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GENERALIZED JENSEN’S EQUATIONS IN BANACH MODULES
OVER A C*-ALGEBRA AND ITS UNITARY GROUP

Deok-Hoon Boo, Sei-Qwon Oh, Chun-Gil Park and Jae-Myung Park

Abstract. We prove the generalized Hyers-Ulam-Rassias stability of general-
ized Jensen’s equations in Banach modules over a unital C*-algebra associ-
ated with its unitary group. It is applied to show the stability of generalized
Jensen’s equations in a Hilbert module over a unital C*-algebra associated
with its unitary group.

1. GENERALIZED JENSEN’S EQUATIONS

Let E; and E5 be Banach spaces with norms ||-|| and ||- ||, respectively. Consider
f: E1 — E5 to be a mapping such that f(¢z) is continuous in ¢ € R for each fixed
x € Ej. Assume that there exist constants € > 0 and p € [0, 1) such that

1f(z+y) = f(2) = fI < e(l]]” + [ly[[")

for all x,y € F;. Th.M. Rassias [5] showed that there exists a unique R-linear
mapping 1" : E; — E5 such that
2¢

I1£(@) - T@) < 5=

|| [[P
for all z € Fj.

Lemma A. Let V,W be vector spaces, and let r,s,t be positive integers. A
mapping f 'V — W with f(0) = 0 is a solution of the equation

st +ty
T

(A) rf( ) =sf(x)+1f(y)
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for all x,y € V if and only if the mapping f : V. — W satisfies the additive
Cauchy equation f(x +y) = f(x) + f(y) for all x,y € V.

Proof. Assume that f : V — W satisfies the equation (A). Then

rf(Ca) = rf(ERD) = 6f(@) 4 7(0) = s£(2),
t s-0+1tx

rf(=z) =rf(————) = sf(0) + tf(z) = tf(2)

forall z € V. So

for all x € V. And

f@) = G- <o) = 2f(za),

fl@) = f(5 7o) = = f(a)
forall x € V. So

fCo)=Zf@) & f(72)=2f(@)
for all z € V. Thus
flety)=1-rfC-Sa+ L y) = (sf(Ca) + 1£ )
= L5+ Tf@) - Li(w) = F@) + 1)
for all x,y € V.
The converse is obvious. [

Throughout this paper, let A be a unital C*-algebra with norm | - | and U(A)
the unitary group of A. Let 48 and 4C be left Banach A-modules with norms || - ||
and || - ||, respectively, and 47# a left Hilbert A-module with norm || - ||. Let s, ¢ be
different positive integers, r a positive integer, and d an integer greater than 1.

In this paper, we prove the generalized Hyers-Ulam-Rassias stability of the
functional equation (A) in Banach modules over a unital C*-algebra associated
with its unitary group.
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2. STABILITY OF GENERALIZED JENSEN’S EQUATIONS IN
BaNAcH MoDULES OVER A C*-ALGEBRA

We are going to prove the generalized Hyers-Ulam-Rassias stability of the func-
tional equation (A) in Banach modules over a unital C*-algebra for the case s # ¢.

Theorem 1. Let f : AB — 4C be a mapping with f(0) = 0 for which there
exists a function ¢ : A3 X 4B — [0,00) such that

o0

Bl y) 1= D (S5, (3) g < oo
(1) k=0
Jruf () — sf(ue) — tF(up)| < ()

Sor all w € U(A) and all x,y € AB. Then there exists a unique A-linear mapping
T : 4B — AC such that

(i) 7@~ T@) < 23z, ~32) + 53, (5) 2)
for all x € 4B.

Proof. Putu=1¢cU(A). Fory = -3z,

(M) lsf(2) +tf(=2a)| < ¢ (w,—72).
Replacing « by —2z and y by (2)x, one can obtain
@) lsf(=32) +t£((3)%) | < p(—2a, (3)%)

for all x € 4B. From (1) and (2), we get
t s

1£@) ~ GG < oo, ~32) + (-2, (5)%2)
for all x € 4B. So
ton e \2n S DI S\2k+1
[f(z) = ()" F(D) ") <) _(=(2)T ()2, —(5)" " 2)
3) S t 5SS t t
+%(£)2k+1@(_(§)2k+1x7 (;)2k+2$))

for all x € 4B.
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We claim that the sequence {(£)?" f((2)*z)} is a Cauchy sequence. Indeed,
for n > m, we have

[GP A1) = P (5]

t t
< DI - (% ()
k=m
= 1.t o S\ 2k S\ 2k+1 1 T\ 2k41 S\ 2k+1 5\ 2k+2
<2 GE)Te(()Tr =) T2) (57 e(- ()T e (5)7 )
k=m
for all x € 4B. It follows from (i) that
: nllfzk Svok . (Svokel oy Lotiory1 o Svoki1 . Sy2kt2 \y
Tim Y ()%, () a1 (D (2P, (0)4420)) = 0

for all € 4B. Since 4C is a Banach space, the sequence {(£)?"f((2)* )}
converges. Define

T(@) = lim (X

n—oo - §

n S n
PR ))
for all x € 4B. Taking the limit in (3) as n — oo, we obtain

S t S S

1. ~
I1£(2) = T(@)]| < <3(w,~22) + 53~ 2a, ()2)

for all z € 4B, which is the inequality (ii). From the definition of 7', we get
s
t
By (i) and the definition of 7T,

(4) ()T (@) = T((3)*"x) and T(0) = 0.

P () —sT(@) 4T ()|
= tim (D5 — s f(5) — ()
< lim G5, (2)y) = 0
for all z,y € 4B. So
T = 1) +47()

for all z,y € o4B. By Lemma A, T is additive.
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If F': 4B — AC is another additive mapping satisfying (ii), then it follows from
(ii), (4) and the proof of Lemma A that

IT(@) = F@)ll = [CPMT(G)) — G EG))]|
< IQPT() - QG2+ Q7 (D) = QTP )

< AP B, (3)7(~3)e) + (G-

which tends to zero as n — oo by (i). Thus we conclude that

for all x € 4B. This completes the uniqueness of 7.
By the assumption, for each v € U(A),

s+1t,s S s

Iruf(——=(3)""2) = (s + DF(3) )| < p((5)"2, (3)*"a),
s+t s S

C)2ruz) - (s + O£ () un)| < (5 Prua, (2ua)

Irf(E t

for all x € 4B. So

s+1,s

L) - ruf ()|
s+t,s

—(3)7"uz) — (s + F((3)"ua) |

I £ (
<|r f(

s+1t,s

Hruf (R EPna) — (s 4+ 0 1) u)|

< (3w, (3)7"ua) + (3", (3)")

for all u € U(A) and all x € 4B. Thus

s+t s

()P aa) — ruf

s+t s

()%l =0

(L :

as n — oo for all u € U(A) and all x € 4B. Hence

8+tum): lim (E)%Tf(s—i—t(s) "uzr) = lim ruf(s——i_t(ﬁ)%%)

r n—o00 " § r 't n—00 r ot

s+t
z)

rT(

= ruT(
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for all w € U(A). So

r T(S+tux): r s+t
s+t T s+t T
for all u € U(A) and all x € 4B.

Now let a € A (a # 0) and M an integer greater than 4|a|. Then

T(uz) =

_lal 1 2 1

< = —.
4a| ! 3 3
By [3, Theorem 1], there exist three elements uy, ug, u3 € U(A) such that 375 =
u1+us+ug. And T(z) = T(3-3z) = 3T(3z) forall 2 € 4B. So T(32) = 371(z)
for all z € 4B. Thus
a

%T(3—:c)

T(ax)= T(% : 3ia:) =M - T(l .3&@ =3 =

3 M 3 M

M M
= ?T(ulx + upx + uzx) = ?(T(ulaj) + T'(ugx) + T(usz))

_ %(ul s+ un)T(2) = L. 3% ()

3 M
=aT(x)
for all z € 4B. Obviously, T'(0z) = 0T'(x) for all z € 4B. Hence
T(azx + by) = T(az) + T'(by) = aT'(x) + 0T (y)

for all a,b € A and all z,y € 4B. So the unique additive mapping T : 4B — 4C
is an A-linear mapping, as desired. [ |

Corollary 2. Let 0 <p<landt <s. Let f: aB — 4C be a mapping with
f(0) = 0 such that

[lruf(

) s f(u) — tf )] < el + P

Sfor all w € U(A) and all x,y € aB. Then there exists a unique A-linear mapping
T : gB — 4C such that
s2(1-p) 1 1 HA-p  1-2p
15@) = T@) £ sy &+ s + o+ el

for all x € 4B.

Proof. Define ¢ : aAB X 4B — [1,00) by ¢(z,y) = ||z||P + ||y||P, and apply
Theorem 1. u
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Corollary 3. Letp > 1 andt > s. Let f : AB — AC be a mapping with
f(0) = 0 such that

sr+ty
r

lruf(

) = sf (uz) — tf (uy)l| < [lz][” + lly[|”

Jor all w € U(A) and all x,y € AB. Then there exists a unique A-linear mapping
T : AB — 4C such that

$2(p—1) sP—1  gp—1  2-2p

@) = T £ s (5 + S + 51 + )l

—_

for all x € 4B.

Proof. Define ¢ : 4B X 4B — [0,00) by p(z,y) = ||z||P + ||y||P, and apply
Theorem 1. u

Theorem 4. Let f : 4B — 4C be a continuous mapping with f(0) = 0 for
which there exists a function ¢ : g8 x aB — [0, 00) satisfying (i) such that

lruf(

for all w € U(A) and all z,y € sB. If the sequence {(£)*" f((£)*"x)} converges
uniformly on AB, then there exists a unique continuous A-linear mapping T : 4B —
AC satisfying (ii).

w) —sf(uz) —tf(uy)|| < o(z,y)

Proof. By the same reasoning as the proof of Theorem 1, there exists a unique
A-linear mapping T' : aB — AC satisfying (ii). By the continuity of f, the uni-
form convergence and the definition of 7', the A-linear mapping 7" : 4B — 4C is
continuous, as desired. [ |

Theorem 5. Let h : sH — AH be a continuous mapping with h(0) = 0 for
which there exists a function ¢ : sH X AH — [0, 00) satisfying (i) such that

t
Hmh(m
T

) = sh(uz) — th(uy)|| < ¢(z,y)

for all w € U(A) and all z,y € sH. Assume that h((3)*z) = (2)**h(z) for all
positive integers n and all x € AH. Then the mapping h : AH — aH is a bounded
A-linear operator. Furthermore,

(1) if the mapping h : sH — 4H satisfies the inequality

1h(z) = h*(@)[| < o(z, z)

for all x € 4H, then the mapping h : sH — AH is a self-adjoint operator,
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(2) if the mapping h : sH — aH satisfies the inequality
[ o h*(z) = h* o h(z)| < o(z,x)
for all x € sH, then the mapping h : AH — AH is a normal operator,
(3) if the mapping h : AH — 4H satisfies the inequalities
[0 h*(z) — z| < ¢(z, z),
[P o h(z) — z| < ¢(z, z)
for all x € sH, then the mapping h : sH — AH is a unitary operator, and
(4) if the mapping h : AH — aAH satisfies the inequalities
[k o h(z) — h(z)|| < o(z, z),
[P (z) — h(z)|| < o(z, z)

for all x € sH, then the mapping h : AH — AH is a projection.

Proof. The sequence {(£)**h((2)?*"z)} converges uniformly on 4. By Theo-
rem 4, there exists a unique continuous A-linear operator 7' : sH — 4H satisfying
(i1). By the assumption,

t t
T(w) = lim (2)"h((3)""2) = lim (2)*'(

n—oo " § t n—oo - § t

S

)*"h(z) = h(x)

for all x € 4H, where the mapping 7" : 4H — 4H is given in the proof of Theorem

1. Hence the A-linear operator 1" is the mapping h. So the mapping h : AH — aH

is a continuous A-linear operator. Thus the A-linear operator h : 4 H — AH is

bounded (see [1, Proposition II.1.1).
(1) By the assumption,

s

IR((3)"2) = h*((5

)| < (5P, (5)0)

for all positive integers n and all € 4H. Thus
(=) R((3)*2) = (7)™ z)|| = 0
s t t
as n — oo for all x € 4H. Hence

h(z) = tim (5)7h((3)?2) = Tim (2)20ne((

n—oo - § t n—oo " § t

S S

Pnz) = ()
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for all x € 4H. So the mapping h : 4H — 4H is a self-adjoint operator.

The proofs of the others are similar to the proof of (1). [ |

Now we are going to prove the generalized Hyers-Ulam-Rassias stability of the
functional equation (A) in Banach modules over a unital C*-algebra for the case
s=t=1and r =d.

Theorem 6. Let f : AB — 4C be a mapping with f(0) = 0 for which there
exists a function ¢ : AB X 4B — [0,00) such that

R < S B P S
(iii) #lony): kz_o(d_l)w((d 1)z, (d-1)Fy) <

Jduf () -

fuz) — fluy)|| < o(z,y)

for all w € U(A) and all x,y € sB. Then there exists a unique A-linear mapping
T : 4B — 4C such that

(iv) 1f(z) = T(2)|| < ——¢(x, (d = 1)z)
for all x € 4B.

Proof. Putu =1 € U(A). Replacing y by (d — 1), one can obtain
I(d =1 f(z) - f((d = D)l < p(z, (d - 1)z)

for all x € 4B. So

£ - LU0y < L (@ 1y,
and hence
n—1
® I - L= <3 ol Ve -1 @ 1)

for all x € 4B.
We claim that the sequence {f(—} is a Cauchy sequence. Indeed, for
n > m, we have

<Y GpEed -t - (@=1's
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for all x € 4B. It follows from (iii) that

n—1

Jin 3 el - D d - 1) (- 1)) =0
k=m

for all x € oB. Since 4C is a Banach space, the sequence {%} converges.

petne f(@d=1ra)
T(e) = Hm =o =

for all x € 4B. Taking the limit in (5) as n — co, we obtain
1
1f(2) = T(2)]| < 7= ¢(z,(d - 1)2)
for all x € 4B, which is the inequality (iv). From the definition of T, we get
(6) d—1)"T(x) =T((d—1)"z) and T'(0) =0.

By (iii) and the definition of 7,

) —T(z) =Tl

= lim (d—1)n”df( y )= f((d=1)"z) — f((d=1)"y)]

for all z,y € 4B. So
Tty

d
for all x,y € 4B. By Lemma A, T is additive.

If FF': 4B — 4C is another additive mapping satisfying (iv), then it follows
from (iv), (6) and the proof of Lemma A that

ar(2Y) = T(2) + T(y)

R e e |
<= Tay
@7 @1
<ot S(d—1) e d—1)-(d— 1) ),
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which tends to zero as n — oo by (iii). Thus we conclude that

for all x € 4B. This completes the uniqueness of 7.
By the assumption, for each u € U(A),

Jaus AL

I P )~ 2((a 1) u)] < p((d ~ 1)z, (4~ 1)7ua)

for all x € 4B. So
2(d—1)"
d

z) = 2f((d = 1)"uz)|| < ((d = 1)"z, (d — 1)"),

ur) — duf (2=

2(d — 1)
d

I (

< |ldf( ur) = 2f((d —1)"uz)|

M@ —2f((d — 1)"uz)|

< p((d—1)"uzx, (d — 1)"uzx) + o((d — 1)"z, (d — 1)"x)

+lduf(

for all u € U(A) and all x € 4B. Thus

1 2(d — 1) 2(d — 1)"
el ) - dup () - 0
as n — oo for all u € U(A) and all z € 4B. Hence
2 ) df(%d;ﬁum) ) duf(%d;ﬁx) 2
AT(Gue) = Jm =y = i — = = wT(Go)
for all uw € U(A) and all x € 4B. So
d,_ 2 d 2
T(ux) = §T(Eu:c) = §uT(E:c) =uT(z)
for all u € U(A) and all x € 4B.
The rest of the proof is the same as the proof of Theorem 1. [

Corollary 7. Let d be an integer greater than 2 and 0 < p < 1. Let f : AB —
AC be a mapping with f(0) = 0 such that

r+y

Jduf (

) = fuz) = fluy)|| < [[=[[” + lly[[”
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SJor all w € U(A) and all x,y € AB. Then there exists a unique A-linear mapping
T : aAB — AC such that

1+ (d—1)
I7@) = T@ < 7=~y

||
for all x € 4B.

Proof. Define ¢ : AB x 4B — [0,00) by ¢(z,y) = |lz||P + [[y[|P, and apply
Theorem 6. []

Theorem 8. Let f: 4B — AC be a mapping with f(0) = 0 for which there
exists a function ¢ : g8 X AB — [0, 00) such that

- - 1 1
(V) 90(‘/1"’3/) = ;O(d_l)k@((d_l)kl" (d_1>ky)<oo
lduf(“=2) = fuz) - fuy)] < olo,y)

Sor all w € U(A) and all x,y € AB. Then there exists a unique A-linear mapping
T : aAB — AC such that

(vi) 1£(@) ~T(@)| < B2, 2)

for all x € 4B.

Proof. Put u =1 € U(A). Replacing z by %5 and y by z, one can obtain

I@=Df(7) — f@) < p(—=,2)
for all x € 4B. So
n—1
M d= 0" (=)~ f@) < > (d=1 el e =)

for all z € 4B.

We claim that the sequence {(d—1)" f( G )} is a Cauchy sequence. Indeed,
for n > m, we have

xT

1(d — 1)”f((d — 1)n) —(d - 1)mf(w)||

i
L

X

m) —(d— 1)kf((d_ 1)k)||

< D lId =1

=T
L3

T T

< (d_l)k(p((d_l)k—i-l’(d_l)k)

il
3



Generalized Jensen’s Equations 653

for all x € 4B. It follows from (v) that

n—1
i g(d — @ @) 0

for all z € 4B. Since 4C is a Banach space, the sequence {(d — 1)”f((d_‘”1)n)}
converges. Define

T(z) = lim (d — 1)"f(—

n—00 (d — 1)n)

for all x € 4B. Taking the limit in (7) as n — oo, we obtain

IT() - f@)| < 37, 2)

for all x € 4B, which is the inequality (vi). From the definition of T, we get

®)

- 1)n) and 7'(0) =0.

By (v) and the definition of T,

L) - T() - T()|

_ nll_>120(d_ 1)”||df(%) - f((d _:L.l)n) - f((d _yl)n)H

< fim (d =1 (m —xw’ d —y1)n) =0

14T (

for all x,y € 4B. So

r+y
d

for all x,y € 4B. By Lemma A, T is additive.

If F': sB — 4C is another additive mapping satisfying (vi), then it follows
from (vi), (8) and the proof of Lemma A that

dT ( ) =T(x) +T(y)

I7() = @) = ld = 1" (g =57) = (d = " Pl
< @ = )" T (g —g5) = = D" (=)
=" (g =g57) — = V" Fg =)
< 2(d - 1)"p(—— =

NG
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which tends to zero as n — oo by (v). Thus we conclude that
T(z) = F(z)

for all z € 4B. This completes the uniqueness of 7.
By the assumption, for each u € U(A),

2z UL T T
e N <
Jduf (Grse) = 2 (o)l < e Ty
2ux UL UL uzx
" )2 <
It Grgye) = 20 o) | < Pl e )
for all x € 4B. So
2ux 2z
df(—222 )y
i rse) — Ao (o)
2ux UL 2z uzT
< — V9 f(— ) 9f(—
< () = 2 (o) + lud (g 2g5) = 20 ()]
< o ux ux )+ o x x )
R N A TR D TR
for all u € U(A) and all x € 4B. Thus
2ux 2z
1) ke S
(0= 1)"|df (G g5e) = duf (gl =0
as n — oo for all u € U(A) and all x € 4B. Hence
2 ) n 2ux
dT(EwE)_ nh_}rrolo(d -1) df(d(d — 1)n)
RT _1\n 2x
= nl;rgo(d 1) duf(—d(dil)n)
= duT(%x)
for all uw € U(A) and all x € 4B. So
d, . 2 d 2
T(ux) = §T(Eua:) = §uT(E:c) = uT(z)
for all u € U(A) and all x € 4B.
The rest of the proof is the same as the proof of Theorem 1. [

Corollary 9. Let d be an integer greater than 2 and p > 1. Let f : AB — 4C
be a mapping with f(0) = 0 such that

r+y

Jduf (=

) = fuz) = fluy)|| < [[=[[” + |ly[[”
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Sor all w € U(A) and z,y € aB. Then there exists a unique A-linear mapping
T : AB — 4C such that

(d—1)P+1
(d—1)p+1—-d

If(z) =T ()] <

l][”

for all x € 4B.

Proof. Define ¢ : 4B x 4B — [0,00) by ¢(z,y) = ||z[[F + |[y|[F, and apply
Theorem 8. []
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