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CONFORMALLY FLAT HYPERSURFACES IN REAL SPACE
FORMS WITH LEAST TENSION

Bang-Yen Chen, Franki Dillen, Johan Fastenakels and Leopold Verstraelen

Abstract. Roughly speaking, an ideal immersion of a Riemannian manifold
into a real space form is an isometric immersion which receives the least pos-
sible amount of tension imposed on the submanifold from the ambient space.
The purpose of this paper is to classify conformally flat ideal hypersurfaces
in real space forms; thus we completely determine conformally flat manifolds
which admit codimension one isometric immersions into real space forms with
least possible tension.

1. INTRODUCTION

The theorema which asserts the invariance of the Gauss curvature under isomet-
ric deformations of surfaces M2 in the Euclidean world E? is egregium, as C. F.
Gauss labeled it in his general theory of curved surfaces ([18], 1827). Its impact on
the development of mathematics has been equally egregium indeed. Immediately,
this theorem lead to the distinction between the intrinsic and the extrinsic qualities
of such surfaces. Later, the awareness of the existence of an intrinsic geometry of
surfaces M? in E3, resulted in the creation of global analysis; extending classical
analysis from space R™ to differentiable manifolds A/™; and of general differential
geometry as the study of such manifolds endowed in addition with a geometrical
structure; most notable a Riemannian metric tensor, as the simplest such structure
discussed by B. Riemann in his habilitation lecture (1814). The anticipation of this
work was likely Gauss’s motivation to be so happy with his theorema egregium.
As expressed by S. S. Chern [13], the Riemannian geometry forms the modern
differential geometry.
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Once Riemannian spaces were around, the differential geometry of surfaces 11?2
in E2 was generalized to submanifolds M/™ of Riemannian manifolds. In this general
theory of Riemannian submanifolds, the relations between intrinsic and extrinsic
qualities constitute a central theme of study (see [9]).

The crucial characteristics of Riemannian spaces are their curvatures (see [1,
22]). Besides the sectional curvatures and the Ricci curvatures, the scalar curvature
has been the most studied invariants on Riemannian manifolds. Among the beautiful
results are those linking these local metric invariants with the global-topological
nature of the differentiable manifolds.

The abstract mathematical theories of differentiable manifolds and Riemannian
manifolds proved their relevance for understanding better many diverse types of
experiences related to real world situations in exact, medical and human sciences.
More direct through the celebrated theorems of H. Whitney (1935) and J. F. Nash
(1954) showing the realizability as submanifolds of the differentiable manifolds in
standard manifold E™. Nash’s theorem was aimed for, in particular, in the hope that
it would made possible to derive new Riemannian results, taking profit from the fact
that if so that Riemannian manifolds could always be considered as submanifolds
of Euclidean spaces, this would then yield the opportunity to use extrinsic help. Till
when observed as such by M. Gromov [19], this hope had not been materialized
however.

Another observation concerning Nash’s theorem was expressed by S. T. Yau
[23] who pointed to the lack of controls of the extrinsic properties by the known
intrinsic data and, related to this, to the difficulties in having criteria to determine
nice ways, amongst all possible ones, to shape an actual realization of a given
Riemannian manifold in some Euclidean space. In this line of thought, S. S. Chern
formulated already in [12] the specific question for new intrinsic obstructions for
the existence of minimal immersibility of a Riemannian manifold into a Euclidean
space besides positivity of the Ricci curvatures.

The first author gave a first answer to Chern’s question in 1993 [5] and many
more afterwards [7, 8], in terms of the new scalar valued curvature invariants
d(n1,... ,ni) on a Riemannian n-manifold M. In the context of Nash’s theorem,
the first author established for all these invariants optimal pointwise inequalities
involving the squared mean curvature. These inequalities give rise to new results on
intrinsic spectral properties of homogeneous spaces obtained via extrinsic data [8]
which extend a well-known result of T. Nagano [21]. These and subsequently ob-
tained inequalities give prima controls on the most important extrinsic curvature(s),
namely, the mean curvature (and the scalar normal curvatures), by the initial intrin-
sic curvatures of M [7, 8, 14, 15]. These give rise to criteria to naturally consider
the best one(s) among all possible realizations of a given Riemannian manifold as
submanifolds. In particular, one gets new views on rigidity of submanifolds as ex-
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pressed in the notion of ideal immersions. In physical language: ideal immersions
of M are isometric immersions giving M such a shape that at each point the sur-
face tension on this submanifold assumes the least possible value as is determined
by the intrinsic curvature characteristics §(ny,... ,ng) of M. In variational terms:
every ideal immersion is a stable critical point of the total squared mean curvature
functional within the class of all isometric immersions.

The main new notions briefly mentioned above are recalled in Section 2. In
Section 3 we review some special functions and special families of Riemannian
manifolds for later use. In Section 4 we define some special families of Rie-
mannian manifolds. Rotation hypersurfaces in real space forms in the sense of [3]
are briefly explained in Section 5. In Section 6 we prove some basic properties
of conformally flat ideal hypersurfaces. The complete classification of conformally
flat ideal hypersurfaces in real space forms are obtained in the last three sections.

This paper once more illustrates the close ties between special functions of
classical analysis and explicit formulas describing basic geometrical objects.

2. RIEMANNIAN INVARIANTS, INEQUALITIES AND IDEAL IMMERSIONS

Let M be a Riemannian n-manifold. Denote by K () the sectional curvature
of M associated with a plane section = C T, M, p € M. For any orthonormal basis

e1,... e, Of the tangent space 7, M, the scalar curvature 7 at p is defined to be
>

(2.1) 7(p) = K(e; A 6]').
i<j

When L is a 1-dimensional subspace of T,,M, we put 7(L) = 0. If L is a
subspace of 7}, M of dimension r > 2, we define the scalar curvature 7(L) of L by

>
(22) T(L) = K(ea A 6,@)7 1 < Oé,ﬂ < r,
a<f
where {es, ... ,e,} is an orthonormal basis of L.
For an integer £ > 0, denote by S(n, k) the finite set consisting of unordered
k-tuples (ng,...,ni) of integers > 2 satisfying ny < n and ny + --- + ny < n.

Let S(n) is the union U,_oS(n, k). If n =2, we have k=0 and S(2) = {0}.
For each (ny, ... ,nk) € S(n), the invariant §(n1, ... ,nk) is defined by [7, 8]:

(23) 6(”17 cee 7nk)(p) = T(p) - S(’I’Ll, cee 7nk)(p)7

where © a
S(TL]_, - ,nk)(p) = inf T(Ll) + ... +7'(Lk)



288 Bang-Yen Chen, Franki Dillen, Johan Fastenakels and Leopold Verstraelen

and Lq,..., Ly run over all £ mutually orthogonal subspaces of 7,,M such that
dimL; = nj, j = 1,... k. Clearly, the invariant §(0) is nothing but the scalar
curvature 7 of M.

For a given (n1,... ,ng) € S(n), we put
1® X i
(2.4) b(ny, ... ,ng) = 5 n(n—1) — nj(n; —1) ,
j=1
nPn+k—-1= n;)
= P J
(25) c(nl, cee ,’I”Lk) Z(TL Tk TLj)
For each real number e and each (n1, ... ,nx) € S(n), the associated normalized
invariant ¢.(nq, ... ,ng) is defined by
2.6) C.(ne, ... .ny) = o(ng,...,nk) —b(n,... ,nk)e‘
c(ny, ... ,ng)

We recall the following general result from [7, 8].

Theorem 2.1. Let M be an n-dimensional submanifold of a real space form

R™(e) of constant sectional curvature e. Then for each (n1,...,n;) € S(n) we
have
(2.7) H? > € (ng,... ,ng),

where H? is the squared norm of the mean curvature vector.

The equality case of inequality (2.7) holds at a point p € M if and only if, for
each normal vector £ at p, there exists an orthonormal basis ey, ... ,e, at p, such
that the shape operator Ac of M in R™(e) with respect to eg,... ,e, takes the
following form:

OA? 0 1
28 A =§ g
(2.8) ¢ 4

0 /,ng

where {A§ f:l are symmetric n; x n; submatrices satisfy
(2.9) trace (45) = --- = trace (45) = .

For an isometric immersion = : M — R™(e) of a Riemannian n-manifold into
R™(e), this theorem implies that

(2.10) H*(p) > &.(p),



Conformally Flat Hypersurfaces with Least Tension 289

where &, denotes the invariant on M defined by
a

©
(2.11) & =max ¢.(ng,...,m)|(na,... ,m) € S(n) .
Theorem 2.1 implies the the following result for hypersurfaces.

Theorem 2.2. Let M be a hypersurface of a real space form R"*1(e) (n > 2)
of constant sectional curvature e. Then we have

(2.12) H? > &,

The equality case of inequality (2.12) holds at a point p € M if and only if
there is a k-tuple (n1,... ,n;) € S(n) such that, up to a suitable permutation of
the principal curvatures k1, ... , %, of M at p, we have
(2.13) _ K1+ ...+ Kpy = Kng+l +"'_+ Kni+ng = _: —

= BngroAmeg i+l H e Bpkle e T Bkl g+l = 000 = K

Remark 2.1. If m =0, (2.13) reduces t0 k1 = --- = Ky, i.6., M is totallly

umbilical.
In general, there do not exist direct relations between these new invariants. On
the other hand, Theorem 2.1 gives rise to the following maximum principle.

A Maximum Principle. Let M be an n-dimensional submanifold of R™(e). If

it satisfies the equality case of (2.7) for some (ny, ... ,n;) € S(n), then
(214) ¢E(TL1, cen ,’I”Lk) > ¢E(m1, cen ,mj)
for every (myq,... ,m;) € S(n).

This maximum principle yields the following important fact.

Fact. If an isometric immersion x : M — R™(e) satisfies the equality case of
(2.7) for a k-tuple (n1, ... ,ni) € S(n), then it is an ideal immersion automatically.

Applying inequality (2.10) the first author introduced in [7, 8] the notion of
ideal immersions as follows.

Definition 2.1.  An isometric immersion = : M — R™(e) is called an ideal
immersion if the equality case of (2.10) holds at every point p € M. An iso-
metric immersion is called (n1, ... ,ny)-ideal if it satisfies H? = € (n1,...,nx)
identically for (ng,... ,ng) € S(n).

Physical Interpretation of Ideal Immersions. An isometric immersion = : M —
R™(e) is ideal means that M receives the least possible amount of tension (given
by &E(p)) at each point p € M from the ambient space. This is due to (2.10) and
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the well-known fact that the mean curvature vector field is exactly the tension field
for isometric immersions. Therefore, the squared mean curvature H?(p) at a point
p € M simply measures the amount of tension M receiving from the ambient space
R™(e) at that point.

The following result provides a direct relationship between the first nonzero
eigenvalue \; of Laplacian and the invariants €y(nq,... ,ng).

Theorem 2.3. ([8]) If M is a compact homogeneous Riemannian n-mani-
fold with irreducible isotropy action, then the first nonzero eigenvalue \; of the
Laplacian on M satisfies

(2.15) A >n€(ng, ... ,ng)
for every (n1,... ,ng) € S(n). Therefore, we have
(2.16) A > n &

The equality sign of (2.16) holds if and only if M admits a 1-type ideal immer-
sion in a Euclidean space.

When k£ = 0, inequality (2.15) reduces to a well-known result of T. Nagano
[21], namely, A1 > np, where p = 27/n(n — 1) is the normalized scalar curvature.
Strict inequality &o > p holds for most Riemannian manifolds.

3. SOME SPECIAL FUNCTIONS

First, we review briefly some known facts on Jacobi’s elliptic functions, theta
function, zeta function and hypergeometric function for later use (for details, see,
for instances, [2, 20]).

Let 6 be the temperature at time ¢ at any point in a solid material whose con-
ducting properties are uniform and isotropic. If p is the material’s density, s its
specific heat, and k& its thermal conductivity, 6 satisfies the heat conduction equa-
tion: kV20 = 00/0t, where k = k/sp is the diffusivity. In the special case where
there is no variation of temperature in the = and y-directions, the heat flow is
everywhere parallel to the z-axis and the heat equation reduced to

0%0 _ 09
K)@ = E, 0= G(Z,t)

Consider the boundary conditions: 6(0,t) = 0(x,t) = 0 and (z,0) = 7é(z —
m/2) for 0 < z < m, where 6(z) is Dirac’s unit impulse function. Then the solution
of the boundary value problem is given by

(3.1)

X = 2
(3.2) 0(z,t) =2  (—1)"ei@* DRt gin2n + 1)z

n=0
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By writing e 4%t = ¢, the solution (3.2) assume the form:

X 2
(3.3) 01(z,9) =2  (—1)"¢"*YD"sin2n + 1)z,

n=0
which is the first of the four theta functions. When the precise value of ¢ is not
important, we shall suppress the dependence upon gq.

If one changes the boundary conditions to 96/0z =0onz=0andon z =

with 6(z,0) = 7é(z — 7/2) for 0 < z < 7, then the corresponding solution of the
boundary value problem of the heat equation (3.1) is given by

X 2
(3.4) 04(2) = 04(2,9) =1+2 (—1)"q" cos2nz.

n=1

The theta function 61(z) is periodic with period 27. Incrementing z by %Tr
yields the second theta function:

X
(3.5) 02(2) = 02(2,9) = O1(z + Im,q) =2 g2 cos(2n + 1)z

n=0
Similarly, incrementing z by %Tr for 6, yields the third theta function:
X 2
(3.6) 03(2) = 03(z,q) = O4(z + %’7{', q)=1+2 ¢" cos2nz.
n=1
The four theta functions 6., 6, 63,6, can be extended to complex values for z

and ¢ such that |¢| < 1.
The elliptic functions snu, cn « and dn w are defined as ratios of theta functions:

_ 03(0)01(2) _ 04(0)62(2) _ 04(0)05(2)
=506 T R06e) T 506G

where u = 03(0)z. Define parameters k and &’ by

_ B3O, _ 630

05(0)’ 03(0)
which are called the modulus and the complementary modulus of the elliptic func-
tions; k and k" satisfy k2 + k%2 = 1. When it is required to state the modulus

explicitly, the elliptic functions of Jacobi will be written sn(u, k), cn(u, k), dn(u, k).
The elliptic functions snu, cnw« and dnw satisfy the following relations:

(3.7) snuy

k

8

<snu+cn2u=1, dnfu+k%sn2u=1, k2cn2u+ k% = dn?y,
(3.8) _nd?u—1=k%d*u, 1-—cd®u=Kk"2sd?(u), sc?u+ 1= nc?u,

" cs?u + k2 = ds?u = ns?u — k2, k2nc?u = dcu — k2,
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sn’(u) = cn(u)dn(u), cn’(u) = —sn(u)dn(u),
dn’(v) = —k?sn(u)en(uw), cd'(v) = —k"2sd(u)nd(w),
(3.9 sd’(u) = cd(u)nd(w), nd’(u) = k2sd(u)cd(w),

ns'(u) = —ds(u)cs(u), ds’(w) = —cs(u)ns(w),
© csl(uw) = —ns(u)ds(u), nc’(u) = sc(u)dc(w).

The theta function £(u) and the zeta function Z(w) are defined by
s -

_ ™ _ i — T2
(3.10) £u)=0s 5 . Z()=—-=(nba), K= -63(0).
Put
Z
z dt

3.11 u= P ,
(3.11) o (-1 - k22

YA 1
(3.12) K= dt

0 T Q-1 kB

where we first suppose that = and & satisfy 0 < k <1, —1 < z < 1. The number
K is known as the quarter-period of the Jacobi’s elliptic functions.

Equation (3.11) defines u as an odd function of = which is positive, increasing
from 0 to K as z increases from 0 to 1. Inversely, the same equation defines x as
an odd function of u which increases from 0 to 1 as u increase from 0 to K; this
function is nothing but the Jacobi elliptic function sn(u, k), so we have

(3.13) w=snil(z), =z =sn(w).

Now, we review briefly the hypergeometric function. The second order differ-

ential equation:

2
(3.14) 2(z — 1)271;+{c— (a+b+1)z}j—z —abu=0
is called the hypergeometric equation, where a,b and ¢ are the parameters. Its
solutions are called the hypergeometric functions. Many elementary and special
functions can be obtained from the hypergeometric functions by choosing appropriate
values for their parameters.

Equation (3.14) has three singular points at = = 0,z = 1 and z = oo, respec-
tively. Its solutions in the neighborhood of these three points can be obtained in the
form of power series by using the method of Frobenius.

In the neighborhood of the point z = 0, a solution of (3.14) is given by

XKia+k)io+k) i@ 2+
i(a) i) ilc+k)n!’

(3.15) F(a,b,c,2z) =
k=0
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where j is the Gamma function and the region of convergence is |z| < 1. A second
independent solution of (3.14) is given by z*i¢F(a+1—¢c,b+1—c,2—c,z). The
hypergeometric function F'(a, b, ¢, z) can also be expressed as

] Z,
(3.16) F(a,b,c,z):% ) tbil(l—t)cibil(lfzt)iadt,

For simplicity we define the following special function:

(3.17) Bes(a,a,x) =

Z
z atedt

0 (0 —ct?)Vo — ct? — a?t2

ifa>20=0¢<0,

e SR

—atdt ifl<a<2,6§=0,c<0,
i 6 — o — 2 —a2ie
1
—atdt .
o G —?Wo— el — a2 ifa<1,0=0,c<0,
0 —c?) C? dttz 272 if « >0, 6> 0and c arbitrary,
0 (6 —ct)VG —ct? — a?t2e
Z Pz, i1-e
( d0/a) o
at®dt if —1<a<0,§>0,¢=0,
7 (6 — ct?)V§ — ct? — a2t
1
—atdt .
“a todt
—a _
T (5*@2) 5*Ct2—a2t2a ga<l,5¢0,6<0,
Z, atdt < ifa>1;¢d<0; 3is the smallest
2 ——— _ positive root of § — ct? — a?t?®
9 O =)o -l — ot é whenever it exists,
Z, atdt < ifa<0;cd>0; v is the smallest
> — _positive root of §ti2e — ct2i2a — g2
v (0 =)o —ct? —a?ie = whenever it exists.

By making the substitution ¢ = 1/u, one obtain from (3.17) the following
relationship:

H 11T
(3.18) B.s(a,a,) = —Bis;c a,1—q, -

Moreover, we have the following relations between the special functions B, s and
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hypergeometric functions:

sty = =t e sees T
(3.19) 008 & (o + 1)03/2 2’ 2a ' 2a ' ’
d>0anda>00ra< -1,
B ool )= az®i? “1 a—2 3a—4 £$2ai2
(3.20) e T T N2 222202 ¢ ’

c>0anda>2o0ra<l.

4., SOME SPECIAL FAMILIES OF RIEMANNIAN MANIFOLDS

We recall the following model for the hyperbolic space. Let H"*1(c), ¢ < 0,
be the hypersurface of R**2 given by

© _ a
H"™ Y (¢)= 2eR"™?| — a2 +a5+.. - +22+22,,=cil ;>0 .

If we endow H™*1(c) with the Riemannian metric induced by the Lorentzian
metric ds? = —da? + dz3 + --- + da2,, on R"*2, then H"*1(c) has constant
negative curvature c. A totally umbilical hypersurfaces of H"*1(c) is given by the
intersection of H™*1(c) with an affine hyperplane L. The hypersurface is totally
geodesic if L goes through the origin. If L does not pass through the origin, then
the hypersurface is hyperbolic, parabolic or elliptic if the angle between L and e;
is smaller than, equal to, or greater than /4.

Now, let S"*1(c), ¢ > 0, be the hypersphere of curvature ¢ in Euclidean (n+2)-

space E™*2, centered at the origin, i.e.,
a

©
n+lp N — n+2 |, 2 2 2 _ i1l
ST )= x e BV ai o ah g Han = cl

Then any totally umbilical hypersurface of S”*1(c) is given by the intersection of
S"*1(¢) and an affine hyperplane L and it is totally geodesic if L goes through the
origin.

We denote by R"*1(c) the complete, simply-connected Riemannian (n + 1)-
manifold of constant curvature ¢. So, we have R"*1(c) = S"*1(c),E™*! or
H"*1(c) according to ¢ > 0,c = 0 or ¢ < 0. Denote by g1, go and g;1 the
standard metrics on S™i1(1), E® and H™i1(—1), respectively.

For each ¢ > 1 we denote by C?" (respectively, by P!) the warped product rn-
manifold I x ;,y S"i1(1) with f = (2ak/(a® + 1))cn(az, k), k = Va2 +1/V/2a
(respectively, f = (2ak/(a® + 1))en(az, k), k = va? — 1/+/2a). Also for each a
with 0 < a < 1, we denote by D the warped product manifolds R x s H™il(-1)
with f = (2a/(1 — a®)k)dn(az/k, k), k = \/2a/v/a? +1; by L™ the warped
product n-manifold R xsech,y R™T* and by F7' the n-manifold R x H™i*(-1)
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with metric g = ds® + ;%7g;1 for a > 1

The DI, F™, L™ are complete Riemannian n-manifolds, but P;* and C?* are not
complete. Topologically, S™ is the two point compactification of both P* and C?.
The Riemannian metrics defined on P;* and C?' can be extended smoothly to their
two point compactification S™. We denote by £ and & the S™ together with the
Riemannian metrics given by the extensions of the metrics on P> and C' to S™,
respectively (see [6, 10] for details).

Let A”(a >1),B}(0<a<1),G",H}(a>0)and Y (0 < a < 1) denote
the warped product manifolds:

m i I s 7r¢ m i
R ><pa2i1<:oshgz: S ll(l)’ 22 XpliTCOS:E S '1(1)7
R Xcosha E"H', R xXPorgon, H' (1), (0,00) xPrrmzginn, ST,

respectively. A” G™, H? are complete Riemannian manifolds. S™ is the two point
compactification of B'. Similar to P} and C?, the warped metric on B% can be
extended smoothly to its two point compactification. Let Bg denote the S™ together
with the Riemannian metrics on S™ extended from the metric on B} (see [11] for
details).

Beside the families defined above, we also need the following families of special
Riemannian manifolds.

We denote by E? (0 < a < 1) the n-manifold R x S™il equipped with
the metric ¢ = (a?k%2/k*)nd?(ax/k, k)(dt? + g1), k = V2a/V1+ a2 K =
V1—aZ/\/1+a2; by Q" (a > 1) the I x S”il with g = a?k"? nc?(az, k)(dt? +
1), k= Va2 +1/v2a and k' = Va2 —1/+/2a; by R? (a > 1) the n-manifold
Ix H™i* equipped with g = a?k% nc?(ax, k)(dt?+g;1), k = Va2 —1/+/2a, k' =
Va2 +1/v/2a; by S* (a > 0) the n-manifold I x R"i! with g = 2a? ds?(v/2az,
1//2) (dt? + go); by K" (a > 0) the n-manifold R x S™i1 with g = cosh?(t/a)
(dt? + a?g1); by O™ the R x S™il with g = ds? +e?*gy; and by I the n-manifold
R x §"11(1) with g = ds® + 71 for a < 0. Also, for any a > 0, we denote by
N the n-manifold (—a i/, a11/*)x §*i1 equipped with g = (1—a?t?*) i 1dt?+
t?g1; by J7, the n-manifold I x S™il with g = (1 — t? — a®t?®)i1dt? + t2gq; by
Un, the n-manifold I x R™ i1 with g = (1+12 —a?t?®)i1dt?> +t2g;; by V2, the n-
manifold I x H"i1 with g = (t? — 1 —a?t?®)i1dt? +12g, 1. Finally, denote by Z,
the n-manifold I x R*i1 with g=={(2a — 2)?t?(1—a?t(RiD/@ei2))}ilqt2+{2 g,

In the above the open intervals I’s are the maximal open intervals on which the
corresponding metrics g are Riemannian.

5. ROTATION HYPERSURFACES IN REAL SPACE FORMS

We recall what is a rotation hypersurface of a real space form R"*1(c) with
c # 0 following [3]. We always consider R"*(c),c # 0 as a hypersurface in
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(R"*2,ds?) as above. Let P2 be a 3-dimensional linear subspace linear space of
En*2 that intersects R"*1(c). We denote the intersection by R?(c), if ¢ < 0 we
take only the upper part. Let P2 be any linear subspace in P2. We recall that any
isometry of R"*1(c) is the restriction to R"*(c) of an orthogonal transformation of
(R™*2,ds?), and conversely. Let O(P?) be the group of orthogonal transformations
(with positive determinant) that leave P? pointwise fixed. We take any curve ~ in
R?(c) which does not intersect P2. The orbit of ~ under O(P?) is called the
rotation hypersurface with profile curve + and axis P?. The orbit of ~(s) for a
fixed s is a sphere, and if ¢ < 0, then this sphere is elliptic, hyperbolic, or parabolic
according to P? respectively being Lorentzian, Riemannian, or degenerate.

In order to give a parametrization of a rotation hypersurface of the different
types, we introduce the vector u € P such that P? coincides with u? = {v €
P3| {v,u) = 0}. We can always assume that u has length 1, —1, or 0, according to
P? respectively being Lorentzian, Riemannian, or degenerate, and that (u,+") > 0.
Let 6 = (u,u). We define the map @ as the orthogonal projection of P2 on u? if
§ # 0 and as the identity map of P2 if § = 0. Further, let P™i' be the orthogonal
complement of P2 in R"*2 and let P" be the linear space, spanned by P™il and
u. If § =1 (resp. § = —1), then P™ is Riemannian (resp. Lorentzian) and we
can define a mapping ¢ of R*i1(§) into P™ by considering R™i(5) as a unit
hypersphere in P". If § = 0, then we can define a mapping ¢ of R*i1(0) into P"
by identifying R*i1(0) and P"i! and defining

1
(5.1) ) =p—3ppU.
Then a parametrization of the rotation hypersurface of v around the axis P? is

(5-2) f(s,p) = Q(¥(5)) + (7(s), u) ¢(p)-

6. CONFORMALLY FLAT IDEAL HYPERSURFACES IN REAL SPACE FORMS

The main purpose of this section is to prove the following basic properties of
conformally flat ideal hypersurfaces in real space forms.

Proposition 6.1.  Let M be a conformally flat ideal hypersurface of a real
space form R"**(c) (n > 2). Then M is a quasi-umbilical hypersurface such that,
up to permutations, the principal curvatures are given by

(6.1) Kl=aU, kg = =K, =/

at each point p € M, where « is an integer given by one of the following:
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1. a=0o0r1forn>3and a=1(a#0)whenn=2;
2. a=2and n+1isnota prime;

3. n >4 and « is a positive integer satisfying

(6.2) a=ms—n+1 and n—1>a>3

for some positive integers s, m with m > 2 and (m — 1)s < n;

4. n >4 and « is a negative integer > 3 — n.

Proof. Assume that M is a conformally flat ideal hypersurface of a real space
form R"*1(c) with n > 2. It follows from Theorem 2.2 that M is ideal associated
with ) € S(n) if and only if M is totally umbilical.

Case (a): n = 2. In this case, we have k = 0 and S(n) = {0}. Thus, M is
ideal and totally umbilical. So, we get o = 1.

Case (b): n = 3. In this case, we have S(n) = {0, (2)}. Hence, M is ideal
if and only if M is totally umbilical or (2)-ideal. If M is (2)-ideal, Lemma 5 of
[11] implies that M is quasi-umbilical. Thus, the three principal curvatures of M
are given either by 0, u, p or by 24, p1, 1. Thus, we have o =0, 1 or 2.

Case (c): n > 4. In this case, by a well-known result of Cartan and Schouten,
M is quasi-umbilical (see [4]). Hence, there exists a principal curvature, say u, of
multiplicity at least n — 1. If M is totally umbilical, we have o = 1.

If M is non-totally umbilical, the multiplicity of 4 is n — 1 on some nonempty
open subset U. Let X\ denote the other principal curvature with multiplicity one so
that A # pon U and A = p on M — U. Without loss of generality, we may put

(6.3) KL=, K== Kp=

Since M is ideal, Theorem 2.2 implies that there is (n1, ... ,n;) € S(n) with k > 2
such that the condition (2.13) holds.

Weputm=*k+n—(ng+---+mng) and ng+1 = --- =n,, = 1. By applying
(2.13) and (6.3), we find

(6.4) A=ap, ny=---=ny,
where

(6.5) a=ny+1-—mng.
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Since « is an integer by (6.5), the continuity of X\ and x imply that « is a global
constant. Also from (6.4) and the definition of (n,... ,n,,), we find

(6.6) n1 + (m—Lny =n,

If © = 0, then (6.3) and (6.4) imply that M is totally geodesic which is a
contradiction. Hence, we have p # 0 and o # 1.

Case (c.1): « > 3. From (6.6) we have ny = n — (m — 1)s, with s = ny.
Substituting this into (6.5) we obtain & = ms — n + 1. Since ny > 1, we get
n > (m — 1)s. Clearly, we also have a« < n — 1 from (6.5), with the equality
a =n — 1 holding if and only if n, =n — 1 and ny = 1. This gives Case (3).

Case (€.2): « =2, In this case, (6.3) and (6.5) yield np = ng +1. Combining
this with (6.6), we obtain n +1 = (ng +1)m. So, n+ 1 is not a prime. This gives
Case (2).

Case (c.3): « < 0. The smallest possible integer of & = ny +1 —ng is
obtained from n, =1 and ny =n — 1. So, we get o > 3 —n. This gives Case
(4). [

Proposition 6.1 implies immediately the following.

Proposition 6.2.  The only minimal conformally flat ideal hypersurfaces in a
real space form are totally geodesic hypersurfaces.

Example 6.1. For n = 4,5, 6, 7 or 8, Proposition 6.1 implies that the only
values of « are the following:

n=4, a=-1,0,1,3,
n=5 a=-2-1,01,2, 4,

(6.7) n=6, a=-3 -2, -1,0,1,3,5,
n=7, a=-4,-3, -2, -1,0,1,2 3, 4,6,
n=8, a=-5 -4 -3 -2 -1,0,1,23,5,7.

Example 6.2. When n is an even integer > 4, every odd integer in {1,3,5, ...,
n — 1} is a possible value for «. Similarly, when n is an odd integer > 3, every
even integer in {2,4,..., n — 1} is a possible value for «. In particular, for any
n > 2, n — 1 always occurs as a possible value of « . Furthermore, when n is an
odd integer > 7, 3 is a possible value of « if and only if n + 2 is not a prime.

Let M be a rotation hypersurface with profile curve ~ in a real space form
R™*1(c). If we assume that s is the arc length of ~ , then the rotation hypersurface
M™ is intrinsically the warped product I x, R*i1(5), where I is an open interval
of R and p is defined by p(s) = (v(s),u) (see [3, (3.9)]).
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The second fundamental form of M is then given by

5 .
o 9 p"(s) + cp

. _, - = 'p: 9

(6.8) h oo 5 o pozé

S o

for X and Y tangent to R™11(5), where ¢ is a unit normal vector field of M in
R"1(c) (see [3, (3.10)]).

Lemma 6.1. Let M be a conformally flat ideal hypersurface in a real space
form R"*1(c) with n > 3 so that M is a rotation hypersurface with profile curve
. 1f p(s) # 0, then, up to sign, the arc length function s of v is given by

z
T dp
6.10 s(x) = P
(6.10) () P

where a and A are constants and « is an integer listed in Proposition 6.1, and z
is the height function of ~ given by (y(s),u).

Proof. Under the hypothesis of the lemma, we know from (6.8) and (6.9) that
the principal curvatures of M are given by

b
_ o e _ =P

(6.11) Kl =P——, K2=: " =FKp = p‘
§ —cp? — p? P

Comparing this with (6.1), we find

(6.12) o+ el — a)p? +ad —ap”? = 0.
After solving (6.12), we find

(6.13) p2(s) = 6 — cp® + Ap*®,

where A is a constant. From (6.13) we obtain formula (6.10) for the arc length
function of the profile curve ~ in terms of z. ]

7. CONFORMALLY FLAT IDEAL HYPERSURFACES IN EUCLIDEAN SPACES

Example 7.1. For each integer n > 2 and each positive real number a, there
is a well-known Lagrangian immersion from the n-sphere S™ into the complex
Euclidean n-space C™ defined by

a
(71) wa(y07y17 s 7yTL) = W (y17' - s Yn, Yoy, - - - 7y0y7‘b)7
0
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where y2 + 42 + ... +y2 = 1. This immersion w, has a unique self-intersection
point at w,(—1,0,...,0) = w,(1,0,...,0).

The S™ together with the metric induced from the Whitney immersion w, is
called a Whitney n-sphere which is denoted by W. The Whitney n-sphere W[ is
a conformally flat n-manifold.

The following theorem completely classifies conformally flat ideal hypersurfaces
in Euclidean spaces.

Theorem 7.1.  Let M be a conformally flat hypersurface in E™*! (n > 2).
Then M is an ideal hypersurface if and only if, up to rigid motions of E"*1, one
of the following eight cases occurs:

(1) n>2and M is immersed as an open portion of a hyperplane.
(2) n>2and M is immersed as an open portion of a hypersphere.

(3) n > 3 and M is immersed as an open portion of a spherical hypercylinder
Sril xR,

(4) n>3and M is immersed as an open portion of a round hypercone.

(5) n >3, n+1isnotaprime, M is an open part of a Whitney n-sphere W}
for a > 0, and the immersion x : W™ — E"*1 is given by

A, A _v A 1 A 11
b2 V2

1 2 2
(7.2) x= = sd? TZu du,ayisd £t ye--,ay,Sd £t ,
2 a a a

for 2 + ... +y2 = 1/2, where k = 1/4/2 is the modulus of the Jacobi’s
elliptic function.

(6) n > 4, M is an open portion of K for some a > 0, and the immersion
x : K" — E™*1 is the hypercaternoid given by
M M t'IT H t'IT'IT
(7.3) X(t, Y1, ,yn) = t,ayscosh g 0 n cosh "

fory? +...+9y2 =1.

(7) n >4, M is an open portion of N}, for a > 0, and
Haet M1 a1 3a+1 ) 2;” T
t ,ty]_. . .,tyn

(74) X(t7yl7"'7yn): a+1 E? 20 ) 200 3
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for y2 + ...+ y2 = 1, where F is the hypergeometric function defined by
(3.16) and « is a positive integer in [3,n — 1] such that « = ms —n +1 for
some positive integers s, m with m > 2 and (m — 1)s < n.

(8) n > 5, M is an open portion of N for some a > 0 and negative integer
a € [3 —n,—2], and the immersion is given by
“ata+l “ ﬂ T[

1 a+1 3a+1 220 4 :
a+1 2’ 20(7 2a , @ s Y1 - 5, Yn

(75) X(t7y17 BRI 7yn) =

for 2 +... +y2 =1

Proof.  Assume that M is a conformally flat ideal hypersurface of E**1. If
n = 2, we already know in the proof of Proposition 6.1 that the immersion is totally
umbilical. So, we have either Case (1) or Case (2) of the theorem for n = 2.

Now, let us assume that » > 3. Then Proposition 6.1 implies that the principal
curvatures of M satisfies k1 = au,k2 = -+ = Ky, = u, Where a is one of the
integers listed in Proposition 6.1. By applying Theorem 4.2 of [3] or Proposition 3
of [17], we know that M/ is an open part of a hypersurface of revolution in E"*1
whose profile curve is congruent to the graph of a function y = ¢(x) satisfying

(7.6) o+ a(l+ ¢ =0.

Without loss of generality, we may assume that ¢ > 0. After solving (7.6) for ¢'(z),
we find

@.7) oio = 2" T @),

for some non-negative constant a. By solving (7.7), we find
87

Y tedt -1
3 _ whena>2and 0 <y < al®'’;
V1 = g2’ - - '
(7.8) C+$:B Ozy aatadt i1
=+ ————, whena<-landy>ai®',

2i®il A /1 — aztza’

where ¢ is a constant. Thus, after a suitable choice of Euclidean coordinate system,
we obtain

82, at*dt
'ail-
_E OZ\/W, Whenazzand0§y<a' )
(7.9) r= = T aedt

— ——— whena<-landy>ai®"".
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Case (a): « = 1. In this case, M is totally umbilical. Thus, M is an open
part of a hyperplane or of a hypersphere. Thus, we obtain Cases (1) or (2) of the
theorem. Conversely, we already know that every totally umbilical hypersurface in
a Euclidean space is a conformally flat hypersurface which is ideal.

Case (b):  « = 0. In this case, the profile curve is contained in a line.
Thus, M is an open part of a hyperplane, a spherical hypercylinder, or a spherical
hypercone. Thus, we obtain Cases (1), (3), or (4) of the theorem. Conversely, such
hypersurfaces are conformally flat hypersurfaces which are (2)-ideal.

Case (c): « = —1. In this case, Proposition 6.1 yields n > 4. Moreover, (7.9)
implies that the profile curve is a catenary, i.e., y = ¢(x) = acosh(xz/a). Thus, M
is an open portion of a hgpercaternmd It is easy to verify that the induced metric
is given by g = cosh? ' L (dt* + a®gy). This gives Case (6) of the theorem.

Conversely, it is easy to see that a hypercaternoid defined by (7.3) is a confor-
mally flat hypersurface which is (3)-ideal.

Case (d): a=2andn+1isnota prime. In this case, (7.9) reduces to
z

Yy 2
(7.10) r=o)=  —d

1
—_— 0 —_.
0 V1-—a2t? _y<\/a

After making the substitution ¢ = (1/v/2a)sd(v/2aw) and applying (3.9) and the
fourth and fifth equations in (3.8), we find

i ¢
1 z %Sdillpzy
x=o¢y) = 5 . sd?(v2au) du.

Consequently, the ideal hypersurface M is given by

A Z P it !
1 2asd 1( 2ay) ) i ¢
0
where y? + +(§/2 = 1. Therefore, we obtain (7.2) after making the substitution

y= pl—sd \/Zt and replacing y; and \/a by v/2y; and a1, respectively. Hence,
we obtaln Case (5).

Since n+1is not a prime, we may put n+1 = gk, ¢,k > 2. Itis straightforward
to verify that the hypersurface defined by (7.11) is a conformally flat hypersurface
which is (n1, ... ,ng)-ideal withny = ¢ —1, np =--- =n;, =g¢.

Case (e): n>4and a # —1,0,1,2. Inthis case, either « is a positive integer
in [3,n — 1] such that « = ks — n + 1 for some positive integers s, k with k& > 2
and (k — 1)s < n or « is a negative integer in [3 — n, —2].
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We consider these two cases separately.

Case (e.1): n >4 and « € [3,n—1]. This case occurs only when « is a
positive integer in [3,n — 1] such that « = ms —n + 1 for some positive integers s,
m with m > 2 and (m — 1)s < n. By making the substitution ¢ = yu, we obtain

Z
Yoootodt Lutyo gy
(7.12) —_— = p——
0 /1 — a2t2a 0 1— a2y2au2a

Next, by making the substitution « = z1/2 we get
zZ, z

o, o+l 1 . ¢
uty*" du @+1 ®+1 i 2 20 Vii
N — Y i _ « 17
o FPloagrogm = 7 % a’y™z "2dz
+1
y® l a+l 3a+1 2,20

a+1l 2’ 2a ' 2« ' & ’

where we have applied formula (3.16) of hypergeometric function. Consequently,
if o > 3, we obtain from (7.9) that

il

ay**tl “1 a+l 3a+l , ,,
a+1l 2 20 2a %Y

(7.13) z=

Consequently, after a suitable translation, the hypersurface is an open portion of a
hypersurface of rotation defined by

H +1 H T T
at® 1l a+1 3a+1
242 7ty17"'7tyn

a+1 2" 2a 2o '

(714) X(t7yl7 s 7yn) =

for 42 + ...+ 42 = 1. So, we obtain Case (7). It is straightforward to verify that
the hypersurface defined by (7.14) is (nq, ... ,n;y)-ideal with n; =n — (m — 1)s
and np = --- =mn,, = s when s > 1; and it is (ny)-ideal when s = 1.

Case (e.2): n >5and a € [3—n,—2]. Making the substitution ¢ = y/u

yields
yA 1 a z 1
(7.15) __HdE e p
y V1 — a2t2a 0 ua+2 1— a2y2au i2a

Next, by making the substitution u = zi1/2% we get
z 1 z 1

du 1

1j®
2720 dz
| oY s

P —_—.
0o wet2 11— a2y2au i2a 20 0 1— a2y2az
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Consequently, we obtain from (7.8) that
il
a+1

ay p‘l a+l 3a+1 , ,,
a+1 2 2a 2a Y
Consequently, after a suitable translation, the hypersurface is an open portion of a

hypersurface of rotation defined by

Haert M1 41 3a+1 22&“ T
,a°t Y1, .. s tyn

a+1 2’ 20’ 2«

+(c+x) =

(7.16) x(t,y1,.-. ,yn) =

for y2 + ... +y2 = 1. It follows from (7.16) that the metric on M is given by
g="1— a2 1312 + 245, Hence, we obtain Case (8).

Conversely, it is straightforward to verify that the hypersurface defined by (7.16)
is a (2 — «)-ideal conformally flat hypersurface. [

Remark 7.1.  Theorem 7.1 shows that all values of « listed in Proposition 6.1
do occur.

Corollary 7.1. Let M be a simply-connected open portion of a Whitney n-
sphere W™. Then M admits an ideal isometric immersion into E"** if and only
if n+ 1 is not a prime. In particular, every open portion of an odd-dimensional
Whitney sphere W' can be isometric immersed in a Euclidean space as an ideal
hypersurface.

Since a rotation hypersurface in E®** is minimal if and only if the integer «
given by (6.4) is 1—n. Thus, from the proof of Theorem 7.1 we have the following.

Proposition 7.1. A rotation hypersurface M in E"*! is minimal if and only
if, up to rigid motions of E"*?, the hypersurface M is an open portion of N

lin
for some a > 0 and the immersion is given by
(7.17) Ho,oou q q
X(t )y = ath P l 2—n 4—3n 2,2i2n y
7y17“‘7yn - 2*']’1, 27272n7272n7a ) yl?‘ ) yTL )

Similar results also hold for minimal rotation hypersurfaces in S»*1 and H"*1,

8. CONFORMALLY FLAT IDEAL HYPERSURFACES IN SPHERES

In this section we classify conformally flat ideal hypersurfaces in spheres.

Theorem 8.1. Let X : M — S™*1(1) C E™*? be an isometric immersion of a
conformally flat n-manifold with n» > 2. Then X is ideal if and only if, up to rigid
motions, one of the following seven cases occurs.
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(1) n>2, M is an open portion of S™(a),a > 1, and X is totally umbilical.
(2) n >3, M is an open portion of B”, a € (0,1), and

3

x(t,y1,... ,Yn) =c0st tant,a,v/1—a2y,...,V1—ady, ,

yi+yp+ o +yh =1

-

(8.1)

(3) n >3, n+1isnotaprime, M is an open portion of Pgl for some b > 1,

and the immersion is given by
A

1
X(t7 yl? R 7yTL) = m yl Cn(bt)7 M 7yTL Cn(bt)7

[V il
— “t+ - In="0 4
8.2) bk cn=(bt) cosLl kt+ > In £t ) |bZ(7)tﬂ,!
R 0 H o
Pz —aegnsin Lt LnECT =D iz

k2 EOt+7)

fOfy%+y§+_-..+e$L:l, WhEVEkZ:w/bz—l/\/Eb, koz\/szl/\/Eb

and v =sni? Ii/blz2 :

(4) n >4, M is an open portion of I” for some negative integer a € [3—n, —1].
Moreover, the immersion is given by
N ¢ i ¢
X(t,yl,...,yn)Iplli=a cos /1—as ,cos v1—as,

V=Y, V=AY y%+y§++y7%:1

(5) n >4, M is an open portion of E7',b € (0,1), and

(8.3)

ST THR |
Xy, Yn) = — bk'nd  —t YLy« ,bkzo nd —t y,,
k _k 5 -k
s o A 1
" b, .
2 21.02 A2 b 0 i £3ktlny’ Y
(8.4) k% —bknd zt Cos k't —51In — | 2ZNt
£_pt+v.
s « A N 1y
e b, .
o b T T Ll
k? —b2k%nd= —t cos k't—gIn=———i2Z(MNt
k £ %t+~y

for 2 +y3+---+y2 =1, where k = 2b/vV1+ 12, k' =1 -2 //1+ 12
are the modulus and the complementary modulus of Jacobi’s elliptic functions
and v = snil (k/b).
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(6) n > 4, M is an open portions of J7' for some a > 0 and some integer
a=ms—n+1¢c[3,n—1], where s and m are positive integers satisfying
m > 2 and (m — 1)s < n. Moreover, the immersion is given by
*p i ¢ P— ¢ i
(85) x=  1—t?cos Bii(a,a,t) , 1—t?sin Bii(a,a,t) ,ty1,... tyn ,

for y? +y2 + ... +y2 =1 where By is defined by (3.17).

(7) n>5, M is an open pertions of J7., for some integer o € [3 —n, —2] and

forae O, a(l'(;’;)(—l'i;;z . Moreover, the immersion is given by

-

P i ¢ P— ¢
(86) x= 1-t2cos Bri(a,ot) , 1—t2sin Bra(a,out) stys, ... tyn

foryf +y3+-- +yl =1

Proof. ~ Assume that n > 2 and x : M — S"*(1) c E"*2 is an ideal
isometric immersion of a conformally flat »-manifold A/ into S™*1(1)

When n = 2, the immersion x is totally umbilical. Thus, we obtain Case (1).

When n = 3, we have S(n) = {0, (2)}. Thus, the immersion is either totally
umbilical or (2)-ideal. If it is totally umbilical, we obtain Case (1). If it is (2)-ideal
and non-totally umbilical, then, by Theorem 5 of [11], we get Cases (2) and (5).

Next, assume that n > 4. From Proposition 6.1, we have

(8.7) Kl =Qy, K2=- - =Kp=/

for some function y and an integer « given in the list of Proposition 6.1.

If we have o = 1 or . = 0, (8.7) implies that the immersion is totally umbilical.
So, we obtain Case (1).

Now, assume that o # 1 and p # 0. Then Theorem 4.2 of [3] implies that M
is a rotation hypersurface in S»*1(1). In this case, the functiop ¢ defined in Section
4 is equal to 1 and the profile curve v(s) = z(s),y(s), z(s) of M satisfies

(8.8) z2(s) + y(s)® + z(s)> = 1.

Up to rigid motions, the rotation hypersurface M in S"*1(1) c E™"*? is given by
i

(89) X(57 Y1, .- ,yn) = y(5)7 Z(S)7 J:(S)yb o 71:(5)3/71)

with 32 + ... +y2 = 1. From (8.8), we also have 2 < 1. If z is constant, say b,
then the principal curvature of the hypersurface M in S”*1(1) are given by
b 1-—1?

(810) K‘,lzm, 52:...:,&”:* b
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which implies b # 0,1. Thus, by applying condition x; = ax, from Proposition
6.1, we get b = /(o — 1). So, « is negative since b*> < 1. Thus, by applying
Proposition 6.1 again, we see that « is a negative integer > 3 — n. Hence, by (8.8),
we may put y = cost/v/1— a,z =sint/y/1 — «a. So, we obtain from (8.9) that
A r . '
cost sint a a

m?m? ailylw"? myn

(811) X(t7yl7 s 7yn) =

for y2+-..+y2 = 1. Thus, we obtain Case (4) after the substitution: t = /1 — a's.

Next, assume that x is non-constant. Because x is the height function of
the profile curve, we may assume z > 0 and put y = /1 —x2cos¢(x),z =
V1 — z2sin¢(z) for some function ¢(z). From (8.8) we see that the arc length
function s of the profile curve ~ satisfies

s -
ds 2

(8.12) -

=1+’ (2)* + (x)*.
By applying Lemma 6.1 and (8.12), we find

7A1:2a

012 —
(8.13) o= (1 — 22)2(1 — 22 + Az2>)

which implies A < 0, since 0 < z < 1. So, we may put A = —a? with ¢ > 0.
From (8.13) we obtain
Z

“’ at™dt
= 4 .
o) A-)Vi-2_ e

When « > 0, without loss of generality we may assume that

z
o atdt
(8.14) o) = AV

Since « # 1, Proposition 6.1 implies that « is one of the following integers:

(a) a=0;
() a=2and n+1is nota prime;

(¢) n >4 and « is a positive integer in [3,n — 1] satisfying « = ms —n + 1 for
some positive integers s, m with £ > 2 and (m — 1)s < n;

(d) n >4 and « is a negative integer in [3 — n, —1].
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We consider these four cases separately.

Case (a): « =0. In this case, we have

7 A !
x 0 1 —d2 2
(8.15)  ¢(z) = adi = tanit Y- T
o (1—t2)V1—a?2—1t2 ar
From y = /1 — 22 cos ¢(x), z = v/1 — x? sin ¢(z) and (8.15), we find
ar V1—a? — 22
(8.16) Y=, = - =
V1 —a? V1 —a?
After making the substitution: z = v/1 — a2 cost, (8.16) becomes x = v/1 — a2 cos t,
y = acCost,z = —sint. Thus, we see from (8.9) that, up to rigid motions, M is
given by
2 P P
(8.17) x(t,y1,...,ys) =cost tant,a, 1—a?yi,..., 1—ad?y,

for y2 +y3 +-..+y2 =1, and a € [0, 1). This gives Case (2) for a € (0, 1).
When a = 0, M is totally geodesic in $"*1(1) which is in Case (1).

Case (b): a=2andn+1isnota prime. In this case, (8.14) reduces to

z

(8.18) o@) = et
0

-2 V1—2 —a?t*
N P
which implies 0 < 2 < = /1 + 442 — 1/y/2a. If we put

i ¢ P—— P—
(819)  b='1+4a2 Y4 k= 2 _1/V2b, K= 2+1/V2,

then (8.18) becomes
z

(8.20) o) = - at?ds

o 5 2
o 1o M pegRe 1+ p2k22

D

If we make the substitution: ¢ = cn(bu) /bk", we obtain from (8.20) that

YA @/b)enit(bk'x) _ acnz(bu) t i
K/b W22 —bi2en2(bu)

(8.21) o(x) = —

where k is the the modulus and K is the quarter-period of the Jacobi’s function
cn(bu). (8.21) can be put in the form:

z (1/b)en it (bk'z) bﬁp(kz + ) (K2 — B2)cn?(bu)
K/b ICOZ - ﬂzcnz(bU)

(8.22) #(x) = — du,
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where g = 1/b. Hence, by applying formulas (6.15)-(6.18) of [11, page 485], we
obtain, up to constants, that
il

. K i
| In £(Cn 1(bl{101‘) — "}/) +92 Z(")/)Cn i 1(bl{10$)

]{10
o) = —pp 2 E(cnil(bklz) + )
where £(u) :i£(u, k) is the theta function and Z(u) = Z(u, k) the zeta function
and v = snil 'i/bk? . (Notice that o in (8.23) and (8.25) of [11] shall read a.)
Thus, after making the substitution ¢ = (1/b)cni*(bk’z) and choosing a suitable
Euclidean coordinate system, we obtain Case (3) from (8.9).

cnil(vk'z) —

Case (c): n>4,3<a<n-—1and a =ms—n-+1for some positive
integers s,m with £ > 2 and n > (m — 1)s. We obtain from (3.17), (8.9), and
(8.14) that

3

P s ¢ P——s ¢ ’
x=  1—t?cos Bii(a,a,t) , 1—12sin Bia(a,a,t) ,ty,. .. tyn
for y2 +y3 + ... +y2 = 1. This gives Case (6).

Case (d.1): n>4and a = —1. From (8.14) we get
z

@)= TP ot
1j ]é'|4a (1 7t2) t2 _ t4 _ a2

qd—p—

q—p:
for Lilide? o o oo L2 LiEC (fwe put k = 2b/VIFE, K =

¢
V1—0b2//1+02 and b = "1~ 4a? 1/4, then we obtain after making the sub-
stitution: ¢ = 1/u that

V4 1/x

2
—audu
(@)= i T T AEIT &
m szl 1*—l2—u2 Tuzfl
(8.23) Z 1, s
= ﬁv iuz B 1¢‘_1 |1 . b2kk202u2¢| bZkkéOZ u2 o k;02¢‘

Hence, after making the second substitution: v = bk'u/k, we get
V4 bk /kx ak%;f dv
L B2 —bi2k202) (1 — D)2 — K2)

Therefore, after making the third substitution: v = dn(bu/k) and applying formulas
(3.8) and (3.9), we obtain

(8.24) P(x) = —

s -
Z (o/ydntiek)/ks)  af?dn? bu
an®_

(8.25) o(x) = —

du,
0 B2dn? fe — 2
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where 3 = k/b. (8.25) can be put in the form:

Z ilp2.0 P i ¢
(k/b)dn i (bk’/kx) bﬁ (ﬂz _ 1)(ﬂ2 _ k02)d02 bu
(826)  ¢(x) = i :

0 k (2dn® Be 02

Hence, by applying formulas (6.34)-(6.36) of [11, page 485], we find
2 - -

3
Ho, T . g ognit & (YU
I T nit i o—v - o
= — 1 — 4+ — 2 R ¢ + 1 —
o) =g gy TN gigmir At e

where v = snit (k/b). So, after the final subsjtution: 4= (k/b)dni*(bk?/kz), we
obtain ¢(z(t)) = —k"t+1In £ Lt —~ /E Lt+y  +iLZ(y)t. Therefore, up
to rigid motions, we may obtain Case (5) from (8.9).

Case (d.2): n >5and a € [3—n,—2]. We see that from Remark 8.1 that
a satisfies 0 < a < (55){—1(@@?2 Also from (3.17), (8.9) and (8.14) we know that
the hypersurface is given by
(8.27) 3p _

i ¢ P i ¢
X = 1—t?cos Bii(a,a,t) , 1—t?sin Bii(a,o,t) ,tyi,... ,ty,

for 2 +y2 + ...+ 42 = 1. The induced metric on the hypersurface is the the one
given by J? . This gives Case (7).

Conversely, it is straightforward to verify that all of the hypersurfaces given in
this theorem are ideal conformally flat hypersurfaces. [

Remark 8.1 When o = —3 < 0, the function f(t) = 1 — t? — a?t?* is
positive at some point happen only when a < (3% /(1 + ﬂ)(“ﬁ)a)l/z. This is due
to the facts: (i) f(0) = —a? < O, (ii) f'(t) =0onlyatto =+ F/(1+ /), and
(iii) f(to) is positive if and only if a < (3°/(1+ B)A*+)1/2. So, when o < 0 and
f(t) =1 —t> — a®t>> is positive on some points, we shall replace the lower limit
of the integral (8.14) by the smallest positive root, say ~ of f(t).

9. CONFORMALLY FLAT IDEAL HYPERSURFACES IN HYPERBOLIC SPACES

Theorem 9.1. Let x : M — H"*1(—1) c E}*? be an isometric immersion
of a conformally flat n-manifold with n > 2. Then X is ideal if and only if, up to
rigid motions, one of the following twenty cases occurs.

(1) n > 2, M is an open portion of H"(c) for ¢ € [-1,0), and the immersion
is totally umbilical.
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(2) n > 2, M is an open portion of E™, and the immersion is totally umbilical.

(3) n > 2, M is an open portion of S™(c) for ¢ > 0, and the immersion is totally
umbilical.

(4) n >3, M is an open portion of G™, and the immersion is given by

— i 1 2 ¢

©.1) X(t,ug,. .. yupg1) =cosht 1+ 3 up+---+us.,y
. i ¢

*% ’LL%+"'+’LL72,LE1 Jtanht, ug, ... upg1 -

(5) n >3, n+1isnotaprime, M is an open portion of L™, and

i
©2) X(t,u1, ..., Unj1) =secht I+cosh®t+&+ul+ - +ul .,
) 2
%fCOSh tftzfuff---fu%il,ft,ul,...,unil .

(6) n >3, M is an open portion of O™, and the immersion is given by
3 >

X(S7yl7"'7 yn): e’ + 2 777683/17"'7683/71 )

(9.3)
B =1

(7) n >3, M is an open portion of A? for a > 1, and
3 -

X(t,y1,..., yn)=cosht a,tanht,va?—1yi,...,Va%— 1y, ,

9.4
B =1

(8) n >3, M is an open portion of Y, for a € (0, 1), and
3

-

(t,y1,...,yn) =sinht cotht,a,v/1— a?ys,...,V1— a?y, ,

Bt2=1

(9.5)

(9) n >3, M is an open portion of H} for a > 0, and

-~

3
X(t,y1,...,yn) = cosht 1+a?y,...,V/1+da?y,,a,tanht ,

e R R

(9.6)

(10) n > 3, n+ 1is not a prime, M is an open portion of £3', and

3
©7) X($,Y1,---, Yn) = \/iyl,...,\/iyn,COSs,Sins,

Y-y v =1

(11) n > 3, n+1is not a prime, M is an open portion of C’{} for b > 1, and
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H M T
1 " Po————— K E(bt — )
- _— 2102 4 cn2 z 7_| =T U7
X o b’k cn?(bt) cosh k:t D) bZ(yt
V1
P . o 1. £(0Bt—7)
2k02 4 ¢n2 h —t——-In———<%-bZ
b’k cn?(bt) sin k:t' > n£(bt+7) bZ(y)t
yren(t), ... ,yncn(bt)t ,  yi+yh -yt =1

(12) n > 3, n+ 1is not a prime, M is an open portion of D’, b € (0, 1), and

A THR|
=1 d Iﬁ d @
X(t7yl7"-7yn) DRV kdn b yl,...,ki n b Yn,
q ¢ A £“bt¢ ¢ !
98) ke B -2 cos Kt '”—nﬁ—“"*'—z(v)t
| q A '
A T ppzsin w o ign BRI b
k<dn® "3 b?K%sin k't InE((bt) ) izZ(t
e R

(13) n >4, M is an open portion of F}, and the immersion is given by

-

3

i ¢ i ¢
(9.9 X = pal=.1 Vay,... ,\/&yn,cosl a—1s ,SinI\/ozfls

for y2 —y3 —---—y2 = 1, where « is a positive integer in [3,— 1] such that
a = ms—n~+1 for some positive integers s, m withm > 2 and (m—1)s < n.

(14) n >4, M is an open portion of @ for b > 1, and

b i £(bt — ) 1
— 21,022 — - 7
X 1 + b%k">nc?(bt) cosh k:t I D) bZ‘(ﬂy)t ,
Mo
pl + b2k2nc2(bt) sinh k—t -z I M —bZ(y)t

k3 EQt+q)

Y1 bkﬁonC(bt), <o Yn bkﬁonC(bt) ) yl + y2 +..-+ y?% =1

(15) n >4, M is an open portion of S;' for b > 0, and
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z 112

V1 .
1 sd?(v2 1ot >
X = /2bds(v/2bt) 2t % +2 sd’(vV2bu)du + w2,
0 =1
pz T2
1 sd2(V2 1het »x
- — M - = sd?(vV2bu) du  — u?,
4 202 4 . -
z, 1 "
% sd?(v/2bu) du, uq, . . . JUn 1
0

with k£ = 1/4/2 as the modulus of the Jacobi’s elliptic functions.

(16) n >4, M is an open portion of i} for b > 1, and
A

X(t,y1, ..., yn) =  y1bE'nc(bt), ... ,y,bk'nc(bt),

(S . B
pb2k°2n02(bt) —1cos k—t +1n £t —7)
(9.10) ko2 £t +7)

H .
P R i, E0t—7)
b2k"nc?(bt) — 1 —t+ —In—/———-—=
nc?(bt) sin ? 5 n£(bt+7)
iy -vh=1

11
+ibZ(y)t ,

ﬂ!
+ibvZ(y)t

(17) n > 4, M is an open portion of Z7,, and the immersion is given by

X(t,u1~,...,uni1)= 5

i A L]
1 X, b LM a2 304 W
-+ up e 1+—o 5’95 . Ao Ao ;
4 ' 2 — a)? 2’ 2a—-2 2002

Ll
12®i2

(9.11)

1 2 1 t > 1 a—2 3a—-4
= 2 _4Tie 14— 2 - 27 77,
2= " 2—aY 22a-22a-2"
'
peideein My o 30441;IT
2—a 220 -2 2a—2" Mo tnit o

where a is a positive number and « is either a negative integer in [—2, 3 —n]
or a positive integer in [3,n — 1] such that & = ms —n+ 1 for some positive
integers s, m satisfying m > 2 and (m — 1)s < n.

(18) n >4, M is an open portion of U, for a > 0, and a an integer given as in
Case (17), and the immersion is given by
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3

X(t7yl7"' 7yn) = \% 1+t2 COShBil’l((l,Oé,t),

(9.12)
V1+t?sinhB;11(a, o, t),tyr, ... ,ty, , yf+y§+---+y§ =1.

: 6
aor @ € 071&3I(o¢—1)/a (@id/2 o

integer « = ms —n + 1 € [3,n — 1], where s and m are positive integers
satisfying m > 2 and (m — 1)s < n. Moreover, the immersion is given by

3
(19) n > 4, M is an open portion of V

3
X Yty ooy Yn) = tY1,... ,tyn, V2 —1c0s By1,i1(a, o, t),
(9.13) g
V2 —1sinBj11(a,00t) , 42 —y3— - —y2 =1

(20) n > 5, M is an open portion of V', for some a > 0 and some integer
a € [3 —n,—2], and the immersion is given by

3
XYty Yn) = Y1, tYn, V2 —1€0s B;1,;1(a, oy t),
(9.14) g
Vt? —1sin B;1,;1(a, a4 t) yffygf---f 2 =1.

Proof. Assume that M is a conformally flat ideal hypersurface of H"*1(—1) C
E7f+2. When n = 2, we have Cases (1), (2) or (3). When n = 3, the immersion is
either totally umbilical or (2)-ideal. In the first case, we obtain Case (1) for ¢ > —1,
Case (2) or Case (3). If it is (2)-ideal and non-totally umbilical, then, by Theorem
6 of [11], we have Cases (4)-(12).

Next, suppose that n > 4. Then, Proposition 6.1 implies that

(9.15) Kl =aQW, K=+ =FKy,=Hu,

where « is an integer given in Proposition 6.1. If we have o = 1 or u = 0, the
immersion is totally umbilical. So, we obtain Cases (1), (2) or (3) for n > 4. Now,
assume that « # 1 and p # 0. Then, Theorem 4.2 of [3] implies that M is a
rotation hypersurface in H»*1(—1). Moreover, from Proposition 6.1, we also know
that « is one of the following integers:

(i) a=0;
(i) «=2and n+1isnot a prime;

(ilf) » > 4 and « is a positive integer in [3,n — 1] satisfying « = ms —n + 1 for
some positive integers s, m with m > 2 and n > (m — 1)s;

(iv) n >4 and « Is a negative integer in [3 — n, —1].
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Let § be defined as in Section 4. We have § = 0,1 or —1.

Case (a): & = 0. In this case, the profile curve ~ in the 3-dimensional
Minkowski space-time endowed with metric

(9.16) ds® = 2dxdy + dz°.
is given by v(s) = (z(s),y(s), z(s)) satisfying
(9.17) 2oy + 22 = —1,

If z is constant, (5.8) and (5.9) imply that the principal curvatures are given by
K1 =--+ =k, = —1. Thus, M is an open portion of E™ and immersed as a totally
umbilical hypersurface. Hence, we obtain Case (2) for n > 4. Next, assume that x
is non-constant. Then, we may assume y = y(x), z = z(z). From (9.17) we have

3d ’2
45 2 _ 5 1ia) + A(z)?
(9.18) . 2y'(x) + 2'(x)”°.
By applying Lemma 6.1 and (9.18), we find
1
(919) m = Zyo(l‘) + 20(1‘)2.

As in Section 7, one may prove that A is non-positive. So we can put A = —a?.
On the other hand, (9.17) implies

(9.20) y+ay +22'=0.

Computing (2%z — 2)? and applying (9.19) and (9.20) yield

«

axr

(9.21) dr—z= \/ﬁ,
which implies

Lo gaizgy
(9.22) z=x W.
From (9.17) we get y = —(1 + 2?)/2x. Thus, up to rigid motions, M is given by

A . |
(9.23) X(z,u1,... ,upnj1) = m,y—g uf,z,l‘ul,...,l‘unil

=1

in the (n + 2)-dimensional Minkowski space-time equipped with the non-standard
metric o = 2dzdy + du? + du? + - - - + du? i1
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Case (a.1): « = —1. In this case, we may put

1
adt
9.24 z=2x _—
( ) z PVt* —a?
On the other hand, we have
Z Z Z v
T et 17 adu 1 73 /a5 do
925 ° 2t a2 2 22 w32VuZ —aZ  2\/a  secitwyy) .
' 1 % 37r . “1 “1:2 U
=~ E —,vV2 —E Zsecil! = 2
\/a_ 47\/_ 2 a 7\/_ )

where the first and the second equalities are obtained by making the substitutions:
t = y/u and u = asecwv, respectively. Thus, from (9.24) and (9.25) we obtain

z pl_—sdil(pib/z) . ¢
o sd?'V2bu du, b= +/a.

(9.26) 255
: _ i ¢ :
By making the substitution: = = v/2bds /2bt , we obtain from (9.22) and (9.26)
" 'z A ot R ¢ o
bds v2bt sd® v2bt Ry i 2
= _ + 1
y .\/§¢Z 2 7 osd V2bu du ,
|
bds +/2bt t ¢
z= —\/_ Sdzlx/ﬁbu du.
V2 0

Thus, from (9.22) and y = —(1 + 2?)/2x, we know that the hypersurface is

given by _ _
A it z T omg
P ¢ sd? v aMer o e 12 R

X = \/§bds|\/§bt l,—% %+% Sdzlx/ibu du + ulz ,
17t i ¢
S sd'V2bu duyug, ... ungs
2 o
After applying the transformation: z; = z/4 — 2y, xo = z/4 + 2y, we get Case
(15).

Case (a.2): « = 0. Inthis case, (9.22) reduces to z = ax Ra“’ 1/(t>V/12 — a?)dt
= a2 —a?/a. If we make the substitution: x = acosht, then z = sinht
and y = —(1/2a)cosht. Thus, fro, (9.23) we know that the hypersurface is
represented by .

A !

1
x(t,u1,...,un;1) =cosht a,—— — uf,tanht,aul,... , QUn i1

o g
2a 21‘:1
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with respect to the nonstandard metric 9. Hence, after applying the following
coordinate transformation on the first two coordinates: z1 = z/2a — ay,x; =
x/2a + ay and replacing au; by u;, we see that M is represented by

Moo ¢
— I 2 2
X(t,u1,... ,unj1) = cosht 1+§ (e e VS
(9.27) 1i ¢ q
—= ’LL§+"'+’LL72“1 Jtanht, ug, ... upg1

2

with respect to the standard Minkowski metric gg. From (9.27) we know that M is
an open portion of G™. This gives Case (4).

Case (a.3): «a =2and n+ 1isnota prime. In this case, (9.22) reduces to
1 - .
z=—az 2(1/(tv1— aZt?)dt = —azcoshi' (1/az). If we make the substitution
r = ailsecht, then y = —(a/2)(cosht + t?secht), z = —tsecht. Thus, from
(9.22) and y = —(1 + 22)/2x we see that M is represented by
A A !
1
cosh?t+t?+=  uf ,—t,—,...
a
=1
with respect to the nonstandard metric §9. Hence, after applying the following

coordinate transformation: x; = ax/4 — 2y/ra,x2 = ax/4 + 2y/a and replacing
u;/a by u;, we obtain Case (5).

)

ISH

X(t,u1,... ,un;1) =secht

N e
5
Q
Q

Case (a4): 3<a<n—-landn>4or3—n<a<-2and n>5. If
the first case occurs, we have o = ms — n + 1 for some positive integers s, m with
m>2and (m—1)s <n. If n—1 > a > 3, we make the substitution t = zu to
obtain

T taiZdt _Zl uai3mai2du

(9.28) o V2222 o 1—a2z2eiZg2ai?

Next, by making the substitution v = 21/>i2) e get

Z . . ., Z
1 ua|3ma|2du 1:04|2 1 ® i o, Coa
= 20212 1 — q?212, 12,
o VI—a2reiZg2aiz  2a—2 ;
aj2 H
_z i 1 a-2 3a-4 , 20§ 2

a—2" 222a-22a-2

where we apply formula (3.16) of the hypergeometric function.
When —2 > a > 3 — n, we make the substitution ¢ = z/u to obtain

YA 1 tai3dt yA 1 l,aiZ,uliadu

. VI—d2Raiz g /1 a2z2eiZg2eil
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Next, by making the substitution u = 21/(2i22) we get

Z, 2@i2yliagy, _ xei? p‘l a—2 3a—-4 , 2ai2ﬂ

0o VI—a22eizgeiz 2—a 2 200—22a—2

Hence, in both cases of o > 3 and o < —2, we have
vl il

az®it U1 a—2 3a—4 , 5.5

(9:29) T dt 22a-22a-2

If we make the substitution: z = (t/a?)Y/(2i2) then from y = —(1 + 22) /2z,
(9.23) and (9.29) we know that M is represented by

A
11 ﬂ#“ t 2“1 a—2 3a—4 il
X=t®iz2 — ——tTi® 14+ — t
32 @-ap 22a-22-2"
1942\/' i a-2 3a—4 11 1 i
Us —F o st y ULy - PUnjl ﬂ:a®il
28 _,""2-a 22a-22-2" P 3

with respect to the nonstandard metric §,. Therefore, after applying =7 = gz /4 —
2y/B,xp = Px /4 + 2y /3 and replacing u; /G by u;, we obtain Case (17).

Case (b): 6 = 1. In this case, the profile curve v(s) = (z(s),y(s), z(s))
satisfies

(9.30) a2+ 97 — 22 =1
If z is constant, say b, then the principal curvature are given by k1 = —b/v/1 + b2
and kK, = -+ = K, = —/1+b2/b. Thus, by using k1 = axp, we obtain

a = b?/(1+ b%) € (0,1) which is a contradiction. Thus z is non-constant and
we may put

P—— . P——
(9.31) y= 1+2z2sinh¢(z), z= 1+ z2coshq¢(x),

for some function ¢(x). From (9.30) and (9.31) we get

3 -

ds 2 _ 2y 402 z’
From Lemma 6.1 and (9.32) we obtain
Z «
(9.33) #(z) = at” dt > 0.

C+OVIt e
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Case (b.1): «a = 0. In this case, (9.33) reduces to

z
_ adt
(9.34) o(x) = 1+ OV 252 a > 0.

We separate this case into three subcases: a =1,a >1and 0 < a < 1.

Case (b.1.1): a =1. In this case, we have

Z 4 Vi 11
dt z
(5:39) L e Y o
Since
cosh “In " 1: A = ﬂ sinh “In “Lﬂﬂ = ;
V1+ g2 201+ 22’ V1+ g2 20y/1+ 22

we obtain from (9.31) that y = 1/2x,z = x + 1/2z. Therefore, after replacing x
by e®, we obtain Case (6).

Case (b.1.2): a > 1. In this case, we have
z

z adt . \/l—a2+1:2-
¢(13): p;-_l(l+t2) 1ia2+t2:tanh'1 _a$ 5
(9.36) ' ‘ s
cosh(¢(2)) = P2 Sinh(p(2)= ot * 7

(1+2)(@2—-1) (1+22)(a?-1)

Hence, we obtain from (9.31) that y = Io(1—a2+gz:2)/(a2—1), z = ax/va?—1. If
we make the substitution: z = v/a2 — 1cosht, then we obtain Case (7).

Case (b.1.3): 0 < a < 1. In this case, by applying an argument similar to
Case (b-1-2), we obtain Case (8).

Case (b.2): a=2and n+1isnota prime. In this case, (9.33) reduces to
z

(9.37) s@)= at?ds

o (L+2)V1+12—a2t?

P
which implies 0 < = < v2/ V1I+4a2—1. If we put b = (1 + 4a®)Y/* k =
Vb2 +1/+/2b and K' = /b2 — 1/+/2b, then (9.37) becomes

Z
(9.38) P(x) = .

z at?dt
2p 21.242 21.0212Y
(L+t2) 1+ k21 — bPE"2t2)
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If we make the substitution: ¢ = cn(bu)/bk", we obtain from (9.38) that

V4 @/b)enit(bk'x) acnz(bu) "
K/b D2(K2 + biZen2(bu))

(9:39) P(x) = —

where k is the the modulus and K is the quarter-period of the Jacobi’s function.
(9.39) can be put in the form:

Z (1/byeni3(ba) bﬁp(kz — ) (K2 + 32) cn?(bu)
K/b ICOZ + ﬂzcnz(bU)

(940)  ¢(a)=- du,
where g = 1/b. Hence, by applying formulas (6.24)-(6.27) of [11, page 485], we
obtain, up to constants, that

£(cnil(bklz) —v)

_ k
9(x) = —gpent Ok )+_' £Cnii(okz) + 1)

+ Z(y)enit(bk'z)

¢
where v = snil I1 /bk? . Thus, after making the substitution ¢ = (1/b)cnit(bk'x)
and choosing a suitable Euclidean coordinate system we obtain Case (11).

Case (b.3): n >4 and a = —1. In this case (9.33) reduces to

Z
1 adt

: A+)Vt2+t4 —a?

which implies z > \/1 VI+4a2 —1/+/2. If we make the substitution ¢ = 1/u, we
find

P(x) =

V4 1/x

(9.41) o(x) = au’du

A+ u2)V1+u2 — a?ul

Hence, by applying the same argument as in Case (b.2), we have

3 3 - -
ﬂ £ Cnil b_ko _ “- ﬂ
(ac)——kzocnll b_kO +inZs" s i 0

N

where b = (1+4a?)Y/* k = Vb2 + 1/v/2b, K = V12 —1/+/2b,y = snil 1/bk:2 .
Thus, after making the substitution ¢+ = bilcni(bk’/x) and choosing a suitable
coordinate system, we obtain Case (14).

Case (b4): n>4, ae[3,n—1], and a = ms —n + 1 for some positive
integers s, m satisfying m > 2 and (m — 1)s < n. From (3.17), (9.31) and (9.33)
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we obtain
(9.42) 3

i ¢
X(t,y1,. .. ,yn) = V1+t2cosh Biii(a,a,t) ,
i ¢
V1+t?sinh Bii11(a, a,t) Styr, ... tyn yf+y§+---+y§=l.

Thus M is an open portion of U with a > 0. This gives Case (18) for positive
.

Case (b.5): (b.5): n>5and a € [3—n,—2]. As in Case (b.4), we obtain
Case (18) for negative a.

Case (c): ¢ = —1. In this case, the profile curve v(s) = (z(s), y(s), z(s))
satisfies

(9.43) —x? P+ 2= 1,

which implies 22 > 1. Without loss of generality, we may assume z > 1. If
x is constant, say b, then the principal curvature of M in S”*1(1) are given by
k1= —b/Vb? -1,k =+ - =Kk, = —V/b? —1/b. Thus, we get b > 1. By using
the condition k1 = ax, from Proposition 6.1, we find

2o o B
(9.44) b =-—7 “Tp-1
From b > 1 and (9.44), we know that o > 2 holds. Hence, Proposition 6.1 implies
that « is one of the following integers:

(i) a=2and n+1isnota prime;

(i) n > 4 and « is a positive integer in [3,n — 1] such that o = ms — n + 1 for
some positive integers s, m with m > 2 and (m — 1)s < n.

From (9.43) and (9.44), we may put

cost sint

9.45 = ; = .

(949) Y va—1 ? va—1

Thus, the hypersurface is represented by

Ay r !
o o cost sint

9.46) X(t,y1,--- ,Yn) = ey ns ,

(9-46) x(t,y1,--- ,Yn) p— o 1" T Va1
for y3 —y% —--- —y2 =1. When o« = 2 and n + 1 is not a prime, we obtain Case

(10) after making the substitution: ¢t = \/a — 1s. When n. > 4 and « is a positive
integer in [3,n — 1], we obtain Case (13) after making the same substitution.
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Next, let us assume that x is non-constant. From (9.43) we may put

P P )

(9.47) y= x2-1cosp(x), z= z2— 1lsing(z),
for some function ¢(x). From (9.43) we get

s -

2
(9.48) ds = -1+ (x)* + 2 (x)>
dx

From (5.5), (9.47), and (9.48) we obtain

1 — a? 2 02
(9.49) T2 T A _71+1‘2—1 (z° —1)o

which implies A < 0. So, after setting A = —a? as before, we obtain

ax®

(1 — 22)V—1+ a2 — a2z2>
Case (c.1): «a =0. In this case, we have _
7 A 1
x 2 1 _ 2
951)  é(z) = adt = _ganit Y —l-d”
P
Traz (1 — t2)Vt2 — 1 — a? a

(9:50) ¢'(a) =

Thus, we obtain y = ax/v/1+a?,z = V22 — 1 — a2/+/1 + a?. Hence, if we put
x = +/1+ a?cosht, then we obtain Case (9) for n > 4.
Case (c.2): n >4 and o= —1. In this case, (9.50) reduces to
Za dt
a

Wy

P—_
which implies z > 1+ 442+ 1/+/2. So, after making the substitution: ¢ =
1/u, we obtain

P(x) =

z
o(x) = /e au?du
o (1—uw)VI—uZ—ad2u?
Hence, by applying the same argument as Case (b) in Section 8, we obtain
(9.52) 3 3 - -
Ho T o g oepit TS|
K'Y bE i cn . 0. . DK
= _— 1 — — ] 3 3 —iZ cni 1 v
=gt o I m ) r

i ¢ i ¢
where b = '1+4a2 /% k= T —1/v/2b, k' = VI + 1/v/2b,y = snit 'ci/bk? .
Thus, after making the substitution ¢ = (1/b)cnit(bk"/x) and choosing a suitable
coordinate system we obtain Case (16).
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Case (c.3): a=2and n+1isnota prime. In this case we have

Z 4 t2dt
a
9.53 = : ¢ ,
( ) Qb(l‘) kb |1 7t2 /—*1+t2 —a2t4

i ¢
where b = '1 — 4a? Y4k = 2b/VI+ 02 and K = VI 02//1+ 02 Thus,

we find a < 1/2. |If we make the substitution ¢ = 1/u, then we obtain ¢(z) =

¢
- bl/,f(a/(_ "2 -1V = - a?))du. Her_lce, by applying the same argument as
Case (d.1) in the proof of Section 8, we obtain

3 3 - -
0 “ 0 ﬂ . £ dnil M - “ 0 ﬂ
¢(m)=—%dni1 —bkl;“" —pin—2 2~ iZ(y)dni —blZ“"
£ dni? ka“’ +

where v = snil(k/b). Thus, after making the substitution ¢ = (k/b)dnil(bkz/k)
and choosing a suitable coordinate system, we obtain Case (12).

Case (c.4): mn >4 and « € [3,n — 1]. This case occurs only when o =
ms —n + 1 for some positive integers s, m with m > 2 and n > (m — 1)s. From
(9.50) and using an argument similar to Remark 8.1, we have

1 i ¢a'
0<a< —I(oz—l)/oz (@il)/2

Va
Moreover, from (3.17), (9.47) and (9.50) we know that the hypersurface is given by
3
i ¢
X(t7yl7' .. 7yn) = tyl7 s 7§yn7 \% t2 — 1cos Bil,il(a7a7t) 3
(9.54) i ¢
Vt27ls|n Bil,il(a7a7t) ) ylz.iygii 7%:1

which implies that M is an open portion of V.. This gives Case (19).

Case (c.5): mn>5and a € [3—mn,—2]. In this case, we obtain Case (20)
from (3.17), (9.47) and (9.50).

Conversely, we can verify that all of the hypersurfaces listed in the theorem are
ideal conformally flat hypersurfaces. [
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