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MULTIDIMENSIONAL EXTENSIONS OF THE BERNOULLI
AND APPELL POLYNOMIALS

Gabriella Bretti and Paolo E. Ricci

Abstract. Multidimensional extensions of the Bernoulli and Appell polynomi-
als are defined generalizing the corresponding generating functions, and using
the Hermite-Kampé de Fériet (or Gould-Hopper) polynomials. Furthermore
the differential equations satisfied by the corresponding 2D polynomials are
derived exploiting the factorization method, introduced in [15].

1. INTRODUCTION

The Hermite-Kampé de Fériet (or Gould-Hopper) polynomials [2, 11, 18], have
been recently used in order to construct addition formulas for different classes of
generalized Gegenbauer polynomials [6].

They are defined by the generating function:
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or by the explicit form
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where j > 2 is an integer. The case when j = 1 is not considered, since the corre-
sponding 2D polynomials are simply expressed by the Newton binomial formula.

It is worth recalling that the polynomials Hfzj)(a:, y) are a natural solution of
the generalized heat equation:
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The case when j = 2 is then particularly important (see [20]), and it was recently
used in order to define 2D extensions of the Bernoulli and Euler polynomials [8].

Further generalizations including the Hfzj)(x,y) polynomials as a particular
case, are given by
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Note that the generating function of eq. (1.3) can be written in the form:
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where k := k1 + ko +---+ k., n =k +2kyg+ ---4+ rk,, and the sum
runs over all the restricted partitions 7 (n|r) (containing at most » sizes) of the
integer n, k denoting the number of parts of the partition and k; the number of
parts of size i. Note that, using the ordinary notation for the partitions of n, i.e.
n =ky + 2ky + - - - + nk,, we have to assume k.1 = kyyo ==k, =

From eq. (1.4) the following explicit form of the multidimensional Hermite-
Kampé de Fériet polynomials follows

k1, ko kr
a:‘ a:‘ ...a:‘
H,(x1,29,...,2,.) = E n!#
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Furthermore, they satisfy for all n the isobaric property (of weight n):
(1.5) H,(txy, t*xo, ..., t"2,) = t"H, (21, 29, . . ., T;)

and consequently, they are solutions of the first order partial differential equation:

OH, OH, OH,
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The multivariate Hermite-Kampé de Fériet polynomials appear as an interesting
tool for introducing and studying multidimensional generalizations of the Appell
polynomials too, including the Bernoulli and Euler ones, starting from the corre-
sponding generating functions. A first approach in this direction was given in [7].

In this article, we will study in some detail properties of the generalized 2D
Appell polynomials, considering first the case of the 2D Bernoulli polynomials, in
order to introduce the subject in a more friendly way. The relevant extensions to the
multidimensional Bernoulli and Appell case can be derived almost straightforwardly,
but the relevant equations are rather involved.

We will show that for every integer j > 2 it is possible to define a class of 2D
Bernoulli polynomials denoted by szj) (z,y) generalizing the classical Bernoulli
polynomials.

Furthermore, in sect. 5, the bivariate Appell polynomials R(J)( ,y) are intro-
duced, by means of the generating function

o0

Ae) e =3 R ()
n=0

Exploiting the factorization method, introduced in [15] and recalled in [13], we
derive differential equations satisfied by these 2D polynomials. The differential
equation for the classical Appell polynomials was first obtained in [17], and recently
recovered in [14], by using the factorization method.

It is worth noting that, in general, the differential operators satisfied by the
multidimensional Appell polynomials are of infinite order. This is a quite general
situation, since the Appell type polynomials satisfying a differential operator of finite
order can be considered as an exceptional case [7].

In a forthcoming article we will consider further generalizations as the multi-
index polynomials defined by means of the generating functions
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which belong to the set of multidimensional special functions recently introduced
by G. Dattoli and his group.
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2. RECALLING BERNOULLI AND APPELL POLYNOMIALS

The Bernoulli polynomials B,,(x) are defined (see [12], p. xxix) by the gener-
ating function:

te:!?t e +n

and consequently, the Bernoulli numbers B,, := B,,(0) satisfy

o0
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It is well known that

Bp(0) = By(1) = By, n#1,

By() = kZO (Z) Ba"",
B.(2) = nBn_1(2).

The Bernoulli numbers (see [4-16]) enter in many mathematical formulas, such
as

e the Taylor expansion in a neighborhood of the origin of the circular and
hyperbolic tangent and cotangent functions,

e the sums of powers of natural numbers,
e the residual term of the Euler-MacLaurin quadrature rule.

The Bernoulli polynomials, first studied by Euler [10], are employed in the
integral representation of differentiable periodic functions, since they are employed
for approximating such functions in terms of polynomials. They are also used for
representing the remainder term of the composite Euler-MacLaurin quadrature rule
(see [19]).

The Appell polynomials [1] can be defined by the generating function

(2.3) Galz,t) = A(t) et = 3 R’;(,x)t”
n=0 ’

where

2.4 At =3 R (a0) £0)
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is analytic function at ¢ = 0, and Ry, := R(0).
It is easy to see that for any A(t) the derivatives of R,(x) satisfy

(25) R%({L‘) = an—l(x)v

and furthermore
o if A(t) = 715, then R, (z) = By, (x),

o if A(t) = then R, (z) = E,(x), i.e. the Euler polynomials,

- t+17
o if A(t) = a1 -amt™[(e™t —1)--- (et —1)]7L, then the R, () are the
Bernoulli polynomials of order m [3],

o if A(t) = 2m[(e®t! + 1)---(e®n? + 1)]71 then the R,(x) are the Euler
polynomials of order m [3],

o If A(t) = efotéuitt-€antt™ ¢, £ 0, then the R,(z) are the generalized
Gould-Hopper polynomials [9] including the Hermite polynomials when d = 1
and classical 2-orthogonal polynomials when d = 2.

3. THE 2D BERNOULLI POLYNOMIALS Bq(f) (z,y)

Starting from the Hermite—Kampé de Feériet (or Gould-Hopper) polynomials
Hff)(x,y), we define the 2D Bernoulli polynomials Bff)(x,y) by means of the
generating function:

TL

2 1) . ettt t2 2
(3.2) G (z,yt) = et Y ZB( x,Y) —'
It is possible to find the explicit form of the polynomials B (z,y) in terms of
the Hermite—Kampé de Fériet polynomials Hff)(x, y) and vice-versa.

Theorem 3.1. The following representation formulas hold true:

n
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h=0
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where B; denote the Bernoulli numbers;
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(3.3) HP (z,y) = (h) mBz(f) (z,y).
h=0

Proof. Eq. (3.2) is obtained starting from the generating function (3.1) by
using the Cauchy product of the series expansions (2.2) and (1.1), for j = 2, and
then using the identity principle of power series.

Eq. (3.3) is obtained in the same way, starting from the equation

2 et -1 > t"
e:!?t-f—yt = T Z B7(.LQ) (fL’, y) E | ]
n=0 ’

A recurrence relation for the polynomials Bff) is given by the following theorem

Theorem 3.4.  For any integral n > 1 the following linear homogeneous
recurrence relation for the generalized Bernoulli polynomials B 7(12)(1;, y) holds true:

B(()Q)(xvy) = 17
n—2 1 )
(3.4) Bq(f)(q:,y) = —% ( ) e kB )( )+<1’—§> sz_)l(a:,y)
k=0

+2(n — D)yB, (2, y),
where By, denote the Bernoulli numbers.

Proof.  Differentiating both sides of eq. (3.1) with respect to ¢, recalling the
generating functions (2.2) of the Bernoulli numbers, and using some elementary
algebra and the identity principle of power series, recursion (3.4) easily follows. m

We are now in condition to prove the following theorem, which gives differential
equations satisfied by the Bff) (z,y):

Theorem 3.4. The 2D Bernoulli polynomials Bff)(q:, y) satisfy the differential
or integro-differential equations:

B, ., By 4
(3.5) B, .
- (? -2 )D§+ (5 _“’) Dﬁn] B (@,y) =0,
1 -1 —-1p2
w— 5 ) Dy +2D; Dy +2yD; Dy
(36) n—1
Z n _nkkfl DR Dp=tt — (n+1)D, | B (z,9) =0,
k=1
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1
[(:): - 5) D" YD, + (n—1)D2 72D, +2D{""? (D, + yD?)
(3.7)

n—1

k _ _
- n_” oD Dy (o DR B ()= 0, (02 2)
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Proof. We start proving eq. (3.5), which gives a differential equation satisfied
by the Bff) (z,y) with respect to the = variable, assuming y as a parameter.

It is easily seen that a lowering operator L, for the polynomials Bff) (z,y) is
given by
10

-
n oz

In fact, for any fixed vy, the B,(f) (z,y) belong to the Appell class, assuming in
eq. (2.3) A(t) = leyt , and therefore eq. (2.5) holds true.

Furthermore, by using the recurrence relation of Theorem 3.2, we find the cor-
responding increasing operator L, (see [13], which is given by

k+1 _
L;_<x——>+2yD Z n_”kH Dk,

Then, by exploiting the factorization method (see [15], [13]), equation (3.5)
immediately follows using

Ln+1L+B(2)(‘x y) B7(’LQ)(xvy)

In order to find the integro-differential equation (3.6), including derivatives with
respect to y, note that differentiating the generating function (1.1) (assuming j = 2),
with respect to y, yields:

537(12)(1’,1/) 637(1221(9371/)

(2)
(38) 5y = = DB y) =
so that
(39) D;'D,BY) (2, y) = nBY) (2, )

and therefore, we can assume:
n

S
(3.10) L, = 5Dgchy.

Using again the recurrence relation of Theorem 3.2, we obtain the corresponding
increasing operator L'

n—1
1 -~ B_k11 o _
3.11 L= (2x—=)+2yD D, - Y ——nhtl p—(n—k) pn-k
( ) n <117 2>+ Yy, Yy kzo(n_k—i_l)' x Y
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and consequently the integro-differential equation (3.6) follows.
Therefore, the differential equation (3.7) immediately follows differentiating both
sides of eq. (3.6) (n — 1)-times with respect to . [ ]

4. THe 2D BeErNouLLI PoLYNOMIALS szj) (z,y)

In a similar way, starting from the Hermite—Kampé de Fériet (or Gould-Hopper)

polynomials Hﬁj)(:p,y), we define the 2D Bernoulli polynomials Bff)(:z:,y) by
means of the generating function:

(4.1) G (z,y;t) == et Tttt — ZB(J a:y

It is worth noting that the polynomial I—L(zj)(x,y), being isobaric of weight n,
cannot contain the variable y, for every n=20,1,....,5 — 1.

Using the same procedure as before, the following results for the BY (z,y)
polynomials can be easily derived.
e Explicit forms of the polynomials szj)
Fériet polynomials HY and vice-versa.

in terms of the Hermite—-Kampé de

Theorem 4.1. The following representation formulas hold true:

n

ng)(xvy) = Z(Z) Bn—hH](lj)(xvy)

h=0
[ r

'h:O (n =)l = (h— jr)lrl’

(SR

T

where B, denote the Bernoulli numbers:
n
() _ n 1 ()
h=0
e Recurrence relation.

Theorem 4.2.  For any integral n > 1 the following linear homogeneous
recurrence relation for the generalized Bernoulli polynomials B 7(3)(1;, y) holds true:

B(()j)(xvy) = 17
. n_2 .
ng)(xvy) - _%Z< ) n— kB](ﬁj)(xvy)
=0
1
2

)B(j) (z,v) +Jyﬁ37(f)j(w,y)-



Multidimensional extensions of the Bernoulli and Appell Polynomials 423

¢ Shift operators.

1
Ly = —D,
1 n—1 B Che
Li=(a—=)— nvtl_prk 4 jyDi~t
k=0
N G
Yo :EDJC(J VD

n—1
1 N2 B .
£+ = — = 1 D_(J_l) Dj_l _ n—k+1 D—(j—l)(n—k‘)Dn—k‘

e Differential or integro-differential equations.

Theorem 4.3.  The 2D Bernoulli polynomials szj) (z,y) satisfy the differential
or integro-differential equations:

B, Biy B, }
pry ...y Bitt piv, (Bi N p
[n! et G TG ) e

B._ ) 1 j

1 . .
(+-3) povinztop

n—1

(1) i By k1 (1) (n— _
k=1

—(n+ 1)D§£‘1)} B (w,y) =0,

[(IL‘ _ %) D;(Uj—l)(”—l)Dy + (] N 1)(n _ 1)D§cj_1)(n_1)_1Dy

[y

n—

, o , B ,
i DU—1)(n—3) -1 _ _ POn—k+l  p(j-1)(k-1) pn—k+1
+jDY (DI~ +yDi) ; (n—k+1)!D$j D!

~(n+1)DY™"| B (@, y) =0, (n= ).

Note that the last equation is derived by differentiating (j —1)(n —1)-times with
respect to x both sides of the preceding one, and does not contain anti-derivatives
for n > j.
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5. 2D APPELL POLYNOMIALS

For any 5 > 2, the 2D Appell polynomials RY (z,y) are defined by means of
the generating function:

(5.2) Gg)(a:,y;t): Pt — ZR(J x y

Even in this more general case, the polynomial an (z,y), is isobaric of weight
n, SO that it does not contain the variable y, forevery n=0,1,....,5— 1.

e Explicit forms of the polynomials Rﬁ{) in terms of the Hermite—-Kampé de

Fériet polynomials Hfzj) and vice-versa.

Theorem 5.1.  The following representation formulas hold true:

n

Rg’bj)(xvy) = Z(Z) Rn—hH](lj)((L‘,y)

h=0

fn'z ”z
| (h — jrlrl

where the R, are the “Appell numbers™ appearing in eq. (2.4),

n

, n ,
Hﬁbj)({ﬂ’ y) = kzo <k’> Qn—kRgﬁj)(xv y)a
where the Q. are the coefficients of the Taylor expansion in a neighborhood of the
origin of the reciprocal function 1/A(¢).

e Recurrence relation.
It is suitable to introduce the coefficients of the Taylor expansion:

At) &= 7
(5.2) A ZOO‘”H'

Theorem 5.2.  For any integral n > 1 the following linear homogeneous
recurrence relation for the generalized Appell polynomials Rﬁ{)(a:, y) holds true:

R(()j)(xv y) = 1,

| | »
R (z,y) = (m+ao)Rfjll(x,y)+<"; 1>jy RY) (z,y)

n—

3 n—1 ;
+ < ) an—k—legj)(xv y)
k=0
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¢ Shift operators.

1
L, : = EDQC 1
, e
Li: = (z+a)+ ﬁ y D+ kzo (nai_]];)g Dy *
Ly = %D;U_l)D
Lr: = (:):—I—ozo)—l—ﬁyD_(J 1? D)
n—1

e Differential or integro-differential equations.

Theorem 5.3.  The 2D Appell polynomials RY (z,y) satisfy the differential
or integro-differential equations:

J]:

ORI G- D!
DI o (e ao) Dy = | B (e) =0,

(i 1)2 . .
[(:):—I—ao)Dy—l— DU~V (yDi + DI

_J
(G —1)

n—1
k= 1

[ (z + ao) D(xj_l)(n_l)Dy +(j—1)(n— 1)D§;j_1)(n_1)_1Dy
+—— D(J 1)(n—j) yDJ + Dj 1 + MD(] 1) (k— I)Dn k41
T ( Z “

~(n+1)DI D] B (w,9) =0, (0> ).

6. EXAMPLE

We give in this section a particular example of 2D Appell polynomials, corre-
sponding to a suitable choice of the function A(¢), already considered in [5].
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Fix the integral N, and define:

A= Lexp (exp(-1)).

so that the normalizing condition A(0) = Ro =1 is satisfied.
Then, recalling eq. (5.2), the numerical values

(-1

Ok = Nk+1

are easily found. Furthermore the Appell numbers can be computed by means of
the recurrence relation:

hk

Rh-f—l NZ( ) Nh & Rk‘

The first values of the Ry are consequently:

2 5
RQZ— Rgz—m,

Ro=A0)=1, Ri=— =

1
N7
and so on.

Assuming j = 2, the first 2D relevant Appell polynomials are

R(()Q)(xv y) = 1,

1
2
R(l)(xvy) = x_ﬁv
2 2
R (@y) = o - Co+2y+
2 3 6 6 5
Rg)(ilf,y) = xg_ﬁx +6$y+N2 Ny_mv

and so on.
Following methods of the above sections we have found the recurrence relation:

R(()Q)(xv y) = 1,

RP(x,y) = (z— 1) RP (x,9) +2(n — 1)yRP ()
n—1
—1
v Ry,
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and the differential equations:

D" Lo (2 o\ pe
ooy et g elet (et W) e
(n—1)IN 2l N N

+ (m — %) D, — n] Rg)(a:,y) =0,
and, for n > 2:

1
[(m - N) DDy + (n—1)Di 2D, +2D2~% (yD2 + D,

-1)" 1
+¥D”+...+_

n—2 12 n (2) B
(n—1)I Nn Y Nz Di Dy — (n+ 1)Dy | R (w,y) = 0.
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