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EXPANSION METHODS AND SCALING LIMITS
ABOVE CRITICAL DIMENSIONS

Wei-Shih Yang! and Aklilu Zeleke?

Abstract. In this paper, we give a unified approach to various forms of
high temperature expansions. The variants of expansion include Mayer’s
expansion, cluster expansion and lace expansion. We also give a brief
summary of applications of lace expansion to scaling limits of self-avoiding
random walks, lattice trees and percolation above their critical dimen-
sions.

1. INTRODUCTION

1.1. Motivation

Over the past twenty years, interacting particle systems which exhibit crit-
ical phenomena have been intensively studied in the literature of probability
theroy. Interesting models in this area of research all have an upper critical di-
mension, above which the form of limiting distributions do not depend on the
dimensions and below which the form of limiting distributions usually depend
essentially on the dimensionality of the underlying space. The methods of high
temperature expansion used in statistical physics have proved to be rigorous
and recently become very successful in dealing with limiting distributions of
interacting particle systems above their critical dimensions [11, 21,31, 32]. The
high temperature expansions have changed their names and forms for the past
according to the models studied. The names have appeared to be high tem-
perature expansion, low temperature expansion, Mayer’s expansion, cluster
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expansion in quantum field theories, lace expansion and double lace expan-
sion. There is a common feature in all of these expansions, namely, the idea of
the “minimally connected graph”. The goal of this paper is to give a unified
approach to various form of high temperature expansions.

We will start with a few typical models, give definitions, state the conjec-
tures and main results known so far.

1.2. Self-avoiding Random Walks

Self-avoiding random walk is an interacting particle system, where a par-
ticle is moving at random on a d-dimensional lattice with the restrictions that
it cannot go back to the sites already visited. This particle thus has a self-
interaction. This model is originally studied in polymer physics [15]. It is of
particular interest because the problem is naturally defined in terms of geom-
etry and is highly non-Markovian from the probabilistic point of view. It also
has applications in quantum field theory [6].

The high temperature expansion method is called lace expansion when
applied to the problems of self-avoiding random walks. To start, let us look
at the problems of self-avoiding random walks. We consider a random walk
X, =Y1+...+Y, on Z% where {Y,,,n =1,2,...} is a family of independently
identically distributed random variables on Z? with mean 0.

Let E(-) denote the expectation of a random variable, and P(-) the prob-
ability of an event.

Definition. (X,,) is in the domain of attraction of a-stable distribution
if X,,/n'/* — Z, in distribution, where E(e*%=) = e¢ 2 B0 for some
constant £. In particular, Z; is said to be Gaussian distributed and Z; is
Cauchy distributed.

Example 1 (Nearest-neighbor random walk). If P(Y; = ¢;) =
P(Y; = —e;) = 1/(2d) for all j, then (X,,) belongs to the domain of attraction
of Gaussian.

Example 2. It P(Y; = ne;) = Const/|n|'* for nonzero integer n and
P(Y: = x) = 0 for any other z, then (X,,) belongs to the domain of attraction
of Z,, 0 < a<2.

Let P(A|B) = P(AN B)/P(B) be the conditional probability of A given
B.

Definition. Let P,(A) = P(A | X; # X, forall 0 < i < j < n). The
random walk (X,,) under distribution P, is called a self-avoiding random walk.
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The problem is to find v and the limiting distribution of X,,/n” under ]3”.

It is conjectured that if (X,,) belongs to the domain of attraction of a-stable
process, then as n — 0o, we have

(a) for d > d. = 2a,

~ . X o
E, (e’“/) IS {1

)

where E‘n() is the expectation with respect to the probability measure
Py;

(b) for d < d. = 2,

E, (elk%) — some distribution other than a-stable process;

(c) =2, d=4,
~ ik- Xn elkI2
En e n2mn)l/8 ) 5 e &lk| .

Here d. is called the upper critical dimension. It is a typical phenomenon in
models of statistical mechanics that the limiting distribution of the models
does not depend on the dimensions when d > d..

Remark. For o« =

%, 1, %, no conjectures have been made on the limiting
distribution where d = d..

Consider a weakly self-avoiding random walk defined by

E(Fy[0,n])
E@[0,n])

where ¥[0,n] = e PPosi<isnd(Xi=Xi) “and §(z) = 1 if # = 0 and d(z) = 0 if
x # 0. EP() is a self-avoiding random walk if § = oo, a simple random walk
if 8 =0, and is called a weakly self-avoiding random walk if 0 < 8 < co. The
following are known results under P?:

EP(F) =

(1) (Brydges and Spencer [7]). For nearest-neighbor case, d > 5, X,,//n —
Gaussian if 0 < 3 is sufficiently small.

(2) (D. Klein and W. S. Yang [40]). For a = 1, d > 3, X,,/n — Cauchy
distribution if 0 < S is sufficiently small.

(3) (G. Slade [38]). For nearest-neighbor case, = 0o, X,,/v/n — Gaussian
if d is sufficiently large.
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Finally we have the following theorem.

Theorem 1.1. (Hara and Slade [21]) For nearest-neighbor case, = oo,
d > 5, there exist constants A, D such that

(a) Cp=A-p"[14+0(L%)], for any 0 < e < 3.
(b) E,(|X.|?) = Dn[l+O(:L)], for any 0 < e < L.
(c) E, (eik'%) — e 5l g5 n — 0.

Here C,, is the number of self-avoiding random walks of length n. Moreover,
for d =5, A€ [l, 1.493], D € [1.098, 1.803] and p > 8.82128.

In Section 4, we will discuss lace expansion, the expansion method for
self-avoiding random walks and the ideas of the proof of Theorem 1.1.

1.3. Lattice Trees

Lattice tree model is a natural generalization of self-avoiding random walks.
It can be viewed as a self-avoiding branching random walk. A lattice tree in a
d-dimension lattice Z¢ is a finite connected set of lattice bonds containing no
cycles. For the nearest-neighbor model, the bonds are nearest-neighbor bonds
{z,y}, z,y € 2%, ||x —yl|l, = 1. We will also consider “spread-out” lattice trees
constructed from bonds {z,y} with 0 < ||z — y||oc < L. The parameter L will
be taken to be large but finite. For each n = 1,2,..., let P, be the uniform
distribution over the set of all n-bound lattice trees which contain the origin.
For notational convenience, we let Py be the probability measure concentrated
at the origin.

For an n-bond lattice tree T, we consider a probability measure on R?
defined by
1 2 G @

where D; is a constant depending on d and L, which will be determined later
in order to get a scaling limit as n — oo. Here J, denotes the probability
measure concentrated at y.

Let M;(R%) be the set of all probability measures on R?. Note that M, (R?)
is a topological space with weak topology, i.e., v, — v in M;(R?) if and only
if im,, oo fga fdVy, = [za fdv for all bounded continuous functions f on R%.

For each n, a probability measure y, on M;(R?) is defined by

tn(v) = PA{T; vr = v}.
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It is conjectured by Aldons [2] that for nearest-neighbor model p,, converges
to psg (integrated super-Brownian excursion) for d > 8, as n — oo. In other
words, the upper critical dimension for lattice tree should be 8. ISE is super-
Brownian motion (see e.g. [9]) conditioned to have total mass 1. The definition
of ISE will be given in Section 6.

Theorem 1.2. (E. Derbez and G. Slade [11]) For nearest-neighbor lattice
trees in sufficiently high dimensions d > dy, or for spread-out lattice trees with
d > 8 and L sufficiently large, there exists Dy such that p,, — pisg, weakly on
M;(R?), as n — oo.

It is generally believed that the upper critical dimensions are the same
for nearest neighbor model and for spread-out model. This belief is known
as the hypothesis of universality. According to the hypothesis of universality,
Theorem 1.2 gives strong evidence that the upper critical dimension for lattice
trees is 8.

1.4. Percolation

Percolation has been intensively studied in the probability literature as
well as in statistical mechanics; see e.g. [19]. In this model, every nearest-
neighbor bond in Z? is open or closed independently with P(b is open ) = p
and P(b is closed ) = 1 — p, for each nearest-neighbor bond b in Z¢. Here p
is a parameter. Given a configuration of open or closed bonds, let C'(0) be
the set of all sites that are connected to 0 by a path consisting of open bonds.
Let |C(0)| denote the cardinality of C'(0). It is known that (see e.g. [19]) for
d > 2, there exists 0 < p. < 1 such that

P(|C(0)| < ) =1, for p < p.,
P(|C(0)| < @) <1,  for p> p..

It is a typical situation in statistical mechanics that the models are easier to
be analyzed when p is away from p. than p = p.. A large number of rigorous
results have been obtained for p # p. but only a few rigorous results are known
when p = p.. One of the most interesting results known at p = p. is about
critical exponents.

Let X(p) = E(|C(0)|), and 0(p) = P(|C(0)| = oo). The critical exponents
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~v and @ are defined by

. InX(p)
v =—lim ————,
pire In|p — p,|
B = hmm_
plpe In|p — p|

It is conjectured in physics literature that v and § exist and they should take
their “mean field” values above the upper critical dimension. The mean field
values of v and [ are calculated by replacing Z? by a binary tree where the
calculation becomes easy and v = 1, 8 = 1. The upper critical dimension
for percolation is conjectured to be d. = 6, In [1], Aizenman and Newman
introduced the “triangle condition”. They showed that if the triangle condition
is satisfied, then v = § = 1. Then Hara and Slade [20] proved that the triangle
condition is satisfied if d is sufficiently large.

For the scaling limit for percolation, given C'(0) with |C'(0)| = n, we define

a random measure by
1

veo) = ) —

Daon
zeC(0)

Let j1,, be a probability measure on M, (R?) (the set of all probability measures
on R?) with mass

fin(v) = P(ve) = v | [C(0)] = n).
It is conjectured in [23] that for d > 6 and p = p., there exists D, such that

lim p,, = pusg on M, (Rd)-

n— o0

It has been shown [23] that the first and second moments of u,, converge to
those of psg. We will discuss this in Section 6.4.

1.5. Oriented Percolation

Lace expansion is a very powerful tool. Oriented percolation is another
example other than self-avoiding random walk, to which lace expansion can
be applied. Consider a (d + 1)-dimensional lattice Z?*!. Each lattice site is
denoted by (z,n), x € Z%, n € Z'. Let

B = {b;b is an oriented bond which goes from (z,n) to (y,n +1)}.

Let {0}, b € B} be a family of independent Bernoulli random variables such
that P{o, = 1} = p,, and P{o, = 0} = 1 — p,, for b goes from (x,n)
to (y,n + 1). We assume that p,, = p,. = Po.—y- LWo typical cases are
considered:
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(1) Nearest-neighbor case: pg, = p if |z| =1, and p,, = 0 for any otherz.

(2) Spread-out case: pg, = pg(%)ﬁ, where ¢ : R — R is a nonnegative
smooth function with compact support, symmetric about coordinate axis
and ¢(0) > 0.

Given a configuration (o3, b € B), we say that b is open if 0, = 1 and closed
if o, = 0. Lattice sites (x,n) is said to be connected to (y,m) if there exists a
path consisting of open oriented bonds, which goes from (x,n) to (y,m). In
this case, we write (z,n) — (y,m). We also say (z,n) — (x,n). Let

Co = {(z,n);(0,0) — (z,n)}.

Let 6(p) = P{|Cy| = oo} and X(p) = E(|Cy|). Similar to percolation, it is
well-known that for d > 1, there exists 0 < p. < 1 such that §(p) = 0 for
p < p. and 6(p) > 0 for p > p.. It is conjectured that for all d, there exist
constants -y, 8 such that

0(p) ~ (p - pc)ﬂ as p l De;

X(p) ~ (pt:_p)_’Y a'sprm
andy=p0=1ford>5; 8, y#1for1 <d<4.

Theorem 1.3. (Nguyen and Yang [31])
(a) For nearest-neighbor model, v = 3 =1 if d is sufficiently large.
(b) For spread-out model, d > 5, we have v = 3 = 1 if L is sufficiently large.

Note that it is generally believed that nearest-neighbor model and spread-
out model have the same (3, v and critical dimensions d. = 5. This is known
as both cases belong to the same universality class.

Another important problem one concerns is the limiting distribution of
percolation at critical point.

Let C(z,n) = P((0,0) — (z,n)) and C,, = Y, C(x,n).
Theorem 1.4. (Nguyen and Yang [32])

(a) For nearest-neighbor model, there exists dy > 5 such that for all d > d,
0 < p < p,, there exist constants A, D such that

(1) C, = Ap"[1+0(:L)], 0<a<li,
(2) & X, Clz,n)|z)> = D[l +0(;5)], 0<a<y,
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(3) &5, FHC(a,n) — e B,
Moreover, i <1, and =1 if and only if p = p..
(b) For spread-out model, d > 5, the same hold if L is sufficiently large.

The methods used in the proofs of Theorem 1.1-1.4 are lace expansion
and its generalizations (double lace expansions [11]). Lace expansion was first
developed by Brydges and Spencer [7] for weakly self-avoiding random walks.
The idea of lace expansion can be traced back to the high temperature expan-
sion for grand canonical ensemble in classical statistical mechanics; see e.g.
[33]. There it is called Mayer’s expansion. The high temperature expansion
for Ising model and models for quantum field theory is called cluster expan-
sion; see e.g. [16]. It is the goal of this paper to explain the transitions of
ideas from Mayer’s expansion, cluster expansion to lace expansion.

This paper is organized as follows. In Section 2, we discuss Mayer’s ex-
pansion for grand canonical ensemble. Section 3 is about cluster expansion
for Ising model for both high and low temperatures. In Section 4, we discuss
lace expansion and the ideas of the proofs of Theorem 1.1. In Section 5, we
explain the idea of lace expansion for oriented percolation. In Section 6, we
give a brief summary of some of the developments involving lace expansion so
far.

2. MAYER'S EXPANSION

2.1. Mayer’s Expansion

The grand canonical ensemble of classical particles in R? can be described
as follows. We consider random number of particles distributed in a bounded
measurable subset A of RY. We denote them by (Xi,---, Xy), where N =
0,1,2,--- is a random variable, X; € A. The sample space is

o= (00U

where O represents a no particle state, and A™ = A x --- x A (n times). Let
pa be a probability measure on €2 such that py |y = Z—ljx,
Z’ﬂ

e s V@) dy day - - - da,.
ZATL!

Here V : R? — R is a function such that V(—z) = V(z) and satisfies the
stability condition

palaeo (dzy -+ - dw,,) =

Z V(zi — z;) > —cn, for all z; € R? and all n > 1.

1<i<j<n
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The parameter z is called activity, 8 = %, T is the temperature, and Z, is
the normalization constant. Z, is called the partition function and

0 n
z S Ve
ZA:ZE/ /e BEi1<i<j<n (@i Iﬂ)dwlde...dxn'
n=0 ' /A A

Examples of stable V' other than V' > 0 can be found, e.g., in [35, §3.2].
Let |A| denote the Lebesque measure of A. For a > 0, let

0.A = {y € A; |y — z| < a for some boundary point = of A}.

Definition. The free energy of the grand canonical ensemble is

hlZA
P=— lim —2,
Aske AL

in van Hove sense.

Here A /' R? in van Hove sense means that A /" R? and |9,A|/|A| — 0 for all
a>0.

One of the most important problems in statistical mechanics is the follow-
ing

Problem: Determine whether P is an analytic function of z and find the
radius of convergence.

To solve this problem, we will give an expansion formula for In Z,. To this

end, let
1/}[177”] = H 676‘/“7
1<i<j<n
where V;; = V(z; — z;). Then
P,-n) o= I e = 1) +1]

1<i<j<n

= Z H(e‘ﬁv”' —-1), n>2,

G graph on {1,---,n} ij€EG

where a subset of {(i,7);1 < i < j < n} is called a graph on {1,2,---,n}.
(i,j) € G is called an edge of G. Given a graph G, i and j are said to be
connected, i < j, if (i,j) € G. For any 1 < i < j < n, given G, 7 and j are
also said to be connected if there exist ig,41,- -, %, such that i = ig < i; <
iy <> -+ <> i, = j. In this case, we also denote i <> j. Let S C {1,2,--- n}.
The graphs on S, and their connectedness are defined analogously. We say
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that G is a connected graph on S if for every i, j € S, i # j, we have i < j
by G.
Definition. Let S C {1,---,n}. The connected part of v is defined by
Ye(S) =1, if 5] =1,
e(S)= > T —1), if|S]>1

T:connec ted 45’
graph on S

Theorem 2.1. (Mayer’s Expansion) For all z inside the radius of con-
vergence of the expansion, we have

00 n
anA:ZE/A---/ch(l,z...,n)dxldxg---dxn
n=1 :

Proof.
A—1+Z |/ / e Vi —1)dzy - - dx,
n A szG
_+Z n,/ /AZ ST () (8 [ de
I=1 {51,050 i=1
0?1{1 ....... }
s on 00 1 n
SIS0 = R b ST I SRR AT RNEN] ) (22
n=1 't I=1"" (518 i=1
siﬂsjf(a
UiSF“‘” n}
e P 00 1 ’I’L' l
=1+ — - K(n;),
;::1 n! ; ! ,LIZ;TZ nylng! ... my! };[1 (n:)
ey =
where

K(n) = K(I5) = [ -+ [ w.(5) T] da

JES:
Note that this integral depends only on the number of elements in S; and
therefore the above equals

>~ 1 ity L
i=1 " n;>1 1" I =1
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Definition. Let I' € C(1,---,n), the set of connected graphs on {1,2, - - -

I" is called a tree graph if I' is minimally connected.

Let T'(1,---,n) denote the set of all tree graphs on {1,2,---

435

,m}.

,n}. Given

I'eC(1,---,n), we define a tree graph T'(I') C I" as follows: We order all the

edges by (i,7) < (i',7") if i < i’ or j < j' whenever i = 7'

We throw away

edges in I according to this order, as many as possible. As long as it is still
connected, then the result is a tree graph. We call it T'(T"). Given a tree graph

T, let e(T) ={I;T(I') = T}. We claim:

(2.1
(2.2) There is a maximal element in e(T"), called m(T).
(2.3) Let T" be such that T C T Cm(T) =T € e(T).

It follows from (2.1), (2.2), (2.3) that the mapping

)T, Teee(T)=T,UT, € e(T).

(24) ACm(T)\T < AUT € e(T) is one-to-one.

(2.2) follows easily from (2.1) by taking unions of all elements in e(7"). We

leave (2.1), (2.3) for the reader to check.

Theorem 2.2. (Tree Graph Formula) For z inside the radius of conver-

gence of Mayer’s expansion of In Z,, we have

UET

Proof. Since

[T o= ] [e™ =1 +1]

m(TO\T m(T\T

SN | (GE!

ACm(T)\T ijeA

--/Ad:c1~--dxn SO I«

8
3

RHS

3
Il
—

n

M 10
‘N

/dml A, 3% [

T Tee(T)ijel

- . A |
-0 / / dar, dxnrecz T (e

,n)ijel

8&

= log Zy, by Theorem 2.1.

TeT(1,--,n) Aem(T)\T ZJETUA

z]_l

H (e=PVid).
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2.2. Convergence of Mayer’s Expansion

Corollary 2.3. (Penrose Tree Graph Bound [33]) If V' > 0 (repulsive
potential), then

el em)[ < S0 Tl 1.

TeT(1,--,n) ijeT

Proof. It follows from the proof of Theorem 2.2 that

(L,2,...m) = > e -1) J] e,

TET(1,2,...,n) ij€T m(TO\T

and therefore the inequality holds. [

Remark. It is well-known (see e.g. Brydges [4]) that for stable potential,

‘¢C(17"'an)’§ Z H ‘ﬁVU|

TeT(1, - ,n)ijeT
2.3. Convergence of Mayer’s Expansion

We shall discuss the convergence of Mayer’s expansion for repulsive po-
tential only as the case of stable potential can be treated similarly using the
above Remark.

By Penrose Tree Graph Bound, for V' > 0, log Z, can be estimated by

S E —BVij _
(2.5) > XT:/A /Adgc1 dz, I le 1.

n=1 ije€T

If we integrate it starting from the variables corresponding to extremal points
of T, and by Cayley’s Theorem, the number of T' is bounded by n" 2, we get
an upper bound for the above

— E— —1
2.6 E "% Ala™
(2.6) 2 n" Ao

with
a= / le™V®) _1|da.
Rd

So ﬁ In Z, is absolutely convergent, uniformly in A, if

|z|e/ le™#V @) _1]dx < 1.
Rd
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Since 9.(1,2,...n) is a function of x, xs, ..., x,, we will also write ¥.(z1,
To,...,x,) for ¥.(1,2,...n).

Theorem 2.4. If ea|z| < 1, then
Z / wc (0,9, -+, x,)dxs - - - dz).
Tl' Rd

Proof. Since ea|z| < 1, (2.5) and (2-6) hold. Using upper bounds (2.5),
(2.6) and Theorem 2.1, to prove Theorem 2.4, by Dominated Convergence
Theorem, it is sufficient to prove

(2 7) A/Rd ’A|/ //(/}(' L1, T2, , n)d$1dxn
. 77/}0(0 Loy, T )dqu d.’En

Rd Rd
for all n > 2.

Note that in (2.5), when we integrate the variables corresponding to ex-
tremal points of T" to get (2.6), we may always let x; be the last variable to
be integrated. Therefore, for all n > 2, fixed T,

(28) / e dCL'Q .. dxn H |€—5Vi_7 _ 1’ S an—l < oo,
R4

d
R ijeT

for all x; € R%. Using Penrose Tree Graph Bound and (2.8), we have for all
xr, € Rd,

c= |Ve(1, 22y .oy 2y |d2s . . dxy,

]Rd Ry
_/d / 100, 22, ... 2|y . d, < @102 < oo,
R

By the Dominated Convergence Theorem, for all € > 0, there exists r > 0
such that

(2.10) / / o [ 1000,y ) |das . d < €
R4 |zi|>r Rd

foralli=2,...,n

By translational invarance and (2.10),

(2.11) / / / (@1, T2, - ) |ds . . dy < €
R4 |zi—x1|>7 R4
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forall i =2,...,n. Now
o [ [ )da ..
— | ... (z1,. .., x,)dxy ... dx,
AL a7 '
/ wp(O Loy .oy Ty)dxy ... de,|

= ’AH/ /wc%,...,mn)dxl...dxn
_/ / wc($17x2;---,$n)dflf1...den|
z1€A JRE R4

1

ZIA/ // / ol 20)|das - . i
= w1 €A /R @i EA° Rd
“1

— Z‘A[/Rd/Rd 1I1€A’d(m1’8A)>T]~mi€Ac
=2

+/ . / lxleA,d(xl,aA)grlaciEAc‘wc<$1 s xn)‘dxl s dxn}v
R4 R4

IN

wc(lvl . ZL‘n)|d.%'1 ... dz,

by (2.9) and (2.11), which is bounded by

n

Al + == |3 Al-c
> [+
< (n—1)¢ as A / R? in van Hove sense. Since ¢ is arbitrary, (2.7) follows. m

3. EXPANSIONS FOR ISING MODEL
3.1. High Temperature Expansion for Ising Model

In this section, we consider the cluster expansion method. This expansion
method is very useful for spin systems in statistical mechanics and quantum
field theory. We will use Ising model as an example to illustrate this method.

Let Z? be a d-dimensional lattice. Let o = (0,1 € Z¢), 0; = —1 or 1,
denote a configuration. The set of all configurations on Z¢ is denoted by X
Then X = {—1,1}%".

Let A be a finite subset of Z?, and X, = {—1,1}*. Let £ € X. The
Hamiltonian in A with 0 external field and boundary condition ¢ is defined
by

(3.1) H{(o) = — Z 0,0;
(4:3)
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for o € X,, where (i, j) runs over all nearest-neighbor pairs such that either 4
or jisin A. If i € A°, then o; is understood as &;. The partition function in
A with temperature T' = 57! is

(3.2) Z5= [ e dpo,
XA

where
dpo,n(0) = H dpo (o)
ieA
and po(1) = po(—1) = 5. We also consider the case of 0-boundary conditions
where & = 0 for all ¢. It is well-known (see e.g. [36]) that the pressure

1

Al In Z%,

(3.3) p= lim

exists as A ' Z" in van Hove sense and is independent of £&. The high tem-
perature expansion gives the following

Theoremm 3.1. There exists By > 0 such that p is an analytic function
of complex-valued (3 in the region |3| < fBo.

The proof of Theorem 3.1 will be proceeded in the following steps.

Step 1. Polymer FExpansion.

By (2.2), with 0-boundary conditions,

Zn = /eﬁzuv])amidNOA

(3.4) = / [T [ (" = 1)+ 1] duon

XA (4,5)
I1 (" ~ Dduoa,
yex

=X/ ]

7
where X runs over all subsets of bonds inside A. Let {v1,72,--+,7.} be the
connected components of X. Then (3.4) equals

n

(3.5) STIEM),

=1

where

K@) = [ L@ = Ddoscr
XS (v)

(i,5)€v
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and S(7v) is the set of lattice sites ¢ which belong to any end points of bonds
in . Since the set {v1,72, +,7,} and X are in one-to-one correspondence,
(3.5) can be rewritten as

(3.6) 1+§: > ﬁK(w),

n=1{y1,y2,,yn} =1

where 7,’s are connected subsets of bonds in A and S(v;) N S(y;) = 0, for any
i # j. If we order the elements in {y1,72, -, Va}, by (3.6), then

n

(37) ZA—1+Z > e mees Vi K G),

T YLY2 YR i=1

where

V(vi,7) =0 if S(v)NS(y) =0
and

V(%) =00 if S(yi) NS(yy) # 0.

Equation (3.7) is called the polymer expansion for Z,. If we call v a “poly-
mer”, then the right-hand side of (3.7) is a grand canonical ensemble in A for
polymer gas with repulsive pair potential V'(v;, ;) and activity measure K (7).

Step 2. Mayer Ezpansion for Polymer Gas.

Let

1<i<j<n

where Vi; = V(v;,7;). Let 1.(n) be the connected part of ¢ as defined in
Section 2. By Mayer’s Expansion (Theorem 2.1),

1
(3.8) W1nZA IA\Z Z wc() (1) K (),

T Y1,Y2se

if the series is convergent. By Penrose Tree Graph Bound (Corollary 2.3),

[Ye(n)] < Z [I le™ -

(3 9) TET 1, )UGT
. = Z H 51]7
TeT(1,-,n)ijeT
where

ij =0 if S(vi)NS(vy;) =0,
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and

0y =1 if S(v:) N S(vy;) # 0.

Step 3. Convergence of |A|™11n Z,.

Let T € T'(1,---,n) be the set of tree graphson {1,2,--- ,n}. Let dy,da, -+ ,d,
be the incident of T, i.e., d; is te number of edges in T" which meet node i. Let

= > KM,
v:0€y

where || is the number of lattice sites in 7. By (3.8), (3.9) and starting
summing over ; where i is an extreme point of 7', the series (3.8) is bounded
by

=1
(3.10) Z n! Z Z Lincident 7={d.-d,} Qs +1Qa5 - - - Qa,,

e dy,da,--dn TET(1,,n)
d; Z

S mmmn QU +1)

(3.11) < i[z %Q(djL 1)]”,

where we have used Cayley’s Theorem which says that the number of tree
graphs T' with incident {d;,ds,---,d,} is equal to d(ﬁ____z)!!. By (3.11), the
series (3.8) is uniformly convergent if

>~ 1
(3.12) :ZE < 1.
d=1
Step 4. Estimate 3.
=1
Q = > S0QU+1)
d=1%
=1
= > a2 KO
d=1 """ ~30
< DO IE(y)le
730
= Ze'”'/ H |efioi — L|dpeo,s()
720 Xs(0) (i,j)ey

If |z| < 1, then there exists a constant ¢ such that |e” — 1| < c|z|. Now we
estimate the number of ’s such that 0 € v and |y| = n. We consider sites in 7y
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as islands and bonds in v as bridges. Starting from 0 € v, we can go through
all bridges and come back to 0 in a way that every bridge is gone through at
most twice. This is a solution of Koénigsberg Bridge Problem. Therefore, the
number of such 7’s is bounded by the number of paths of length 2m, where m
is the number of bridges in «. Since m < n, the number of such 7’s is bounded
by (2d)*". Therefore, (3.13) is bounded by

Z e"c”|[3|”/2(2d)2” <1,
n=1

. ecﬂé/2(2d)2
if 8 < By, where e Gy =

Step 5. Analyticity of p.

We shall use the following theorem from complex analysis.

Theorem 3.2. Let fo(f8) =Y 07 o 9an(B). Suppose
(1) gan(B) is analytic in B, |5| < Bo,

(11) Ahigo gAn(ﬁ) = goo,n(/g) fO?” each 67 |/8| < ﬁOa

(i) sup [gan(B)] < G,
A»‘ﬁ‘<ﬁ0

(iv) i G, < oo.
n=0

Then Algn fa = foo emists, fo is analytic in 3, |8] < Bo, and
(3.14) f(B) = Zgoom(ﬂ)v ’B‘ < Bo.
n=0

Proof of Theorem 3.2. The existence of f,, and (3.14) follow from Lebesgue’s
Dominated Convergence Theorem. To show analyticity of f.., let C' be any
closed contour in the region |3| < 5y, and

wdz = / ondz = lim/ ndz=20
/cf ,; cg ’ ;AHOO ch'

by the Dominated Convergence Theorem and Cauchy’s Theorem. Hence f is
analytic in |3| < By by Morera’s Theorem. [
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We apply Theorem 3.2 to (3.8). In the right-hand side of (3.8),
1

(3.15) 9rn =7 Z 1/&( JE (1) -+ K(7m)

is analytic for all 8, for all n , A. We claim that

(3.16) Ah/HZlv Gan = " ; Ye(n) K () K (V) = goons
o(v1)=0

where o(7;) is the first site in 7; in lexicographical order.
To prove (3.16) note that by translational invariance,
Joon = Z Z Z Z wc ’ K(’Yn)
xEA y1:0(y1)=x V2 Yn

We also have

A ZZ

(317) IGA’YI 0(71) T

Z Z(Hlm)m K(m)- K(3).

Tn

If |B| < Bo, then there exists > 0 such that e“]ﬁ\% < 50% and therefore

(318) Q Z a n n|ﬁ| 2d 2n < Zencnﬁo (2d)2n —

n=1

Then we have

S 3 g () [K (v 1K (1)

~y1:0(71)=0 72 Tn

= 2 2 Dbl 11'%‘H|K e

~1:0(y1)=0 72

Z Z Z 177ZA Z H 51’]’ H ’K(’)/i)’eah"le_az?:ﬂ%"

yr:0(71)=0 72 TET(1,...n) iJET =1

IN

by (3.9). Note that in the above expansion, for each fixed T', 71,72, ..., 7V, are
connected through the relation T'. Therefore Y7 |v;| > d(0,0A) if v; Z A for
some j = 1,2,...,n. Thus the above is bounded by

e—ad(0,00) Z Z Z Z HH’K ’ea\wl

y1:0(y1)=0 72 Yn TET(1,...,n) 1jE€J;; i=1

e—ad(o,(’)A) Z(Q/)

n=1
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using the same arguments as those in (3.10) and (3.11). By translational
invariance, we have obtained, for fixed z and 0 € A,

B19) 5% S X bgnee W [IIK G| < 00 1205

—_ 0
m:o(y1)=z V2 i=1 1-Q

It follows that for all € > 0, there exists r > 0 such that

(3.20 S IR0 B NENNIEI LLOVES

y1:0(71)=x V2

if d(0,0A) > r

Now by (3.17),

[goon = gan| < Z PIEDY

(3.21) 16/\71 o(y1)==

Z lerwc MK ()l - 1K ()

We split the above sum }° ., into two terms. The first term is >, cx 40s.00)<r
and the second term is }° 4 4(z.04)>-- Lhen the second term is bounded by

"1
SHY Y
=1 ZEA y1:0(m1)=2

Z 1 gae )] B! k()]s

Tn

where A’ = {y € Z”; d(0,y) < r}. By (3.20) and (3.22), the second term is
bounded by en. Using (3.10), (3.11) and (3.12), the first term is bounded by

0 1 0
———|0,A — _— _rl|OA
g A= Q|A|” ;

which goes to zero as A  Z” in van Hove sense.

(3.22)

The uniform bounds (iii) and (iv) in Theorem 3.2 follow from uniform

estimates in Step 3 and Step 4. Therefore, p = " g is analytic if |3| < Gy
n=1

with sufficiently small 3. [

3.2. Low Temperature Expansion for Ising Model

We will continue to study the expansion method for Ising model in low
temperature region. We consider the Hamiltonian of nearest-neighbor Ising
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model given by (3.1) in Section 3.1. Using the same notations as those in
Section 3.1, we have

Theorem 3.3. There exists f1 > 0 such that the pressure p is an analytic
function of complex-valued (3 in the region |B| > .

Proof. Since the pressure does not depend on the boundary conditions, we
may take { =1 for all 7 in (3.3) and get

1
I P +
(3.23) p= Ah/r%v A InZ7,
where Z3 is the partition in A with boundary conditions & = 1 for all i € Z".
We may also consider A as a square centered at 0. We will follow similar ideas
in the expansion for high temperature case. However, the first step before
polymer expansion is to change the model into contour gas.

Step 1. Polymer expansion for contour gas.

Given a configuration o € {—1,1}* with o, = 1 for all x ¢ A, we draw
vertical and horizontal lines of unit length between adjacent sites which have
opposite signs given by o. Let I'(c) be the set of all such vertical and horizontal
lines. Note that I'(0) is a polygonal curve which may have self-intersection. By
using north-east rounding the corner, the I'(¢) is a union of disjoint contours,
where a contour is a non-self-intersecting polygonal curve; see Figure 1.
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Figure 1. An example of I'(¢) where it is rounded at the self-intersection in the
north-east direction. The resulting I'(o) is non-self-intersecting.

Note that given a I', the configuration ¢ can be reconstructed with positive
boundary conditions. Therefore, I' and o are in one-to-one correspondence.
The Hamiltonian

HX(O-): - Z ﬁamay = 5 Z (Ux - Uy)Q - ﬁCA

(3.24) (z,y)CA 2 (z,y)CA
= 2p|T'[ — BCy,
where C) is the number of (x,y) C A and |I'| denotes the length of I". Then
(3.25) Z§ =Y e eend,
rCA

Let {v1,72, " *,7va} be the connected components of I'. ~,’s are called
contours. Then

(3.26) e*':/\ﬁZ;\r = Z Z 6*252?:1\7&7
n=0{v1,72,"n}
where
yiNvy; =0 foralli+#j.

If we order the elements in {7y1,72, - -,7V.}, then

- V( i )
—eaBz+ = l 1§i<zj§n T —20|vil
(3.27) AN E ' E e I I e ,
n=0 n: Y1725 Yn 1=1

where
V(vi,7;) =00 if 7Ny #0.
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and
Equation (3.27) turns the model into a grand canonical ensemble of polymer
gas (7’s are polymers now, compared to high temperature case).

It is easy to see that In emlﬁ — dfB. Therefore, it is sufficient to consider

the expansion for the logarithm of the right-hand side of (3.27). The rest of
expansions, Mayer expansion and its criterion for convergence are the same
as in the high temperature case. Using the same argument as in the proof of
Theorem 3.1, to prove Theorem 3.3, it is sufficient to show

(3.28) Q=) %Q(d +1) <1,
d=1 "

where

Qd) = Y |y|* e,

730
Since the number of 4’s such that |y| = n is bounded by (2d)", we have
Q< Zeh\e*?ﬁh\ < Zenef2ﬁn(2d)n <1
v20 n=1

if 3 is sufficiently large. ]

4. LACE EXPANSION

In this section, we consider self-avoiding random walks on Z? as defined
in Section 1.2. Following the notations in Section 1.2, we let C(x,n) =
E(1,(X,)®¥[0,n)), and C(k,n) = 3, C(z,n)e’**. Then we are interested in
lim,, o C( %, n) / C(0,n). Consider the Fourier-Laplace transform

C(k, z) = i 2"C(k,n)

with radius of convergence r(k). We put » = r(0). Note that 1 <r(k) <r.
Define the perturbation term w(k, z) by
R 1

(4.1) C(k,z) = 1= DRz =k 2)’ |z| < r(k),

where D(k) = 1 3% | cosk;. We also put

C(z,2) = i 2"C(x,n).
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If we have a good control of 7(k,z), then we can compute C(k,n) by
Cauchy contour integral and then obtain the limit. The goal of lace expansion
is to give an expansion foumula for m(k, z).

4.1. Lace Expansion (8 = oo, nearest-neighbor case only)

We will consider nearest-neighbor case with 3 = co only, since the other
cases can be treated similarly. Then

1/1[0,71] = H (1 - 5ij)7 where 5ij = 5(Xz — X7)
0<i<j<n
Expand the product, we get

(4.2) o= > J[(=0y), n>1.

G:graph on [0,n] ij€EG

Here a graph G on [0,n] is a graph with vertices {0,1,2,...,n} and edges
where each edge connects two distinct vertices. It is convenient to arrange the
vertices in linear order, so a typical graph looks like

Definition. A graph G on [0,n] is said to be connected if 0 and n are
connected to some vertices and each vertex other than 0 or n is strictly un-
derneath an edge.

For example, G; is connected and G is disconnected.

Definition. The connected part 1. of 1 is defined by

’(ﬁc[o,n]zo, n:l)
(4.3) volon] = 3 J[(=6y), n>1.

I:connected 4j€l"
graph on [0,n]
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Theorem 4.1. (Connected Formula for 7 (k, 2))

(4.4) m(k,z) = i 2" E(e™*1,[0,n]),

for all k and for all z inside both of the radii of convergence of C’(k,z) and
the above series.

Proof of Theorem 4.1. By definition of C'(k, z) and (4.2),
Clk,2) =1+ i 2" Z E[eXn H (—di;)]-
n=1  G: graph on [0,n] ijeG
Let a < b be nonnegative integers. For an interval I = [a, ], let
Yela,b] =1 ifb—a=1,
= .[a, b] ifb—a>1.
Note that d; ;41 = 0 for all 2. Then we have

kz-1+z Z > Ele*X ch

n=1  I=11,Ia,....I;

where I, U I, U...UI; = [0,n] with nonoverlapping interiors, and I; is to the
left of I;;, foralli=1,...,01—1.

Let X; = X, — X, if I = [a,b]. Write

l l
X,=Y X, n=> |1
j=1 j=1

and note that ™% 1/)0( i), 7 =1,2,...,1, are independent. We have

C’(k,z)zl—l—z Z quﬂ"E(eikX’jz/;C(Ij)).

1=1 I1,Iz,....I; j=1
Since _ . A .
ME(™ 19, (I)) = 2" E(e™X114,[0, 1)),

we have
l

Clk,z)=1+ Z 2" B(e*X7i4,[0, n,])

=1 m1,n2; j=1
n; 51

1+ 33 B o))
_ B 1
1=, an(eika;c[o, n)) '

3

8
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Now the theorem follows from
> 2B (e, [0, n]) = 2B (e*X14),[0,1]) + 7 (k, 2)
n=1

=z2D(k) + n(k, 2). [

A minimally connected graph is called a lace graph. Given a connected
graph I' on [0, n], we define a lace graph L(I") whose vertices are {0,1,2,...,n}
and edges are chosen from I' as follows: Choose edges t;s;, 89,1383, ..., 5,
where

t; =0, s;=max{i:0i e}
sy =max{i : ji € I' for some j and (j,%) N (¢1,s1) # 0},
to = min{j : js, € '},
s3=max{i : ji € I for some j and (j,4) N (ta, 52) # 0},
ts = min{j: js3 € I'},..., and so forth.

Given a lace graph L on [0,n], let e(L) = {I'; L(I') = L}. Note that the
relationship between a connected graph I' and a lace graph is the same as that
between a connected graph and a tree graph in Mayer’s expansion. The fact
is that there exists a maximal element in e(L), called m(L). Let o(L) be
the number of edges in L. Then using exactly the same argument as that in
Mayer’s expansion, we have

Theorem 4.2. (Lace Expansion for 7) Inside the radius of convergence,

oo

(4.5) w(k,z)= Zﬂ'(l)(k:,z),

=1

(4.6) 7W(k,2) = i 2"E{ et Xn Z H (—dij) H (1—4d:)

L: lace on [0,n] ijEL ij
:(eL‘;:l n] ij€ igem(L)\L

4.2. Convergence of Lace Expansion

We put
9z, y) = palz,y),
n=0
91(z,y) = palz,y),
n=1

where p,(z,y) = P(X,, = y | Xo = ) is the transition probability of random
walk (X,.).
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To explain the basic idea on the convergence of 7(k, z), we first consider
the case |z| = 1. By definition,

(4.7) 7D (k, 2) = i Z"E(eian(—%n)),

which can be estimated by

3 Elbon) = 32 pa(0.0) = g1(0,0)

n=1

If we drop 1 — d;; in 7? then

h@%wSiM”EIEWM%mer&—mD

n=1 0<s<t<n

= > Yp0.2)p(x.00p.i(0,2)

0<s<t<n =

=" 51(0, )91 (,0)91 (0, z)

=0

The last expression is a Feynman diagram, where each edge corresponds to
a Green function g;. In general, 7'(k,z) can be estimated by a Feynman
diagram:

The slashed edge corresponds to Green function g and the unslashed cor-
responds to g;. This diagram has [ vertices and 2 — 1 edges. By Young and
Holder inequalities, this diagram is bounded by ||g1 |5 2[lg1l|'l|g1lloe- It is well-
known that [|g1]]z = O(3), so w(k, z) is convergent in |z| < 1 if d is sufficiently
large. To obtain convergence for d = 5, we need detailed estimate on || g1 |2 and
we also need factors (1 — §;;) in m¥. This has been done in [21] by assistance
of computer estimation.

The derivative d; m(k,z) can be estimated in a similar way. We can bound
the result by introducing a factor | X,|*. Similarly, a z-derivative 0,7 (k, z) gives
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a factor n. For example,

|81317T(2)(k;7z)| é Z Z |x1|2ps(07x)pt75(ma0)pn7t(03x)

0<s<t<n

= Z |211291(0, ) g1 (z,0)g: (0, z)

9

<H|x1|291 H Hgl

0.7 (k, 2)| < Z n Zps(O, 2)pi—s(2,0)pn_: (0, )

0<s<t<n T

- Z Z [ n—= t t - S) + S}pS(Ovx)pt—s(x’o)pn—t(owr)

z 0<s<t<n

o3 0. Hmei-
n=1

If we also include the factors (1 — ¢;;) inside each subwalk, we have the
following

Lemma 4.3. Suppose that in each term of (4.5), the factors |x,|* or n
is included in (4.6). The series for 9y m(k,z) and 9.m(k,z) are absolutely
convergent if

[leule(a, 2)|_ < oo,
o0

o0
HZ ne(z,n)|z|"|| < oo
n=1 o
and
et 2D, e leD], <1
where -
Wz, 2) = Z c(x,n)z".
n=1

The main results in [21] are the following Lemmas.

Lemma 4.4.

(a) Let d > 5. There are constants ¢y, ¢y such that for any z with |z| < r(0),
[l 2)|| < e,
2
[c @2, < e

with co(1+¢2) < 1
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(b) Letd > 5 and u € {0,1,2}. The quantities |0.7(k, z)| and |0} 7(k, 2)|
are finite and bounded uniformly in k € [—m,7|* and |z| < r. In fact, the
series representations of these quantities are bounded absolutely (absolute
values inside sums over x, n) and uniformly.

It follows from Lemma 4.3(b) and the Dominated Convergence Theorem
that 0.7(k, z) and 9y w(k,z) (u = 0,1,2) are continuous on the closed disk
|z| < r. In particular, since [1 — z — 7(0, 2)] " diverges at r, we have

(4.8) 1—r—mn(0,r)=0.
Lemma 4.5. Letd > 5. For z = re®® with 6 # 0, we have

(4.9) 1—2z—m(0,2) #0.

Lemma 4.6.Let d > 5. There are positive constants cs, ¢4, €1 such that
for any p € [r — ey, 7],

(4.10) 1+ 90.7(0,p) > c3 >0,

(4.11) p— Vin(0,p) > ¢y > 0.

Also, there is a positive constant cs such that for any p € [0,r],
(412) 7I-(Ovp) - F(k,p) > _65[1 - D(k)]a
with r — c¢5 > 0. In particular,

(4.13) 1 —rD(k) — n(k,r) > 0.

4.3. Fractional Derivatives

To prove Theorem 1.1, we will need fractional derivatives and a Tauberian
theorem [21].

For a power series f(z) = Y .o ,a,z" with radius of convergence R, we
define the fractional derivative

(4.14) 0 f(z) = Z na,z", e > 0.
n=0
(4.15) 3, %f(2) = Z n “a,z", a>0.

n=1
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The fractional derivatives are finite at least strictly inside the circle of conver-
gence of f.

The following lemma, is useful for estimating fractional derivatives.

Lemma 4.7. Let f(z) = Y.,7,a,z" with radius of convergence R. Then
for all |z| < R,

(4.16) 507 = o [ [z )~ FOIIA a0,

(4.17) 0 f(z) = cl,ez/ fzeT e dN, 0<e<,
0

where ¢, = [al'(a)]™*. The identities (4.16) and (4.17) also hold for z = R if
a, > 0.

The following lemma is analogous to the error estimate in Taylor’s theorem.
In applications of the lemma, R will be the radius of convergence of f.

Lemma 4.8. Let0<e<1 and f(z) =32 ,a.z". Let R > 0.

(1) Suppose A, =Y 0" nla,|R"™ ¢ < 00, so in particular f(z) converges for
|z| < R. Then for any z with |z| < R,

(4.18) f(2) = F(R)| < 27 °A| R — 2|

(i) Suppose that B. = > n'*¢la,|R" ™17 < oo, so in particular f'(z) =
Yo gnanz""t converges for |z| < R. Then for any |z| < R,

1—e

’

2
(4.19) [f(z) = J(B) = f (B)(z - R)| < 1

B.R — 2|+

Lemma 4.9. Let f(z) = Y07, a,2™ have radius of convergence greater
than or equal to R > 0.

(i) Suppose that for |z| < R, |f(2)| < const-|R—z|7", for some b > 1. Then
la,| < O(R™"n®) for any o > b — 1.

(ii) If for some b > 1, a bound on the derivative of the form |f'(z)| < const -
|R — z|7" holds for every |z| < R, then |a,| < O(R™"n™%) for any a <
2—b.
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The following lemma is a kind of Tauberian theorems.

Lemma 4.10. Let

1 > n
f(Z):m:T;bnz ;

where p(z) =Y ooy a,z". Suppose that for some e € (0,1), >0 n'*¢|a,|R" <
00, so in particular ¢(z) and ¢'(z) are both finite for |z| = R. Assume in
addition that ¢'(R) # —1. Suppose that p(R) = 0 but that R — z — p(2) # 0
for|z| <R, z# R. Then

1 1
4.20 = O(|R — z|*!
(4.20) 1) = T s +OUR =+
uniformly in |z| < R, and
(4.21) b, =R {é + O(n_‘")}, as n — oo,
L+ ¢'(R)

for every a < e.
4.4. Fractional Derivatives of 7(k, z) and ¢(k, 2)

By Lemma 4.10, to prove Theorem 1.1 (a), it is sufficient to show that
A1em(0, z) converges at z = r, for d > 5. The main results on the fractional
derivatives of 7(k, z) and ¢é(k, z) are the following theorem. Let i(d) = (d—4)/2
if d is even and i(d) = (d — 3)/2 if d is odd.

Theorem 4.11. [21] Letd > 5. There are positive (dimension-dependent)
constants K (€), Ks(€), K3(€) such that for any p € (0,7],

(4.22) 16508 De(z, p)||o < Ki(e), if €€ (0, % - i(d)) :
(4.23 I85c(w, Pl < Kale), if e (0.4).
(124 llaSyetap)lle < Kate), £ e (0.5).

The idea of the proof is to apply Lemma 4.7 to convert the fractional
derivaties to derivatives. See [21] for details.



456 Wei-Shih Yang and Aklilu Zeleke

Corollary 4.12. Let d > 5. There is a finite positive constant K,(€) such
that for any k € [—m,w|* and |z| < r,

|(5§({927T(k,2’)‘, ’528}:“77(]{772)’ < K4(6)7

for uw = 0,1,2, where the first bound holds for any positive € < % and the
second for any positive € < i. The series representation of the left-hand sides
are bounded by K,(€).

Corollary 4.13. Let d > 5. There is a constant ¢ > 0 such that for any

z with |z] <,
F(O,Z) > C”I” - Z|7

where F(k,z) =1—2D(k) — w(k, z).

4.5. Proof of Theorem 1.1
We will explain the proofs of (a), (b) only and refer the proof of (c) to [21].
Proof of Theorem 1.1 (a).

By definition,

cn = (2d)" Zc(x,n) = (2d)"¢(0,n).

T

Let X(2) = >0 g cn2". Then

) 1
X(z) = el0,242) = T 0 2y

By (4.8),1 —r —m(0,7) =0 and

(4.25) X(z) = —

where ¢(z) = = [m(0,2dz) — w(0,7)].

By Corollary 4.12, for any € < %,

oo
Z n'te|m,|2" < oo,

n=1

where 7, is the coefficient of z" in the power series representation of 7 (0, z).
Moreover, by (4.10),
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(ry_9 _
(4.26) 0 (271) = oow(0,r) # 1.

By (4.9), the only zero of 5 — z — ¢(z) = (1 — 2dz — 7(0,2dz))/(2d) for
|z| <r/(2d) is z = r/(2d). By (4.21),

1 /7 \—n-1 1 »
(4.27) o= ﬁ(ﬁ) [Hﬁaﬁ(oﬂ +0(n )}
= Ap"[14 O(n™®)]

for all 0 < a < € < 1/2, where

2d
= —,
(4.28) . .
rl+ B—ZTr(O, T)
Since € < 1/2 is arbitrary, (4.27) gives the desired result. [

Proof of Theorem 1.1 (b).
By definition,

—V3ié(0,m)

(429) E(X) = o

Since ¢(0,n) = ¢,/(2d)", the asymptotic behavior of the denominator is ob-
tained in (4.27). Since ¢(0,n) is the coefficient of 2™ in é(k, 2),

2/\
CV2e(0,m) = —— fwdz

% on+l
(4.30)
1 [ ViF(0,2) dz

T omi ) F(0,2)% U

where F(k,z) = 1 — zD(k) — w(k, z), and the integrals are over a contour
around a small circle centered at the origin. Define the error term E(z) by

V2F(0, 2) V2E(0,r)

(4.31) F0.2)? ~ 0.F0. R0 -2 TP

Substituting (4.31) into (4.30), we get

(4.32) —V;ié(0,n) =

V2F(0,r) 1 1 [E(2)
[8ZF(0,7“)]2(”+ e 2772'?{,2”“ dz
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By Lemma 4.9 (i), if for every € < 1/4, |E(z)| < const - |r — z|72%¢ for all
|z| < r, then the second term on the right-hand side of (4.32) is O(r~"n®) for
every a > 3/4. Therefore, to obtain the desired result, it is sufficient to show

(4.33) |E(2)| < const - |r — z|72*¢

for every € < 1/4.

By the definition of E(z), we have

where
L, ViF(0,z) — ViF(0,r)

(r—2)? ’

(4.35) T, = [0.F(0,7)]

—VEF(0,2){F(0,2) = [0.F(0,r)2(r — 2)?}
[0.F(0,7)]2F(0,2)2(r — 2)?
For a fixed € < 1/4, by Corollary 4.12 and (4.18),

(4.36) T, =

(4.37) Ty < O(|r — 2]°7?).

By Lemma 4.13,

|Ty| < const - |r — z| 7| F(0,2) + 0. F(0,7)(r — z)|

,2)
(4.38) |F(0,2) — .F(0,r)(r — 2)].

By Corollary 4.12, |00, F(k, z)| is absolutely convergent uniformly in k, |z| <
r. By (4.19),

(4.39) |F(0,2) — 0. F(0,7)(z — )| < Blr — 2|'*¢
for all |z| <.
Since F(0,r) = 0, the middle factor of (4.38),
F(0,z) + 0.F(0,r)(r —z) = F(0,2) — F(0,r) + 0,F(0,r)(r — z),

is O(|r — z|) because 9.F(0,r) exists. Therefore, |T5| < O(|r — z|*72). This
proves (4.33). [ |

5. LIMITING DISTRIBUTION OF CRITICAL ORIENTED
PERCOLATION ABOVE CRITICAL DIMENSIONS
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5.1. Motivation of Expansion

Following the definitions and the notations introduced in Section 1.5, we
first explain the motivation for the expansion.

The triangle condition for oriented percolation is the following

Theorem 5.1. (Barsky and Aizenman [3])
Let V, = 30 o) C(@,n)C(y — z,m —n)C(y,m). If V,, < oo, then § =
v=1.

Let

Zz Z e””C’x n)

= A

with radius of convergence r(k). Let

= Z e™rC(x,n).

zeZd
Define 7(k, z) by the formula

1+ m(k,2)
1 —2dzpD(k) — 2dzpD(k)w(k, z)’

(5.1) Clk, 2) =

where D(k) = (32%, cosk;)/d. The idea in the proof of Theorem 1.3 is to
show that C'(k, z) has “infrared bound”: There exists a universal constant @
such that

- Q
5.2 Clk, )| < —=
(5.2 Clhe) <
for all k € [-m,7]¢ and t € [—7, 7] and for all 0 < p < p.. Let ¢(z,n) =
¢(x,—n). Then ¢(k,e) = é(k,e ") and
V,. = lim(C’ « C % (C)(0,0)
< hmconst //]C’ (k,e™)|?|e(k, e~ |dkdt
pTpe
< zl)iTI;i const - //(W‘Ht> dtdk < oo, ifd > 5.

Therefore Theorem 1.3 follows from Theorem 5.1 and the infrared bound. We
can obtain infrared bound if we can show that 7 and its derivatives are small.
Therefore a convergent expansion for m will be very useful. By a similar idea



460 Wei-Shih Yang and Aklilu Zeleke

as that in self-avoiding random walk discussed in Sections 4, a good control
of 7 can also give Theorem 1.4.

5.2. Expansion for 7

Given a configuration o, b is called a pivotal bond for (0,0) — (x,n) if
(0,0) — (x,n) when oy, is replaced by 1 and (0,0) 4 (z,n) when oy, is replaced
by 0. Suppose ¢ € {(0,0) — (z,n)}. Then we can find out all pivotal bonds
bi,ba,...,b,, and put them in order b; < by, < ... < b,,, which means b; is
below b; 1. So

C(k,z)= 3 2" > e P((0,0) — (z,n))

zezd

n=
oo

o0
— Zn § ezk~:r E E
n=0 z€Z m=0b; <ba<...<bpm,

P((0,0) — (z,n) and bs are exactly pivotal bonds)

S IED IS WD

zeZd m=0 by <ba<...bm

E {H Ig, [ 10 open J] (1— 5,,)} .
=0 =1

0<i<j<n

(5.3)

Here By is the event that (0,0) and the bottom of b; are doubly connected,
B,, is the event that the top of b,, and (z,n) are doubly connected and

B; is the event that the top of b; is doubly connected to the bottom of
bit1, fori=1,...,m —1. §;; = 1 if the top of b; is connect to the bottom of
b; without using any b;11,...b;, and J;; = 0 otherwise. Two lattice sites are
said to be doubly connected if there exist two paths consisting of open bounds
which connect the lattice sites and the two paths share no common bonds.
The same lattice site is also said to be doubly connected to itself. Like what
we have in Section 4, let

vlo,n] = ] (1-6).

0<i<j<n

Then

(5.4) o, = >[I (6.

G:graph on [0,n] ij€G

Let
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(5.5) V[0, n] = > [I(=6:), n=>1,

T':connected graph on [o,n] ij€T
(5.6) be[0,0] = 1.

Here the definition of a connected graph is slightly different from the one used
in Section 4.1. In the present case, a graph I" on [0, n] is said to be connected
if Uijel‘[iaj] = [0,?7,]

Theorem 5.2. (Connected Formula for 7(k, 2))

Z DI
(5'7) = zeZd

Z Z E {ﬁ 1Bi ﬁ 1bi open 1/%[07 m]}

m=0b;<ba<...<bm

for all |z| < r(k) and inside the radius of convergence of the above series.

A minimally connected graph is called a lace graph. The number of edges
in a lace graph L is called the order of L and denoted by o(L). Using a similar
argument as that in Section 4, given a connected graph I', we can define a lace
graph L(T"). Let m(L) be the maximal connected graph I" such that L(T") = L.
Then we have

Theorem 5.3. (Lace Expansion for 7(k, 2))
(5.8) (. 2) =370 (5,2)
(5.9) 7O (k, 2) Zz Z e’

n=0 zezd

P{(0,0) and (x,n) are doubly connected},

(5.10) 7 (k, z) Zz Z ””Z Z

n=0 rezd m=1b;<ba<...<by,

HlBinlbi open Z H H (1—104)p,1>1.
=0  i=1

L: lac(eo)“ [0,n] 45€L 'LgEm(L)\L
o(L)=l

5.3. Convergence of 7(k, z)
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If |2] < 1, then |7 (k,2)| < 30 3, cz0 C*(z,n) by v.d. Berg-Kesten
inequality; see e.g. [19]. If p = 1/(2d), then C(z,n) < p,(0,z), where
p,(0,7) is the transition function for simple random walk. So |7 (k, 2)| <
S o P2n(0,0), by Markov property. Therefore |7V (k,2)| < ¢1(0,0), the
Green function defined in Section 4.

By a more complicated argument (see [31, 32] for details),

oo
Ok, ) < 33 00 (o),

z n=0

here the right-hand side is a Feynman diagram, where each edge represents
a connectivity function. Again for p = 1/(2d), the connectivity function can
be estimated by transition function of simple random walk. Then one can
prove that |7(k,z)| < O(1/d) for |z| < 1, p = 1/(2d). The technique for
extension of estimate to |z| < (0) and 0 < p < p, is similar to the one used
in self-avoiding random walks in high dimensions. Complete arguments are in
Nguyen and Yang [31, 32].

6. INTEGRATED SUPER-BROWNIAN EXCURSIONS (ISE),
LATTICE TREES AND PERCOLATION.

In this section, we give the definition of ISE and a brief summary of the
recent developments of scaling limits of lattice trees, percolation and oriented
percolation above their upper critical dimensions. A survey in this topic can
be found in [39].

6.1. Probability Measures on M, (R?)

Let R? be the d-dimensional Euclidean space and R? its one-point com-
pactification. Let M;(R?) and M;(R?) be the set of all probability measures
on R? and RY, respectively. M;(R?) and M, (R?) are topological spaces with
weak topologies. Under the weak topology, for v, v € M;(R%), v,, — v if and
only if v,(f) — v for all bounded continuous functions f on R?. The same
statement holds for R? replaced by R%.

With the weak topology, M;(R?) is a compact metric space and M, (R?)
can be regarded as an embedded subspace in M, (R?).

Let F and F be the Borel o-algebra of M;(R?) and M, (R%), respectively.
It can be easily seen that M, (RY) € F.
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Let u be a probability measure defined on (M, (R?), F). For I =1,2,...,
the I** moment measure of p is defined by a probability measure M L on (R%)!
such that

(6.1 M) = [ P

for all bounded continuous functions f on (R?)!, where ! = v x v x ... x v is
the product measure of v of [ times on (R?)".

Note that for every bounded continuous function f on (R?)!, v!(f) is a
continuous function on v € M(R?), and therefore (6.1) makes sense. It follows
from Riesz-Markov Theorem that M), exists.

By Stone-Weierstrass Theorem and Compactness of M;(R?), we have

Proposition 6.1.

(a) Let pu1, pio be probability measures on (My(R?), F). Suppose M' = M
foralll=1,2,..., then pu; = po.

(b) Let p,, be probability measure on M;(R?). If M/lM converges, asn — oo,
for alll =1,2,..., then there exists a probability measure u on M;(R?)
such that p, — p, as n — oo.

6.2. Definition of Integrated super-Brownian Excursion (ISE)

Let

1 2
(62) pt(«’f) = We_x /Qt, T € Rd, t> 0.
T

The function p;(x) is known as the transition function for Brownian motion
in RY. Let

(6.3) a’(x,t) = tefépt(x)

and

(6.4) A2(z) = /O 0@ (2, )t = / " te % py(w)da.

0

To define A! for I > 3, we need the notion of shapes, which is defined
as follows. An m-skeleton is a tree having m unlabelled external vertices of
degree 1, and m — 2 unlabelled internal vertices of degree 3, and no other
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vertices. An m-shape is a tree having m labeled external vertices of degree
1, and m — 2 unlabeled internal vertices of degree 3, and no other vertices.
In other words, an m-shape is a labeling of an m-skeleton’s external vertices
by the labels 0,1,...,m — 1. For notational convenience, we associate to each
m-shape an arbitrary labeling of its 2m — 3 edges, with labels 1,2,...,2m — 3.
This choice of edge labeling is arbitrary but fixed; see Figure 2.

Let Y, be the set of all m-shapes. Let | >_,, | be the number of m-shapes.
Then we have
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Figure 2. The shapes for m = 2, 3,4 and two examples of m = 5. The shapes’ oriented
edge labeling are arbitrary but fixed.

(6.5) 12 1=1,
(6-6) ’23 ’ =1,
(6.7) 152, | = (2m — B)IL,

where (=1)!! =1, (25+ 1) = (25+1)(2j—1)!! for j > 0. (6.5)-(6.6) are ob-
vious from the definition and a proof of (6.7) can be found (e.g. (5.96) of [19]).

Let m >2and o € ),,. To each edge j of o, oriented away from vertex 0,
there is associated (t;,y;). Here t; is a nonnegative real number and y; € R%.
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Let g = (y17y27"'7y2m—3) t = (tl,tQ,...,tQm_:;). Deﬁne

nd
N 2m—3 (232 2m Jt D2 2m—3
(6.8) am(o;y,t) = (Z ti> H e, (Yi),

(6.9) A" (o) = /O dt, ... /0 dts 0™ (037, 1),
We have the following properties:
(6.10) / A (o3 9)dy !
. g. = ——
Rd(2m—3) ' y)ey (2m - 5)”
and
6.11 / A™( d =1.
( ) O’EZZ: Rd(2m—3) U y)

The Fourier transform of ™ and A™ are given by

2m—3 2m 3t >2 2m—3 £242
(6.12) ™ (o ks, 1) (Z t> I[Ie ™

=1
and . oo ) -
A<m>(a;k)/ dtl.../ dtym 30" (03 k, t).
0 0

The integrated super-Brownian excursion (ISE) is a probability measure y
on M;(R?) such that its moments are given by

(6.13) dMP(z) = AP (z)da,

(6.14) dM;(zz)(l’l»lé) = { A(g)(yaffl — Y, T2 — y)dy} dxydxs,

Rd
(6.15) dMP (1, ... 2) > / AU (o) T dy; Hd%,
GET 4, JRUTY jed

where an oriented edge j is in J if the end point of j has degree 3. Note that
|J| = I — 1. The other variables y,, a ¢ J, satisfy the constraint that for
each external vertex ¢ = 1,2,...,l of 0, >y, = z;, where the summation is
taking over all 3, on the path from 0 to i. For example, the contribution to
the dM*(xy, xo, 3, 24) by o4 of Figure 2 is

/A(S)(@L;yhﬂ?l —Y1,Y3, T3 — Y3z — Y1, Ys,
—Ys — Y3 — Y1, Ta — Y5 — Y3 — Y1)dysdysdy; .

(6.16)
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The expression (6.16) is a function

F - Fo’4(x17x27 x3ax4)-

Let - )
Fo (k) =) F, (z)e™?
be its Fourier transform, with = (x1,...,24), k = (k1,...,ks) and k-7 =

St ki - x;. Using (6.16), we have

F,,(k) = A%(04; k1 + ko + ks + kg, oy,
ko + k3 + ky, k3, ko + ka, ka, ko).
Note that the diagram for F,, (k) is

(6.17)

(6.18)

This diagram satisfies the “conservation of momentum?”.

By (6.15), the characteristic function of M is

(6.19) MO (k) = / e aMO(z)

(6.20) = Y E.(k),
o€

(6.21) F,(k)= A"V (o3 p),

where p; = k; if j is an oriented edge of o with external end point 7, and all
other pjs satisfy the “conservation of momentum”; see (6.18).

6.3. Lattice Trees

In this subsection, we consider lattice trees defined in Section 1.3. We
will look at the main idea of the proof of Theorem 1.2 and discuss some open
problems. Following the definitions and notations in Section 1.3, we let
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(6.22) S (e, ) =Y > I, 6)-

T;|T|=n+11i1,...,5 €T j=1

Note that S+ (zy,...,z,) is the number of n-bond lattice trees containing
{0,21,...,2,}. Then we have
(6.23) MO, ) = ———— SO (g )

. pn \ L1y ooy Ty (n+1)157(10) n 1yeevsLp).

Moreover, we have

(6.24) SUD(0) = (n 4+ 1)'8©
Therefore
o (141) 1,-%
(6.25) MO (k) = St (kD ) .
" SEH(0)

By (6.19)-(6.21) and Proposition 6.1 (b), to prove Theorem 1.2 it is sufficient
to show

(I+1) 1 N
(6.26) lim SO (kD; Z AU (5: ),
n—oo Sl+1 (0 o

where the right-hand side satisfies the constraints given in (6.21).

We will relate S) to [-point function t{) defined as follows. The one-
point function (1) is defined to be the number of n-bond lattice trees con-
talnlng the origin, with t(l) = 1. For the definition of m-point function
t(m) (U, Y, s),m > 2, we will need the notions of shapes and backbonds.
Let 0 € %,, be an m-shape (see Section 6.2 for the definition), and asso-
ciated to each j in o, let y; € Z* and let s; be a nonnegative integer for

j=1,2,...,2m—3. Given a lattice tree T containing the sites 0, x1,...,Tpn_1,
we define the backbone B = B(T; 0,1, ...,x,,_1) to be the subtree T span-
ning 0,1,...,T,_1. There is an induced labeling of the external vertices of

the backbone, in which vertex z; is labeled [. Ignoring vertices of degree 2 in
B, this backbone is equivalent to a shape op or to a subshape of oz (note
that in the latter case, op is not uniquely dertermined). Restoring vertices of
degree 2 in B, let b; denote the length of the backbone path corresponding to
edge j of op, with b; = 0 for any contracted edge in a subshape. We say that
(T; 0,2y,...,Z,_1) is compatible with (o; Y, ) if o can be chosen such that
op = 0, bj = s; for all edges j of o, and if the backbone path corresponding
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to j undergoes the displacement y; for all edges j of o.

We define ™ (o; 5, ?) to be the number of n-bond lattice trees T', con-

taining 0,21,%2,...,Tm_1, such that (T 0,z1,...,2,_1) is compatible with
(03 y,s). Let

(6.27) (o y) =Yt (05 y,'s),

where s = (51,82, Sam—3), $; =0, 18,2, ..., for all j, and

(6.28) £ (o k Zt<m (o; y)e'* ¥, k; € [-m, 7]

The proof of Theorem 1.2 follows from the following two theorems. For m > 2,
let

tm (03 y)
ZG’GEm iglm)(0-7 0)

Theorem 6.2. [11] Let m > 2, and k; € R* (j = 1,2,...,2m — 3). For
nearest-neighbor lattice trees in sufficiently high dimensions d > dy, and for

spread-out lattice trees with d > 8 and L sufficiently large depending on d,
there are constants z., Cy, Dy depending on d and L such that, as n — oo,

(6.29) P (o, ) =

(6.30) tm (o EDl_ln_i) ~en™ B 2T A (g E),
(6.31) [ED0]% ~ 2.

In particular,

(6.32) lim pn (o k:D n~ 1) = A" (o; k).
In view of (6.26) and Theorem 6.2, to prove Theorem 1.2, it remains to
show that the differences of S+ and ¥ ,, B are small.
Note that
(6.33) S (k) = 12 (k),
(634) 5’783) (k‘l, ]{32) = E%S)(kl + k‘z, ]{31, kz)

By Theorem 6.2, (6.25) and (6.26), convergence of the first and second mo-
ments follows. Convergence of higher moments follows from Theorem 6.2,
(6.25) and (6.26) and the following theorem.
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Theorem 6.3. [39] Under the same assumptions as in Theorem 6.2, for
>3,

(635)  |SU (ke k)~ Y (0, p)| < O,

o€X+1)
where 5 = (p1,...,pu_1) satisfies “conservation of momentum” with external
vertices k;, 1 =1,2,...,1.

Now, we discuss the convergence of backbone functions. We have

Theorem 6.4. [11] Letm = 2, or m = 3, k; € R? and t; € [0,00)
for j=1,2,...,2m — 3. For nearest-neighbor lattice trees in sufficiently high
dimensions d > dy, and for spread-out lattice trees with d > 8 and L sufficiently
large depending on d, there exists a constant T depending on d and L, such
that, as n — oo,

(6.36) £ (o; kD7'n"7, [Tyin?]) ~ Cle(Qm*g)n_lzc_"&(m)(U; k:,?)

In particular,

N

(6.37)  lim (Tyn?)>™ 350 (03 kD' 4, [t Tynd]) = a™ (0 &, 1)

n—oo

It is conjectured in [39] that Theorem ?? should hold for all m > 2.

The idea of proofs of Theorem 6.2 and Theorem 6.4 is as follows.

Let
2m—3

(6.38) W ZZ#%J@%H@%
j=1

|z| < z. and |§;| < 1. By using double lace expansion, it is proved in [11] that

. C
(2) _ 1
(6.39) G (k)= DI+ 23(1 — 2)12 + 203 (1— &) -+ error,
and
2m—3
(6.40) GS?(U k v H G(z) ) + error,

for sufficiently high d, and for spread-out models for d > 8 with sufficiently
large L. The error terms in (6.39) and (6.40) are controlled for all m > 2 if

¢ =1 and for m = 2,3 for general £. This gives the asymptotic behavior in
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Theorems 6.2 and 6.4.

N

The control of error terms for m > 2 for general £ is still an open problem.
6.4. Percolation

We will follow the definition and notations in Section 1.4. The 2-point and
3-point functions are defined by
(6.41) 73 (z; n) = P, (x € C(0); |C(0)| =n), zcz’

and

(642) (2,43 n) = B, (z,y € C(0); |C(0)| =n), z,yeZ’.

Let 7 (k,n) and 7@ (k,[; n) denote their Fourier transforms.

The limits of 7 and 7 are given by the following theorem.

Theorem 6.5. [23] Fizr k,l € R? and any € € (0,1/2). There is a dy such
that for nearest-neighbor percolation with d > dqy, there are constants Cy, D,
(depending on d) such that as n — oo,

Cy
VvV 8mn

C
V8mn

It follows that the first and second moments of u, converge to pgg. In
fact, the characteristic functions NV (k) and N(?(k,l) of the first and second
moments of u,, are given by

(6.43) #@(kD;'n"1; n) = AD(B)[1+O0(n™)),

(6.44) 7@ (kD;'n~7,1D;'n"7;n) = n2A® (k4 1,k 1)[1 4+ O(n~)].

« F(kDy'n"1; n)
6.45 Ny =T 2 5

%(3)(kD2_1n_i, ID;'n"1; n)
73)(0,0; n) ’

(6.46) NP (k1) =

and these converge respectively to the characteristic functions A(z)(k) and
A®) (K +1,k,1) of the first and second moments of ygg, in high dimensions.

The problem of convergence of u,, to usg for d > 6 remains open even for
sufficiently large d.
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Oriented Percolation

Using the notations defined in Section 1.5, we let

0(2)(@:7”); N) =P, (C(0,0) = (xvn)v ‘C(0,0)’ = N)

c

The following theorem is essentially Theorem 1.4.

Theorem 6.6. (Nguyen and Yang [32]) For oriented percolation, there

exist constants Cs, T3, D3 such that

lim 2057y > 6 (KT Dy 'n %, [tn]) = e "0/2,

n— oo
N=1

for sufficiently high d or for d + 1 > 5 with sufficiently large L.

There is work in progress by E. Derbez, R. van der Hofstad and G. Slade

showing that the scaling limit of oriented percolation is a super-Brownian
motion, if d is sufficiently large or for d+1 > 5 with sufficiently large L. Their
method is based on the inductive method of [25].
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