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SPECTRAL DISTRIBUTIONS AND GELFAND’S THEOREM

M. Fakhri and M. Jazar

Abstract. This paper highlights a new short proof of a generalization of
Gelfand’s theorem through the use of spectral distributions. But above all
it aims at studying, when the spectrum is discrete, if the operator admits a
spectral resolution of the identity.

1. INTRODUCTION

Gelfand showed in 1941 the following theorem (see [6]): Let A be a linear
bounded operator satisfying Supncz||A"|| < 4oo. If %(A) = {1}, then A = 1.

The semigroup version of this theorem is as follows: Let A be a linear (un-
bounded) operator that generates a Co-group satisfying supcg ||e¥*|| < +oo. As-
sume %(A) = {0}, then A =0.

This is probably the first result that highlights a very particular class of operators:
linear (unbounded) operators that generate bounded groups.
Results found in [5], [7] and [8] permit to say that this class can be generalized
to linear (unbounded) operators that generate temperate integrated groups, where a
complete study of a symbolic calculi for such operators using spectral distributions
is done.

Recall that a linear operator A generates a k-times integrated semigroup if there
exists a family of bounded operators {G(t) }¢cr satisfying

Z .

(L-At= K e -'G(t)dt  forall , >w;
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for some positive real number w (see [2] and [9]). Of course, a 0-times integrated
semigroup is a continuous semigroup. {G(t)} is said to be temperate if there exists
a positive constant C such that ||G(t)|| < C|t[* for all t > 0.

In the second section, we recall definitions and results on spectral distributions
that are needed.

In the third section, the following generalization of Gelfand’s theorem will be
shown: Let A be a linear (unbounded) operator that generates a temperate integrated
group. If %(A) = {0}, then A = 0.

In the last section, it will be shown that in case of discrete spectrum: %(A) =
{.n; n€Z}, then A adnigs a resolution of the Iyentity. More precisely, there exist
projectors Py satisfying P, =1and A= _,Pn. This is related to almost
periodicity. See for example [3], [4] and the references therein.

2. SPeCTRAL DISTRIBUTIONS

Let X be a Banach space and £(X) the algebra of bounded linear operators with
uniform operator topology. In the following we recall basic results and definitions
on spectral distributions (for more details see [5] or [7]).

Definition 1. [5, Definition 1.1] By a spectral distribution we mean a linear
mapping £ from D (the space of all functions in C>°(R) with compact support) into
L(X) which satisfies:

(i) E("A) = &()E(A), for all =;A € D.
(if) For any function * € D such that *(0) = 1, £("n) converges strongly to the
identity I, where "(t) := " (t=n).

Lemma 1. [5. Lemma 1.2] Let £ be a spectral distribution, then we have

(@) N:= _scp Ker&(A) =0.
(b) R:= " 4scp IME(A) is everywhere dense in X.

Definition 2. [5. Definition 1.3] For any f € C*°(R) define £(F) as follows;

D(E(F)) : ={x € X limn_e E(FAL)X exists for any A € D; A(0) = 1}
E(F)Xx: =limn_o E(FAR)X  for x € D(E(F)):

Proposition 1. [5, Proposition 1.4] For any f € C*(R), £(f) is a densely
defined closable linear operator.
In the sequel for any f € C>°(R) we denote by £(f) the smallest closed extension
of £(F).
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Corollary 1. [5, Corollary 1.5] Let £ be a spectral distribution on X. Then
E(1) =1 (the identity operator on X).

Definition 3. [5, Definition 1.6] We say that an unbounded linear operator B
admits the spectral distribution &, or B is the momentum of &, if there is a spectral
distribution £ such that B = £(t). Here t denotes the identity function in R.

Now we introduce an integer which measures in some sense the regularity of a
spectral distribution. This integer which we will call the order of £ is by Fourier
transformation the distributional order of £. For a precise definition we have to
introduce the following distribution spaces.

For = € N, let p- be the following norm on D:

> gk=
LAY k .
()= I s
k=0

Let 7~ denote the completion of D for p-. We designate by
z

[FF(t) = e 2" (s)ds
R

the Fourier transformation and by

T =F T ={feS FfeT}
where &’ is the space of temperate distributions.

Definition 4. [5, Definition 1.8] We say that a spectral distribution £ is of
order ~ if £ can be extended as a linear continuous mapping on 7= equipped with
the norm

> .
II-(f) := It — FF|L1:
k=0
By virtue of Peetre’s inequality, we have

Mpk(T) < k!p-(7); forany k <

so T — Tk
The following lemma shows the particularity of these norms. The proof is a direct
change of variable calculation.

Lemma 2. For all " € T, s > 0, define "s(t) := "(st). Then IIx("s) is
independent of s.

Theorem 1. (Stone’s generalized theorem) [5, Theorem 3.4] Let A be a
linear densely defined operator and k a nonnegative integer. The following are
equivalent:
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(1) A generates a k-times integrated temperate group.

(2) 1A is the momentum of a spectral distribution of order k.

Theorem 2. [5, Theorem 4.2] Let B be the momentum of a spectral distribution
& of order k. Then supp€ = %(B).
We deduce directly:

Corollary 2. Let T; g be two C* functions satisfying ¥ = g on a neighborhood
of %(B). Then as unbounded operators £(f) = £(g).

3. GELFAND’S GENERALIZED THEOREM

In 1941, Gelfand showed that if a bounded operator whose spectrum is {1} and
doubly bounded then it is the identity operator:

Theorem 3. (Gelfand’s theorem) Let A be a a bounded operator satisfying
%(A) = {1}. If suppcz [|A"]| < +o0, then A=1.

The original proof was not as simple as the statement above. This theorem can
be proved in different ways (see [1], [6] and [10] and the references given in there).
The following is the semigroup version of Gelfand’s theorem:

Theorem 4. (Gelfand’s theorem) Let A be an operator that generates a
uniformly bounded group (G(t)) (satisfying ||G(t)|| < C for some positive constant
C). If %(A) = {0}, then A= 0.

Corollary 3. If %(A) ={,} then A= _I.

Proof. First of all notice that , € iR. Now set A_:= A— _I. A_generates
the uniformly bounded group (e~-'G(t)) and %(A_) = {0}.
Therefore A_ = 0. |
We will need the following lemma:

Lemma 3. There exists a positive constant C such that for all ¥ € 7,

>x<
IIy(fF) <C [0 FD ||

0<j<k
Proof. We have
i ¢
XK(FHOM) = (CRF ENY 0y )
K P “ k k' = k—i (k—-)

3 (k=J)!
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We terminate using the well known inequality ||Ff|[ 1 < C|[f|[y2. |

The following is the natural generalization of Gelfand’s theorem for momentum
of a spectral distribution of order k. Remark that the case k = 0 is Gelfand’s
theorem. However it is a new approach and the proof is very simple.

Theorem 5. (Gelfand’s generalized theorem) Let A be the generator of
a k-times integrated group (G(t)) satisfying ||G(t)|| < CJt| for some positive
constant C. If %(A) = {0}, then A = 0.

Proof. By Theorem 1, B = —IiA admits a spectral distribution £ of order k.
Let A ¢ D satisfying A(t) = 1 on a neighborhood of zero, and for z € C set
G(z) := &(t — e?'A(t)) € L£(X). Let’s show that (G(z)) is an entire group
generated by B. By corollary 2, G(0) = £(t — A(t)) = I. For z;u € C,
using Definition 1(i) we have: G(u)G(z) = £(t — eUtA(1))E(t — e?'A(L)) =
E(t — eU'A(ty, = G(u + z). Remainder to show that the group is analytic,
Writing e?'A(t) =~ ., Zo—A(t),and since £ is continuous from 7y into £(X),
it suffices to show that the series -, %A(t) converges, in 7, to e?*A(t). For
this, using lemma 3, we have

XS o
I(t"A) <C °t (t”A)0>°H1
i=0
<Cin(n—1)---(n—k+1)a"

where a := max(1; sup{|x|; X € suppA}) and C; C; are positive constants. Since
& is continuous on 7y and

A ]
i ¢ D gn - - L gngn
Et—e®'At) = =& (tr— "A(D)+E  t— e™A) - —A(t)
o N o N
form=1;2;--- and z € C, it suffices to show that
s O 1g
° X zngn °
€@t —s —A()As = 0 as m — oo
o n>m n! o
uniformly on z in compact subsets of C.
We have
- O 13 2 3
° X zngn ° X zngn
o£O@t— AAs <cI 4 —A(t)>
° n>m ° n>m n: .
s 2 3m3
X o B X Zntn o
<Cy st 4 (9L

0<j<k® n>m
Hl
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X X n o o
<Cy 21 S Aty @2
. n! H1
0<j<kn>m
< z|"
<C —nn—1)---(n—k+1)
N
that tends to zero uniformly on z in compact subsets of C.
This proves
P i 6 X gn ~
Et— eA(t) = ¢ (t— t"A(1))
n>0

and hence {G(z)} is entire.

From the other hand, writing z = r®, ® € Cand |® = 1, we get G(z) = £(fr),
where f,.(t) := FO(rt) with £®(t) = e®*A(t) (since f,.(t) = e"™®'A(rt) = e"®*A(t)
on a neighborhood of zero). Now using Lemma 3, and since supp f® is bounded,
we see that ITy (f®) can be bounded by a constant independent of ®, |®| = 1. Hence
by Lemma 2, |G(2)|| < KIIk(f;) < KIL(f®) < M, where M is a constant. Thus
the entire group (G(z)) is bounded hence constant, i.e. B = 0. ]

Remark 1.  The main idea of the proof lies on the basic property of the
semi-norms IIy: invariance by homothety, see Lemma 2.
The following proposition shows that in this case the operator is bounded:

Proposition 2. Let A be the generator of a k-times integrated group (G(t))
satisfying ||G(t)|| < CJt| for some positive constant C. If %(A) is bounded then
A is a bounded operator.

Proof. B := iA admits a spectral distribution of order k and %(B) is in a
bounded interval of R. Let * € D satisfying * := 1 on a neighborhood of %(B).
By corollary 2, B = £(t) = £(t") which is a bounded operator. ]

The same Gelfand’s theorem still valid in the case where k is any real positive
number.

The next step is to show that if %(A) = {i} then A = il. Unfortunately
rescaling the generator of a temperate k-times integrated group is in general no
more temperate. The integrated group is bounded by a polynomial of degree 2k.
One expect to obtain spectral decomposition with nilpotent remainder. See [5, Th.
5.1].

By the following example we will show that %(A) = {_ } does, in general, not
imply A = _I. In the general case, it can be shown that A — _ 1 is nilpotent of
order k + 1.

Example In the following, we give a bounded operator A, in the finite di-
mensional case, with A # il, %(A) = {i}, while A generates a temperate once
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Pl tA _
0 i , then e =

We have %(A) = {i}, while the once integrated group

it ait
integrated group: Let A = eO t:it
) !
el (1 -ipet—1

G(t) = ! it_
0 e i 1

is temperate: ||G(t)|| < M|t].
Notice that here we had to choose “double eigenvalue”.

4. ResoLUTION OF THE IDENTITY IN THE CASE oF DISCRETE SPECTRUM

In the finite dimensional case, let A be a matrix whose spectrum is purely
imaginary, then it is easy to see that if A is diagonalizable then sup.g [|€¥|| is
finite. The converse is true also: If sup;cg [[€¥| < oo then A is diagonalizable
and the spectrum is purely imaginary). Of course the same hold in Hilbert situation.

One of aims of spectral theory is to generalize this setting to the infinite dimen-
sional Banach situation.

In the following theorem we will show that if the spectrum is discrete (infinite)
then the operator admits a resolution of the identity.

We start by the following general results:

Lemma 4. Let Xy — X, (Am) bounded operators satisfying:

(1) Foreveryy e X, Amy — Ay where A is a bounded operator;

(2) there is a constant C such that ||An|| < C for every m.

Then AmXm — AX.

Proof. Writing AmXm — AX = AmXm — AmX + AmX — AX we get
[AmXm — AX|| < [|Am|[[[Xm = X|[ + [[AmX — AX]. u

Proposition 3.  Let X be a Banach space and £ a spectral distribution on
X. Suppose that (hn)nez is a two-sided sequence of elements of D satisfying the
following conditions:
(i) hahm =0 for all n # m;
(ii) inf |supphn| — +o0 as [n| — +oo;
(iii) h:=" ,hyeC>.
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Define the (unbounded) operator Q: D(Q) € X — X by
DQ): = {xeX; | pllE(h)x] < o0}
Qx: = Pné’(hn)for x € D(Q):
Then Q is closable and £(h) = Q.

P
Proof. First notice that if * € D, then h® =, . "hy for some positive
integer N-. Hence for all x € X, £(")x € D(Q) and

X
QE(")x = E("hp)x:

In|<N-

Thus R C D(Q). Let’s show that D(Q) c D(&(h)) and for all x € D(Q),
Qx = &(h)x. Let " be as in Definition 1(ii). For all j denote by N; a positive
integer so that for all |n| > Nj, supph, Nsupp®; = 0. Let x € D(Q), we have

X X
EhTjx= " EMax=E(j)  Elhax:

Inf<Nj Inf<Nj

Observing that N; — +oo as [j| — +oo and using Lemma 4, we deduce that
limj £(h"j)x exists and is equal to Qx, i.e. x € D(€(h)) and D(Q)x = £(h)x.
Therefore £(h) is an extension of Q. Since by construction (proposition 1) £(h)
is the smallest closed extension and £(h) = Q on R, remainder to show that Q is
closable. For this assume that y; — 0, y; € D(Q) and Qy; — z. Then, using the
lemma 4 and the closedness of £(" ) and £(h;), we have

z =limm &("m)z = limm £("m) lim;j Qy;
= limm, limj 5('m)Qyj = limmy liInj Qg(-m)yj
= limm limj ;o\, E(hi"m)yj = limm li|<Nm limj £(hi "m)yj
=Hmm & m)  jijeny, imj E(hi)y; =0:
Theorem 6. Let A be the generator of a bounded group (G(t)). Assume

that %(A) B {.,sn€eZ}isa d|§_;' rete set. Then there exist projectors Pn, n € Z,
satisfying Phn=land A= . nPn.

Remark 2.

P P
(1) The operators , Pn and  ®,Py are defined as in Proposition 3.
(2) In the finite dimensional case, this correspond to simple eigenvalues:
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Using the notations of the last example we see that {e*A} is not bounded.
While if we consider a matrix with simple eigenvalues then it is diagonaliz-

able: Mo ) q
For example, let A = 0 9i

H eit ;(eZit o eit) ﬂ
eA = ' it is bounded. It is not difficult to see that setting

TR | TR |

1 i
= n =
P 0 0 and P,
iP1 +2iP, = A

, then %(A) = {i; 2i}, and

0 1 we have: PP, =0, P1 +P> =1,

Proof of the theorem The proof is in the four following steps.

1: Let B := iA. B admits a spectral distribution of order k and %(B) =
{®n; n € Z} C R, with ®, := i_n. Without loss of generality we can
assume that the sequence (®) is increasing. Since (®y,) is discrete, let, for
every n, h, € D(R) satisfying hy, := 1 on a neighborhood of ®, and hy, := 0
on a neighborhood of ®, for m # n, and Py, := £(hy,). Since h2 :Flpn ona
neighborhood of %(B), by Corollary 2, , P2 = P,,. Now set h(t) = hp(t),
clearly h is a C* function and h := 1 on a neighborhood of %(B) hence, by
corollary 2, £(h) = 1.

. P . . L
2: By the proposition ??, the operator E := P, with maximal domain, is a
closable operator and its closure is the identity operator.

3: BP, =®,P,: For n € N, setting Q, = | — P, = &(gn), with g, =
1 —hn. Qn is a projector and since for m # n, ®y, is not in the enclo-
sure of the set {thn(t); t € R}, then by [5, Theorem 4.3], ®y & %(BPp)
therefore %(BPn) = {®,}. On the space X, := PnX, define (") :=
E("hyp), for = € D. Let’s show that &, is a spectral distribution of or-
der 0 on Xp generated by BPn: By corollary 2, &qn("A) = £("Ahp) =
E("ANZ) = E("hn)E(AhR) = En(")En(A). If (7j) is as in Definition 1(ii),
then & (") = £("jhn) — E(hn) = Ix,,, and En(t) = E(t — thp(t)) =
BP,,. Finally, for ¥ € 7, the inequality

[€n(F)]| < CTlo(Fhn) = C[|F(fhn)[[Lr = C||FF+Fhn||L1 < Cllp(hn)IIo(F);

shows that the spectral distribution &, is of order 0. Now using corollary 3
we get Bpn = ®nIXn = ®npn.

4: A= .nPn. Applying the propolg_l;lon 3 to the Ig,anctlons t — thp(t) we
see that B = £(t) is the closure of | &(thp) =, ®yPp. ]
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Remark 3. Using the technique of spectrallgjstributions'd/ve cannot give more
information about the convergence of the sums  Ppx and _,Pnx. By the last
proof, we showed that we have convergence in some dense subset. It would be
interesting to remedy this.

ACKNOWLEDGMENT

The authors wish to thank professor W. Arendt for introducing them to the
subject, and professor Yuan-Chuan Li for useful remarks and suggestions concerning

this

10.

paper.
REFERENCES

. G. R. Allan and T. J. Ransford, Power-dominated elements in a Banach algebra,
Studia Matematica, T. XCIV (1989), 63-79.
W. Arendt, Vector valued Laplace transforms and Cauchy problems, Israel J. Math.,
59 (1987), 327-352.
W. Arendt, C. J. K. Batty Vector valued Laplace transforms and Cauchy problems
almost periodic solutions of first and second order Cauchy problems, J. Differential
Equations 137 (1997), 363-383.
W. Arendt, S. Schweiker Discrete spectrum an almost periodicity, Taiwanese Journal
of Mathematics, 3(4) (1999), 475-490.
M. Balabane, H. Emamirad, and M. Jazar, Spectral Distributions and Generalization
of Stone’s Theorem, Acta Appl. Math., 31 (1993), 275-295.
I. Gelfand, Zur theorie der charactere der Abelschen topologischen Gruppen, ibid. 9
(1941), 49-50.
M. Jazar, Sur la théorie de la distribution spectrale et applications aux problémes
de Cauchy, these de I'université de Poitiers, 1991.
M. Jazar, Fractional powers of the momentum of a spectral distribution, Proc. Amer.
Math. Soc., 123 (1995), 1805-1813.
F. Neubrander, Integrated semigroups and their applications to the abstract Cauchy
problem, Pacific J. Math., 135 (1988), 233-251.
J. Zemének, On the Gelfand-Hille Theorems, Funct. Anal. and Operator Theory,

Banach Center Publication, 30 (1994), 369-185.

M. Fakhri and M. Jazar
Mathematics Department,
Lebanese University,

P. O.

Box 155-012,

Beirut Lebanon
mfakhrim@cyberia.net.lb
mjazar@ul.edu.lb



