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ON THE SOLVABILITY OF A NONSELFADJOINT QUASILINEAR
ELLIPTIC BOUNDARY VALUE PROBLEM

Wen-Bing Song

Abstract. A solvability theorem is obtained for a quasilinear elliptic boundary
value problem. The linear part of the problem is an elliptic operator of order
2m which has a nontrivial kernel not necessarily symmetric. The nonlinear
part may grow sublinearly and contain derivatives of order up to 2m. The
proof is based on Borsuk’s Theorem and the Nussbaum-Sodovskii degree.

1. INTRODUCTION

Let © be a bounded open set of RN with sufficiently smooth boundary @€ and
let
Au= > ap(x)D®u
|®]<2m
be a linear elliptic partial differential operator of order 2m with a nontrivial kernel
acting on the Sobolev space H2™(€2). We consider the problem

Au(x) = f(x; D®tu(x);--- ; D®u(x)); x €

@ Bu(x) =0; xe€@%Q;

where each ®; is a multiindex with |®;| < 2m, and B represents a system of m
linear boundary operators of order less than 2m — 1 defined on @(2. This type of
problems was first studied by Landesman and Lazer ([7]) in 1970 and later extended
by many authors in various directions. In this paper we consider the problem (1)
with the nonlinearity which may grow sublinearly and contain derivatives of order
up to 2m. The solvability condition obtained below improves those in [1, 3, 6-9,
10, 12]. Our results is based on Borsuk’s theorem and the Nussbaum-Sadovskii
degree for condensing maps (see [2]).
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2. THE MAIN THEOREM

Let H2™M(Q) be the usual Sobolev space with the norm

1=2
Jull = [D®u(x)[ dx
5 Lo

and let X = {u € H?™(Q)|Bu = 0}. We assume that
L:X — L%(Q); L(u) = A(u)

is a Fredholm operator with index zero and has a nontrivial kernel of finite di-
mension | > 1. Then there are orthonormal L2-bases (wy;--- ;w;) of Ker(L) and
(A;--- 3 A)) of Im(L)*-. Moreover, we assume that L has the unique continuation
property, that is, if w € Ker(L) and w # 0, then D®w(x) = 0 only on a set of
measure zero in Q for ®;, 1 < i <Kk.

We assume further that £ : Q x RX — R has the form

Tt t) =Fi(xt) + - - 4+ T (X t);

where f; : 2 x R — R is a Caratheodory function for 1 < i < k satisfying the
following conditions:

(2 Ot )| < a(fta]™ + - -+ [tie|™) + b(x)
for somea>0,b c L2(Q2) and 0 < %; < 1;
3) Tty —F(Xty2)| < |y1 — Yo

forall x € Q, t € RSM—sCM-1) and y,, yo € RS(2M=sCM-1) ‘where s(j) denotes
the number of those multiindices ® with |® < j and > 0 is a constant such that
with ~||IL=Y| < 1, in which L= is the right inverse of L, and the 2k limits

fi(x 1)
%

T (X; ty)

:fli(x); e T

_ £t
" ty—oo ‘tk o fk (X)

(4)

m
t1—>+o0 |t1

exist, where % = max{%;}.
For a fixed w € Ker(L) which does not vanish, we define the 2k sets

QF = {x € QD®*w(x) ? 0};---; O = {x € Q|D®*w(x) ? 0};
so that €2 is divided into two parts in the following k ways

Q=197 U] =" =9 UQ;
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where | - | denotes the Lebesgue measure in RN. We denote by < -; - > the inner
product of L2(Q) and set

[
S(w) = Z <w;w; > A;
i=1

for w € Ker(L).

Main Theorem. Let all the assumptions stated above be satisfied. If
[/ 7 (X) | D®w(x)[*S (W) (x) dX - - - -
oy

+/Qi o (X)|D®w(x)[*S (w)(x) dx]
®) “
A [ A oI wo s m) (g de -

1

+ [ R OIDPwOo s w) i

for w € Ker(L) \ {0} and t € [0; 1]; then the problem (1) has at least one solution
in X.

Proof. Define F : X — L2(Q2) by

F (u)(x) = F(x; D®tu(x); - - - ; D®u(x)):

Then the problem (1) is equivalent to the operator equation
(6) L(u) =F(u):
We define two projection operators P : X — X, Q : L2(2) — L2(Q2) by P (u) =
S < uwi >wi, Q) = Y, < viA; > A Therefore, Im(P) = Ker(L),

Im(L) = Ker(Q) and L=! : Ker(Q) — Ker(P) is bounded by the open mapping
theorem. First, we claim there exists an integer n > 1 such that

(L—F)u) £tL — F)(—u); uec@B(n); tel0;1]

where B(n) = {u € X]||lu|| < n} and @B(n) = {u € X] |ju|| = n}. If this is not
the case, we can find out two sequences (un), un € @B(n), and (tn), th € (0;1),
such that

(L = F)(n) = tn(L — F)(—un)
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or
(1+th)L(un) = F(un) — thF (—up):

From above we obtain

(7) (1+th)L(un) = (1 = Q) [F (Un) — tnF(_Un)};

(8) JQ[F (un) —taF(—up)] =0; J=S""

From (7) we know that

(I =P)(un) =

Using (2) it follows after a tedious calculation that

1+t L_l(l -Q) [F (Un) — taF (—Un)}i

(1= P)(Un)|| < [IL7Y]|IF (Un) = taF (—Un)|lL2;
< [IL7Y| [ak 2 Q75 Jun] [ + [1b]I2];
which implies that
(1 = P)(un)||/Ilun|| = 0 and ||P (un)|| = oo

as n — oo. Let Wy = P (un)/[|P (un)||. Then [jwp|| = 1. As dimKer(L) < oo,
we may select a subsequence of (up) also denoted by (up) such that

Wn + (I = P)(un)/||P (un)|] = w in X

and
D® (Wn + (I —P)(un)/||P (un)||) — D®w in L*(Q)

for any 1 < i < k. Moreover
Wn(X) 4+ (I = P)(un)(X) /[P (un)|| = w(x) a. e. x € Q

and
D® (Wn(x) + (I = P)(un)(x)/[IP (un)||) = D®w(x) a. e.

xeQforeach1 <i<k:
Taking the inner product with w in (8) we have
0 = <JQ(F(up) —taF(—up));w=>
= < Q(F(un) —taF (=un)); I*(w) >
= < Q(F(un) — taF(=un)); S(w) >
= < F(un) —thF(—upn);S(w) >:
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From the above we get

so that

/Q(fl(x; D®uUn (X)) + - - + Fi (; D®un(x))) /[P (un)I[* - S(w)(x) dx
©) :tn/Q(fl(x;—D®lun(X))+---+fk(X;—D®kUn(X)))/|P(Un)%

-S(w)(x) dx:
Now by (4) for 1 <i <Kk
lim i(x; D®un(x))/||P (un)||*

= lim Fi(x; D®i(HP(Un)H(Wn(X) + (1 - /HP un)l[)))
ao o P (um) [FID® (Wa(x) + (I—P) /HP ST

[ID®H(Wn (X) + (1 = P)(un)(X)/IIP (un) H)V/“
= 5 (x)|D®%w(x)|* a. e. in Q;F (Q;):
Similarly we have
(11) lim tafi(x; —D®un(x))/|IP (un)|* = tF;7(x)|D®w(x)[* a. e. in QF (Q;):
Since the sequences
(Fi(x; D®un) /|IP (un)|[*) and (tnfi(x; —=D®'un) /[P (un)|[*)
are bounded in L?(Q) and hence in L?(Q;:F), their weak limits are just the pointwise

limits given in (10) and (11). Consequently, we get

n—oo

lim [/+f1(x;D®lu ) /1P (un)[]*S (w)(x) dx + - - -
[ D)/ P (o) S (w) () 8

B [/ 170 |D® w (x)[*S (W) (x) dx + - - -
/ f D®kW %S( )( )dX:|
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and
nli)n;otn[/(2+f1(X;—D®1U /HP H%S (W)(x) dx + - - -
+ [ =D un()) /I (u) 'S ) () dx]
Qp
[/ 7 (X)|D®w(x) S (W) (X) dx + - - -
+ / FE)IDPw(x) S (w) (%) dx}:

Using the unique continuation property and taking the limits in both sides of
(9), we have

[/Q; £, () IDw(x)[“S (W) (x) dx + - --
+/ « ()| D™w(x )I%S(wxx)dx]
[/ (0| D W00 S (w) (x) dx + -+
* /Q 7 ()| DO w(x)[*S (W) (x) dx} ;

k

which leads to a contradiction to (5).

To complete the proof, let n be the number chosen above. We define the map
T:X — Xby

T(u) =P (u) +JQF(u) + L™'(1 — Q)F (u):
Then T is a condensing map. This can be proved in the following way. We define

S: H>™M(Q) — H2™M(Q);
S(u;v) = AF (x; D u; D°v);

where A=L1(1 —Q): L%(Q) - X, D u={(D®):0<|® < 2n-—1} and
D’v = {(D®V) : [®] = 2m}. Then for each fixed v € H2M(Q) the map S(-;Vv) :
H2M(Q) — H2M(Q) is compact as H2™(£2) is compactly embedded in H2M~1(Q)

(see [4]), and for each fixed u € H2™(Q) the map S(u;-) : H2M(Q) — H2M(Q)
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is a contraction, since
IS(u;vy) — S(u; Vo) = ||AF (x; D u; D*vy) — AF (x; D" u; D’vy) ||
< IIAII(/ £ D®U(X); -+ s D®WU(x); DWWty (X); - s D®*vy ()
—F(x; D®ru(x);- - ; D®WU(X); D®W+1vy(X); - - - ; D®kva(X))|? dx)%

< |IA( / 2D vy (X) — Va(X)); -+ s DB (V1(X) — Va(X)))[2dx) 2

<TILTE = Q)| Ive — o < [lvi — Vo

where W = s(2m) — s(2m — 1). Set L=!(1 — Q)F (u) = S(u;u). This proves
that T is a condensing map (see [11], Theorem 1). Thus we can use the Nussbaum-
Sodovskii degree to solve the following operator equation

u—T(u)=0

which is equivalent to the operator equation (6).
For each u € X, t € [0; 1] we define the operator equations

1

Htu)=u-P(u)-(JQ+L7'(1 -Q)) 1+t

(F(u) —tF(-u))|:

Then we have H(t;u) # 0 for all t € [0;1], u € @B(n). By the homotopy
invariance of degree theory and the Borsuk odd mapping theorem we have

deg[H (0; -); B(n); 0] = deg[H(1;-); B(n); 0] # 0:

Since H(0;u) = 0 is equivalent to our original equation (6), this implies the exis-
tence of a solution of (1) and the theorem is proved.

3. EXAMPLES
We give two examples as application of the main theorem.
Example 1. Let us consider the boundary value problem
U+ 2u = up; u]@ﬂ =0;

where 2 = (0;%) x (0;%) and p, q are odd integers, 1 < q < p. Then the kernel of
L is spanned by the function w(x;y) = sin xsiny. We have X = H2(Q)NH} (),
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and QT =Q, Q™ =0, fT(x;y) =1, f(X;y) = —1. The inequality (5) becomes
Yo Y q
//ksinXsiny|PksinXsindedy
0o Jo

Ya Ys
#t/ / (—1)\ksinXsiny|%ksinXsindedy;
o Jo

where k # 0, and since

Yo o pYa Yo o pYa
/ / |sinxsiny|'"® dxdy # t(—l)/ / | sinxsiny|"*® dxdy;
o Jo o Jo

it follows that the boundary value problem (12) has at least one solution u €
H2(Q) N H(Q).

Example 2. Let us consider the equation
(13) Au+2u = (ux)%
under the boundary condition
Y . Y,

U(O;y)zux<§4;y)=0; If0<y<§4
(14) Ya . Ya
uy(x;()):u|<x;§>:(); |f0<x<§;
where Q = (0;%) x (0;%) and p, q are odd integers, 1 < g < p as above.
Then the kernel of L is spanned by the function w(X;y) = sinXcosy. We have
X = {u € H%(Q) : u satisfies (14)}, and O+ = {(x;y) € Q : DUOw > 0} =
{(x;y) € Q:cosxcosy >0} =Q, Q" =0, fr(x;y) =1, f(x;y) = —1. The
inequality (5) becomes

Y Y

/2 /2 \kcosXcosy\%ksianosdedy
o Jo

;ét/z /2(—1)kcosXcosy|%ksianosdedy;
o Jo
where k # 0, and since
2 [2 a
/ / | cos X cos Y|P sin X cosy dxdy
o Jo

7rét(—1)/2 /2 \cosXcosy|%sianosydxdy;
o Jo

it follows that the boundary value problem (13)-(14) has at least one solution u € X.
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