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CERTAIN CLASSES OF INFINITE SUMS EVALUATED BY MEANS OF
FRACTIONAL CALCULUS OPERATORS¤

Shy-Der Lin, Shih-Tong Tu and H. M. Srivastava

Abstract. In several recent works, many different families of infinite series
were evaluated by applying certain operators of fractional calculus (that is,
calculus of derivatives and integrals of any arbitrary real or complex order).
In the present sequel to some of these recent investigations, it is observed
that much more general classes of infinite sums can be derived without using
fractional calculus. Some other related evaluations of finite and infinite sums
are also considered.

1. INTRODUCTION

The subject of fractional calculus (that is, calculus of derivatives and integrals
of any arbitrary real or complex order) has gained importance and popularity during
the past three decades or so, due mainly to its demonstrated applications in many
seemingly diverse fields of science and engineering (see, for details, [3] and [12]).
Indeed one of the most frequently encountered tools in the theory and applications of
fractional calculus is furnished by the Riemann-Liouville (fractional differintegral)
operator D¹

z defined by (cf., e.g., [6] and [12])

D¹
z ff(z)g :=

8>><>>:
1

¡(¡¹)

Z z

0
(z ¡ ³)¡¹¡1f(³)d³ (!(¹) < 0)

dm

dzm
D¹¡m

z ff(z)g (m ¡ 1 ! !(¹) < m; m 2 N);

(1.1)
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provided that the integral in (1.1) exists, N being (as usual) the set of positive
integers.

Recently, by applying the following (essentially equivalent) definition of a frac-
tional differintegral (that is, fractional derivative and fractional integral) of order
º 2 R, Nishimoto et al. [11] derived the sums of two interesting families of infi-
nite series which we reproduce here, in slightly modified forms, as Theorem 1 and
Theorem 2 below.

Definition (cf. [7], [8], and [17]). If the function f(z) is analytic (regular)
inside and on C, where

C := fC¡; C+g;(1.2)

C¡ is a contour along the cut joining the points z and ¡1 + i"(z), which starts
from the point at ¡1, encircles the point z once counter-clockwise, and returns to
the point at ¡1, C+ is a contour along the cut joining the points z and 1+ i"(z),
which starts from the point at 1, encircles the point z once counter-clockwise, and
returns to the point at 1,

fº(z) = Cfº(z) :=
¡(º + 1)

2¼i

Z
C

f(³)d³

(³ ¡ z)º+1

(º 2 RnZ¡; Z¡ := f¡1; ¡2; ¡3; : : : g)
(1.3)

and

f¡n(z) := lim
º!¡n

ffº(z)g (n 2 N);(1.4)

where ³ 6= z;

¡¼ ! arg(³ ¡ z) ! ¼ for C¡;(1.5)

and

0 ! arg(³ ¡ z) ! 2¼ for C+;(1.6)

then fº(z) (º > 0) is said to be the fractional derivative of f(z) of order º and
fº(z) (º < 0) is said to be the fractional integral of f(z) of orde ¡º, provided
that

jfº(z)j < 1 (º 2 R):(1.7)
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Theorem 1 (cf . Nishimoto et al. [11, p. 92, Theorem 1]). Let c and z be
complex numbers. Then

1X
k=2

(¡c)k

k(k ¡ 1) ¢ kz ¡ c

(z ¡ c)k¡1
= c2;(1.8)

provided that ¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1 (c; z 2 C):(1.9)

Theorem 2 (cf . Nishimoto et al. [11, p. 93, Theorem 2]). For complex
parameters a; b; and c;

1X
k=1

(k + c+ a ¡ 1)¡(k + a+ b ¡ 1)
k!

µ
¡ c

b ¡ c

¶k

= ¡(a+ b ¡ 1)
(
(a ¡ 1)

µ
b ¡ c

b

¶a+b

¡ (c+ a ¡ 1)
)

;

(1.10)

provided that

maxfj¡(k + a)j; j¡(k + a+ b ¡ 1)jg < 1 (a; b 2 C; k 2 N)(1.11)

and ¯̄̄̄
c

b ¡ c

¯̄̄̄
< 1 (b; c 2 C):(1.12)

The proof of each of their results (Theorem 1 and Theorem 2 above) by Nishi-
moto et al. [11] is based rather heavily upon several lemmas and properties involving
the fractional differintegrals of logarithm and power functions (and, in the case of
Theorem 2, also upon the generalized Leibniz rule for the differintegral of the prod-
uct of two functions), which are defined by (1.3). For the sake of completeness, we
find it to be worthwhile to recall here each of these potentially useful lemmas and
properties associated with the fractional differintegration which is defined above
(cf ., e:g., [7] and [8]).

Lemma 1 (Linearity Property). If the functions f(z) and g(z) are single-
valued and analytic in some domain  µ C; then

(k1f(z) + k2 g(z))º = k1fº(z) + k2 gº(z) (º 2 R; z 2 )(1.13)

for any constants k1 and k2.



478 Shy-Der Lin, Shih-Tong Tu and H. M. Srivastava

Lemma 2 (Index Law). If the function f(z) is single-valued and analytic in
some domain  µ C; then

(f¹(z))º = f¹+º(z) = (fº(z))¹

(f¹(z) 6= 0; fº(z) 6= 0; ¹; º 2 R; z 2 ):
(1.14)

Lemma 3 (Generalized Leibniz Rule). If the functions f(z) and g(z) are
single-valued and analytic in some domain  µ C; then

(f(z) ¢ g(z))º =

1X
n=0

µ
º

n

¶
fº¡n(z) ¢ gn(z) (º 2 R; z 2 );(1.15)

where gn is the ordinary derivative of g(z) of order n (n 2 N0 := N [ f0g); it
being tacitly assumed (for simplicity) that g(z) is the polynomial part (if any) of
the product f(z) ¢ g(z).

Property 1. For constants c; ¸; and º;

((z ¡ c)¸)º = e¡i¼º ¡(º ¡ ¸)

¡(¡¸)
(z ¡ c)¸¡º

(º 2 R; c; z 2 C; j¡(º ¡ ¸)=¡(¡¸)j < 1):
(1.16)

Property 2. For constants c and º;

((z ¡ c)¡º)¡º = ¡ ei¼º

¡(º)
log(z ¡ c)

(º 2 R; c; z 2 C; j¡(º)j < 1):
(1.17)

Property 3. For constants c and º;

(log(z ¡ c))º = ¡e¡i¼º ¡(º)(z ¡ c)¡º

(º 2 R; c; z 2 C; j¡(º)j < 1):
(1.18)

Subsequently, Salinas de Romero and Srivastava [14] demonstrated that, not
only each of the assertions of Theorems 1 and 2, but much more general families
of infinite sums can also be evaluated without using the aforementioned fractional
differintegral operator defined by (1.3). In fact, the only tool employed by Salinas
de Romero and Srivastava [14], in their alternative derivation of Theorem 1 and its
generalizations without using fractional calculus, is the familiar expansion formula:

log(1 + z) =
1X

k=1

(¡1)k+1

k
zk = z ¡

1X
k=1

(¡1)k+1

k + 1
zk+1 (jzj < 1)(1.19)
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or its obvious variation given by

log(1 + z) =
m¡1X
k=1

(¡1)k+1

k
zk ¡

1X
k=0

(¡1)k+m

k +m
zk+m

(jzj < 1; m 2 N);

(1.20)

where (and throughout this paper) an empty sum is interpreted (as usual) to be zero.
On the other hand, Theorem 2 as well as its natural generalization were shown (by
Salinas de Romero and Srivastava [14]) to be simple consequences of the following
known hypergeometric reduction formula (cf ., e:g:, [4] and [15, p. 39, Equation
(6)]):

pFq

∙
¯1 +m; ®2; : : : ; ®p;

¯1; : : : ; ¯q;
z

¸
=

mX
j=0

µ
m

j

¶
(®2)j ¢ ¢ ¢ (®p)j
(¯1)j ¢ ¢ ¢ (¯q)j

¢zj
p¡1Fq¡1

"
®2 + j; : : : ; ®p + j;

¯2 + j; : : : ; ¯q + j;
z

#
;

(1.21)

which holds true whenever each member exists. Here pFq denotes a generalized
hypergeometric function with p numerator and q denominator parameters, defined
by (cf . [1, Chapter 4])

pFq(®1; : : : ; ®p; ¯1; : : : ; ¯q; z)

= pFq

"
®1; : : : ; ®p;

¯1; : : : ; ¯q;
z

#

:=

1X
k=0

(®1)k ¢ ¢ ¢ (®p)k
(¯1)k ¢ ¢ ¢ (¯q)k

zk

k!

(1.22)

(p; q 2 N0; p ! q + 1; p ! q and jzj < 1;

p = q + 1 and jzj < 1; p = q + 1; jzj = 1; and !(!) > 0);

where (and in what follows) (¸)k denotes the Pochhammer symbol (or the shifted
factorial, since (1)k = k! (k 2 N0)) given by

(¸)k :=
¡(¸+ k)

¡(¸)
=

(
1 (k = 0)

¸(¸+ 1) ¢ ¢ ¢ (¸+ k ¡ 1) (k 2 N)
(1.23)
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and

! :=

qX
j=1

¯j ¡
pX

j=1

®j (¯j =2 Z¡
0 := Z¡ [ f0g; j = 1; : : : ; q):(1.24)

First of all, following Salinas de Romero and Srivastava [14], we denote, for
convenience, the infinite series in (1.8) by S . Then, upon replacing the summation
index k by k + 1; it is easily seen that

S :=
1X

k=2

(¡c)k

k(k ¡ 1) ¢ kz ¡ c

(z ¡ c)k¡1

=
1X

k=1

(¡c)k+1

k(k + 1)
¢ (k + 1)z ¡ c

(z ¡ c)k

= cz
1X

k=1

(¡1)k+1

k

µ
c

z ¡ c

¶k

¡c2
1X

k=1

(¡1)k+1

µ
1

k
¡ 1

k + 1

¶µ
c

z ¡ c

¶k

= c(z ¡ c)

1X
k=1

(¡1)k+1

k

µ
c

z ¡ c

¶k

+c(z ¡ c)

1X
k=1

(¡1)k+1

k + 1

µ
c

z ¡ c

¶k+1

:

(1.25)

Now, under the hypothesis (1.9) of Theorem 1, we can apply the expansion formula
(1.19) to each of the infinite series in (1.25). We thus find that

S= c(z ¡ c)

½
log

µ
1 +

c

z ¡ c

¶
+

∙
c

z ¡ c
¡ log

µ
1 +

c

z ¡ c

¶¸¾

= c2

µ
c; z 2 C;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1

¶
;

which evidently proves Theorem 1.
Alternatively (and relatively more simply), in view of the expansion formula

(1.19) and the elementary identity:

kz ¡ c = k(z ¡ c) + (k ¡ 1)c;

the first member S of the assertion (1.8) of Theorem 1 can immediately be rewritten
in the form:
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S :=
1X

k=2

(¡c)k

k(k ¡ 1) ¢ kz ¡ c

(z ¡ c)k¡1

=
1X

k=2

(¡c)k

k(k ¡ 1) ¢ k(z ¡ c) + (k ¡ 1)c
(z ¡ c)k¡1

=

1X
k=2

(¡c)k

(k ¡ 1)(z ¡ c)k¡2
+ c

1X
k=2

(¡c)k

k(z ¡ c)k¡1

= c(z ¡ c)

1X
k=1

(¡1)k+1

k

µ
c

z ¡ c

¶k

+ c(z ¡ c)

1X
k=1

(¡1)k+1

k + 1

µ
c

z ¡ c

¶k+1

= c(z ¡ c) log

µ
1 +

c

z ¡ c

¶
+ c(z ¡ c)

∙
c

z ¡ c
¡ log

µ
1 +

c

z ¡ c

¶¸

= c2

µ
c; z 2 C;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1

¶
;

which is precisely the second member of the assertion (1.8) of Theorem 1. By
noticing the obvious similarity of the last two infinite series above, we remark that
the use of the expansion formula (1.19) can also be avoided completely in this
alternative (and relatively simpler) derivation of the assertion (1.8) of Theorem 1.

Next we turn to the alternative derivation of the assertion (1.10) of Theorem 2
without using fractional calculus. Since

z =
¡(z + 1)

¡(z)

µ
z 2 C;

¯̄̄̄
¡(z + 1)

¡(z)

¯̄̄̄
< 1

¶
;(1.26)

by appealing appropriately to the definitions (1.22) and (1.23), we readily find from
the left-hand side of (1.10) that

(a; b; c) :=

1X
k=1

(k + c+ a ¡ 1)¡(k + a+ b ¡ 1)
k!

µ
¡ c

b ¡ c

¶k

= (c+ a ¡ 1)¡(a+ b ¡ 1)
µ

2F1

∙
c+ a; a+ b ¡ 1;

c+ a ¡ 1; ¡ c

b ¡ c

¸
¡ 1

¶
(1.27)

in terms of the Gauss hypergeometric function which corresponds to a special case
of the definition (1.22) when

p = 2 and q = 1:
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Upon setting

p = 2; q = 1; m = 1; ®2 = a+ b ¡ 1; ¯1 = c+ a ¡ 1; and

z = ¡ c

b ¡ c

(1.28)

in the hypergeometric reduction formula (1.21), and recalling that

1F0(¸; ; z) = (1¡ z)¡¸ (¸ 2 C; jzj < 1);(1.29)

we obtain

2F1

∙
c+ a; a+ b ¡ 1;

c+ a ¡ 1; ¡ c

b ¡ c

¸

=

1X
j=0

µ
1

j

¶
(a+ b ¡ 1)j
(c+ a ¡ 1)j

µ
¡ c

b ¡ c

¶j

¢
µ
1 +

c

b ¡ c

¶1¡a¡b¡j

=

µ
b

b ¡ c

¶1¡a¡b

¡ a+ b ¡ 1
c+ a ¡ 1 ¢ c

b ¡ c

µ
b

b ¡ c

¶¡a¡b

=

µ
b ¡ c

b

¶a+bµ b

b ¡ c
¡ c(a+ b ¡ 1)
(c+ a ¡ 1)(b ¡ c)

¶
=

a ¡ 1
c+ a ¡ 1

µ
b ¡ c

b

¶a+b

;

(1.30)

which holds true under the constraints (1.11) and (1.12), exceptional parameter val-
ues (that would render any expression invalid or undefined) being tacitly excluded.

The assertion (1.10) of Theorem 2 would now follow immediately upon substi-
tuting from (1.30) into the last member of (1.27).

For the sake of ready reference, we choose also to state the aforementioned
generalizations of Theorem 1 and Theorem 2, given by Salinas de Romero and
Srivastava [14, p. 142, Equations (3.2) and (3.3)], as follows:

1X
k=2

(®)k¡2(¯)k¡2

(°)k¡2
¢ (¡c)k

(k ¡ 2)!(z ¡ c)k¡1

¢
∙
z ¡ c

µ
1¡ (®+ k ¡ 2)(¯ + k ¡ 2)

(k ¡ 1)(° + k ¡ 2)
¶¸

= c2

(1.31)

µ
° =2 Z¡

0 ;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
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or, more generally,

1X
k=2

(®1)k¡2 ¢ ¢ ¢ (®p)k¡2

(¯1)k¡2 ¢ ¢ ¢ (¯q)k¡2
¢ (¡c)k

(k ¡ 2)!(z ¡ c)k¡1

¢
∙
z ¡ c

µ
1¡ (®1 + k ¡ 2) ¢ ¢ ¢ (®p + k ¡ 2)

(k ¡ 1)(¯1 + k ¡ 2) ¢ ¢ ¢ (¯q + k ¡ 2)
¶¸

= c2

µ
p ! q; p = q + 1 and

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

(1.32)

provided that each member of (1.31) and (1.32) exists.

Remark 1. The summation formula (1.31) corresponds to a special case of
(1.32) when

p = 2; q = 1; ®1 = ®; ®2 = ¯; and ¯1 = °:

Furthermore, in its special case when

® = ¯ = 1 and ° = 2;

(1.31) would yield the assertion (1.8) of Theorem 1.

1X
k=2

(¡c)k

(k +m ¡ 1)(k +m ¡ 2) ¢ (k +m ¡ 1)z ¡ c

(z ¡ c)k¡1
=

c2

m
(1.33)

µ
m 2 N;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
or, slightly more generally,

1X
k=2

(¡c)k

(k + l ¡ 1)(k +m ¡ 1) ¢ (k +m ¡ 1)z ¡ (m ¡ l)c

(z ¡ c)k¡1

= c2

∙³
1¡ z

c

´l+1 ¡
³
1¡ z

c

´m
¸
log
³
1¡ z

c

´
+c(z ¡ c)

l¡1X
k=0

fc=(c ¡ z)gk¡l+1

k + 1

+c2
m¡1X
k=0

fc=(c ¡ z)gk¡m+1

k + 1

(1.34)

µ
l 2 N0; m 2 N;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;
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where exceptional values of c and z (which would render either side of (1.34) invalid
or undefined) are tacitly excluded.

Remark 2. In its special case when

l = m ¡ 1 (m 2 N);

the summation formula (1.34) would reduce at once to (1.27) which, in turn, yields
the assertion (1.8) of Theorem 1 when we further set m = 1:

The following consequence of the hypergeometric reduction formula (1.21) does
provide a generalization of Theorem 2, which was also given by Salinas de Romero
and Srivastava [14, p. 144, Equation (3.9)]:

1X
k=1

(k + ¯)m¡(k + ®)
zk

k!

= ¡(®)

8<:
mX

j=0

µ
m

j

¶
(®)j(¯)m
(¯)j

zj

(1¡ z)®+j
¡ (¯)m

9=;
(1.35)

(® 2 C; ¯ 2 C n Z¡
0 ; jzj < 1):

Remark 3. In its special case when

m = 1; ® = a+ b ¡ 1; ¯ = c+ a ¡ 1; and z = ¡ c

b ¡ c
;

the summation formula (1.35) would immediately yield the assertion (1.10) of The-
orem 2.

Yet another interesting generalization of Theorem 1, which does not seem to
follow easily from any of the generalizations (1.31) to (1.34) of Theorem 1 due to
Salinas de Romero and Srivastava [14], was presented recently by Nishimoto et al.
[10]. We recall here the main result of Nishimoto et al. [10] as

Theorem 3 (cf . Nishimoto et al. [10]). Let Hn denote the familiar harmonic
numbers defined by

Hn :=

8><>:
nX

k=1

1

k
(n 2 N)

0 (n 2 Z¡
0 ):

(1.36)
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Then
1X

k=n+1

¡(k ¡ n)

k!

µ
¡ c

z ¡ c

¶k

=
(¡1)n

n!

∙
flog(z ¡ c)¡ Hng ¡

µ
z

z ¡ c

¶n

(log z ¡ Hn)

¸

+

nX
k=1

(¡1)n
k!(n ¡ k)!

µ
c

z ¡ c

¶k

flog(z ¡ c)¡ Hn¡kg

(1.37)

µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

provided that each member of the assertion (1.37) exists.

In view of the definition (1.36), upon setting n = 1 in the assertion (1.37) of
Theorem 3, we obtain

1X
k=2

(¡c)k

k(k ¡ 1) ¢ 1

(z ¡ c)k¡1
= z log

µ
z

z ¡ c

¶
¡ c(1.38)

µ¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

so that, by appealing also to the expansion formula (1.20) with m = 1, we find that

1X
k=2

(¡c)k

k(k ¡ 1) ¢ kz ¡ c

(z ¡ c)k¡1

= ¡cz
1X

k=0

(¡1)k+1

k + 1

µ
c

z ¡ c

¶k+1

¡ c

∙
z log

µ
z

z ¡ c

¶
¡ c

¸

= ¡cz

∙
¡ log

µ
1 +

c

z ¡ c

¶¸
¡ c

∙
z log

µ
z

z ¡ c

¶
¡ c

¸

= c2

µ¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

which is precisely the assertion (1.8) of Theorem 1.
In their proof of Theorem 3, Nishimoto et al. [10] apply many of the afore-

mentioned lemmas and properties involving the fractional differintegral of logarithm
and power functions as well as the generalized Leibniz rule for the differintegral
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of the product of two functions, and indeed also the following exceptional case of
Property 3 above:

(log(z ¡ c))¡n =
(z ¡ c)n

n!
flog(z ¡ c)¡ Hng(1.39)

(c; z 2 C; n 2 N0);

where we have continued to use the differintegral notation of (1.18) with º = ¡n
(n 2 N0) and Hn denotes the harmonic numbers defined by (1.36). Our main object
in the present sequel to the work of Nishimoto et al. [10] is to demonstrate that,
not only the assertion (1.37) of Theorem 3, but substantially more general families
of infinite sums can also be evaluated without using the fractional differintegral
operator defined by (1.3).

2. DERIVATIONS WITHOUT USING OPERATORS OF FRACTIONAL CALCULUS

At the outset, if we denote the left-hand side of the assertion (1.37) of Theorem
3 by n(c; z), we find from the definition (1.23) that

n(c; z) :=
1X

k=n+1

¡(k ¡ n)

k!

µ
¡ c

z ¡ c

¶k

=
1X

k=2

¡(k ¡ 1)
(k + n ¡ 1)!

µ
¡ c

z ¡ c

¶k+n¡1

=
(¡c)n¡1

(n+ 1)!(z ¡ c)n

1X
k=2

(1)k¡2(1)k¡2

(n+ 2)k¡2
¢ (¡c)k

(k ¡ 2)!(z ¡ c)k¡1
;

(2.1)

which exhibits the fact that the infinite sum in the assertion (1.37) of Theorem 3 is
essentially analogous to the series involved in the summation formula (1.31) with,
of course,

® = ¯ = 1 and ° = n+ 2 (n 2 N):

Moreover, in terms of the Gauss hypergeometric 2F1 function which, just as we
remarked above in connection with (1.27), corresponds to a special case of the
generalized hypergeometric pFq function defined by (1.22) when

p ¡ 1 = q = 1;

it immediately follows from (2.1) that

n(c; z) =
fc=(c ¡ z)gn+1

(n+ 1)!
2F1

µ
1; 1;n+ 2;¡ c

z ¡ c

¶
(2.2)
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µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
:

Thus, upon simplifying the right-hand side of (1.37), if we compare (1.37) and (2.2),
we can rewrite the assertion (1.37) of Theorem 3 in its equivalent form:

2F1

µ
1; 1;n+ 2;¡ c

z ¡ c

¶
= (n+ 1)

"³
1¡ z

c

´³z

c

´n
½

Hn ¡ log
µ

z

z ¡ c

¶¾
+

nX
k=0

µ
n

k

¶µ
c

z ¡ c

¶k¡n¡1

Hn¡k

#(2.3)

µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
:

Since ³z

c

´n
=

µ
1 +

z ¡ c

c

¶n

=
nX

k=0

µ
n

k

¶µ
z ¡ c

c

¶k

(2.4)

and ³
1¡ z

c

´³z

c

´n
= ¡

nX
k=0

µ
n

k

¶µ
z ¡ c

c

¶k+1

;(2.5)

the assertion (1.37) of Theorem 3 can also be put in the elegant form:

2F1

µ
1; 1;n+ 2;¡ c

z ¡ c

¶
= (n+ 1)

nX
k=0

µ
n

k

¶µ
z ¡ c

c

¶k+1½
log

µ
z

z ¡ c

¶
¡ (Hn ¡ Hk)

¾(2.6)

µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
:

The case n = 0 of the equivalent summation formulas (1.37), (2.3), and (2.6)
corresponds to the well-known relationship [1, p. 102, Equation 2.8 (15)]:

2F1(1; 1; 2; z) = ¡1
z
log(1¡ z);(2.7)

which would follow immediately when we compare (1.19) and the definition (1.22)
with, of course,

p ¡ 1 = q = 1 and ®1 = ¯1 = °1 ¡ 1 = 1:
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Also, starting from the relationship (2.7) and applying the known recurrence (or,
more precisely, contiguous-function) relation [1, p. 103, Equation 2.8 (38)]:

°(1¡ z) 2F1(®; ¯; °; z)¡ ° 2F1(® ¡ 1; ¯; °; z)

+(° ¡ ¯)z 2F1(®; ¯; ° + 1; z) = 0;
(2.8)

which, upon setting ® = ¯ = 1; assumes the remarkably simple form:

2F1(1; 1; ° + 1; z) =
°

(° ¡ 1)z [1¡ (1¡ z)2F1(1; 1; °; z)] (° 6= 1);(2.9)

we obtain

2F1(1; 1; 3; z) =
2

z

∙
1¡

µ
z ¡ 1

z

¶
log(1¡ z)

¸
;(2.10)

which corresponds to the case n = 1 of the equivalent summation formulas (1.37),
(2.3), and (2.6).

By making use of the recurrence relation (2.9) with

° = n+ 2 and z 7¡! ¡ c

z ¡ c
;

it is not difficult to prove the general summation formula (2.6), and hence also its
equivalent forms (1.37) and (2.3), by appealing to the principle of mathematical
induction for every nonnegative integer n. Indeed, if we assume that the summation
formula (2.6) holds true for some positive integer n, we thus find from (2.9) and
(2.6) that

2F1

µ
1; 1;n+ 3; ¡ c

z ¡ c

¶
= ¡n+ 2

n+ 1

µ
z ¡ c

c

¶ ∙
1¡

µ
1 +

c

z ¡ c

¶
2F1

µ
1; 1;n+ 2;¡ c

z ¡ c

¶¸
= ¡n+ 2

n+ 1

µ
z ¡ c

c

¶
+

n+ 2

n+ 1

µ
1 +

z ¡ c

c

¶
2F1

µ
1; 1;n+ 2;¡ c

z ¡ c

¶
= ¡n+ 2

n+ 1

µ
z ¡ c

c

¶
+ (n+ 2)

"
nX

k=0

µ
n

k

¶µ
z ¡ c

c

¶k+1

¢
½
log

µ
z

z ¡ c

¶
¡ (Hn ¡ Hk)

¾
+

nX
k=0

µ
n

k

¶µ
z ¡ c

c

¶k+2½
log

µ
z

z ¡ c

¶
¡ (Hn ¡ Hk)

¾#

(2.11)
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= ¡n+ 2

n+ 1

µ
z ¡ c

c

¶
+ (n+ 2)

"
nX

k=0

µ
n

k

¶µ
z ¡ c

c

¶k+1

¢
½
log

µ
z

z ¡ c

¶
¡ (Hn ¡ Hk)

¾

+

n+1X
k=1

µ
n

k ¡ 1
¶µ

z ¡ c

c

¶k+1½
log

µ
z

z ¡ c

¶
¡ (Hn ¡ Hk¡1)

¾#

= ¡n+ 2

n+ 1

µ
z ¡ c

c

¶
+ (n+ 2)

"
n+1X
k=0

µ
n+ 1

k

¶µ
z ¡ c

c

¶k+1

¢
½
log

µ
z

z ¡ c

¶
¡ (Hn ¡ Hk)

¾
¡

n+1X
k=1

1

k

µ
n

k ¡ 1
¶µ

z ¡ c

c

¶k+1
#

;

where we have made use of the combinatorial identity:µ
¸

k

¶
+

µ
¸

k ¡ 1
¶
=

µ
¸+ 1

k

¶
(k 2 N; ¸ 2 C)(2.12)

and the fact that

Hk¡1 = Hk ¡ 1

k
(k 2 N):(2.13)

Applying (2.13) once again with k = n+ 1 (n 2 N0), (2.11) immediately yields

2F1

µ
1; 1;n+ 3;¡ c

z ¡ c

¶

= ¡n+ 2

n+ 1

µ
z ¡ c

c

¶
+ (n+ 2)

"
n+1X
k=0

µ
n+ 1

k

¶µ
z ¡ c

c

¶k+1

¢
½
log

µ
z

z ¡ c

¶
¡ (Hn+1 ¡ Hk)

¾
+

1

n+ 1

n+1X
k=0

µ
n+ 1

k

¶µ
z ¡ c

c

¶k+1

¡
n+1X
k=1

1

k

µ
n

k ¡ 1
¶µ

z ¡ c

c

¶k+1
#

= ¡n+ 2

n+ 1

µ
z ¡ c

c

¶
+ (n+ 2)

"
n+1X
k=0

µ
n+ 1

k

¶µ
z ¡ c

c

¶k+1

¢
½
log

µ
z

z ¡ c

¶
¡ (Hn+1 ¡ Hk)

¾
+

1

n+ 1

µ
z ¡ c

c

¶

+
1

n+ 1

n+1X
k=1

½µ
n+ 1

k

¶
¡ n+ 1

k

µ
n

k ¡ 1
¶¾µ

z ¡ c

c

¶k+1
#

:

(2.14)
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Since µ
¸+ 1

k

¶
=

¸+ 1

k

µ
¸

k ¡ 1
¶

(k 2 N; ¸ 2 C);

it follows from (2.14) that

2F1

µ
1; 1;n+ 3;¡ c

z ¡ c

¶

= (n+ 2)
n+1X
k=0

µ
n+ 1

k

¶µ
z ¡ c

c

¶k+1½
log

µ
z

z ¡ c

¶
¡ (Hn+1 ¡ Hk)

¾
(2.15)

µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

which is precisely the summation formula (2.6) with n replaced by n+1 (n 2 N0).
This evidently completes our proof of the summation formula (2.6), and hence

also of its equivalent forms (1.37) and (2.3), by the principle of mathematical in-
duction.

3. FURTHER SUMMATION FORMULAS

In view of the relationships (2.7) and (2.10), it is fairly straightforward to apply
the recurrence relation (2.9) once again in order to prove (also by appealing to the
principle of mathematical induction) that

(3.1) 2F1(1; 1;n+ 2; z) =
n+ 1

z

"
nX

k=1

f(z ¡ 1)=zgk¡1

n ¡ k + 1
¡
µ

z ¡ 1
z

¶n

log(1¡ z)

#

(n 2 N0; 0 < jzj < 1);

which immediately yields the special cases (2.7) and (2.10) when we set n = 0 and
n = 1; respectively. More generally, if we similarly apply the recurrence relation
(2.8) with ¯ = 1:

2F1(®; 1; ° + 1; z) =
°

(° ¡ 1)z [ 2F1(® ¡ 1; 1; °; z)

¡(1¡ z) 2F1(®; 1; °; z)];

(3.2)
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we shall obtain (cf. [13, p. 462, Entry 7.3.1.128])

2F1 (l; 1;n+ 2; z)

=
(n+ 1)!

(n ¡ l + 1)! z

"
n¡l+1X

k=1

(n ¡ k ¡ l + 1)!

(n ¡ k + 1)!

µ
z ¡ 1

z

¶k¡1

¡ z

(l ¡ 1)!
µ

z ¡ 1
z

¶n¡l+1
(

l¡1X
k=1

z¡k

l ¡ k
+ z¡l log(1¡ z)

)#(3.3)

(l 2 N; n 2 N0; n " l ¡ 1; 0 < jzj < 1);

which, in the special case when l = 1; reduces at once to the relationship (3.1).
Upon substituting from (3.1) into the right-hand side of (2.2), we are easily led

to the following yet another equivalent form of each of the summation formulas
(1.37), (2.3), and (2.6):

1X
k=n+1

¡(k ¡ n)

k!

µ
¡ c

z ¡ c

¶k

=
fc=(c ¡ z)gn

n!

"
nX

k=1

(z=c)k¡1

n ¡ k + 1
¡
³z

c

´n
log

µ
z

z ¡ c

¶#(3.4)

µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

that is,

2F1

µ
1; 1;n+ 2;¡ c

z ¡ c

¶
= (n+ 1)

³
1¡ z

c

´" nX
k=1

(z=c)k¡1

n ¡ k + 1
¡
³z

c

´n
log

µ
z

z ¡ c

¶#(3.5)

µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
:

In case we similarly apply (3.3) instead, we shall obtain the following interesting
generalization of the assertion (1.37) of Theorem 3:

1X
k=n+1

¡(k + l ¡ n ¡ 1)
k!

µ
¡ c

z ¡ c

¶k

=
(l ¡ 1)!

(n ¡ l + 1)!

µ
c

c ¡ z

¶n
"

n¡l+1X
k=1

(n ¡ k ¡ l + 1)!

(n ¡ k + 1)!

³z

c

´k¡1

¡(z=c)n¡l+1

(l ¡ 1)!

(
l¡1X
k=1

f1¡ (z=c)gk¡1

l ¡ k
+
³
1¡ z

c

´l¡1
log

µ
z

z ¡ c

¶)#

(3.6)
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µ
l 2 N; n 2 N0; n " l ¡ 1;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

where it is understood, as usual, that exceptional values of c and z (which would
render any expression invalid or undefined) are tacitly excluded.

Obviously, in its special case when l = 1; (3.6) would reduce immediately to
Theorem 3 in its equivalent form (3.4).

With a view to demonstrating that the right-hand side of (3.4) is the same as
that of the assertion (1.37) of Theorem 3, we recall the known sum (cf., e:g., [2,
p. 363, Entry (55.7.4)]):

1X
k=0

(¸)k
k!

Hk zk =
1

1¡ z
©

µ
1

1¡ z
; 1; 1¡ ¸

¶
+(1¡ z)¡¸

∙
Ã(1¡ ¸)¡ Ã(1)¡ log

µ
z ¡ 1

z

¶¸(3.7)

(¸ 2 C n N; jzj < 1);

where ©(z; s; a) denotes the Hurwitz-Lerch Zeta function defined by (cf. [1, p. 27,
Equation 1.11 (1)]; see also [16, p. 121, Equation 2.5 (1)])

©(z; s; a) :=

1X
k=0

zk

(k + a)s
(3.8)

(a 2 C n Z¡
0 ; s 2 C when jzj < 1; !(s) > 1 when jzj = 1)

and Ã (z) denotes the Psi (or Digamma) function defined by (see, for details, [1],
[5], and [16])

Ã(z) :=
d

dz
flog ¡(z)g = ¡0(z)

¡(z)
or log ¡(z) =

Z z

1
Ã(t)dt:(3.9)

Since [1, p. 16, Equation 1.7.1 (10)]

Ã(z + n) = Ã(z) +

nX
k=1

1

z + k ¡ 1 (n 2 N);(3.10)

we immediately have the relationship:

Ã(1 + n)¡ Ã(1) = Hn (n 2 N0)(3.11)

with the harmonic numbers Hn defined by (1.36). Thus, upon setting ¸ = ¡n
(n 2 N0) in (3.7) and simplifying the resulting Hurwitz-Lerch Zeta function by
means of the expansion formula (1.20), we find from (3.7) that

nX
k=0

µ
n

k

¶
Hk zk = (1 + z)nHn ¡

nX
k=1

(1 + z)k¡1

n ¡ k + 1
;(3.12)
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or, equivalently,

nX
k=0

µ
n

k

¶
Hn¡k zk = (1 + z)nHn ¡ zn

nX
k=1

f(1 + z)=zgk¡1

n ¡ k + 1
;(3.13)

which, for z 7¡! c=(z ¡ c), yields

nX
k=0

µ
n

k

¶µ
c

z ¡ c

¶k

Hn¡k =

µ
z

z ¡ c

¶n

Hn ¡
µ

c

z ¡ c

¶n nX
k=1

(z=c)k¡1

n ¡ k + 1
:(3.14)

We now substitute from (3.14) into the right-hand side of (3.4), and we get

1X
k=n+1

¡(k ¡ n)

k!

µ
¡ c

z ¡ c

¶k

=
(¡1)n

n!

µ
z

z ¡ c

¶n½
Hn ¡ log

µ
z

z ¡ c

¶¾
¡

nX
k=0

(¡1)n
k!(n ¡ k)!

µ
c

z ¡ c

¶k

Hn¡k

(3.15)

µ
n 2 N0;

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1; c; z 2 C

¶
;

which, just as we observed above in our derivations of (2.3) and (2.6), is the
simplified form of the assertion (1.37) of Theorem 3.

The general summation formula (3.6) can also be simplified in several special
cases other than the case l = 1 when it yields the assertion (1.37) of Theorem 3.
The details involved are being left as an exercise for the interested reader.

Next, by letting k 7¡! k + n (n 2 N0) on its left-hand side, and then setting

³ = ¡ c

z ¡ c
and 1¡ ³ = 1 +

c

z ¡ c
=

z

z ¡ c
;(3.16)

the summation formula (3.15) assumes the form:

1X
k=1

³k+n

k(k + 1) ¢ ¢ ¢ (k + n)
=
(¡1)n

n!
(1¡ ³)nfHn ¡ log(1¡ ³)g

¡
nX

k=0

(¡1)n+k

k!(n ¡ k)!
³kHn¡k

(3.17)

(n 2 N0; j³j < 1)
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or, equivalently,

1X
k=1

³k+n

k(k + 1) ¢ ¢ ¢ (k + n)
=
(¡1)n

n!
(1¡ ³)nHn +

(¡1)n+1

n!
(1¡ ³)n

¢ log(1¡ ³) +

nX
k=0

(¡1)k+1

(n ¡ k)! k!
³n¡kHk

(3.18)

(n 2 N0; j³j < 1):

Since

H0 = 0 and Hk = 1 +
kX

j=2

1

j
(k 2 Nnf1g);(3.19)

by the definition (1.36), it is readily observed that

nX
k=0

(¡1)k+1

(n ¡ k)! k!
³n¡kHk=

nX
k=1

(¡1)k+1

(n ¡ k)! k!
³n¡k

0@1 + kX
j=2

1

j

1A
=

nX
k=1

(¡1)k+1

(n ¡ k)! k!
³n¡k +

nX
k=2

(¡1)k+1

(n ¡ k)! k!

0@ kX
j=2

1

j

1A ³n¡k

=
³n

n!
¡ (¡1)n

n!
(1¡ ³)n +

nX
k=2

(¡1)k+1

(n ¡ k)! k!

0@ kX
j=2

1

j

1A ³n¡k:

(3.20)

Upon substituting this last expression from (3.20) into the right-hand side of (3.18),
if we make use of the second equation in (3.19) once again, we shall obtain

1X
k=1

³k+n

k(k + 1) ¢ ¢ ¢ (k + n)
=

³n

n!
+

nX
k=2

(¡1)k+1

(n ¡ k)! k!

0@ kX
j=2

1

j

1A ³n¡k

+
(¡1)n

n!

0@ nX
j=2

1

j

1A (1¡ ³)n

+
(¡1)n+1

n!
(1¡ ³)n ¢ log(1¡ ³)

(3.21)

(n 2 N0; j³j < 1);

provided that each side of (3.21) exists.
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The summation formula (3.21) happens to be the main result in a recent paper
by Tu et al. [18, p. 6, Theorem 2]. Closed-form expressions for infinite series of
the type occurring in (3.21) can also be found to be listed by Hansen [2, p. 174].

Finally, we remark that three summation formulas were derived recently by
Nishimoto [9] by making use of the aforementioned operators of fractional calculus.
His first main result [9, p. 2, Theorem 1]:

1X
k=0

(¡c)k¡(k + ® ¡ ¸)

k! ¡(® ¡ ¸)(z ¡ c)k
=

µ
z

z ¡ c

¶¸¡®

(3.22)

µ¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1;

¯̄̄̄
¡(k + ® ¡ ¸)

¡(® ¡ ¸)

¯̄̄̄
< 1

¶
is precisely the binomial expansion [cf. Equation (1.29) above]:

1X
k=0

(½)k
k!

³k = 1F0(½; ; ³) = (1¡ ³)¡½(3.23)

(½ 2 C; j³j < 1)

with

½ = ® ¡ ¸ and ³ = ¡ c

z ¡ c
:

Nishimoto’s second main result [9, p. 3, Theorem 2]:

1X
k=1

(¡c)k

k
¢ 1

(z ¡ c)k
= log

µ
z ¡ c

z

¶ µ¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1

¶
(3.24)

is simply the logarithmic series in (1.19) with z replaced by c=(z ¡ c). And, if
we denote the left-hand side of Nishimoto’s third (and last) main result [9, p. 4,
Theorem 3]:

1X
k=1

µ
¡ c

z ¡ c

¶k

¢ ¡(® ¡ 1 + k)

k!
f(k ¡ 1)(z ¡ b) + ®(c ¡ b)g

= ¡(® ¡ 1)
∙µ

z ¡ c

z

¶®

fb(1¡ ®)¡ zg+ fz + ®(b ¡ c)¡ bg
¸(3.25)

µ
j¡(® ¡ 1 + k)j < 1 (k 2 N0);

¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1

¶
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by ¤(®)
a;b;c(z), then we readily observe that

¤
(®)
a;b;c(z) :=

1X
k=1

µ
¡ c

z ¡ c

¶k

¢ ¡(® ¡ 1 + k)

k!
f(k ¡ 1)(z ¡ b) + ®(c ¡ b)g

= (z ¡ b)

1X
k=1

µ
¡ c

z ¡ c

¶k

¢ ¡(® ¡ 1 + k)

(k ¡ 1)!

+f®(c ¡ b)¡ (z ¡ b)g
1X

k=1

µ
¡ c

z ¡ c

¶k

¢ ¡(® ¡ 1 + k)

k!

= (z ¡ b)

1X
k=0

µ
¡ c

z ¡ c

¶k+1

¢ ¡(®+ k)

k!

+f®(c ¡ b)¡ (z ¡ b)g
1X

k=1

µ
¡ c

z ¡ c

¶k

¢ ¡(® ¡ 1 + k)

k!

= ¡c(z ¡ b)

z ¡ c
¡(®) ¢ 1F0

µ
®; ;¡ c

z ¡ c

¶
+f®(c ¡ b)¡ (z ¡ b)g¡(® ¡ 1) ¢

½
1F0

µ
® ¡ 1; ;¡ c

z ¡ c

¶
¡ 1

¾
;

(3.26)

by employing the Pochhammer notation given by (1.23). Making use of the familiar
binomial expansion (3.23) once again, we find from (3.26) that

¤
(®)
a;b;c(z) =¡c(z ¡ b)

z ¡ c
¡(®) ¢

µ
1 +

c

z ¡ c

¶¡®

+f®(c ¡ b)¡ (z ¡ b)g¡(® ¡ 1) ¢
(µ

1 +
c

z ¡ c

¶1¡®

¡ 1
)

µ¯̄̄̄
c

z ¡ c

¯̄̄̄
< 1

¶
;

that is,

¤
(®)
a;b;c(z) =¡(® ¡ 1)

∙µ
z ¡ c

z

¶®

¢ [c(1¡ ®)(z ¡ b) + zf®(c ¡ b)¡ (z ¡ b)g]
z ¡ c

+fz + ®(b ¡ c)¡ bg
¸
;

(3.27)

which, after some simplification, leads us to the second member of the assertion
(3.25), since

c(1¡ ®)(z ¡ b) + zf®(c ¡ b)¡ (z ¡ b)g = (z ¡ c)fb(1¡ ®)¡ zg:
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