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HARDY-TYPE INEQUALITIES

R. Radha

Abstract. Hardy-type inequalities are proved for n-dimensional Hermite
and special Hermite expansions. Paley-type theorems for these expan-
sions are also deduced.

1. INTRODUCTION

It was observed by Hardy and Littlewood as well as many others that there
are many results in Fourier analysis that hold for Lp(T), 1 < p < ∞, fail to be
true for L1(T) and yet remain true for ReH1, where ReH1 is the real Hardy
space consisting of the boundary values of the real parts of the functions in the
Hardy space H1 on the unit disk in the plane. As an example a well-known
result of Paley shows that

∞′∑
−∞

|ck|p|k|p−2 < ∞,

where
∑∞
−∞ cke

ikθ denotes the Fourier series and
∑′ is the sum which runs

over nonzero k′s. This result is false when p = 1. However, Hardy has shown
that if f ∈ ReH1, we have

∞′∑
−∞

|ck|
|k| < ∞.

Kanjin in [2] has proved Hardy’s inequalities for the one-dimensional Her-
mite and Laguerre expansions. Our aim of this paper is to obtain similar type
of inequalities for n-dimensional Hermite and special Hermite expansions.
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2. NOTATIONS AND PRELIMINERIES

The Hermite functions h̃k on the real line are defined by

h̃k(x) = Hk(x)e−
1
2
x2

, k = 0, 1, 2, . . . ,

where Hk(x) denotes the Hermite polynomial. These are eigenfunctions of the
Hermite operator (harmonic oscillator) −∆ + x2 with the eigenvalues 2k + 1.
The normalised Hermite functions hk(x) are defined by

hk(x) = (2kk!
√

π)−
1
2 h̃k(x),

which form a complete orthonormal family in L2(R, dx).
Let µ be a multiindex and x ∈ Rn. Then the n-dimensional Hermite

functions Φµ(x) are defined by taking the product of the one-dimensional
normalised Hermite functions hµj (xj):

Φµ(x) =
n∏

j=1

hµj (xj).

Then they form a complete orthonormal system for L2(Rn, dx) and they are
eigen functions of the Hermite operator H = −∆+ |x|2 on Rn with eigenvalues
(2|µ|+ n), where |µ| = µ1 + µ2 + ... + µn.

The special Hermite functions, which occupy a central place in the study
of Hermite and Laguerre expansions, are defined by

Φµν(x + iy) = (2π)−
n
2

∫

Rn

eixξΦµ

(
ξ +

1
2
y

)
Φν

(
ξ − 1

2
y

)
dξ.

These functions appear as the entry functions of the Schrödinger representa-
tion of the Heisenberg group. They form a complete orthonormal system in
L2(Cn). Let

L = −∆z +
1
4
|z|2 − iN,

where

N =
n∑

j=1

(
xj

∂

∂yj
− yj

∂

∂xj

)
.

Then Φµν are eigenfunctions of L, with eigenvalue 2|ν|+n and L is called the
special Hermite operator. For various results concerning these expansions, we
refer to [4].

The study of Hardy spaces over Rn provides basic insights into such topics
as maximal functions, singular integrals and Lp-spaces. For definitions and
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their importance in analysis, we refer to [1] and [3] except that we state here
the atomic decomposition of H1 space which will be used in the course of our
discussions.

A function a is an H1-atom (associated to a ball B) if (i) a is supported
in B, (ii) |a| ≤ |B|−1 a.e., and (iii)

∫
adx = 0. Then we have

Theorem 2.1. f ∈ H1 if and only if f can be written as a sum of H1-
atoms, {ak},

f =
∑

k

λkak,

where {λk} is a sequence of complex numbers with
∑ |λk| < ∞, and one has

c1‖f‖H1 ≤
∑

|λk| ≤ c2‖f‖H1 .

3. RESULTS FOR HERMITE EXPANSIONS

Proposition 3.1. Let ε > 0 be fixed. Choose δ > −(1 + ε)/2. Let {φµ} be
an orthonormal basis in L2(Rn) such that |∇φµ| ≤ cn

1
2 µδ

1.....µ
δ
j , where µ1, ..µj

(1 ≤ j ≤ n) are the nonzero indices of µ. Let σ = ((n+1)(1+ ε)+nδ)/(2+n)
and f̂(µ) =

∫
Rn f(x)φµ(x)dx. Then for every f ∈ H1(Rn) we have

∑

µ∈Nn

|f̂(µ)|
[(µ1 + 1)(µ2 + 1)...(µn + 1)]σ

≤ c(n, ε)‖f‖H1(Rn),

where N = N
⋃{0}, c(n, ε) is a constant depending on the dimension n and ε

only.

Proof. When µ = 0, each µj in µ = (µ1, ..., µn) is zero. Thus |φµ(x)| ≤ c(n).
By the atomic decomposition of H1, it follows that

|f̂(µ)| ≤ c(n)‖f‖H1 .

Let a be an H1-atom supported in a ball B = B(x0, r). Then

â(µ) =
∫

B
a(x)[φµ(x)− φµ(x0)]dx.

By applying the mean value theorem and the Schwarz inequality, we get

|â(µ)| ≤ cn
1
2 µδ

1...µ
δ
j‖a‖

−2
n

2 .(1)
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To prove the result, we need only prove the following:

∑

µ1....µj≤ν

|â(µ)|
[(µ1 + 1)(µ2 + 1)...(µn + 1)]σ

+
∑

µ1....µj>ν

|â(µ)|
[(µ1 + 1)(µ2 + 1)...(µn + 1)]σ

= S1 + S2 ≤ c(n, ε).

(2)

But
S1 ≤

∑

µ1.....µj≤ν

|â(µ)|
µσ

1 ....µσ
j

≤ cn
1
2 ‖a‖

−2
n

2

∑

µ1.....µj≤ν

µδ−σ
1 ...µδ−σ

j

= cn
1
2 ‖a‖

−2
n

2

∑

m≤ν

dj(m)m(δ−σ)

≤ c(n, ε)‖a‖
−2
n

2 νδ−σ+1+ε,

S2 =
∑

µ1.....µj>ν

|â(µ)|
(µ1....µj)σ

≤ ‖a‖2





∑
µ1.....µj>ν

1
(µ1....µj)2σ





1
2

= ‖a‖2

{∑
m>ν

dj(m)
m2σ

} 1
2

≤ c‖a‖2ν
−2σ+1+ε

2 ,

where dj(m) denotes the number of representations of m as a product of j
integers. dj(m) satisfies the following: There exists a constant c such that
dj(m) ≤ cmε. We choose ν = ‖a‖q

2 where q = 2(2 + n)/n(1 + ε + 2δ) and we
get (2).

In the following theorem, we obtain a Hardy-type inequality for Hermite
expansions.

Theorem 3.1. If {Φµ}µ∈Nn is the collection of Hermite functions on Rn

and if f̂(µ) =
∫
Rn f(x)Φµ(x)dx, then there exists a constant c(n, ε) such that

∑

µ∈Nn

|f̂(µ)|
[(µ1 + 1)(µ2 + 1)....(µn + 1)]

5n+12(n+1)(1+ε)
12(2+n)

≤ c(n, ε)‖f‖H1(Rn)
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for f ∈ H1(Rn) and ε > 0 is any fixed real number.

Proof. We know that |hk(x)| ≤ ck
−1
12 for k = 1, 2, ... and |h0(x)| ≤ c. Let

Ak = −∂
∂xk

+ xk, A∗k = ∂
∂xk

+ xk. Then, using the identities

AkΦµ = (2µk + 2)
1
2 Φµ+εk

,

A∗kΦµ = (2µk)
1
2 Φµ−εk

,

where ε1, ε2, ..., εn is the standard basis for Rn, we get

∂

∂xk
Φµ =

(µk

2

) 1
2 Φµ−εk

−
(

µk + 1
2

) 1
2

Φµ+εk
,

from which we get

| ∂

∂xk
Φµ| ≤ cµ

−1
12
1 ......µ

5
12
k ...µ

−1
12
j

for 1 ≤ k ≤ j and

| ∂

∂xl
Φµ| ≤ cµ

−1
12
1 ...µ

−1
12
j

for j + 1 ≤ l ≤ n, where µ1, ..., µj are the nonzero indices of µ. Then

|∇Φµ| ≤ cn
1
2 µ

5
12
1 .....µ

5
12
j

and the result follows from Proposition 3.1.

Now as in [2] we deduce a Paley-type theorem for {Φµ}, which will be a
sharper inequality for n = 2.

Theorem 3.2.

1. If 1 < p ≤ 2, then there exists a constant c(n, ε) such that
∑

µ

|f̂(µ)|p[(µ1 + 1)....(µn + 1)](p−2)σ ≤ c(n, ε)‖f‖p
Lp(Rn)

for f ∈ Lp(Rn), σ = (5n+12(n+1)(1+ ε))/12(2+n), ε > 0 a fixed real
number.

2. If 2 ≤ q < ∞, and if {b(µ)}µ∈Nn satisfies
∑

µ

|b(µ)|q[(µ1 + 1)....(µn + 1)](q−2)σ < ∞,
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then

‖f‖q
Lq(Rn) ≤ c(n, ε)

∑
µ

|b(µ)|q[(µ1 + 1).....(µn + 1)](q−2)σ,

where f ∼ ∑
µ b(µ)Φµ ∈ Lq(Rn).

Proof. Define lpk(N
n), k > 0, 1 ≤ p < ∞, to be the collection {b(µ)}

for which [
∑

µ
|b(µ)|p

[(µ1+1)...(µn+1)]2k]
]
1
p = ‖b(µ)‖lpk

< ∞. Define Tkf = f̂(µ)[(µ1 +

1)...(µn +1)]k for f . Take k = σ. If f ∈ H1(Rn), then by Theorem 3.1, we get
Tkf ∈ l1k as

‖Tkf‖l1k
≤ c(n, ε)‖f‖H1(Rn).

As ‖Tkf‖l2k
= ‖f‖2, we see that Tk is both weak type (H1(Rn), l1k) and (L2, l2k).

Then by interpolation theorem, we get Tk is bounded from Lp to lpk and we
obtain (1) for 1 < p ≤ 2. By standard duality argument we get (2).

4. RESULTS FOR SPECIAL HERMITE EXPANSIONS

Theorem 4.1. Let {Φµ,ν} denote the collection of special Hermite func-
tions. Define f̂(µ, ν) =

∫
R2n f(x, y)Φµ,ν(x, y)dxdy. Then we have the following

inequality for the special Hermite expansions:

∑
µ,ν

|f̂(µ, ν)|
[(µ1 + 1) . . . (µn + 1)(ν1 + 1) . . . (νn + 1)]

(2n+1)(1+ε)+n
2(1+n)

≤ C(n, ε)‖f‖H1(R2n),

where ε > 0 is a fixed real number.

Proof. Zj = ∂
∂zj

+ 1
2 z̄j , Zj = ∂

∂z̄j
− 1

2zj , j = 1, 2, . . . n. Then using the
identities

Zj(Φµν) = i(2νj)
1
2 Φµ,ν−εj ,(3)

Z̄j(Φµν) = i(2νj + 2)
1
2 Φµ,ν+εj ,(4)

we get

∂

∂xj
Φµ,ν = iyjΦµ,ν + i(2νj)

1
2 Φµ,ν−εj + i(2νj + 2)

1
2 Φµ,ν+εj .
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|Φµ,ν(z)| = (2π)
−n
2

∣∣∣∣
∫

eixξΦµ

(
ξ +

1
2
y

)
Φν

(
ξ − 1

2
y

)
dξ

∣∣∣∣

≤ C

∫ ∣∣∣∣Φµ

(
ξ +

1
2
y

)∣∣∣∣
∣∣∣∣Φν

(
ξ − 1

2
y

)∣∣∣∣ dξ

≤ C‖Φµ‖2‖Φν‖2 = C.

|yjΦµ,ν(z)| ≤ CΠn
k=1
k 6=j

∣∣∣∣
∫

eixkξkhµk

(
ξk +

1
2
yk

)
hνk

(
ξk − 1

2
yk

)
dξ

∣∣∣∣
∣∣∣∣yj

∫
eixjξjhµj

(
ξj +

1
2
yj

)
hνj

(
ξj − 1

2
yj

)
dξj

∣∣∣∣
≤ C|yjΦµj ,νj (zj)| (by applying Schwarz inequality for

n− 1 terms in the product).

As

iyjΦµj ,νj (zj) = i(2π)−
1
2

{∫
eixjξj

((
ξj +

1
2
yj

)
−

(
ξj − 1

2
yj

))

×hµj

(
ξj +

1
2
yj

)
hνj

(
ξ − 1

2
yj

)
dξj

}
,

we get

∣∣yjΦµj ,νj (zj)
∣∣ ≤ C

∫ ∣∣∣∣
(

ξj +
1
2
yj

)
hµj

(
ξj +

1
2
yj

)∣∣∣∣
∣∣∣∣hνj

(
ξj − 1

2
yj

)∣∣∣∣ dξj

+ C

∫ ∣∣∣∣
(

ξj − 1
2
yj

)
hνj

(
ξj − 1

2
yj

)∣∣∣∣
∣∣∣∣hµj

(
ξj +

1
2
yj

)∣∣∣∣ dξj

≤ C

[∫
|ξjhµj (ξj)|2dξj

] 1
2

+ C

[∫
|ξjhνj (ξj)|2dξj

] 1
2

(by Schwarz inequality and making
change of variables).

Using
(
− d

dx
+ x

)
h̃k(x) = h̃k+1(x),(5)

(
d

dx
+ x

)
h̃k(x) = 2kh̃k−1(x),(6)
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it follows that

xhk(x) =
(

k + 1
2

) 1
2

hk+1(x) +
(

k

2

) 1
2

hk−1(x).

Squaring this and using the fact that {hk} is an orthonormal basis for L2(R),
we obtain

[∫
|ξjhµj (ξj)|2dξj

] 1
2

=
(

2µj + 1
2

) 1
2

,

[∫
|ξjhνj (ξj)|2dξj

] 1
2

=
(

2νj + 1
2

) 1
2

.

Thus, we get
n∑

j=1

∣∣∣ ∂

∂xj
Φµ,ν

∣∣∣
2
≤ C(n)µ1 . . . µjν1 . . . νk,

where µ1, . . . , µj , ν1, . . . , νk are the nonzero indices of (µ, ν).
Again by (3) and (4), we have

∂

∂yj
Φµ,ν = −ixjΦµ,ν − (2νj)

1
2 Φµ,ν−εj + (2νj + 2)

1
2 Φµ,ν+εj ,

and |xjΦµ,ν | ≤ C|xjΦµj ,νj (zj)|. But

xjΦµj ,νj (zj) = i(2π)
−1
2

{∫
eixjξjh′µj

(
ξj +

1
2
yj

)
hνj

(
ξj − 1

2
yj

)
dξj

+
∫

eixjξjhµj

(
ξ +

1
2
yj

)
h′νj

(
ξj − 1

2
yj

)
dξj

}
.

From (5) and (6), we get

h′k(x) =
(

k

2

) 1
2

hk−1(x)−
(

k + 1
2

) 1
2

hk+1(x).(7)

Furthermore,

|xjΦµj ,νj (zj)| ≤ C

{∫ ∣∣∣∣h′µj

(
ξj +

1
2
yj

)∣∣∣∣
2

dξj

} 1
2

+ C

{∫ ∣∣∣∣h′νj

(
ξj − 1

2
yj

)∣∣∣∣
2

dξj

} 1
2

.

(8)
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Squaring (7), then making change of variables in (8), we get

|xjΦµj ,νj (zj)| ≤ C

(
2µj + 1

2

)
+ C

(
2νj + 1

2

)
.

Thus, we get
n∑

j=1

∣∣∣∣
∂

∂yj
Φµν

∣∣∣∣
2

≤ Cnµ1 . . . µjν1 . . . νk,

which shows that

|∇Φµ,ν | ≤ C(2n)
1
2 µ

1
2
1 . . . µ

1
2
j ν

1
2
1 . . . ν

1
2
k .

Hence if we take δ = 1/2, by Proposition 3.1, we obtain the required result.

Now, if we define `p
k(N

2n), k > 0, 1 ≤ p < ∞, by


{b(µ, ν)}|

{∑
µ,ν

|b(µ, ν)|p
[(µ1 + 1) . . . (µn+1)(ν1 + 1) . . . (νn+1)]2k

} 1
p

= ‖b(µ)‖`k
p < ∞





and
Tkf = f̂(µ, ν) [(µ1 + 1) . . . (µn+1)(ν1 + 1) . . . (νn + 1)]k ,

using the Parseval’s formula for special Hermite expansions, we deduce a
Paley-type theorem for special Hermite expansions.

Theorem 4.2. For the special Hermite expansions, we have the following:

1. If 1 < p ≤ 2, then there exists a constant C(n, ε) such that
∑
µ,ν

|f̂(µ, ν)|p[(µ1 + 1) . . . (µn + 1)(ν1 + 1) . . . (νn + 1)](p−2)σ

≤ C(n, ε)‖f‖p
Lp(R2n)

,

where σ = ((2n + 1)(1 + ε) + n)/2(1 + n), ε > 0 a fixed real number.

2. If 2 ≤ q < ∞, and if {b(µ, ν)|(µ, ν) ∈ N2n} satisfies
∑
µ,ν

|b(µ, ν)|q[(µ1 + 1) . . . (µn + 1)(ν1 + 1) . . . (νn + 1)](q−2)σ < ∞ ,

then

‖F‖q
Lq(R2n)

≤ C(n, ε)
∑
µ,ν

|b(µ, ν)|q[(µ1 + 1) . . . (µn + 1)(ν1 + 1) . . .

(νn + 1)](q−2)σ for F ∼
∑
µ,ν

b(µ, ν)Φµ,ν .
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