN1)

≤ bMK1K2[‖x1‖ + M‖φ(0)‖+ ‖(−A)−β‖ML(b + ε)

+ ‖(−A)−β‖LρK∗ +
CM1

β
bβ + ε + bM(M2 + N2 + bN1)]

+ bM(M2 + N2 + bN1).

Thus we have

‖Ψz(t)‖ ≤ ‖Ψ1z(t)‖ + ‖Ψ2z(t)‖
≤ (1 + bMK1K2)‖(−A)−β‖LK∗ρ + b[[1 + bMK1K2]‖(−A)−β‖ML

+ MK1K2[‖x1‖ + M‖φ(0)‖+ bM(M2 + N2 + bN1) +
CM1

β
bβ]

+ M(M2+N2 + bN1)] +(1 + bMK1K2)(‖(−A)−βML + 1)ε +
CM1

β
bβ

≤ ωρ + (1− ω)ρ = ρ.

Hence Ψ(Q) ⊂ Q. Next we shall prove that the operator Ψ1 satisfies the Lipschitz
condition. Let v, w ∈ Q and for each 0 ≤ t ≤ b we have

|Ψ1v(t)−Ψ1w(t)‖≤
∫ t

0
‖(−A)1−βT (t−s)(−A)β [h(s, v̂s + ys)−h(s, ŵs+ys)]‖ds

+ ‖h(t, v̂t + yt)− h(t, ŵt + yt)‖

≤
∫

CL|v̂s − ŵs|B
(t − s)1−β

ds + ‖(−A)−β‖L|v̂t − ŵt|B

≤ max
0≤t≤b

K(t)L[
C

β
bβ + ‖(−A)−β‖] max

0≤s≤b
‖v(s)− w(s)‖
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and so
‖Ψ1v − Ψ1w‖ ≤ L∗‖v − w‖.

Thus Ψ1 is Lipschitz continuous.
Finally, we prove that Ψ2 is relatively compact in Q. To prove this, first we

shall show that Ψ2 maps Q into a precompact subset of Q. We now show that for
every fixed t ∈ J the set Q(t) = {Ψ2z(t) : z ∈ Q} is precompact in X .
Obviously for t = 0, Q(0) = {Ψ2(0)}. Let t > 0 be fixed and for 0 < ε < t define

Ψ2εz(t) =
∫ t−ε

0
T (t − η)BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]− h(b, ẑτ + yτ )

−
∫ b

0
AT (b − s)h(s, ẑs + ys)ds−

∫ b

0
T (b − s)f(s, ẑs + ys)ds

−
∫ b

0
T (b − s)q(s)ds −

∫ b

0

∫ s

0
T (b − s)g(s, τ, ẑτ + yτ )dτds]dη

+
∫ t−ε

0

T (t − s)f(s, ẑs + ys)ds +
∫ t−ε

0

T (t − s)q(s)ds

+
∫ t−ε

0

∫ s

0
T (t − s)g(s, τ, ẑτ + yτ )dτds.

Since AT (t)h(s, ẑs + ys), T (t)f(s, ẑs + ys), T (t)g(s, τ, ẑτ + yτ ) and T (t)q(s)
belong to the compact set V , the set

Qε(t) = {Ψ2εz(t); x ∈ Q}
is precompact in X for every ε, 0 < ε < t. Further for z ∈ Q, we have

‖Ψ2z(t) − Ψ2εz(t)‖

≤ ‖
∫ t

t−ε
T (t − η)BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]− h(b, ẑb + yb)

−
∫ b

0
AT (b − s)h(s, ẑs + ys)ds−

∫ b

0
T (b − s)f(s, ẑs + ys)ds

−
∫ b

0

T (b − s)q(s)ds −
∫ b

0

∫ s

0

T (b − s)g(s, τ, ẑτ + yτ )dτds]dη‖

+ ‖
∫ t

t−ε
T (t − s)[f(s, ẑs + ys) + q(s) +

∫ s

0
g(s, τ, ẑτ + yτ )dτ ]ds‖

≤
∫ t

t−ε
‖T (t − η)‖‖B‖‖W̃−1‖[‖x1‖ + ‖T (b)φ(0)‖

+ ‖(−A)−β‖‖T (b)‖‖(−A)βh(0, φ)− (−A)βh(b, yb)‖
+ ‖(T (b)− I)h(b, yb)‖ + ‖(−A)−β‖‖(−A)βh(b, yb) − (−A)βh(b, ẑb + yb)‖
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+
∫ b

0
‖(−A)1−βT (b − s)‖‖(−A)βh(s, ẑs + ys)‖ds

+
∫ b

0
‖T (b − s)‖‖f(s, ẑs + ys)‖ds +

∫ b

0
‖T (b − s)‖‖q(s)‖ds

+
∫ b

0

∫ s

0
‖T (t − s)‖‖g(s, τ, ẑτ + yτ )‖dτds]dη

+
∫ t

t−ε
‖T (t − s)‖‖f(s, ẑs + ys)‖ds +

∫ t

t−ε
‖T (t − s)‖‖q(s)‖ds

+
∫ t

t−ε

∫ s

0
‖T (t − s)‖‖g(s, τ, ẑτ + yτ )‖dτds

≤ εMK1K2[‖x1‖+ M‖φ(0)‖+ ‖(−A)−β‖ML(b + |φ − yb|B)

+ ‖(T (b)− I)h(b, yb)‖ + ‖(−A)−β‖LρK∗ +
∫ b

0

CM1

(b − s)(1−β)
ds

+ bM(M2 + N2 + bN1)] + εM(M2 + N2 + bN1).

Since there are precompact sets arbitrarily close to the set Q(t), it is totally bounded,
that is, precompact in X . We now show that the image of Q,

Ψ2(Q) = {Ψ2z : z ∈ Q}
is an equicontinuous family of functions. Let 0 < t1 < t2,

‖Ψ2z(t1)− Ψ2z(t2)‖

≤ ‖
∫ t1

0
[T (t1 − η)− T (t2 − η)]BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]

− h(b, ẑb + yb) −
∫ b

0
AT (b − s)h(s, ẑs + ys)ds −

∫ b

0
T (b − s)f(s, ẑs + ys)ds

−
∫ b

0
T (b − s)q(s)ds−

∫ b

0

∫ s

0
T (b − s)g(s, τ, ẑτ + yτ )dτds]dη

−
∫ t2

t1

T (t2 − η)BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]− h(b, ẑb + yb)

−
∫ b

0

AT (b − s)h(s, ẑs + ys)ds −
∫ b

0

T (b − s)f(s, ẑs + ys)ds

−
∫ b

0
T (b − s)q(s)ds−

∫ b

0

∫ s

0
T (b − s)g(s, τ, ẑτ + yτ )dτds]dη‖

+ ‖
∫ t1

0
[T (t1 − s) − T (t2 − s)][f(s, ẑs + ys) + q(s) +

∫ s

0
g(s, τ, ẑτ + yτ )dτ ]ds

−
∫ t2

t1

T (t2 − s)[f(s, ẑs + ys) + q(s) +
∫ s

0

g(s, τ, ẑτ + yτ )dτ ]ds‖
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≤
∫ t1

0
‖[T (t1 − ε − η)− T (t2 − ε − η)]T (ε)BW̃−1[x1 − T (b)[φ(0)− h(0, φ)]

− h(b, ẑb + yb) −
∫ b

0
AT (b − s)h(s, ẑs + ys)ds −

∫ b

0
T (b − s)f(s, ẑs + ys)ds

−
∫ b

0
T (b − s)q(s)ds −

∫ b

0

∫ s

0
T (b − s)g(s, τ, ẑτ + yτ )dτds]dη‖

+ (t1 − t2)MK1K2[‖x1‖ + M‖φ(0)‖+ ‖(−A)−β‖ML(b + ε)

+ ‖(−A)−β‖LρK∗ +
CM1

β
bβ + ε + bM(M2 + N2 + bN1)]

+(t1 − t2)M(M2 + N2 + bN1)

+
∫ t1

0
‖[T (t1 − ε − s) − T (t2 − ε − s)]T (ε)[f(s, ẑs + ys) + q(s)

+
∫ s

0

g(s, τ, ẑτ + yτ )dτ ]‖ds + (t1 − t2)M(M2 + N2 + bN1).

Since h(s, ẑs + ys) is continuous and T (ε)f(s, ẑs + ys), T (ε)g(s, τ, ẑτ + yτ ) and
T (ε)q(s) are included in the compact set V for all 0 ≤ s ≤ b and all z ∈ Q, the
functions T (·)z for z ∈ V are equicontinuous. Hence Ψ2(Q) is an equicontinuous
family of functions. Also Ψ2(Q) is bounded in Y and so by the Arzela-Ascoli
theorem, Ψ2(Q) is precompact. Hence it follows from the Nussbaum fixed point
theorem, there exists a fixed point z ∈ Q such that Ψz(t) = z(t). Since we have
x(t) = z(t) + y(t), it follows that x(t) is a mild solution of (1) on [0, b] satisfying
x(b) = x1. Thus the system (1) is controllable on [0, b].

4. EXAMPLE

Consider the partial integrodifferential equation of the form

(3)

∂

∂t
[y(t, ξ) +

∫ t

−∞

∫ π

0

a(s − t, η, ξ)y(s, η)dηds]

=
∂2

∂ξ2
y(t, ξ) + k0(ξ)y(t, ξ) +

∫ t

−∞
k(s − t)y(s, ξ)ds + ν(t, ξ),

y(t, 0) = y(t, π) = 0, t ≥ 0,

y(θ, ξ) = φ(θ, ξ), θ ≤ 0, 0 ≤ ξ ≤ π.

Let us take X = U = L2[0, π], x(t) = y(t, .) and u(t) = ν(y, .) where ν :
J × [0, π] → [0, π] is continuous. Define the operator A by

Az(ξ) = z′′(ξ)
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with domain

D(A) = {z(·) ∈ L2([0, π]); z′′ ∈ L2([0, π]), z(0) = z(π) = 0}.
It is clear that A generates a strongly continuous semigroup T (t) which is compact,
analytic and self adjoint. Further, A has discrete spectrum, the eigenvalues are

−n2, n ∈ N, with corresponding normalized eigenvectors yn(ξ) =
√

2
πsin(nξ).

We shall consider the following properties:

(i) {yn : n ∈ N} is an orthonormal basis of X .

(ii) If z ∈ D(A) then Az = −
∞∑

n=1

n2 < z, yn > yn.

(iii) For every z ∈ X, T (t)z =
∑∞

n=1 e−n2t < z, yn > yn. In particular, T (t) is
a uniformly stable semigroup and ‖T (t)‖ ≤ e−t.

(iv) For every z ∈ X, (−A)−
1
2 z =

∑∞
n=1

1
n < z,yn > yn and ‖(−A)−

1
2 ‖ = 1.

(v) The operator (−A)
1
2 is given by

(−A)
1
2 z =

∞∑
n=1

n < z, yn > yn

on the space D((−A)
1
2 ) = {z(.) ∈ X :

∑∞
n=1 n < z, yn > yn ∈ X}.

Let B denote the space Cr ×L2(g, X) with r = 0 as defined in [6]. It is clear that
B is isomorphic and isometric to the space X × L2

µ((−∞, 0]× [0, π]) where µ is
the measure µ(θ, τ) = g(θ)dθdτ . Next we assume that the following conditions
hold:

(a) The function a(·) is measurable and∫ π

0

∫ 0

−∞

∫ π

0
(a2(θ, η, ξ)/g(θ))dηdθdξ < ∞.

(b) The function ∂
∂ψa(θ, η, ψ) is measurable; a(θ, η, π) = 0; a(θ, η, 0) = 0, and

N ∗
1 =

∫ π

0

∫ 0

−∞

∫ π

0

1
g(θ)

(
∂

∂ψ
a(θ, η, ψ))2dηdθdψ < 1.

(c) The function k0 ∈ L∞([0, π]).

(d) The function k(·) is measurable and∫ 0

−∞

k2(θ)
g(θ)

dθ ≤ ∞.
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(e) The function φ defined by φ(θ)(ξ) = φ(θ, ξ) belongs to B.

Under these conditions we define h : [0,∞) × B → X , f : [0,∞) × B → X

and g : [0,∞) × [0,∞) × B → X by h(t, φ) = P1(φ), f(t, φ) = P2(φ) and
g(t, s, φ) = P3(φ) where

(4) P1(φ) =
∫ t

−∞

∫ π

0

a(θ, η, ξ)φ(θ, η)dηdθ,

(5) P2(φ) = k0(ξ)φ(0, ξ)

(6) P3(φ) =
∫ 0

−∞
k(θ)φ(θ, ξ)dθ.

From (a) and (c) it is clear that P1, P2 and P3 are bounded linear operators on B.
Further, P1(φ) ∈ D((−A)

1
2 ) and ‖(−A)

1
2 P1‖ ≤ N ∗

1 < 1. Also from (4) and (b) it
follows that

< P1(φ), yn >=
1
n

√
2
π

< P (φ), cos(nψ) >,

where P is defined by

P (φ) =
∫ 0

−∞

∫ π

0

∂

∂ψ
a(θ, η, ψ)φ(θ, η)dηdθ.

From (b) it is clear that P : B → X is a bounded linear operator with ‖P‖ ≤ N1.

Assume that there exists an invertible operator W̃ defined on L2(J, U)/kerW by

Wu =
∫ b

0
T (b − s)u(s)ds

and satisfies the condition (B7).
With this choice of A, h, f , g and B = I , the identity operator we see that the
equation (3) is an abstract formulation of (1). Also all the conditions stated in the
theorem are satisfied. Hence the system (3) is controllable on J .

ACKNOWLEDGEMENT

The authors are thankful to the referee for the improvement of the paper. The
work of the second author was supported by CSIR - New Delhi.



702 K. Balachandran and E. R. Anandhi

REFERENCES

1. K. Balachandran, J. P. Dauer and P. Balasubramaniam, Local null controllability of
nonlinear functional differential systems in Banach spaces, J. Optim. Theory Appl.
88 (1995), 61-75.

2. K. Balachandran and R. Sakthivel, Controllability of neutral functional integrodiffer-
ential systems in Banach spaces, Comp. Math. Appl. 39 (2000), 117-126.

3. J. P. Dauer and K. Balachandran, Existence of solutions of nonlinear neutral in-
tegrodifferential equations in Banach spaces, J. Math. Anal. Appl. 251 (2000),
93-105.

4. J. K. Hale and J. Kato, Phase space for retarded equations with infinite delay, Funkcial
Ekvac, 21 (1978), 11-41.

5. H. K. Han, J. Y. Park and D. G. Park, Controllability of integrodifferential equations
in Banach spaces, Bull. Korean Math. Soc. 36 (1999), 533-541.

6. E. Hernandez and H. R. Henriquez, Existence results for partial neutral functional
differential equations with unbounded delay, J. Math. Anal. Appl. 221 (1998),
452-475.

7. Y. Hino, S. Murakami and T. Naito, ”Functional Differential Equations with Infinite
Delay”, Springer Verlag, New York, 1991.

8. R. D. Nussbaum, The fixed point index and asymptotic fixed point theorems for k-set
contractions, Bull. Amer. Math. Soc. 75 (1969), 490-495.

9. J. Y. Park and H. K. Han, Controllability of nonlinear functional integrodifferential
systems in Banach spaces, Nihonkai Math. J. 8 (1997), 47-53.

10. A. Pazy, ”Semigroups of Linear Operators and Applications to Partial Differential
Equations,” Springer-Verlag, New York, 1983.

11. M. D. Quin and N. Carmichael, An approach to nonlinear control problems using
fixed point methods, degree theory and pseudo-inverse, Num. Func. Anal. Optim. 7
(1984-85), 197-219.

K. Balachandran and E. R. Anandhi
Department of Mathematics,
Bharathiar University,
Coimbatore - 641 046,
India
E-mail: balachandran k@lycos.com


