
TAIWANESE JOURNAL OF MATHEMATICS
Vol. 6, No. 4, pp. 545-553, December 2002
This paper is available online at http://www.math.nthu.edu.tw/tjm/

ON THE SOLVABILITY OF A NONSELFADJOINT QUASILINEAR
ELLIPTIC BOUNDARY VALUE PROBLEM

Wen-Bing Song

Abstract. A solvability theorem is obtained for a quasilinear elliptic boundary
value problem. The linear part of the problem is an elliptic operator of order
2m which has a nontrivial kernel not necessarily symmetric. The nonlinear
part may grow sublinearly and contain derivatives of order up to 2m. The
proof is based on Borsuk’s Theorem and the Nussbaum–Sodovskii degree.

1. INTRODUCTION

Let  be a bounded open set of RN with sufficiently smooth boundary @ and
let

Au =
X

j®j∙2m

a®(x)D
®u

be a linear elliptic partial differential operator of order 2m with a nontrivial kernel
acting on the Sobolev space H2m(). We consider the problem

Au(x) = f(x; D®1u(x); ¢ ¢ ¢ ; D®k u(x)); x 2 
Bu(x) = 0; x 2 @;

(1)

where each ®i is a multiindex with j®ij ∙ 2m, and B represents a system of m
linear boundary operators of order less than 2m ¡ 1 defined on @. This type of
problems was first studied by Landesman and Lazer ([7]) in 1970 and later extended
by many authors in various directions. In this paper we consider the problem (1)
with the nonlinearity which may grow sublinearly and contain derivatives of order
up to 2m. The solvability condition obtained below improves those in [1, 3, 6-9,
10, 12]. Our results is based on Borsuk’s theorem and the Nussbaum-Sadovskii
degree for condensing maps (see [2]).
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2. THE MAIN THEOREM

Let H2m() be the usual Sobolev space with the norm

kuk =
24 X
j®j∙2m

Z

jD®u(x)j2 dx

351=2

and let X = fu 2 H2m()jBu = 0g. We assume that

L : X ! L2(); L(u) = A(u)

is a Fredholm operator with index zero and has a nontrivial kernel of finite di-
mension l ¸ 1. Then there are orthonormal L2-bases (w1; ¢ ¢ ¢ ; wl) of Ker(L) and
(Á1; ¢ ¢ ¢ ; Ál) of Im(L)?. Moreover, we assume that L has the unique continuation
property, that is, if w 2 Ker(L) and w 6= 0, then D®iw(x) = 0 only on a set of
measure zero in  for ®i, 1 ∙ i ∙ k.

We assume further that f : £Rk ! R has the form

f(x; t1; ¢ ¢ ¢ ; tk) = f1(x; t1) + ¢ ¢ ¢+ fk(x; tk);

where fi :  £ R ! R is a Caratheodory function for 1 ∙ i ∙ k satisfying the
following conditions:

jf(x; t1; ¢ ¢ ¢ ; tk)j ∙ a(jt1j¾1 + ¢ ¢ ¢+ jtkj¾k) + b(x)(2)

for some a > 0, b 2 L2() and 0 ∙ ¾i < 1;

jf(x; t; y1)¡ f(x; t; y2)j ∙ ¯jy1 ¡ y2j(3)

for all x 2 , t 2 Rs(2m)¡s(2m¡1) and y1, y2 2 Rs(2m)¡s(2m¡1), where s(j) denotes
the number of those multiindices ® with j®j ∙ j and ¯ > 0 is a constant such that
with ¯kL¡1k < 1, in which L¡1 is the right inverse of L, and the 2k limits

lim
t1!§1

f1(x; t1)

jt1j¾ = f§1 (x); ¢ ¢ ¢ ; lim
tk!§1

fk(x; tk)

jtkj¾ = f§k (x)(4)

exist, where ¾ = maxf¾ig.
For a fixed w 2 Ker(L) which does not vanish, we define the 2k sets

§1 = fx 2 jD®1w(x) ? 0g; ¢ ¢ ¢ ;§k = fx 2 jD®k w(x) ? 0g;
so that  is divided into two parts in the following k ways

jj = j+1 [ ¡1 j = ¢ ¢ ¢ = j+k [ ¡k j;
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where j ¢ j denotes the Lebesgue measure in RN . We denote by < ¢ ; ¢ > the inner
product of L2() and set

S(w) =

lX
i=1

< w; wi > Ái

for w 2 Ker(L).

Main Theorem. Let all the assumptions stated above be satisfied. If∙Z
+

1

f+1 (x)jD®1w(x)j¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

f¡k (x)jD®kw(x)j¾S(w)(x) dx

¸
6= t

∙Z
+

1

f¡1 (x)jD®1w(x)j¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

f+k (x)jD®kw(x)j¾S(w)(x)dx

¸
;

(5)

for w 2 Ker(L) n f0g and t 2 [0; 1]; then the problem (1) has at least one solution
in X.

Proof. Define F : X ! L2() by

F (u)(x) = f(x; D®1u(x); ¢ ¢ ¢ ; D®ku(x)):

Then the problem (1) is equivalent to the operator equation

L(u) = F (u):(6)

We define two projection operators P : X ! X , Q : L2() ! L2() by P (u) =Pl
i=1 < u; wi > wi, Q(v) =

Pl
i=1 < v; Ái > Ái. Therefore, Im(P ) = Ker(L),

Im(L) = Ker(Q) and L¡1 : Ker(Q) ! Ker(P ) is bounded by the open mapping
theorem. First, we claim there exists an integer n ¸ 1 such that

(L¡ F )(u) 6= t(L¡ F )(¡u); u 2 @B(n); t 2 [0; 1]

where B(n) = fu 2 Xj kuk < ng and @B(n) = fu 2 Xj kuk = ng. If this is not
the case, we can find out two sequences (un), un 2 @B(n), and (tn), tn 2 (0; 1),
such that

(L¡ F )(un) = tn(L¡ F )(¡un)
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or
(1+ tn)L(un) = F (un)¡ tnF (¡un):

From above we obtain

(1+ tn)L(un) = (I ¡Q)
£
F (un)¡ tnF (¡un)

¤
;(7)

JQ
£
F (un)¡ tnF (¡un)

¤
= 0; J = S¡1:(8)

From (7) we know that

(I ¡ P )(un) =
1

1+ tn
L¡1(I ¡Q)

£
F (un)¡ tnF (¡un)

¤
:

Using (2) it follows after a tedious calculation that

jj(I ¡ P )(un)jj∙ jjL¡1jj jjF (un)¡ tnF (¡un)jjL2 ;

∙ jjL¡1jj£ak1¡
¾
2 jj 1¡¾

2 jjunjj¾ + jjbjjL2

¤
;

which implies that

jj(I ¡ P )(un)jj
±jjunjj ! 0 and jjP (un)jj !1

as n ! 1. Let wn = P (un)
±jjP (un)jj. Then jjwnjj = 1. As dimKer(L) < 1,

we may select a subsequence of (un) also denoted by (un) such that

wn + (I ¡ P )(un)
±jjP (un)jj ! w in X

and
D®i(wn + (I ¡ P )(un)

±jjP (un)jj)! D®iw in L2()

for any 1 ∙ i ∙ k. Moreover

wn(x) + (I ¡ P )(un)(x)
±jjP (un)jj ! w(x) a. e. x 2 

and
D®i(wn(x) + (I ¡ P )(un)(x)

±jjP (un)jj)! D®iw(x) a. e.

x 2  for each 1 ∙ i ∙ k:

Taking the inner product with w in (8) we have

0 = < JQ(F (un)¡ tnF (¡un)); w >

= < Q(F (un)¡ tnF (¡un)); J¤(w) >

= < Q(F (un)¡ tnF (¡un)); S(w) >

= < F (un)¡ tnF (¡un); S(w) > :
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From the above we getZ


f(x; D®1un(x); ¢ ¢ ¢ ; D®kun(x))S(w)(x) dx

= tn

Z


f(x; D®1(¡un(x)); ¢ ¢ ¢ ; D®k(¡un(x)))S(w)(x) dx

so thatZ

(f1(x; D®1un(x)) + ¢ ¢ ¢+ fk(x; D®kun(x)))

±jjP (un)jj¾ ¢ S(w)(x) dx

= tn

Z

(f1(x;¡D®1un(x)) + ¢ ¢ ¢+ fk(x;¡D®kun(x)))

±jjP (un)jj¾

¢S(w)(x) dx:

(9)

Now by (4) for 1 ∙ i ∙ k

lim
n!1 fi(x; D®iun(x))

±jjP (un)jj¾

= lim
n!1

fi(x; D®i(jjP (un)jj(wn(x) + (I ¡ P )(un)(x)
±jjP (un)jj)))

jjP (un)jj¾jD®i(wn(x) + (I ¡ P )(un)(x)
±jjP (un)jj)j¾

¢ jjD®i(wn(x) + (I ¡ P )(un)(x)
±jjP (un)jj)j¾

= f§i (x)jD®iw(x)j¾ a. e. in +i (
¡
i ):

(10)

Similarly we have

(11) lim
n!1 tnfi(x;¡D®iun(x))

±jjP (un)jj¾ = tf¨i (x)jD®iw(x)j¾ a. e. in +i (
¡
i ):

Since the sequences

(fi(x; D®iun)
±jjP (un)jj¾) and (tnfi(x;¡D®iun)

±jjP (un)jj¾)
are bounded in L2() and hence in L2(§i ), their weak limits are just the pointwise
limits given in (10) and (11). Consequently, we get

lim
n!1

∙Z
+

1

f1(x; D®1un(x))
±jjP (un)jj¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

fk(x; D®kun(x))
±jjP (un)jj¾S(w)(x) dx

¸
=

∙Z
+

1

f+1 (x)jD®1w(x)j¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

f¡k (x)jD®kw(x)j¾S(w)(x) dx

¸
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and

lim
n!1 tn

∙Z
+

1

f1(x;¡D®1un(x))
±jjP (un)jj¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

fk(x;¡D®kun(x))
±jjP (un)jj¾S(w)(x) dx

¸
= t

∙Z
+

1

f¡1 (x)jD®1w(x)j¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

f+k (x)jD®kw(x)j¾S(w)(x) dx

¸
:

Using the unique continuation property and taking the limits in both sides of
(9), we have ∙Z

+
1

f+1 (x)jD®1w(x)j¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

f¡k (x)jD®kw(x)j¾S(w)(x)dx

¸
= t

∙Z
+

1

f¡1 (x)jD®1w(x)j¾S(w)(x) dx+ ¢ ¢ ¢

+

Z
¡

k

f+k (x)jD®kw(x)j¾S(w)(x) dx

¸
;

which leads to a contradiction to (5).
To complete the proof, let n be the number chosen above. We define the map

T : X ! X by

T (u) = P (u) + JQF (u) + L¡1(I ¡Q)F (u):

Then T is a condensing map. This can be proved in the following way. We define

S : H2m()! H2m();

S(u; v) = AF (x; D´u; D³v);

where A = L¡1(I ¡Q) : L2() ! X, D´u = f(D®u) : 0 ∙ j®j ∙ 2n ¡ 1g and
D³v = f(D®v) : j®j = 2mg. Then for each fixed v 2 H2m() the map S(¢; v) :
H2m()! H2m() is compact as H2m() is compactly embedded in H2m¡1()
(see [4]), and for each fixed u 2 H2m() the map S(u; ¢) : H2m() ! H2m()
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is a contraction, since

kS(u; v1)¡ S(u; v2)k = kAF (x; D´u; D³v1)¡AF (x; D´u; D³v2)k

∙ kAk¡ Z jf(x; D®1u(x); ¢ ¢ ¢ ; D®W u(x); D®W +1v1(x); ¢ ¢ ¢ ; D®kv1(x)
¢

¡f(x; D®1u(x); ¢ ¢ ¢ ; D®W u(x); D®W +1v2(x); ¢ ¢ ¢ ; D®kv2(x))j2 dx)
1
2

∙ kAk¡ Z ¯2j(D®W +1(v1(x)¡ v2(x)
¢
; ¢ ¢ ¢ ; D®k(v1(x)¡ v2(x)))j2dx)

1
2

∙ ¯kL¡1(I ¡Q)k kv1 ¡ v2k < kv1 ¡ v2k;

where W = s(2m) ¡ s(2m ¡ 1). Set L¡1(I ¡ Q)F (u) = S(u; u). This proves
that T is a condensing map (see [11], Theorem 1). Thus we can use the Nussbaum-
Sodovskii degree to solve the following operator equation

u¡ T (u) = 0

which is equivalent to the operator equation (6).
For each u 2 X, t 2 [0; 1] we define the operator equations

H(t; u) = u¡ P (u)¡ (JQ+ L¡1(I ¡Q))

∙
1

1+ t
(F (u)¡ tF (¡u))

¸
:

Then we have H(t; u) 6= 0 for all t 2 [0; 1], u 2 @B(n). By the homotopy
invariance of degree theory and the Borsuk odd mapping theorem we have

deg[H(0; ¢); B(n); 0] = deg[H(1; ¢); B(n); 0] 6= 0:

Since H(0; u) = 0 is equivalent to our original equation (6), this implies the exis-
tence of a solution of (1) and the theorem is proved.

3. EXAMPLES

We give two examples as application of the main theorem.

Example 1. Let us consider the boundary value problem

¢u+ 2u = u
q
p ; u

¯̄
@
= 0;

where  = (0; ¼)£ (0; ¼) and p, q are odd integers, 1 ∙ q < p. Then the kernel of
L is spanned by the function w(x; y) = sinx sin y. We have X = H2()\H1

0 (),
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and + = , ¡ = ;, f+(x; y) = 1, f¡(x; y) = ¡1. The inequality (5) becomesZ ¼

0

Z ¼

0
jk sinx sin yj q

p k sinx sin y dxdy

6= t

Z ¼

0

Z ¼

0
(¡1)jk sinx sin yj q

p k sinx sin y dxdy;

where k 6= 0, and sinceZ ¼

0

Z ¼

0
j sinx sin yj1+ q

p dxdy 6= t(¡1)
Z ¼

0

Z ¼

0
j sinx sin yj1+ q

p dxdy;

it follows that the boundary value problem (12) has at least one solution u 2
H2() \H1

0().

Example 2. Let us consider the equation

¢u+ 2u = (ux)
q
p(13)

under the boundary condition8><>:
u(0; y) = ux

³¼

2
; y
´
= 0; if 0 < y <

¼

2

uy(x; 0) = uj
³

x;
¼

2

´
= 0; if 0 < x <

¼

2
;

(14)

where  = (0; ¼
2 ) £ (0; ¼

2 ) and p, q are odd integers, 1 ∙ q < p as above.
Then the kernel of L is spanned by the function w(x; y) = sinx cos y. We have
X = fu 2 H2() : u satisfies (14)g, and + = f(x; y) 2  : D(1;0)w > 0g =
f(x; y) 2  : cosx cos y > 0g = , ¡ = ;, f+(x; y) = 1, f¡(x; y) = ¡1. The
inequality (5) becomesZ ¼

2

0

Z ¼
2

0
jk cosx cos yj q

p k sinx cos y dxdy

6= t

Z ¼
2

0

Z ¼
2

0
(¡1)jk cosx cos yj q

p k sinx cos y dxdy;

where k 6= 0, and sinceZ ¼
2

0

Z ¼
2

0
j cosx cos yj q

p sinx cos y dxdy

6= t(¡1)
Z ¼

2

0

Z ¼
2

0
j cosx cos yj q

p sinx cos y dxdy;

it follows that the boundary value problem (13)-(14) has at least one solution u 2 X.
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3. P. Dŕabek, Nicolosi F., Semilinear boundary value problem at resonance with general
nonlinearities, Differential and Integral Equations, 5 (1992), 339-355.

4. A. Friedman, Partial Differential Equations, Holt, Riehard and Winston, New York,
1969.

5. G. Hetzer, A note on a paper of Howard Shaw concerning a nonlinear elliptic bound-
ary value problem, J. Diff. Equations 32 (1979), 186-192.
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