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VALUE DISTRIBUTION FOR p-ADIC HYPERSURFACES

Ha Huy Khoai and Vu Hoai An

Abstract. The purpose of this paper is to give a p-adic version of value
distribution theory for hypersurfaces.

1. INTRODUCTION

Nevanlinna theory is a far-reaching generalization of Picard’s theorem.
There are two main theorems and defect relations which occupy a central place
in Nevanlinna theory. Recently, Nevanlinna theory was extended ([1], [6], [7],
[10]) to p-adic meromorphic functions on C,. Khoai ([8]), Khoai - Tu ([11]),
and Cherry - Ye ([4]) began to study several variable p-adic Nevanlinna theory,
in particular, they established p-adic value distribution theory for the case of
hyperplanes. In [8] Khoai gives a p-adic version of the Poisson-Jensen formula
for several variable functions. His method is based on the higher dimensional
analogs of the valuation polygon. However, the formula obtained in [8] is hard
to compute. In [4] Cherry and Ye consider a meromorphic function in several
variables and restrict it to a generic line through the origin, and prove that
the counting function for this one variable function does not depend on the
choice of line through the origin. They use this observation to define counting
functions as in the one variable theory, and then a several variable Poisson-
Jensen formula follows. Their formula gives the relation between the modulus
of a function on the boundary of a ball and the zero set in the ball, while the
formula in [8] deals with the zero set on the boundary of a parallelepiped.

In this paper by using the ideas in [8] and some arguments in [4], [11], [12],
we give a p-adic version of the Poisson-Jensen formula for several variable
functions. Our formula permits to compute the modulus of a function on the
boundary of a parallelepied by using information about the zero set. This
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formula lets us to give some results on the value distribution for the case
of hypersurfaces. Notice that, in a recent paper ([12] Min Ru also obtained
similar results, but for the case of holomorphic curves.

The authors would like to thank the referee for many helpful comments
and suggestions.

2. HEIGHT OF p-Apic HOLOMORPHIC FUNCTIONS OF SEVERAL VARIABLES

Let p be a prime number, @, the field of p-adic numbers and C, the p-
adic completion of the algebraic closure of Q,. The absolute value in Q, is
normalized so that [p| = p~!. We further use the notion v(z) for the additive
valuation on C, which extends ord,.

We use the notations

D) = (D1, vy brm),

(b7) = (b, ooy bio1, bi1s oo o),

Dr:{ze(Cp:|z|§r,r>0}, D<r>:{zECp:]z|:r,r>0},
D={z€Cp:|z| <1},

D

vy = Dry X =+ X Dy, where () = (ri,...,rm) for r; € Ry,

D<T(m>> = D<7’1> X X D<’I’m>7
D™ = D x -+ x D the unit polydisc in CJ* ,  [flr,., = [flr1,....rm)>

i € N,’Y = (71, "'77’m)7

|,.y’:,.)/1++,ym7 Z’Y:Z’Y Ym Y1 Ym

oz, v =ty

log =log,, t;=—logr;, i=1,..,m.

Notice that the set of (ry,...,7,) € R such that there exist x1, ..., zp, € C,
with |z;| = r;,i = 1,...,m, is dense in R’?. Therefore, without loss of generality
one can assume that D<T<m)> # 0.

Let f be a non-zero holomorphic function in D
vergent series

romy Tepresented by a con-

f= Z ay27, |z <rpfori=1,...,m.
[v[>0
We define

— v,
‘f|7”<m) OSIT}Y??OO |a’Y |’I”

Set vt = yit1 + - + Ymtm-
Then we have
lim (v(ay) +~t) = +o0.

[y|—00

Hence, there exists an 7 € N such that v(a.) + ¢ is minimal.
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Definition 2.1. The height of the function f(z(y)) is defined by

H(t;\) = mi 1).
£ (tam)) Ogﬁgm(v(awwrv)

We also use the notation

Write -
f(z(m)) - Z fz,k(zz)zfv 1=1,2, , T
k=0
Set

{(71, o ym) €NM L v(ay) 4yt = Hf(t(m))}
in {523 (1% 9m) € It}
ax {% 23 (Vs Vi Ym) € If(t(m))},
in ks fin(z) # 0},

vi(tan) = D (7 p(tmy) = 134 (tmy) -

=1

Call £ a critical point if v(t) # 0.

|
=)

3 &

S =

S

= §
o =

N— S— S— S—
[l 1

Theorem 2.2. Let f(z) be a holomorphic function on D,. Assume that
f is not identically zero. Then there exist a polynomial

g(z) = bO + blZ +- b’uzva d@g 9= n;(t%t = —long,

and a holomorphic function h =1+ > ¢,z" on D, such that
n=1
1) f(2) = g(2)h(2),
2) f(z) Just has n; (t) zeros in D,
3) ny(t) — }'(t) is equal to the number of zeros of f at v(z) =t,

4) h has no zeros in D,.

For the proof, see Weierstrass Preparation Theorem [6].

The set of z in C, with |z| < 1 forms a closed subring of C,. We denote
this subring by O (called the ring of integers of C,), and the set of z with
|z| < 1 forms a maximal ideal I in O. We denote the field O/Z, which is called
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the residue class field, by (/C;. Note that since C, is algebraically closed, so is
Cp, and in particular C, cannot be a finite field. Given an element w in O,
denote its equivalence class in C, by .
o0
Let f = > a,2” be a non-zero entire function on C;'. Choose y = yn)

[v|=0
such that

lyl = max{|y] : [ay| = [fl,..1)}-
Define fby

o~

e a
/= E 2.

a

lyl=0 ¥

Since f is entire, ’Z—N < 1 for all but finitely many ~y, and thus fis a polynomial

in m—variables with coefficients in C,. Since

a
2
ay
fis not the zero polynomial.
o0
Lemma 2.3. Let fs(zpm)) = > a327,s =1,...,q, be ¢ non-zero entire
|v[=0

functions on CJ'.  Then for any D, in Cy (D<T(m)> # 0) there exists
U= Uy €D such that

T'(m)

‘fs(u(m))‘ = ‘fslr(m)’s =1...,q

Proof. First we prove that if 7(,) = (1,...,1), then there exists w =
W) € D™ such that

(2.1) )| = max a

s=1,...,q.
0<]y|<o0

A
For each s =1,...,q, choose ys = (v{,...,y;,) such that

lys| = max{[y| : |a3] = [flq,..»)}-

Set
M={fs,s=1,...,q}.
- q
Since fs is not the zero polynomial, so is [] fs.
s=1
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q .
Let w = w(,,) € D™ be such that @ is not a solution of [] fs.
s=1

Set

We have

Since w is not a solution of all fs,
bs & I.

Thus
fs(w)

Ay,

=1

Hence, |fs(w)| = |ay,]-
Now let x1,...,zmy € Cp such that |z;| = ;.
Consider the following transformations of C!

©(2(m)) = (121, -+ s Tm2m)-

Set
We have

and

|v|=0
are non-zero entire functions on (CIT)”.
By (2.1) there exists w = w(,,) such that
’x1|71 o }xm"Ym

’fsogo(w)}: max ’aixﬂ: max ‘a:ﬂ

0<]y|<o0 0<]y|<oc0
= e a3 =|fl, .

Set u = ¢(w). Then u € Dy, and ‘fs(u)} = ‘fsl s=1,...,q. [

T(m)’
Lemma 2.4. Let fs(z(m)), s = 1,2,...,q, be q non-zero holomorphic

functions on Dy - Then there exists u = () € Dy, such that

| fs(u)| = |fs|r(m>,S =1,2,...,q.
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Proof. Let
o0
fs(zm)) = Z as2’.
lv|=0
For each s =1,2,...,q, we set
ks = { dlalir? = }
* ™ 0dhi<oo s el ‘fs‘ﬁm)

Then

P, = g axz’, s=1...,q
0<|y|<ks

are non-zero entire functions on (C;”.

By Lemma 2.3, there exists u(,) = (u1,...,umn) € Dy ., with lui| = r;
such that
| Ps (um))| = |Pslry, 5= 1,40,
Moreover,
’PS|T(m) = ‘fSIT(m)v ’Ps(u(m))‘ = \fs(u(m))], s=1,...,q.
Thus

|f8(u(m))|:|f5’7“(m)a 3:17""(]' |
As an immediate consequence of Lemma 2.4 we have

Corollary 2.5. Let f(2(m)) be a non-zero holomorphic function on Dy,
Then

)

max |f(u)| = ‘f|7"<m)'

u€Dr ()

3. p-ApIC POISSON - JENSEN FORMULA IN SEVERAL VARIABLES

Let f be a non-zero holomorphic function on D
Write

T(m)*

f(Z(m)) = Zfzk(/zz\)zf, 1=1,2,...,m.
k=0

Let

p——

For a fixedi (i=1,...,m) we set for simplicity

nij((),()) =l k= n;f(t(m)), ko = nj,f(t(m))
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Then there exist multi-indices v = (v1,--+,%,--,¥m) € If(t(m)) and p =

(//Jla sy Mgy num) € If(t(m)) such that Vi = kl, Hi = ka.
We consider the following holomorphic functions on D, ,

— — —

Fo(zmy) = fie(zi)28, fry (2(m)) = fi,kl(zi)zfl,sz(z(m)) = fir(2i)2F2.

The functions are not identically zero.
Set

Ui={u= U(m) € DT‘(m) [ feo(u)| = |f€|r(m)v |f(w)] = ’f|r(m)v
’fkl(u)’ = ’fh’r(m)? ’sz(u)’ = ’fh’r(m)}v

where i =1,...,m.
By Lemma 2.4, U; is a non-empty set. For each v € U;, set

fiu(z) = Zfi,k(u/z\)Zf, z=2z €D,,.
k=0

The following theorem shows that we can use the Weierstrass Preparation
Theorem [6] to count zeros by slicing with a generic line through the point w :

Theorem 3.1. Let f(z(y)) be a holomorphic function on Dy, - Assume
that f(z(m)) is not identically zero. Then for each i = 1,...,m, and for all
u € U;, we have

1) Hf(t(m)) - Hf’i,u (ti)7
2) ni_f(t(m)) is equal to the number of zeros of fi. in Dy,
3) ny ¢ (tm)) — njf(t(m)) is equal to the number of zeros of fi. at v(z) = t;.

Proof. Set ks = n. . (i), ka = n};u (t;). Since

| f ()l = | flrgn = laylri* ..rfl oo = Jay|ry? ...er crhr
= |fk1’7“(m) = |fk2|7“(m)7
we obtain
TNk TNk
| fior (W) |ri™ = [f ey = | fio (wi)|ri? = [ f (u(m))|-

On the other hand, we have

| Fia ) [ = | iy i) [P < | il < |l -
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Hence - -
| Fiea ()72 = | fisalrs = [ figey (w) |70

From this it follows that k1 < k3 and k4 < ko. Now we consider j such that

| fig(ua)|r! = fiulr;-

Then there exists = (n1,...,M,...,Nm) With 7; = j such that

—

| (ugn))| = fra ()| < | fiulre = 1o (i)

S |a77’Tn S ’f’r(m)

Since
Lf ()| = [flrny
we have
|an|r™ = [flr,,-

Hence ko < j < kq. From this it follows that k4 > ko and k3 < ki. Since
k1 < ks and ko > k4, so ke = k4 and k1 = k3. By Lemma 2.4 and Theorem
2.2, we see that Hy(t(m)) = Hy, ,(t:), and n; ;(t(n)) is equal to the number of
zeros of f;, in D,, and ni_’f(t(m)) - n;ff(t(m)) is equal to the number of zeros
of fi,u at ti.

Theorem 3.1 is proved. [

For each i = 1,...,m, from Theorem 3.1 we see that n; r(0,0) = ny,(0,0)
for all u € U;.

Let f be a non-zero holomorphic function on Dy, - Define n; £(0, r(m)) to
be the number of zeros with absolute value < r; of the one - variable function
fiu(2)-

Theorem 3.1 tells us that

14,7 (0,7(m)) = 1 1 (Em))-

For a an element of C, and f a holomorphic function on D which is not

identically equal to a, define

T‘(m> I

ni7f(a,r(m)) = n@f_a((),r(m)), n; £(a,0) =n; r-4(0,0), i=1,...,m.

Fix real numbers p1,...,pm with 0 < p; <71y, i =1,...,m.

For each x € R, set

Ai(x) = (P1y- oy Pim1, Ty Tiddy e ooy Tm), ©=1,...,m.



Value Distribution for p-Adic Hypersurfaces 59

Define the counting function Ny(a,t:y)) by

Tk
1 o~ [ ng(a, Ap(x))
Nia, ) = — P\ 26E)) gy
fastm) = 153 [ et At g,
If a =0, then set Ny (t()) = Nf(0,20m))-
For each t € R, set

Tz(t) == (Cla cee 7ci—17t7ti+17 cee >tm)a

where
¢ =—logpi,t=1,....,m.

Theorem 3.2. (P-adic Poisson - Jensen Formula in several variables)
Let f be a non-zero holomorphic function on Dr(m). Then

Hi (tmy)) = Hf (cm)) = Ny (tm))-

Proof. Let
0 —_—
f= Zfl,k(zl)Zf-
k=0

Set -
£:n17f(070)7 a:10g|f1,€(zl)‘ﬁa

T1
1
M= lnp/an(O,Al(x)) — lxdx + Clogry,
0

p1

1
M, = 1Ilp/nw((),/11(brc)) — (wdz + Llog pi,
0
1
M _1/n (0, Ay (z)) — fxdz + Clog -
2_lnp LA gm’
p1
1
1

Mz = m/nl,f(07A1($))xd$»

p1
U= {Ti(t) : (n] ;o T1(t) —ni ;o T1(t)) #0, t > t1}.

We will prove

(3.1) H{ (tgm)) — Hf o Ti(c1) = Ms.
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To show (3.1) first prove the following

(3.2) Hf (timy) —a= M.
Case 1. /=0.
Then

1

M= 1 /nl’f(O’Al(x))dx.

Y x
0

If T =0, then H;[(t(m)) =a and M = 0. Therefore
Hjj_(t(m)) —a=M.
If I" # (), then T is a finite set. Suppose that I" contains n elements

O =7y (1),

ym = Tl(t(”)),

where t; <t < @) < ... <),
Set bz = p_t(”a L= ]-a 27 cees Ny 8 = nl,f(()?T(m))v s1 = ’I’lLf(O,A]_(bQ)), a1 =

—

‘f1,3(21)|;;, as = H}’_ OTl(t(l)), az = H}i— OTl(t(Q)), a4y = |f1’sl(21)|;?. Then

0<by <bp_1 <---<b; <r;. We will prove (3.2) by induction on n.

Case n = 1.
If by = ry, then ny (0, A1 (z)) = 0,0 < & < r1. Moreover, by the continuity
of HJJ[ o T1(t), we obtain (3.2). Consider by < r;. We have

M = s(log r1 — log bl) = log(ayr]) — log(a1b7).
Since by < ry and n =1,

Hf+ (t(m)) = log(alrf).

Furthermore, T (t) ¢ T with t > t™) and H]T o Ty (t) is continuous.
Thus
log (a1b]) = a.

Hence (3.2) follows. So (3.2) is proved in this case.
Now we will prove (3.2) for any n.
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Case b < 1.
Then 0 < b, < bp_1--- < by <7 and t; < t0) < ... < ¢t Apply the
induction hypothesis,

by

L oA,
Inp x S
0
Thus
1
A
M=ay—a+ 1 —n17f(0, l(ac))dx.
Inp T
b1

On the other hand,

1 / mg (0, Ar@))

@ . :s(logrl —10gb1)

by
= log(a17{) — log(a1b7),

az = log(a1b7).
Since Ty(t) ¢ I with t; <t < t(),
(3.4) H;f(t(m)) = log(airy).

By (3.3) and (3.4),
M = H;_(t(m)) — a.

Case b; = rq.
Then 0 < by, < ... < by < by =r and t; =tV < ... <t Apply the
induction hypothesis,

b
1
L @), ,
lnp x
0
Thus
1 Fnas0,4
(3.5) M=—ay—atr - [rusO4E),
lnp x
ba

Moreover, ny ¢(0, Ai(x)) = s1 with by < < by, and

by
1 / n1,£(0, Ai(x))

m . dz = s1(log by —logby) = log (a4bi*) — log (asb3'),

b
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az = log (asb3").

Since T (t) ¢ I with t()) < t < ), and by the continuity of Hjj' o Ty (1),

H}r(tm) = log (a4bi").
Since (3.5) and (3.6), we obtain

M = Hf (tm) — a.

Case ¢ # 0.
Then f = f1 f> with f; = 2{. We have

n1,£,(0,0)=0,
nl,f(O, 0) = E, TLLf(O, Al(IL’)) = nl,fQ (0, A1($)) + E,

Hlj(t(m)) = ]7;1 (t(m)) + Hft(t(m)) =/llogry + I‘I]T2 (t(m)).
By case £ =0,

1 /1 mg(0, Ay(a))

_ +

0

Thus
M = H;;(t(m)) —a —i—flOng = H}F(t(m)) — a.

Similarly we obtain

(37) M1 = Hf+ o Tl(cl) — a.

We have
M = M + My, M3 = M.

Apply (3.2) and (3.7),

Mz =M — My = Hf (t(m)) — Hy o Ti(c1).

Similarly we have
(3.8)
1 fnu0,4
HJT oT; 1(cic1) — Hf o Ty(c;) = — / de fori=2,...

f Inp x
Pi



Value Distribution for p-Adic Hypersurfaces 63

Apply (3.8),
Hy (tgm) — Hf o Ty(cm) =Hf (t(my) = Hf o Ti(cr) + Hf o Ti(er) — ...
—l-H;cL oTm—1(em—1) — HJT o Tin(cm),
we obtain

Hj (tmy)) — Hf (cm)) = Ny (tm))- n

4. VALUE DISTRIBUTION ON p-ADIC HYPERSUFACES

We say that an entire function g divides an entire function f if f = gh
for some entire function h, and we say that g is a greatest common divisor of
n entire functions fi,..., f, if whenever an entire function h divides each of
non-zero f; then h also divides g. We say that n entire functions fi,..., f, are
without common factors if 1 is a greatest common divisor.

Note that greatest common divisors exist in the ring of entire functions on
Cy' (see [4]).

By a holomorphic map

O — P(C,) = P,

we mean an equivalence class of (n+1)—tuples of entire functions (fi,. .., fn+1)
such that fi,..., fn+1 do not have any common factors in the ring of entire
functions on Cp*, where two (n + 1)—tuples (f1,..., foy1) and (g1,. .., 9gnt1)
are equivalent if there exists a constant ¢ such that f; = cg; for all i. We
identify f with its representation by a collection of entire functions on C}’

f=f, 0 far)-

Definition 4.1. The height of a holomorphic map f is defined by

Hy(tmy) = | min Hy,(tam)).

We also use the notation

Hy (tom)) = —H (tm))-

A family Q1,...,Q4 of polynomials in n + 1 variables with coefficients in
Cp, (¢ > n+1) is said to be admissible if any set of n + 1 polynomials in this
family has no common zeros in (C;H'1 —{0}.
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Let X; be hypersurfaces in P" defined by the equations Q; = 0,i=1,...,q,
where (); are homogeneous polynomials of degree d;. X1,..., X4, ¢ > n+1
are said to be in general position if the family @Q1,...,Q, is admissible.

Let X be a hypersurface of P such that the image of f is not contained
in X, and X is defined by the equation @ = 0.

We set

Ny(X,tm)) = Naog(t(m))s  myp(X,tom)) = max (H}:d(t(m))_Hgof(t(m)))a

1<i<n+1
Tr(X, tm)) = Np( X, tom)) + mp (X, tm)s  Hp (X tm)) = Hof(tim)),
H}F(X7t(m)): _Hf(X’ t(m))

Notice that Hy(t(,,)) and Hy(X,%(,,) are well defined upto an additive con-
stant.

Theorem 4.2. (first main theorem). Let f : CJ' — P" be a holomorphic
map. Let X be a hypersurface of degree d in P™ such that the image of f is
not contained in X. Then

Tf(Xat(m)) = dH+(t(m)) + 0(1)7

where the 0(1) is bounded when T = max t; — —o0.
<i<m

Proof. Let f = (f1,..., fnt1). By definition,

Ty(X, tm)) = Noof(t(m)) + lgfglgaqfﬂ(HZd (tm)) = Hop(tamy))

= dH{ (t(m)) + (Ngos(tm)) — Hof (tm)))-

By Theorem 3.2,
NQof(t(m)) - H(—gof(t(m)) = O(l))

Therefore,
Ti(X, tmy) = dH | (tm)) + O(1).

Theorem 4.2 is proved. [

Theorem 4.3. (second main theorem). Let f : C' — P" be a non-
constant holomorphic map, and let X; be hypersurfaces of degree d in general
position in P", such that the image of f is not contained in X;,1 = 1,...,q.

Then
szt (m )
( t(m < Z )

+0(1),
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where 0(1) is bounded when T'= max t; — —o0.
1<i<m

Proof. To show, first suppose that di = dy = --- = d; = d, and X; are
defined by the equations

Qi(x1,...,Tp+1) =0 with i=1,...,q.
Now let, for a fixed ¢(,,), the following inequalities hold

(4.1) HQor(tam)) < Hgyrof(tam)) < -+ < Hgiof(tim))-

From the hypothesis of general position, the Hilbert’s Nullstellensatz [13] im-
plies that for any integer k,1 < k < n + 1, there is an integer my > d such
that

n+1
lek — Z a’ik‘(xlv cee 7$n+l)Qi(aj17 ey $n+1)7
i=1
where a;i(x1,...,2p41), 1 < i <n+1, 1<k < n+ 1, are homogeneous
polynomials with coefficients in C,, of degree my, — d.

Therefore

n+1

f,znk = Zaik(fl,... ,fn+1)Qi(f1,.. . ,fn+1), k= 1,. LN+ 1.
1=1

From this it follows that

Hf;nk (t(m)) = mkak (t(m)) > (mk — d)Hf(t(m))

in Hp.o 1
+1S11%1?I11+1 Qi f(t(m)) +0(1)

= (my, — d)Hy(t(m))
+HQn+10f(t(m)) + 0(1)7

where 0(1) is bounded when 7' = max t; — —oc0. So
1<i<m

(42) dka (t(m)) > HQZOf(t(m)) + 0(1) for i=n+1,...,q.
Notice that if Q;o f is not a constant, then HQiof(t(m)) — —oowhen T — —o0,
i=1,...,q. Thus, by (4.1) and (4.2)

d(q = n)Hf(tm) = D Houop(tm) +0(1).
i=1
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Hence

By Theorem 3.2, we obtain

HE o5 (tn) = Nouor (tm)) +0(1).
Thus
q
(4.3) d(q —n)H{ (tim) <D Np(Xi, timy) +0(1).
i=1
Now we can return to the proof of Theorem 4.3. We set

d=di...dy and write d = d;k;, i =1,...,q.

Let Y; be the hypersurfaces in P" defined by the equations in =0, 1=
1,...,q. Then Y; are hypersurfaces of degree d in general position in P". On
the other hand, Qf" o f not identically zero.

Thus, by (4.3),

q

d(g—n)H Z (Y, tmy) +0(1).

Since
Ny(Yistom)) = kilNy (Xis tm))s
SO
XZ7t m

(q = n)H] (tm)) < Z N tom) o),

Theorem 4.3 is proved. [

Let f : CJ' — P" be a holomorphic map and let X be a hypersurface of
degree d in P" such that the image of f is not contained in X. Then we define
the defect §;(X) of f for the hypersurface X to be

Nf(Xat(m))}

5+(X)= lim inf<1—
#(X) im 111{ de{(t(m))

T——o00

where T' = max t;.
1<i<m

Theorem 4.3 implies the following
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Theorem 4.4. (defect relation) Let f : CJ' — P" be a non-constant
holomorphic map and let X; be hypersurfaces of degree d; in general position
in P™ such that the image of f is not contained in X;,i=1,...,q. Then

In particular, we have the following

Theorem 4.5. Let f: C' — P" be a holomorphic map and let X; be
hypersurfaces of degree d; in general position in P™ such that the image of f
omits X;,1=1,...,q. Then f must be constant.

Remark: Theorems 4.3, 4.4 and 4.5 are sharp by the following example:

Let X1, ..., Xy41 be the coordinate hyperplanes in projective space P"*(C,)
and let f = (1,2,...,n,2) : CJ — P*(Cp). Then f(C}') omits the first n
coordinate hyperplanes, but f is non-constant.
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