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A GENERAL THEOREM FOR THE GENERALIZED WEYL
FRACTIONAL INTEGRAL OPERATOR INVOLVING THE

MULTIVARIABLE H-FUNCTION

S. P. Goyal and Ritu Goyal

Abstract. In this paper we establish a very general and useful theorem which
interconnects the Laplace transform and the generalized Weyl fractional inte-
gral operator involving the multivariable H-function of related functions of
several variables. Our main theorem involves a multidimensional series with
essentially arbitrary sequence of complex numbers. By suitably assigning dif-
ferent values to these sequences, one can easily evaluate the generalized Weyl
fractional integral operator of special functions of several variables. We have
illustrated it for Srivastava-Daoust multivariable hypergeometric function. On
account of general nature of this function a number of results involving special
functions of one or more variables can be obtained merely by specializing the
parameters.

1. INTRODUCTION

(a) The generalized Weyl fractional integral operator occurring in this paper is
defined as follows

(1.1)

Wµ1,..,µk {g(x1,...,xk; u1, ..., ul); ν1, ..., νk;z1, ..., zk}

=
∫ ∞

ν1

...

∫ ∞

νk

k∏
j=1

{
(xj−νj)µj−1

Γ(µj)

}
H

0, 0 : m1, n1; ...;mk, nk

p, q : p1, q1; ...;pk, qk


 z1(x1−ν1)−σ1

...
zk(xk−νk)−σk




.g(x1,...,xk; u1, ..., ul)dx1....dxk

provided that the integral on right-hand side of (1.1) converges absolutely.
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In (1.1) and elsewhere H [z1, ..., zk] stands for the multivariable H-function
introduced by H. M. Srivastava and R. Panda through a series of research papers
([9], [10], [11]). This function is defined and represented in the following manner
(see, e.g. [8, p.251. Eq. (C.1)]).

(1.2)

H [z1, ..., zk]=H
0, n :{mk,nk}
p, q :{pk,qk}


z1...
zk

∣∣∣∣∣∣∣
(aj;α′

j, ..., α
(k)
j )1,p :

{
(c(k)

j , γ
(k)
j )1,pk

}
(bj; β′j, ..., β

(k)
j )1,q :

{
(d(k)

j , δ
(k)
j )1,qk

}



=
1

(2πω)k

∫
L1

...

∫
Lk

ψ(ξ1, ..., ξk)
k∏

i=1

(
φi(ξi)z

ξi
i dξi

)

where ω =
√−1 , and

(1.3) ψ(ξ1, ..., ξk) =

n∏
j=1

Γ
(

1 − aj +
k∑

i=1
α

(i)
j ξi

)
p∏

j=n+1
Γ
(
aj −

k∑
i=1

α
(i)
j ξi

)
q∏

j=1
Γ
(

1 − bj +
k∑

i=1
β

(i)
j ξi

)
and

(1.4) φi(ξi)=

mi∏
j=1

Γ(d(i)
j −δ(i)j ξi)

ni∏
j=1

Γ(1 − c
(i)
j +γ(i)

j ξi)

qi∏
j=mi+1

Γ(1−d(i)
j +δ(i)j ξi)

pi∏
j=ni+1

Γ(c(i)j −γ(i)
j ξi)

∀i ∈ {1, 2, ..., k}

More details of this function can be found in above cited book and research
papers. Also {mk, nk} stands for m1, n1; ...;mk, nk and

{
(c(k)

j , γ
(k)
j )1,pk

}
stands

for the sequence of k ordered pairs (c
′
j, γ

′
j)1,p1; ...; (c

(k)
j , γ

(k)
j )1,pk

.
(b) The multivariable hypergeometric function introduced by Srivastava and

Daoust [6, p. 454] is defined as follows

(1.5)

F [z1, ..., zl] = F
t : t1; · · · ; tl

w : w1; · · · ;wl


 z1

...
zl




= F
t : {tl}
w : {wl}



(
gj; τ ′j, ..., τ

(l)
j

)
1,t

:
{(

e
(l)
j , E

(l)
j

)
1,tl

}
;(

hj; ρ′j, ..., ρ
(l)
j

)
1,w

:
{(

f
(l)
j , F

(l)
j

)
1,wl

}
;
z1, ..., zl




=
∞∑

r1,...,rl=0

Ar1,...,rl

(z1)r1

r1!
...

(zl)rl

rl!
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where

(1.6) Ar1,...,rl
=

t∏
j=1

(gj) l∑
i=1

riτ
(i)
j

t1∏
j=1

(e′j)r1E′
j

...
tl∏

j=1
(e(l)j )

rlE
(l)
j

w∏
j=1

(hj) l∑
i=1

riσ
(i)
j

w1∏
j=1

(f ′j)r1F ′
j
...

wl∏
j=1

(f (l)
j )

rlF
(l)
j

The multiple series (1.5 ) converges absolutely (see [7]) for all z1, ..., zl, where
Qi > 0 or for Qi = 0 and |zi| < ρi, (i = 1, 2, ..., l) where, ρi is defined by equation
(5.3) in [7, p. 157] and

(1.7) Qi = 1 +
w∑

j=1

σ
(i)
j +

wi∑
j=1

F
(i)
j −

t∑
j=1

τ
(i)
j −

ti∑
j=1

E
(i)
j , i= 1, 2,..., l

In this paper we shall establish a theorem which interconnects the well-known
multidimensional Laplace transform

(1.8)

ψ(s1, ..., sk) = L{f(x1, ..., xk); s1, ..., sk}

=

∞∫
0

...

∞∫
0

exp(−
k∑

i=1

sixi)f(x1, .., xk)dx1...dxk

Re(si) > 0, i ∈ {1, 2, ..., k}
and generalized Weyl FIO (defined by (1.1)) of related functions. This theorem is
then applied to evaluate generalized Weyl FIO of the Srivastava- Daoust multivari-
able hypergeometric function defined by (1.5). Several (known and new) special
cases of our results are mentioned briefly. Our findings may be useful in handling
the problems involving Weyl FIO, as our results involve certain special functions
that are highly useful in fractional calculus. It may be remarked here that much
more general multidimensional integral transformations than (1.8) were considered
in [11].

2. A GENERAL THEOREM AND ITS COROLLARIES

Theorem. Let {Ar1,...,rl
} be a sequence of arbitrary complex numbers,

Re(si) > 0, Re(µi) > 0, νi > 0, ν(j)
i ∈ R,i ∈ {1, ..., k} and j ∈ {1, ..., l},

(2.1) h(x1, ..., xk; u1, ..., ul) =
∞∑

r1,...,rl=0

Ar1,...,rl

l∏
j=1

(uj)rj

rj!

k∏
i=1

(xi)

l∑
j=1

ν
(j)
i

rj+λi−1
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and

(2.2) g(s1, ..., sk; u1, ..., ul) = L {h(x1, ..., xk; u1, ..., ul); s1, ..., sk}
then

(2.3)

Wµ1,..,µk {g(x1, ..., xk; u1, ..., ul); ν1, ..., νk; z1, ..., zk}

=
∞∑

r1,...,rl=0

Ar1,...,rl

l∏
j=1

(uj)rj

rj!

k∏
i=1


 1

Γ(µi)
(νi)

−
(

l∑
j=1

ν
(j)
i rj+λi

)
+µi




H
0, 0 : {mk + 1, nk + 1}
p, q : {pk + 1, qk + 1}


z1v

−σ1
1
...

zkv
−σk

k

∣∣∣∣∣∣∣
(aj ;α′

j, ..., α
(k)
j )1,p :

{
(1−λk +µk−

l∑
j=1

ν
(j)
k rj , σk), (c

(k)
j , γ

(k)
j )1,pk

}
(bj ; β′

j, ..., β
(k)
j )1,q :

{
(µk, σk), (d

(k)
j , δ

(k)
j )1,qk

}



and provided that
σi > 0,Re(µi)−σi max

1≤j≤ni

Re
{
(c(i)j − 1)/γ(i)

j

}
> 0,Ωi > 0, and |argzi| < 1

2
Ωiπ,

where

(2.4)
Ωi= −

p∑
j=1

α
(i)
j −

q∑
j=1

β
(i)
j +

mi∑
j=1

δ
(i)
j −

qi∑
j=mi+1

δ
(i)
j +

ni∑
j=1

γ
(i)
j −

pi∑
j=ni+1

γ
(i)
j

∀i ∈ {1, 2, ..., k}
and the multiple series on the R.H.S. of (2.1) converges absolutely.

Proof. On substituting the value of h(x1, ..., xk; u1, ..., ul) from (2.1) in (2.2)
and evaluating the multidimensional Laplace transform, we find that

(2.5)

g(s1,.., sk; u1, ..., ul)

=
∞∑

r1̂,...,r
l̂
=0
Ar1̂,...,r

l̂

l∏
j=1

(uj)
rj

rj !

k∏
i=1

(si)
−

l∑
j=1

ν
(j)
i

rj−λi

Γ(λi +
l∑

j=1
ν

(j)
i rj)

where Re(si) > 0, Re(λi) > 0, ν(j)
i ∈ R, i ∈ {1, ..., k}, j ∈ {1, ..., l} and multiple

series on R.H.S. of (2.5) is absolutely convergent.
Again taking the multidimensional Laplace transform of the multivariable H-

function and replacing xî by (x̂i − ν̂i) and using first shift rule therein, we get
(2.6)

L

{
k∏

i=1

(
(xi−νi)µi−1H(xi−νi)

)
H1 [z1(x1−ν1)−σ1 , ..., zk(xk − νk)−σk ] ; s1, ..., sk

}

= exp
{
−

k∑
i=1

νisi

}
ψ(s1 , ..., sk)
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where H(x − ν) is the well-known Heaviside Unit function and H1[z1, ..., zk] ≡
{H [z1, ..., zk]}n=0 Also,

(2.7)

ψ(s1 , .., sk) =
k∏

i=1
(s−µi

i )H
0, 0 : {mk + 1, nk}
p, q : {pk, qk + 1}

 z1s
σ1
1

...
zks

σk

k

∣∣∣∣∣∣∣
(aj;α′

j, ..., α
(k)
j )1,p :

{
(c(k)

j , γ
(k)
j )1,pk

}
(bj;β′

j , ..., β
(k)
j )1,q:

{
(µk, σk), (d(k)

j , δ
(k)
j )1,qk

}



The sufficient condition of validity for (2.6) are

σi > 0,Re(si) > 0, |argzi| < 1
2
Ωiπ,Ωi > 0,

and Re(µi) − σi max
1≤j≤n

Re
{
(c(i)j − 1)/γ(i)

j

}
> 0 ∀i ∈ {1, ..., k}

Now applying the multidimensional analogue of the Parseval-Goldstein theorem
for the Laplace transform for the pairs (2.2) and (2.6), we have

(2.8) L.H.S. of (2.3)=
∞∫
0

...
∞∫
0

exp
{
−

k∑
i=1

νixi

}
ψ(x1, ..., xk)

h(x1, .xk; u1, ..., ul)dx1...dxk

Substituting the series form of h(x1, ..., xk; u1, ..., u1) from (2.1), ψ(x1, ..., xk)
from (2.7) in the R.H.S. of (2.8) and interchanging the order of integration and
summation therein and then evaluating the x-integral thus obtained, we arrive easily
at the required result (2.3).

(i) Taking l = k and choosing, ν(j)
i = 0, i �= j and ν

(i)
i = νi in our main

theorem, we immidiately get

Corollary 1. Let {Ar1,...,rk
} be a sequence of arbitrary complex numbers,

(2.9) h(x1,...,xk; u1, ..., uk) =
∞∑

r1,...,rk=0

Ar1,...,rk

k∏
i=1

(
(ui)ri

ri!
(xi)νiri+λi−1

)

and

(2.10) g(s1,...,sk; u1, ..., uk) = L {h(x1,..,xk; u1, ..., uk); s1,...,sk}
then

(2.11)

Wµ1,..,µk {g(x1, ..., xk; u1, ..., uk); ν1, ..., νk; z1, ..., zk}

=
∞∑

r1,...,rk=0

Ar1,...,rk

k∏
i=1

(ui)ri

ri!Γ(µi)
(νi)

−νiri−λi+µiH
0, 0 : {mk+1, nk+1}
p, q :{pk+1, qk+1}

 z1v
−σ1
1
...

zkv
−σk

k

∣∣∣∣∣∣∣
(aj ;α′

j, ..., α
(k)
j )1,p:

{
(1−λk +µk−νkrk, σk), (c

(k)
j , γ

(k)
j )1,pk

}
(bj ; β′

j, ..., β
(k)
j )

1,q
:
{
(µk, σk), (d(k)

j , δ
(k)
j )1,qk

}
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provided that the conditions (modified appropriately) given with the main theorem
are satisfied.

(ii) Letting p = q = 0, mi = 1, ni = pi, qi → qi + 1, σi = 1 ∀i = 1, 2, .., k,
all γ ’s and δ’s equal to unity in (2.3) and using the known result [8, p.18, Eq.
(2.6.3)] therein, we have after a little simplification

Corollary 2.

(2.12)

Wµ1,..,µk

1 {g(x1,...,xk; u1, ..., ul); ν1, ..., νk;z1, ..., zk}

=

∞∫
ν1

...

∞∫
νk

k∏
i=1

{
(xi − νi)µi−1

Γ(µi)
piFqi

[
(cpi); (dqi);

−zi

xi − vi

]}
.g(x1,..,xk; u1, ..., ul)dx1...dxk

=
k∏

i=1


v

µi−λi

i

Γ(µi)

qi∏
j=1

Γ(d(i)
j )




pi∏
j=1

Γ(c(i)j )




−1



∞∑
r1,...,rl=0

Ar1,...,rl

l∏
j=1

(
(uj)rj

rj!

)

.

k∏
i=1

(νi)
−

l∑
j=1

ν
(j)
i rj

G
2, pi+1
pi+1, qi+2


zi

νi

∣∣∣∣∣∣∣
1 − λi + µi−

l∑
j=1

ν
(j)
i rj, (1− c(i)pi

)

0, µi, (1 − d
(i)
qi )




where h(x1, ...xk; u1, , ..., ul) and g(x1, ...xk; u1, , ..., ul) are given by (2.1) and
(2.2) respectively. The conditions of validity for (2.12) are
(a) νi > 0, Re(µi) > 0 and ν(j)

i ∈ R, (j =1, 2,..., l)
(b) pi ≤ qi or pi = qi + 1 with |zi| < 1, i ∈ {1, ..., k}
(c) the multiple series on the R.H.S. of (2.12) converges absolutely.

(iii) Further, taking pi = 1, qi = 0, zi = vi and replacing µi +ci by µi (i=1,...,k)
in Corollary 2 and using known results [5, p. 74, Eq. (1); 8, p. 91, Eq. (6.4.19)]
we arrive at the following interesting result contained in

Corollary 3.

(2.13)

Wµ1,...,µk

2 [g(x1,..,xk; u1, ..., ul); ν1, ..., νk]

=

∞∫
v1

...

∞∫
vk

k∏
i=1

{
(xi−νi)µi−1

Γ(µi)
x−ci

i

}
g(x1,..,xk ; u1, ..., ul)dx1....dxk

=
∞∑

r1,...,rl=0

Ar1,...,rl

l∏
j=1

(
(uj)rj

rj!

)k∏
i=1


(νi)

−
l∑

j=1
ν
(j)
i rj+µi−ci−λi

Γ(λi+
l∑

j=1

ν
(j)
i rj)

. Γ(λi − µi + ci +
l∑

j=1

ν
(j)
i rj)


Γ(λi + ci +

l∑
j=1

ν
(j)
i rj)


−1
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If we take k = l and ν(j)
i = 0 for i �= j and ν(i)

i = νi in Corollary 3, we get
result due to Goyal and Garg [3, p.274, Theorem 2]. Again taking l = 2, k = 1,
ν1 = ν2 = 1 in (2.13), we arrive at the known Theorem 3 due to Jain and Pathan
[4, p.53, Eq. (2.9)] and for l = 2, k = 1, ν1 = 0, ν2 = 1, the Corollary 3 reduces
to Theorems 1 and 2 due to them. Also for k = 1, the main Theorem reduces to a
result recently given by the authors [2].

3. FURTHER CONSEQUENCES AND APPLICATIONS

If we choose {Ar1,...,rl
} as given by (1.6), then from (1.5), (2.1) and (2.2) we

have,

(3.1)
g(s1,..,sk; u1, ..., ul)

=
k∏

i=1

(
Γ(λi)s

−λi
i

)
F1

[
u1

k∏
i=1

(
s
−ν′

i
i

)
, ..., ul

k∏
i=1

(
s
−ν

(l)
i

i

)]

where

(3.2)

F1[u1, ..., ul] = F
t+k :{tl}
w :{wl}


(
λi; ν

(i)
1 , ..., ν

(i)
l

)
1,k
,
(
gj ; τ ′j, ..., τ

(l)
j

)
1,t

:
{(

e
(l)
j , E

(l)
j

)
1,tl

}
; u1, ..., ul(

hj; ρ′j , ..., ρ
(l)
j

)
1,w

:
{(

f
(l)
j , F

(l)
j

)
1,wl

}
;




provided that Re(si) > 0, Re(λi) > 0, ν(j)
i ∈ R+, (i = 1, ..., k; j = 1, ..., l) and

the conditions mentioned with (1.6) are satisfied.
Substituting the value of {Ar1,...,rl

} and g(x1, ...xk; u1, , ..., ul) in (2.3) of the
main theorem, then using (1.2), (1.5) and [8, p. 254, Eq. (C.9)] therein and
reinterpreting the expression so obtained in terms of H-Function of (k+l) variables,
we finally obtain

(3.3)

Wµ1,...,µk

{
k∏

i=1

(
x−λi

i

)
F1

[
u1

k∏
i=1

(
x
−ν′

i

i

)
, ..., ul

k∏
i=1

(
x
−ν

(l)
i

i

)]
; ν1, ..., νk; z1, .., zk

}

=
k∏

i=1

(
ν

µi−λi
i

Γ(µi)Γ(λi)

)
w∏

j=1
Γ(hj)

{
t∏

j=1
Γ(gj)

}−1
l∏

i=1


 wi∏

j=1
Γ
(
f

(i)
j

){ ti∏
j=1

Γ
(
e
(i)
j

)}−1
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.H
0, t+ k : {mk + 1, nk}; {1, tl}
p+ t+ k, w+ q : {pk, qk + 1}; {tl, wl + 1}




z1ν
−σ1
1
...

zkν
−σk
k

−u1

k∏
i=1

(
ν
−ν′

i
i

)
...

−ul

k∏
i=1

(
ν
−ν

(l)
i

i

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
·
(
1 − λj + µj; 0, .., σj, ...0, ν′j, ..., ν

(l)
j

)
1,k
,

——,
1− gj; 0, .., 0︸ ︷︷ ︸

k−times

, τ ′j, ..., τ
(l)
j




1,t

, (aj;α′
j, ..., α

(k)
j , 0, .., 0︸ ︷︷ ︸

l−times

)1,p :
{
(c(k)

j , γ
(k)
j )1,pk

}
;


1−hj; 0, .., 0︸ ︷︷ ︸

k−times

, ρ′j, ..., ρ(l)
j




1,w

,


bj;β′j, ..., β(k)

j , 0, .., 0︸ ︷︷ ︸
l−times




1,q

:
{
(µk, σk), (d

(k)
j , δ

(k)
j )1,qk

}
;

{(
1 − e

(l)
j , E

(l)
j

)
1,tl

}
{

(0, 1),
(
1 − f

(l)
j , F

(l)
j

)
1,wl

}



The conditions of validity of (3.3) are

(i) νi > 0, σi > 0, ν(j)
i ∈ R+, i ∈ {1,2,...,k}, j ∈ {1,2,...,l}

Re(λi)+σi min
1≤j≤mi

Re (dj/δj)>1 and

Re(µi)−σi max
1≤j≤ni

Re {(cj−1)/γj} > 0,

(ii) Ωi > 0, | argzi| < 1
2Ωiπ, where Ωi is defined by (2.4)

∀i ∈ {1,2,...,k}
(iii) the conditions (modified appropriately ) which are given just below (1.6).

Next we mention certain interesting special cases of the aforementioned result
by considering following examples:
(i) If we let l = 1 and t = w = 0 in (3.3) and use a known result (c.f., e.g. [8, p.
19, Eq. (2.6.11)]) therein, we obtain the following result involving the Fox-Wright
Psi- function.
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(3.4)

Wµ1,...,µk

{
k∏

i=1

x−λi

i t+kψw

[
(λj , νj)1,k, (ej , Ej)1,t;
(fj , Fj)1,w;

k∏
i=1

x−νi

i

]
;ν1, ..., νk; z1, ..., zk

}

=
k∏

i=1

{
ν

µi−λi
i

Γ(µi)

}
H

0, k : {mk + 1, nk}; 1, t
p + k, q : {pk, qk + 1}; t, w+ 1




z1ν
−σ1
1
...

zkν
−σk

k

−u
k∏

i=1

(
ν−νi

i

)

∣∣∣∣∣∣∣∣∣∣∣∣
(1 − λj + µj; 0, .., σj, ...0, νj)1,k ,

——,


aj ;α′

j, ..., α
(k)
j , 0, .., 0︸ ︷︷ ︸

l−times




1,p

:
{
(c(k)

j , γ
(k)
j )1,pk

}
; (1 − ej , Ej)1,t


bj ; β′

j, ..., β
(k)
j , 0, .., 0︸ ︷︷ ︸

l− times




1,q

:
{
(µk, σk), (d

(k)
j , δ

(k)
j 1,qk

}
; (0, 1), (1 − fj , Fj)1,w




(ii) If we substitute {Ar1,...,rl} from (1.6) in (2.13) , we obtain

(3.5)

Wµ1,...,µk

2

{
k∏

i=1

(
x−λi

i

)
F1

[
u1

k∏
i=1

(
x
−ν′

i

i

)
, ..., ul

k∏
i=1

(
x
−ν

(l)
i

i

)]
; ν1, ..., νk

}

=
k∏

i=1

{
νµi−ci−λi

i Γ(λi − µi + ci)
Γ(λi + ci)

}
F
t+ 2k:{tk}
w + k:{wk}

[(
λj−µj+cj ;ν′

j,...,ν
(l)
j

)
1,k

,(
λj+cj ;ν′

j ,...,ν
(l)
j

)
1,k

,(
λj ; ν ′j, ..., ν

(l)
j

)
1,k
,
(
gj; τ ′j, ..., τ

(l)
j

)
1,t

:
{(

e
(l)
j , E

(l)
j

)
1,tl

}
;(

hj; ρ′j, ..., ρ
(l)
j

)
1,w

:
{(

f
(l)
j , F

(l)
j

)
1,wl

}
;

u1

k∏
i=1

(
ν
−ν′

i
i

)
, ..., uk

k∏
i=1

(
ν
−ν

(l)
i

i

) ]

The conditions of validity for results (3.4) and (3.5) are easily obtainable from
the main result (3.3), however we prefer to omit them.
(ii) Also on taking k = 1, l = 2 in (3.5) we arrive at a known result due to Jain
and Pathan [4, p.54, Eq. (3.4)], which also contains another two results (3.6) and
(3.8) due to them. Finally on taking l = k, ν(j)

i = 0 for i �= j and ν(i)
i = νi, we

get the result (4.5) due to Goyal and Garg [3] as a special case of our result (3.5).
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