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ON THE COMPACTNESS AND THE MINIMIZATION

Hwai-Chiuan Wang

Abstract. In this article, we present various compactness and minimizations
from very classical theorems such as Bolzano-Weierstrass theorem to modern
theorems such as Palais—-Smale conditions. Then apply them to assert the
existence and multiplicity of solutions of partial differential equations.

1. INTRODUCTION

In this article, we present various compactness and minimizations from the very
classical theorems such as Bolzana Weierstrass theorem to modern theorems such as
Palais—Smale conditions. Then we find various conditions and apply them to assert
the existence and multiplicity of solutions of partial differential equations.

In section 2, we present the compactness theorems in RN, general Banach
spaces, function spaces C(K), LP spaces, and Sobolev spaces H}(£2). In section
3, we describe the minimizers and Lagrange multiplier theorem with application
to solve partial differential equations. In section 2, we need to investigate every
sequence to see if it is nice. This is not economic. For example, to solve the equation
(2) in Theorem 20. We associate the equation (2) with an energy functional J. The
critical points of J are exactly the same as the solutions of equation (2). Thus,
it suffices to find the critical points of J. Therefore, we need only to investigate
the sequences related to the functional J. On the other hand, in section 3, we
present the minimizers. In Theorem 16, we impose some coercive and weakly
lower semicontinuous conditions on the function T to assure that there is a u such
that

f(u) = \grelil\r/llf(V);
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then apply the Lagrange multiplier theorem 18 to find such u. But it does not work if
a function f satisfies neither the coercive condition nor weakly lower semicontinuous
condition. Instead of finding the minimizer

F(u) = minf(v);

we try to find the saddle point u satisfying

f(u) =inf mtaxf(°(t)):

Therefore, we need to consider the new compactness concepts and the new mini-
mizers in section 4: for example let f be of C!,

® = minf(v) or ® = inf n}[axf(°(t));

veEM
and for every minimizing sequence {un} such that
f(un) — ®;
'(up) — 0;
there is a subsequence, again denoted by {un} and u such that
Up — U

Then f(un) — ® = f(u). This is the Palais Smale conditions. In section 4, we
present various Palais Smale conditions, and apply them to assert the existence and
multiplicity of solutions of partial differential equations.

2. COMPACTNESS

Two main tools in analysis are the compactness and the minimization. The
fundamental theorem of algebra was proved by the compactness in analysis. The
fundamental and the most important compactness theorem is the following result in
RN:

Theorem 1. (Bolzana-Weierstrass) Let {un} be a bounded sequence in RN;
then there exist a subsequence {un, } and u € RN such that un, converges (strongly)
to u.

Proof. First, suppose that there are only finite different points in {un}, then we
can find a v which occurs infinite many times in {un}, take such a subsequence
{un} by letting each un = v, then we are done. On the other hand, suppose that
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there are infinite many different point in {un}. Let J; be a closed cube with edge
length 1 in RN such that {un}  J;. Bisecting each edge of J;, we obtain from it
2N closed subcubes of edge length 1=2. One of the subcubes J should be contain
infinite un. If we continue bisecting, then we obtain a sequence of closed cubes
{Jn} such that 33 > Jy O --- and

(1) lim diam(Jn) = 0:

n—oo
By the finite intersection property and (1), there is a u such that

X
{u} = In:

n=1
Take a subsequence {up, } such that un, € Jj for each i. Then up; converges to u.

In the following we note that the strongly convergence and the weakly conver-
gence are equivalent in RN,

Theorem 2. Let {un} and u be in RN, then |jun — u|| — 0 if and only if
Un ™ u weakly.

Proof. It suffices to prove that if u, converges weakly to u, then u, converges
strongly to u. Suppose that u, converges weakly to u and RN = (ey;:::;en).
Then for each i;

(Un —u;ej) =0(1) as n — oo:

- PN
Now for * = L, ajej;

lun — uff = sup [ *]| < 1(un —u; *)

1
=0(1) as n — oc: |

From the following Theorem 3, we have that the only normed linear space with
compact balls is the Euclidean space RN:

Theorem 3. (Riesz) Let X be a normed linear space. If the unit sphere
{x € X||x|| <1} is compact, then X = RN:
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Proof. See Brézis [3, Theorem VI.5]. [

The compactness concepts can be extended to various infinite dimensional
spaces.

Theorem 4. (Banach — Alaoglu — Bourbaki) Let X be a separable Banach
Space and {un} be a bounded sequence in X*; then there exist a subsequence
{un} and u € X* such that u, > u weak*.

Proof. See Brézis [3, Theorem 111.15 and 111.25] and Marsden-Hoffman [16,
Theorem 3.1.3]. [

If the spaces are reflexive Banach Spaces, then Theorem 4 can be simplified.

Theorem 5. Let X be a reflexive Banach Space and {un} be a bounded
sequence in X; then there exist a subsequence {un} and u € X such that u, > u
weakly.

There is a nice extension of the classical compactness theorem 1 to the contin-
uous function space C(K).

Theorem 6. (Arzela-Ascoli) Let K be a compact metric space and C(K) the
set of all continuous functions in K. Let {un} be a bounded and equicontinuous
sequence in C(K); then there exist a subsequence {un} and u € C(K) such that
Un — U uniformly.

Proof. See Yosida [24, p. 85]. [
There is an analogue result of Theorem 6 in LP(Q2) spaces.
Theorem 7. (Frechet — Kolmogorov) Let Q be a domain in RN and LP(Q) the

set of all LP-functions in ©; where 1 < p < co. Let {un} be a bounded sequence
in LP(Q2). Suppose that {un} is an equicontinuous sequence in LP(2), that is

(i) for " >0; 1 cC Q; there exists £ > 0; + < dist(1; Q°) such that

I(Un)h — Unllery <" For he RN; ||| <& for neN;

(ii) for " > 0; there exists ¥ CC € such that [[un/p@\1) <" for n € N, then
there exist a subsequence {un} and u € LP(Q) such that un — u in LP(2).
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Proof. See Brézis [3, Theorem IV.25].

The Lebesgue dominated convergence theorem also is a well-known compactness
theorem.

Theorem 8. (Lebesgue Dominated Convergence Theorem) Suppose €2 is a
domain in RN: {un}32; and u are measurable functions in  such that un — u
a.e. in Q. If there is a " € L!(Q) such that for each n € N

lun| < " aerin
then up — u in L1():

Proof. See Wheeden-Zygmund [22, p. 173]. [

In Example 9 it shows that the converse of the Lebesgue dominated convergence
theorem fails.

Example 9. Forn=1;2;:::, let un : R — R be defined by

8
5 0; for x <n
Un(xX) = 2; for x =n+ 1=2n
= 0, for x > n+1=n
~ linear, otherwise.
Then we have 7

1
Un(X)dx = - < oo for each n € N:
R

Then u, — 0 ae. in R and strongly in L'(R). Suppose that there exists a
" : R — R satisfying

lun| < T a.e. in R for each n € N:

P, RP R )
Thenoco= &= 5 UuUn< " Consequently, " € L'(R).

However the Vitali convergence theorem provides a necessary and sufficient
result for L' convergence.

Theorem 10. (Vitali Convergence Theorem for L(£2)) Suppose 2 is a domain
inRN; {un}ee, C LY(Q);u e LY(Q); and up — u a.e. in Q:Then|jun —ul[ 2 — 0
if and only if the following two conditions hold :
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(Ul) (Uniformly integrable condition) For each " > 0; there exists a measurable
set E C Q such that |E| < oo and
z

|up|d® <™ for each n € N;
Ec

(UC) (Uniformly continuous condition) For each * > 0; there exists a £ > 0 such
that |E| < £ implies
Z
|un|dt <" for each n € N:
E

Proof. See Gariepy-Ziemer [13, p. 150]. ]

Proposition 11. In the (Ul) condition of the Vitali Convergence Theorem 10,
the condition |E| < oo can be replaced by “E is bounded”.

Proof. Let En, = ENB(0;n) forn =1;2;:::,then E; C Ex C --- " E.
Thus, |Eq| < |Eg| < --- /' [E[: For £ > 0 as in thg, (UC) condition of Theorem
0, there is a Eyn such that |[E\En| < t. Now ES UnldX = gc|upldx +
E\En |un|dx < 2" for each n € N. ]
If we replace L1(£2) in the Vitali Convergence Theorem by Hg (€2), we can drop

the (UC) condition.

Theorem 12. (i) (Rellich Theorem) Let © be a domain in RN of finite measure.
Then the embedding of HZ () into LP(2) is compact; (ii) (Vitali Convergence
Theorem for HZ (92)) Let © be a domain in RN. Suppose that {un}32; € H ()
is a bounded sequence such that u, — u a.e. in Q for some u € H&(Q). If for each
" > 0; there exists a measurable set E such that |E| < oo and . [un[Pdx <
for each n € N; then |lun —ul| , — O:

Proof. (i) Let F be the unit ball in H} ().
(@ For2=>0,wCcCQ,ueF, |hl <dist(w, Q°. Forq € [1, 2*), write

%:?+12_*® for some ®; where 0 < ® < 1:

By the interpolation property,
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for f € L1(Q) N L (Q)
IFlle < [HFIEllLa=e || [P Loo=ctie
< [[FIIRL Il
That is,
[t — Ul aqw) < [[éht — U||%1(W)||Chu UH,_zv w)

3 -

(1-®)
< [lenu — U||%1(W) 2[[ul[L2° w)

_ —®
< Cllént = U1, 20| Vull s o)

where ¢hu(z) = u(z — h). Now Q is of finite measure, so u € H}(Q) C
W EL(Q) and
[ént — Ul ) < [N [VUl| L@

<c|h[[[VU]lL2(@)
Hence
®
lenu = ullLay < CIRIBIVU[R )¢ 20OV )
< C|h\®|\VU|||_2 Q)
< ¢|h|® since u € F:
If we take + > 0, £® = 2, + < dist(w, Q°), then |h| < £ implies
[éht — Ul[Law) < 2

(b) For2>0,u € F,and q € [1, 2%), we have
A, !

1
q

u = ul?
[ullLa@w) Q\WI |

< e (Q\w)e
Q\w

Take r = 27, then r' = 23—, so

ullLagw) < llull 2o (@) | 2\W[* 2
< [ VUllLr (| 2\w| '~
< |Q\w|'" 2" (since u € F):
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If we choose
w = {x € Q|dist (x; @) > £}
with + small, then
ullLa@w) <2

By Theorem 7, F is relatively compact in LP(Q):

R
(i) By the Fatou lemma, . |u[Pdx <™. Since |E| < oo; by part (i), we have

Z

lup — u|Pdx = o(1):
E
Therefore,
z z z
lun —ulPdx = |up — ulPdx + lup — ulPdx = o(1): ]
Q E Ec

Recall that a function u is radially symmetric if there is a function f such that
u(z) = f(|z|) for each z. Let H}(RN) = {u € HY(RN) | u is radially symmetric}.
We state the following well-known result of Strauss [18].

Lemma 13. For N > 2; every u € H}(RN) is equal to a continuous function
U in RN\{0} such that for z # 0

B Thi= Az 1Az L
, tl u(t)|dt [Vu(t)%dt
=N [t|>]z] [t|>z|
Let A be an annulus, say A = {z €¢ RN | 1 < |z|} with N > 3. Let
H(A) = {u € H}(Q) | u is radially symmetric}:

Moreover, if we replace L1(A) in the Vitali convergence theorem for H}(A), we
can drop both the (Ul) and the (UC) conditions.

Theorem 14. (Vitali Convergence Theorem for H}(A)). The embedding of
H}(A) into LP(A) is compact.

Proof. By Lemma 13, see Berestycki-Lions [2, p. 341]. ]

3. MINIMIZERS

Since the maximum of the function —f is the minimum of ¥, we only need to
consider the minimum problems. First, let us see the classical minimizing problem.



On the Compactness and the Minimization 449

Theorem 15. If K ¢ RN is compact and T : K — R is continuous, then there
exists a u € K such that

f(u) = Vmeilgf(v):

Proof. Let ® = infyck F(v) and {vn} a minimizing sequence in K such that
f(vn) — ®. Since K is compact, there are a subsequence {vn} and u € K such
that

Vn — U weakly:

Since T is continuous, we have
f(vh) = f(u) =@:
Thus,

f(u) :{/Ié'l}I(lf(V): |

For more applied analysis, we need the following minimizers in reflexive Banach
spaces.

Theorem 16. Let X be a reflexive Banach space; M C X a weakly closed
subset; and T : M — R satisfying

(i) f is coercive: if u € M; |Ju|| — oo; then f(u) — oo;
(ii) T is weakly lower semicontinuous on M: if un — u weakly in M; then

Then there exists a u € M such that

f(u) = \%ﬁf(v):

Proof. Let ® = infycm F(v) and {vn} a minimizing sequence in M such that
f(vh) — ®. Since ® < oo; by the coercion of f, {vn} is bounded. There exists a
subsequence {vn} and u € X such that

Vp > u:

Since M is weakly closed, u € M. From the assumption that  is weakly lower
semicontinuous on M, we have

f(u) < liminff(vy) = ®@:

n—oo

Thus,

f(u) :\I/Ielil\r/llf(V)Z ]



450 Hwai-Chiuan Wang

Theorem 17. (Implicit Function Theorem) Let E; F; G be Banach spaces; and
letU C E;V C F be opensets,and f : U xV — G aC! map. Assume that at (a;
b) € U xV; f(a; b) = 0; and the partial derivative D2f (a; b) € GL(F; G); where
GL(F; G) is the general linear group. Then there exist an open neighborhood A
of a; an open neighborhood B of b; and a unique C! map g : A — B such that

- g(a) =b
f(x; g(x)) =0; for xeA;

and g'(x) = —[D2f (x; g(x))]~" o Dif(x; g(x)) for all x € A:
Proof. See Dieudonne [11, p. 270]. ]

In Theorem 16, we asserted that f(u) = minyepm F(V): In order to obtain such
u; we need the following Lagrange multiplier theorem.

Theorem 18. (Lagrange Multiplier Theorem) Let X be a Banach space; F;g :
X — Rbeof Cland M = {x € X|g(x) = 0}. Let u € M such that ¥ admits
a minimum at u constrained on M. Suppose that Dg(u) # 0; then there exists a
. € R; called the Lagrange multiplier; such that

Df(u) = ,Dg(u):

Proof. Write
f(u+h)—f(u) =DFf(u)h+ r(h);

g(u+h) —g(u) = Dg(u)h + s(h);

where r(h) = o(||h||); s(h) = o(]|h]|) as h — 0. We may assume dim X > 1,
and then take v, w € X, v # 0, w # 0 such that Dg(u)v = 1 and Dg(u)w = 0:
Consider the function * : R x R—R defined by

"(t;2) =g(u+tv+2w)—c; c=g(u):

Then = € C! satisfying (0; 0) = 0 and D; " (0; 0) = Dg(u)v = 1: By Implicit
Function Theorem 17, there are open intervals I, J of 0, respectively, a unique C*
map t:J — | such that

t(0) =0;

t(?) =0 as 2—0;

"(t(?2);2) =0 for 2¢€ J:
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Now
0="(t(3);?)

=g(u+t(®)v +2w) —g(u)
= Dg(u)[t(3)v + 2w] + s(t(?)v + 2w)
=t(2) + s(t(?)v + 2w):

Is(tCG)v+2w)||

For 0 < = < ||v||, there is a 29 > 0 such that |?| < 2, implies TEEv T 2w]

< 1=2. Therefore,

2HVH
[t _ sV +2w)[| [(¢P)v +2w]| _ 1[tG)] | £ [lw].
2l [ty + 2w 2] 2 2 2l
or Bl < c+. We hence have t(?) = o(|?|) as 2 — 0. Next we claim that

|
Df(u)w = 0. In fact, since g(u + t(3)v + 2w) = ¢ for 2 € J; we have that
{u+t(®)v +2w | |?| < £}, for some %, represents a curve on M through u. Now

f(u+t(®)v+2w) — f(a)= Df(u)(t(?)v) + DF(u)(2w) + o(t(>)v + 2w)
= t(3)Df (u)v + 2(Df (u)w) + 0(?)

= 2DF (u)w + 0(2):
Note that
2 2 2 2
o(t(3)v + 2w) _ o(t(®)v + 2w) t(3)v + 2w 0 as 20
2 t(Z)V + 2W 2

since t(2) = o(?), therefore o(t(?)v 4+ 2w) = 0(?). Since f attains its extremum at
u with respect to M;

f(u+t®Vv+2w)—f(u)

2

Df(u)w = lim = 0:

20

We conclude that, for w € X
Dg(u)w = 0 = Df(u)w = 0:

Now Dg(u), Df(u) € L(E, R) satisfy ker Dg(u) C ker Df(u): Recall that if
T : X — R is linear, then either ker T = X or X = (ker T;Xo) for some Xg €
X\ kerT. Since Dg(u) # 0, there is a X € ker Dg(u) with X = ker Dg(u) ®RXo:

— f
Forany x € X, x =y + Xo where y € ker Dg(u). So, for , = %,

Df (u)(x)="Df(u)(x0) = . Dg(u)(xo)
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or Df(u) = _Dg(u). |

We give here an application of Theorems 16 and 18: consider the semilinear
elliptic equation

C

—Au+ . u=uP2u inQ;

@ u e H(Q);

where Q € RN is a bounded domain, N > 2, and 2 < p < 25: Let the potential
operators a; b : H}(2) — R; and the energy functional J : H(Q2) — R be given

i ¢
a(u) = |\Vu|2+bu2 :
79
buy= |ul;
Q
1
J(u)= za(u) - Bb(u)
Theorem 19.
(i) J is of ChL;

(ii) J satisfies the mountain pass hypothesis: There are r; + >0 and e € H}(9);
such that e € B(0;r); f(e) =0; f(u) >+ >0 for u e @B(0;r);

(itf) J is weakly lower semicontinuous.

Proof. See Rabinowitz [17, Theorem 2.15 and Proposition B.10]. [
Let0< ;< _,o<._.3<--- denote the eigenvalues of —A on H(}(Q):

Theorem 20. For any , > —_1; there exists a solution u € C2(Q) N C°%(Q)
of equation (2).

Proof. Let X = HZ(Q); a Hilbert space and the manifold
M = {ucHQ) | b(u) =1}

By the Rellich compactness Theorem 12 (i), M is weakly closed. Moreover, a is
coercive: for , > —_4, from

R

Vul?

1= inf —Qi‘ 2| X
ueHA(@)\{0} ¢ |U
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we have n 3 “0
a(u) >min 1; 14+ = ||u||yz:

5

a is weakly lower semilinear continuous since a is a norm. By Theorem 16, there
exists a u € M such that

a(u) = \I/Iel}\r/ll a(v):

By the Lagrange multiplier Theorem 18, there exists a * € R such that
al(u)” =2/ (w)";

for each = € H}(Q); or
z z
(Vuv®™ + .u")=1  ufuP~t=:
Q Q
Let " = u to get
a(u) = b(u) =:

Thus, * > 0. Then w = 11=(P—2)y solves equation (2). n

4. PaLals SMALE CONDITIONS

In section 2, we presents the compactness. But in these compactness, we need to
investigate every sequence. It is not economic. For example, to solve the equation
(2) in Theorem 20, we associate the equation (2) with an energy functional J.
The critical points of J and the solutions of equation (2) are exactly the same.
Thus, it suffices to find the critical points of J. We conclude that we only need to
consider the sequences related to the functional J. On the other hand, in section 3,
we present the minimizers. In Theorem 16, we impose some coercive and weakly
lower semicontinuous conditions on the function f such as that €2 is an unbounded
domain to assure that there is a u such that

f(u) = \I/Iéll\ﬂlf(V)
then we apply the Lagrange multiplier Theorem 18 to find such u. There are some
problems: if a function T satisfies neither the coercive condition nor weakly lower
semicontinuous condition, or instead of to finding the minimizer

f(u) = \rlrelil\l/llf(v);

we try to find the saddle point u satisfying
f(u) = inf mtaxf(°(t)):
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Therefore we need to consider new compactness concepts and new minimizers: for
example, let ¥ be of C! and

® = minf(v) or ® = inf m[axf(°(t));

veM

and {un} a minimizing sequence such that

f(un) — ®;
'(un) — 0:

If there is a subsequence {un} and u such that
Up — U:

Then f(uy) — ® = f(u). This is the so called the (PS)—conditions. In the
following we define the Palais—Smale (simply by (P S)) sequences for J:

Definition 21.

(i) For ~ € R; a sequence {un} in H(Q) is called a (PS)-—sequence for J if
J(un) —  and J'(upn) — 0 strongly as n — oo;

(i) € Ris called a (PS)—value for J if there is a (PS)——sequence for J;

(iif) J satisfies the (PS)——condition if every (PS)-—sequence for J contains a
convergent subsequence;

(iv) J satisfies the (PS)—condition if, for every € R; every (PS)——sequence for
J contains a convergent subsequence.

We may produce the (PS)-—sequence for J by the Ekeland variational principle
and the deformation lemma.

Theorem 22. (Ekeland’ Variational Principle) Let M be a complete metric
space with metric d. Let f : M — (—o0; +00] satisfying

(i) T is lower semi-continuous;

(ii) f is bounded from below: = = inf\y f > —oc;

(iii)  # 4o0.
Then, for each 2;+ > 0 and for each u € M such that f(u) <+ 2, there exists
v € M such that

(a) F(v) < F(u);

(b) dist(u;v) < %

(©) f(v) < f(w) + zdist(w; V) for each w € M; w # v:
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Proof. See Chabrowski [7, p. 4]. [

Theorem 23. (Deformation Lemma) Let X be a Banach space; f € C1(X);
and € R. Then for each + < %; there exists a continuous deformation ~
X x [0;1] — X such that

(i) “(u;0) =u for u € X;
(i) “(u;t) = u for t € [0; 1] if ||[F/(u)|| < V3,
(iii) “(u;t) =uforte [0;1] if [F(u) —c| > 2%
(iv) t — f("(u;t)) is increasing in t;
(V) 0<f(u)—F("(u;t)) <4z forue X; tel0;1];
(vi) ||”(u;t) —ul| < 16v/% for u e X;t e [0;1];
(vii) If u € feiy then either (a) “(u;1) € fe_; or (b) for some t; € [0;1]; we
have ||[f/("(u;ty))|| < 2v/%, where f, = {u € X|f(u) < a};
(viii) More generally; let ; € [0;1] and assume that for all t € [0;¢]; “(u;t)
belongs to the set

R ={veX||f(v)—c| <tand |f(v)| > 2V%};
then (" (u;¢)) < F(u) — ¢=4;

(ix) “("(u;t);8) = “(u;t+s) (which implies that; for fixed t; u — “(u;t) is a
homeomorphism of X onto X).

Proof. See Brézis-Nirerberg [4, p. 947]. [

We may also produce the (PS)-—sequence for J by methods other than the
Ekeland variational principle and the deformation lemma, see Lien-Tzeng-Wang
[15] and Chen-Wang [8].

The most important thing is to present various compactness: the (PS)—conditions.
In order to present the (PS)—conditions, we need to define the index of a domain
2 of a functional J.

Consider the following four important positive values.

2]
(i) The constrained value ®, = (3 — %)uz_ip_p; where

a

©
W=sup [lullLe) | U € HG(Q); a(u) =1

Clearly, ®, is a positive value.
(ii) The Nehari value ®\ = inf,epmo) J(U), where
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a

©
M(Q) = u € Hg()\{0} | a(u) = b(u)

As a consequence of the following lemma, ®), is a positive value.

Lemma 24. Let S(Q) = {u € H}(Q) | ||ul|y1 = 1} be the unit sphere. Then
there is a bijective C1! map m from S(Q) to M(Q2). Moreover; M() is path-
connected and there exists a constant ¢ > 0 such that for u € M(Q); ||u||q: > ¢
and J(u) > c.

Proof. See Chen-Wang [8, Lemma 2.2]. [
(iii) The minimax value ®r = infycr maxc|o; J (V(t)); where
I ={veC(0;1;Hi(Q)) | v(0) = 0;v(1) =€} and J(e) = 0:

Since J satisfies the mountain pass hypothesis, ®r is a positive value.

(iv) The minimal value ® = inf-cp () , where P (Q) is the set of all positive
(PS)—values for J in ©: As a consequence of the following lemma, ®p is a
positive value.

Lemma 25. Thereisa o> 0suchthat >  for every positive (P S)—value

Proof. See Chen-Lin-Wang [10, Lemma 11]. [
We state the following useful lemma.

Lemma 26. Let {un} C H}(Q2) be a (P S)-—sequence for J with — > 0: Then
there is a sequence {sn} in R™ such that {shun} C M(Q2) and J(spun) = +o(1):

Proof. See Wang [20, Lemma 8]. [
Now we now study several important (PS)—values.

Lemma 27. ®,; ®m; ®r and ®p are positive (P S)—values for J: Moreover,
every minimizing sequence for ®y, is a (P S)e,,—sequence for J.

Proof.
(i) By Lien-Tzeng-Wang [15, Theorem 2.1], ®, is a positive (PS)-value for J:
(ii) By Stuart [19, Lemma 3.4], ®\, is a positive (PS)-value for J:
(iii) By Breézis-Nirenberg [4], ®r is a positive (PS)—value for J:
(iv) For each n € N; take un € H}(Q2) and ', € P () such that
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— 1 — 1 1
—®p|<—; [Jun) - "nl<=—; [3un)] <=—:
[n =@ < o= [Jun) = nf <5 [3(un)ll < 5=

Then J(up) = ® + o(1) and J’(un) = o(1) strongly in H=1(Q). Thus, ® €
P (). m

In the following, we present a comparison lemma.

Lemma 28. Let {un} C H}(Q2) be a (PS)-—sequence for J with ~ > 0:
Then >®,;, >®\; >®pand >®p:

Proof. By Wang [20, Lemma 9], > ®,; > ®m and > ®p. Clearly,
- > ®p: [

By Lemma 27 and 28, we have the following interesting result.
Theorem 29. Four important (P S)—values are equal: ®, = ®y = ®p = ®p:
Remark 1. For the equalities ®, = ®\ = ®r; see also Willem [23].

Definition 30. By Theorem 29, the positive (PS)-values ®,; ®r; ®\ and ®p
for J are the same. Any one of them is called the index of J in 2 and denoted by
®(Q2) (simply by ®). By the definition of ®; if u is a nonzero solution of equation
(2), then J(u) > ®. Follows from Berestycki-Lions [2], we call that a solution u
of equation (2) is a ground state solution if J(u) = ® and u is a higher energy
solution if J(u) > @:

Let Q' and Q2 are two domains in RN; Q! $ Q2 and ®; = ®(Q') for i = 1;2,
then clearly ®, < ®;: If ® = ®;, then we have the following useful results.

Lemma 31. Let Q' $ Q% and J : H}(Q?) — R be the energy functional.
Suppose that ®, = ®;: Then

(i) J does not satisfy the (P S)g, —condition in Q!
(i) ®' does not admit any ground state solution;
(iii) J does not satisfy the (P S)g, —condition in Q2

Proof. See Chen-Lin-Wang [10, Lemma 20] and Wang-Wu [21, Lemma 22].m

Let © be an unbounded domain in RN and Q' a proper subdomain of Q for
i =1;2;---;k such that Q' N QJ is bounded if i # j and Q = Q' U--- U QK. Let
® = @(12), & = ®(Q21), M(Q2) = {u € H(2) \{0}|a(u) = b(u)} and M(Q') =
{u e HY(OQMH\{0} |a(u) = b(u)} for i = 1;2;---, k. Since H} (") ¢ H3(R) and
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M(Qi) C M(Q), fori=1;2;---, k, we have ® < min{®;;®,;--- ;®}: If one
of Q' is bounded, say Q! is bounded, then J satisfies the (PS)e, —condition. Let

8=\ BN(0;n) $ O
n (o]
W= uecH{(®)\{0}|a(u)=b(u) ;

®n=®(8n) = inf J(u):

ucivlnp

If {un} C H}(Q) is a (PS)e—sequence for J, then {un} is bounded. There
are a subsequence {un} and u € H}(£2) such that up, > g weakly in HL(); ae.

in € and strongly in L; . (£2): Defing ®,, = F}gl)ollr?ljogp Qn{Ix|>R} lun|P: For the

quantity ®.,, which measures a loss of mass at infinity of a weakly convergent
sequence, see Chabrowski [5], Ben-Naoum-Troestler-Willem [1], and Willem [23].
A lot of information on ®,, and its significance for weak convergence methods can
be found in the book of Chabrowski [6].

We have the following characterization of compactness.

Theorem 32. The following properties are equivalent:
(i) J satisfies the (P S)e—condition;
(ii) For every (P S)g—sequence {un} C H}(Q) for J; there exists a subsequence
{un} and u # 0 in H}(2) such that un > u weakly in H (Q);
(iii) For every (PS)e—sequence {un} C Hg(Q) for J; there are a ¢ > 0; a
subsequence {vm} of {un}; a positive integer K > 0 such that for each

k > K there is a positive integer N (k) such that for m > N (k); we have
Z

V[P > ¢;
Qk

(iv) For every (PS)g—sequence {un} C HZ(Q) for J; there is a subsequence
{unjysuch that for ™ > 0 there is a measurable set E such that [E| < oo
and . |un|Pdx <" for each n € N;

(V) ® <®p for each n € N;
(Vi) ® < min{®;;®s; - ; ®};
(vil) ®oo < 2550

Proof. See Chen-Lin-Wang [10, Theorem 23]. ]

In the following we give one application of Theorem 32. Let z = (X;y) €
RN=1 x R and Q is a domain in RN. Define the ball BN (zy;s) in the Euclidean
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space RN; the infinite strip A", the upper semi-strip Afj; the finite strip A for
s;t € R; and the interior flask domain Ff for s > 0 as follows:

BN(zp;s) = {z ¢ RN | |z — 29| < s};

A" ={(xy) eRN | |x] <r};

A ={(xy) e AT[0<y}

Agr={(xy) e A" [s<y <t}

FL = AJUBN(0;s):
Esteban-Lions [12, Theorem I.1]es-li proved the following:

Theorem 33. Equation (2) in Aj does not admit any nontrivial solution.

However, in the following Theorem 34 we apply Theorem 32 to assert that
Equation (2) in a perturbation of the upper semi-strip A{j admits a ground state
solution.

Theorem 34. There exists sg = 0 such that equation (2) has a ground state
solution in F{ if s > sg; but does not have any ground state solution if s < s:

Proof. Let Q@ = Fg; O = Aj, and Q2 = B(0;s): By Lien-Tzeng-Wang
[15], equation (2) has a ground state solution in A". By Lemma 31, we have
®(A") > ®(RN): Note that ®(A") = ®(Af) and lims_,-, ®(BN (0;s5)) = ®(RN):
Take s large enough such that

®(B(0;5)) < B(A) = B(AY):

It is well-known that there is a ground state solution of equation (2) in BN (0;s).
By Lemma 31, we have

®(Q) = ®(F%) < ®(BM(0;9)):
We conclude that
®(Q) = ®(F) <®BM(0;5)) = ®(2) < ®(A[) = (1)

By Theorem 32, equation (2) has a ground state solution in F£ for large s. If equation
(2) has a ground state solution in F{ and s; < sy, then F{, = F{ U BN(0;s,).
By Lemma 31, ®(Ff,) < ®(BN(0;s2)) and ®(Ff,) < ®(FY ). By Lemma 31,
equation (2) has a ground state solution in F¢,: Let

So = inf{s > r | equation (2) has a ground state solution in F{}:
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We then conclude that equation (2) has a ground state solution in F{ if s > sp; and
equation (2) has no ground state solution in F{ if s < s: [

Let z = (x;y) € RN~ x R and ©Q be a domain in RN,

Definition 35.
(i) © is y—symmetric provided z = (x;y) € Q if and only if (x; |y|) € ©;
(i) A domain € in A" is large if for any m > 0 there exists s < t such that
t—s=mand A C
(iii) Let Q be an y—symmetric domain in RN. A function u : Q@ — R is
y—symmetric (axially symmetric) if there is a function £ : RN~1 x [0; 00) —
R such that u(x;y) = f(x; |y|) for (x;y) € Q:

For 0 <r; <r and t > 0; consider the finite strip with a hole,

Qr = Al \ BN((x;0);11);

and the exterior domain A"™\BN ((X;0);r;). Then A" and € are y—symmetric
domains and the exterior domain A"\ BN ((x;0);ry1) is a large y—symmetric do-
main.

Throughout this article, we let Hs(€2) be the H!—closure of the {u € C§°(Q2) |u
is y-symmetric}. Then Hs(€2) is a closed linear subspace of H3(€2): In Definition
21, we may replace H} () by Hs(9) to get

Definition 36. We define
(i) For € R; asequence {un} in Hg(£2) is a symmetric (PS)——sequence for J
if J(un) —  and J’(un) — 0 strongly as n — oo;
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(i) € Risasymmetric (PS)—value for J if there is a symmetric (PS)——sequence
for J;

(iii) J satisfies the symmetric (PS)——condition if every symmetric (PS)——sequence
for J contains a convergent subsequence;

(iv) J satisfies the symmetric (PS)—condition if, for every € R; every symmetric
(PS)——sequence for J contains a convergent subsequence.

We may replace Hg () in the definitions of the four (PS)—values ®y, ®m, @r,
®p by Hs(Q2) to get the four symmetric (PS)—values ®}, ®},, ®F, and ®3. By
Wang-Wu [21, Theorem 16], we have

Theorem 37. Four symmetric (P S)—values are equal: ®; = ®y, = ®p = ®p:

Definition 38. By Theorem 37; the positive symmetric (P S)—values ®ﬁ; ®1
®p; and ®3 for J in Hs(£2) are the same. Any one of them is called the symmetric
index of J in 2 and denoted by ®°(Q2) (simply by ®%). By the definition of ®3,, if u
is a nonzero y—symmetric solution of equation (1), then J(u) > ®3. Follows from
Berestycki-Lions [2], we call that a nonzero y—symmetric solution u of equation
(1) is a symmetric ground state solution if J(u) = ®° and is a symmetric higher
energy solution if J(u) > ®3:

Let X (£2) be either H} (£2) or Hs(£2) with the index ®x (£2). Then we have the
following lemma.

Lemma 39. Let u € X(2) be a change sign solution of equation (2). Then
J (U) > 2@x (Q)

Proof. See Wang-Wu [21, Lemma 20]. ]

The following Lemma 40 asserts that a bounded domain in RN has nice property
for PS—condition.

Lemma 40. Let 2 be a bounded domain in RN. Then the (P S)ex () —condition
holds in X () for J.

Proof. See Wang-Wu [21, Lemma 25]. [
Lemma 41. If Q is a large domain in A"; then ®(Q2) = ®(A"):
Proof. See Lien-Tzeng-Wang [15, Lemma 2.5]. [

Proposition 42. We have that ®s(A" ;) = ®(Al ) and ®s(A") = ®(A"):
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Proof. By Gidas-Ni-Nirenberg [14] and Chen-Chen-Wang [9], we have that
every positive solution of equation (2) in a finite strip A" .; and in an infinite strip
A'is y—symmetric. [ ]

Corollary 43. If Q is a proper y—symmetric large domain in A"; then ®(A") <
®s(92).

Proof. See Wang-Wu [21, Corollary 33]. ]
Finally, we apply Corollary 43 to prove the existence of three solutions of (2).

Theorem 44. There exists ty > 0 such that for t > ty; the equation (2) on
Q¢ has three positive solutions in which one is y—symmetric and the other two are
nonaxially symmetric.

Proof. Let Q = A"\ BN((x;0);r1), then Q is an y—symmetric large domain
in A". By Corollary 43, we have ®(A") < ®(2): By Lemma 40 and Lien-Tzeng-

Wang [15], equation (2) admits a ground state solution in Ag.; and in A", we have
that ®(A).;) is strictly decreasing as t is strictly increasing and

®(Aht) \®(A") as t — oo:
Take t; > 0 such that for t > ty;
@) ®(A") < ®(Apr) < ®s(2):

Note that Af ., r, $ U $ A" for t >ty = t; + ry. By Lemma 31, we conclude
that

(4) ®(Ar) < ®(Qt) < ®( El;t1+r1):

By Lien-Tzeng-Wang [15], if © is a domain of RN, then ®(€2) is invariant by rigid
motions. Thus,

) ®(AL ity 1) = O(AG,):
Therefore, by (3)-(5)

(6) ®(A") < ®() < ®(Agy,) < Bs(Q):
Since Q¢ C Q, we have

(") ®s(©2) < ®s():
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By (6) and (7), we obtain
®) ®(€2t) < ®s(S2):

By Lemma 41, there exist an y—symmetry solution u; and a solution u, of equation
(2) in domain € such that

J (Ul) = ®S(Qt);

J(uz) = ®():

By Lemma 39, we may take u; and u, to be positive. Let

us(X;y) = Ua(X; —Y);

then us is the third solution. By (8), ui, us and us are different. Moreover, u; is
an y—symmetric solution while both uy and us are nonaxially symmetric solutions
of equation (2) in domain €. [

REFERENCES

1. A. K. Ben-Naoum, C. Troestler and M. Willem, Extrema problems with critical
Sobolev exponents on unbounded domains, Nonlinear Anal. Theory, Methods &
Applications, 26 (1996), 823-833.

2. H. Berestycki and P.-L. Lions, Nonlinear scalar field equations, I, Existence of ground
state, Arch. Rational Mech. Anal 82 (1983), 313-345.

3. H. Brézis, Analyse Fonctionnelle, Theorie et Applications, Masson, Paris, 1983.

4. H. Brézis and L. Nirenberg, Remarks on finding critical points, Comm. Pure Appl.
Math. 44 (1991), 939-963.

5. J. Chabrowski, Concentration-compactness principle at infinity and semilinear elliptic
equations involving critical and subcritical Sobolev exponents, Calc. Var. Partial
Differential Equations 3 (1995), 493-512.

6. J. Chabrowski, Weak Convergence Methods for Semilinear Elliptic Equations, World
Scientific, 1999.

7. J. Chabrowski, Variational methods for potential operator equations, Walter de Gruyter
Studies in Mathematics 24, Berlin-New York, 1997.

8. K. J. Chen and H. C. Wang, A necessary and sufficient condition for Palais-Smale
conditions, SIAM Journal on Math. Anal. 31 (1999), 154-165.

9. K. C. Chen, K. J. Chen and H. C. Wang, Symmetry of positive solutions of semilinear
elliptic equations on infinite strip domains, J. Differential Equations, 148 (1998), 1-8.

10. M. C. Chen, H. L. Lin and H. C. Wang, Vitali Convergence Theorem and Palais
Smale Condition, Diff. and Integral Equations, 15 (2002), 641-656.



464

11

12

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

23
24

Hwai-Chiuan Wang

. J. Dieudonne, Foundations of Modern Analysis, Academic Press, Inc., New York,
1960.

. M. J. Esteban and P. L. Lions, Existence and non-existence results for nonlinear
elliptic problems in unbounded domains, Proc. Roy. Edinburgh Soc. Sect. A 93
(1982), 1-14.

R. F. Gariepy and W. P. Ziemer, Modern Real Analysis, PWS Publishing Company,
Boston, 1994.

B. Gidas, Ni, Wei-Ming Ni and L. Nirenberg, Symmetry and related properties via
the maximum principle, Comm. Math. Phys. 68 (1978), 209-243.

W. C. Lien, S. Y. Tzeng and H. C. Wang, Existence of solutions of semilinear elliptic
problems on unbounded domains, Diff. and Integ. Eqns. 6 (1993), 1281-1298.

J. E. Marsden and M. J. Hoffman, Elementary Classical Analysis, second edition,
W. H. Freeman and Company, New York, 1993.

P. H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to
Differential Equations, Regional Conference Series in Mathematics, American Math-
ematical Society, 1986.

W. A. Strauss, Existence of solitary waves in higher dimensions, Comm. Math. Phys.
55 (1977), 149-162.

C. A. Stuart, Bifurcation in LP(R™N) for a semilinear elliptic equation, Proc. London
Math. Soc. 45 (1982), 169-192.

H. C. Wang, A Palais-Smale approach to problems in Esteban-Lions domains with
holes, Trans. Amer. Math. Soc. 352 (2000), 4237-4256.

H. C. Wang and T. F. Wu, Symmetry Breaking in a Bounded Symmetry Domain, Will
appear in Nonlinear Differential Equations and Applications.

R. L. Wheeden and A. Zygmund, Measure and Integral, Marcel Dekker, Inc., New
York and Basel, 1977.

. M. Willem, Minimax theorems, Birkhauser Verlag, Basel, 1996.
. K. Yosida, Functional Analysis, sixth edition, Springer, 1995.

Hwai-chiuan Wang

Department of Mathematics, National Tsing Hua University,
Hsinchu, Taiwan

E-mail: hwang@mail.math.nthu.edu.tw



