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CONVERGENCE RESULTS FOR A FAST ITERATIVE
METHOD IN LINEAR SPACES

Toannis K. Argyros

Abstract. We provide convergence theorems for a fast iterative method
to solve nonlinear operator equations in a Banach space. The same
method under stronger conditions was found to be of order four, under
standard Newton-Kantorovich type assumptions. The monotone con-
vergence of this method in a partially ordered topological space is also
examined here.

1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally
unique solution x* of the nonlinear equation

(1) F(z) =0.

In the first section, F' is a nonlinear operator defined on some convex
subset D of a Banach space F; with values in a Banach space Fy. In the
second section, F; and Fs are assumed to be partially ordered topological
spaces [4, 6,10, 11].

We recently introduced the method given by

(2) Yn = Tn — F/(xn)_lF(fn)y

B Hnn) = Fla) ™ (F (o0t = 2)) = Fl))
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324 Toannis K. Argyros

(4) Tn+1 = Yn — ZH(xnv yn) (I - ;H(‘rnyn)) (yn - xn)

for all n > 0, and for some xy € D. Here F'(z,) denotes a linear operator
which is the Fréchet-derivative of the operator F' evaluated at x = x,. We
showed that under standard Newton-Kantorovich hypotheses, the order of
convergence of the iteration {x,} (n > 0) to a locally unique solution z* of
equation (1) is four [5,6]. We used Lipschitz-type hypotheses on the second
Fréchet-derivative of F' as well as a hypothesis on an upper bound of the same
derivative. Despite the fact that these results can apply to solve multilinear
operator equations [1], and in other special cases, in general, it is difficult to
verify these conditions. That is why, here we relax these conditions in the first
section using only Lipschitz-hypotheses on the first Fréchet-derivative only.

These results can easily be extended under weaker Holder continuity as-
sumptions or to include nondifferentiable operators (see for example [2] and
[3] respectively for Newton’s method).

In the second section we examine the monotone convergence of the same
method in a partially ordered topological space setting [4, 6,10, 11].

For a background on two step iterative methods, we refer the reader to
[5,6], and the references there. Note that all previous methods mentioned
above are slower than our method.

2. CONVERGENCE ANALYSIS

We will need to introduce the constants

(L.1)  tog=0, so>|lyo—ol, B> |F'(x0)”"| for some z € D,

(1.2) a=1—- MRy,
Ri+R

aozl—ﬁM(

and some M > 0,

(1.3) ) for fixed Ry and R with 0 < Ry < R,

the sequences

(1.5) Ay = 1-— ,Bth

- M 26M ||yn — ||
1.6) sy = — = Yall® + 2|25 — yal? <1 ﬂ
(L.6) hnr = - |lensr = wml* - 2llan =yl (14 g7 —g3 7 ) |-
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M
(17) hn+1 = —

: 26M (sy, —tn))} ’

3(1 - ﬂMtrJ

Al =l (DMl )
1.8 b, = 1+ n — Tnll,
(18) 20— BMJan — o) \" T 1= gty — o) ) 19 ~ ]

(tns1 — sn)? +2(sn — tn) (1 +

BM (sy, — ty) ( BM (s, — tn)>

1. = o (BT ) (5 — ),
(1.9) b0 = S0 = gt 1= e, ) )

I,
(110) Sn+1 = tn—l—l + ﬂ +17

An+1
(1.11) tnil = Sn + by,

M !
(112) e =0 1= D" ol + flenss — o)
and the function
Mr ABMr BMr?

1.13 T = _ 2
(L18)  T(r) =50+ 50505y |" 2 30— par) T 12 5Mr1

on [0, R).
We can now state and prove the result:

Theorem 1.1. Let F : D C Ey — FEy be a nonlinear operator whose
Fréchet-derivative satisfies the Lipschitz condition

(1.14)  [|[F'(z) — F'(y)|| < M||z — y|| for all z,y € D and some M > 0.
Moreover, assume:

(1) there exists a minimum nonnegative number Ry such that

(1.15) T(Rl) S Rl;

(ii) the numbers R, Ry, with Ry < R, are such that the constants, a and ay,
given by (1.2) and (1.3) respectively, are positive and R is such that

(1.16) U(zg,R) ={x € E1 |||z —xo|| <R} C D.
Then

(a) the scalar sequences {t,} (n > 0) generated by (1.10) and (1.11) is mono-
tonically increasing and bounded above by its limit, which s number Ry;
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326 Toannis K. Argyros

(b) the sequence {xn} (n > 0) generated by (2)—(4) is well-defined, remains
in U(zg, R1) for alln > 0, and converges to a solution x* of the equation
F(x) =0, which is unique in U(zg, R).

Moreover, the following estimates are true for all n > 0,

(1.17) lyn — nl| < s — tn,

(1.18) Hxn—i-l - ynH < tp+1 — Sn,

(1.19) |2 — zpl| < Ry — ty,

(1.20) |2 — znl| < Ri — sy,

(1.21) [ F (1) < En—&-l < hpya,

(1.22) |2* — Znt1]] < ent1hnt1r < R —tnia

and 5M

(1.23) lyn = @all < 27 = 2] + 5= lzn — 2%
an

Proof. (a) By (1.1), (1.10) and (1.11), we deduce that the sequence {t¢,}
(n > 0) is monotonically increasing and nonnegative. By the same relations,
we can easily get tg < sp < t; < 51 < R;. Let us assume that ¢ < s <
tht1 < Sp+1 < Ry for k =0,1,2,...,n. Then by relations (1.10) and (1.11),
we can have in turn

tpyo=trt1 + __ M5 (ths1 — sn)? +2(sk — t) (1 +
2(1 — fMty4q)

BM (sk11 — tgy1) (1 N BM (Sg41 — try1)

i) )|

+ ) (Sk+1 — tht1)

2(1 — fMty 1) 1— BMtj 4
S trpr + 2(1—]\2§4Rl) (ter — sk)> + 2(sk — tr) + W
+(Spp1 — tpy1)? + ﬂMisiJrﬂl]\}ZzH)g
s 2(1—J\2§4Rl) Ryt 28+ 3(14f]\gz\§%1%1) I %ﬁzl

=T(R:1) < Ry,

by (1.15) (we have used the fact that (t541 — s£)? + (Spr1 — tee1)? < 7(Ss41 —

Sk))-
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Hence, the scalar sequences {z,} (n > 0) is bounded above by R;.

By hypothesis (1.15), R; is the minimum positive zero of the equation
T(r) —r =01in [0, R;] and from the above R; = lim, o tp.

(b) Using (2), (3), (4) and (1.1), we get z1,y0 € U(xo, R1), and that
estimates (1.17) and (1.18) are true for n = 0. Let us assume that they are
true for Kk =0,1,2,...,n — 1. In fact, by the induction hypothesis

lzk+1 — 2ol < [[oks1 — yoll + llyo — woll < [[eks1 — yrll + llye — yoll + [lyo — 2ol
<o < (b — sk) + (56— s0) + 50 <t < Ry,

and
y&+1 — voll + llyo — zol|

<
< k1 — it + |2k — yell + e — voll + llvo — xol|
é S (3k+1—tk+1)—{—(tk+1—Sk)+($k_50)+50 Ssk:-i-l §R1

lyk+1 — zol|

That is, x, yn € U(zo, Ry) for all n > 0.
Using hypothesis (1.14), we have

1F" (z0) | | F" (k) — F' (o) || < BM g — woll < Mty < SMRy < 1,

since a > 0. It now follows from the Banach lemma on invertible operators
that F’(xzy) is invertible, and

(1.24) 1F" () 7| <

By (2)—(4), we can easily obtain the approximation

F(zni1) = /OI[F'(yn +t(@nt1 = yn)) = F'(yn)l(@ni1 — zn) dt

1
[ Gt b = ) = F @)l — ) de
0

(125) 2 (P () - P (- )

1

—2{<F'<yn> ~ ()

_g (F/ (W) - F’(xn)> }H(wn,yn)(yn — ).
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328 Toannis K. Argyros

By the induction hypotheses, (1.14) and (1.25), we can have in turn

M M M
IF (@)l < - lnen = ynll® + = llzn = gall* + 5 llyn — 2l

M o 2BM ||y, — 4|
o e = e e = 20l
M o 28M|lyn — x4

= hn—i—l < hn—‘rlu

by (1.6) and (1.7).
By relations (2), (1.6), (1.7) and (1.24), we get
ﬂﬁn—l—l < ﬂhn—&—l

[Ynt1—Tnpal < [F (@ns0) 7| I F (@ng) ]| < == < = Snt+1 = Tn+tl,
An+41 An+41

by (1.10), which shows (1.17) for all n > 0.
Similarly from (3), (4) and the above

3 3
Jonss = onll < S1H G, (14 S 1H )1 g = 20l
Sgngbn:tn—&-l_sn

which shows (1.18) for all n > 0.

It now follows from estimates (1.17) and (1.18) that the sequence {z,}
(n > 0) is Cauchy in a Banach space Ej and as such, it converges to some
x* € U(zo, R1) with F(z*) =0 (by (2)).

To show uniqueness, we assume that there exists another solution y* of
equation (1) in U(xg, R).

Then from hypothesis (1.14), we get

1
17/ (o) [ 1@+t = ") = F'(wo) | di
1
<BM [ " +ty" — ") — ol dt
0
1
< BM [ 1= )" ol + ely" — ol

R+ R
< BM (1;2> < 1, since ag > 0.

Tt now follows that the linear operator [y F’(z* + t(y* — z*)) dt is invertible,
and from the approximation

1
P') = F@') = [ P+t =2 dily” =),
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it follows that z* = y*.
Estimates (1.19) and (1.20) follow easily from estimates (1.17) and (1.18).
Finally using the triangle inequality, and the approximations

Tpa1 — ¥ = B;ilF(an),

1
Boii— /O F/(&* + t(2ns — 2¥)) dt,

1
Yn — Tp= 2" — 2 + F’(xn)l{/ [F'(zy +t(a* —x)) — F'(z0)] - (2" — :L'n)}dt
0
and the estimate

1
III*“’(J«"o)*lH/O |F/ (2" + t(2ng1 — %)) — F'(xo)| dt

1
<BM [ " + tanss =) — wol de
< BM [}[(1 = )]l = zoll + llanr1 — woll] dt
< BMR; < 1 since a > 0,

and
1Bl < enva,
where e,,11 is given by (1.12), we can immediately obtain estimates (1.22) and
(1.23).
That completes the proof of the theorem. [

Note that estimates (1.22) and (1.23) can be solved for ||z,, — z*|| for all
n > 0.

We can show that under the hypotheses a > 0, ag > 0 in the above theorem
the sequences {s,}, {t,} (n > 0) and the function T can be replaced by

(1.26) lyn — 2n|| < v — wy
and
(1'27) ”xn+1 - yn” < Wn+1 — Un,
where

158 M
(1.28) Wpt1 = Vp + 8(1—2]\410) (vn — wn)27 wo =1to =0,

n

M

(129) Unt+1 = Wpy1 + 2(1 — ﬁ]\fw +1) ((wnJrl - Un)2 + 4(Un - wn)2)v
n
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330 Toannis K. Argyros

and

AM Br? 15M 3r?
(1.30) Ty(r) = so+ br br

(1—-pBMr) 81 —pMr)’
It can then easily be seen that under the hypotheses of the theorem

||yn - mn” < sp —th < Uy — Wy,
Hxn—i—l - ynH < tn—l—l — sy < Wnp+1 — Un,

and
|lzn — 2% < Ry — t, < R* — vy, for all n > 0 (provided that R* < R),
where R* is the minimum nonnegative zero of the equation 71 (r) —r = 0 on

[0, R*.

Let us now introduce the scalar function

Eo, 1 n
)=t — —t 4~
9t) =35 313
for some fixed numbers k, 3, n, with k, 3 > 0 and 1 > 0, the constants
1—-+v1-2h 1++vV1-2h 71
m=-——— ;""" rn=——"—"——""™ "n=—,
h h T9
N 1/2
ki=(M?+ — hy = .46568. ..
1 ( + 6/6> 3 1 )
and the iterations for all n > 0,
9(gn)
n=— 4n — , qo = 07
gI(Qn) 0
- —»HO—3H>( —an)
dn+1= Pn gt o tin Pn —A4n),
/ —1 / 2 /
Hy=g'(gn)”" (9 \Pn+ 50— dn) | = 9'(Pn) )

and

o — (1—92)77 3/E\47—1
"_1—%@@wm£m .

In [5] and [6], we showed that if

[E" ()| < M, |[F"(z) = F"(y)| < Nz =yl
IF (Zo) M < B, 5o — Zoll <1
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and
h Z hla k Z kla
then
|Zn —Z*|| <711 —gn< v, F(&) =0,
Hi'n—i-l - gn” < Qn+1 — Pn
and
Hgn - jn” < Pn — qn,
where
Yn=Tp — F/(jn)ilF(fn)a
jn+1 - gn - %Hn (I - %Hn) (gn - i'n)
and

2
H, = F'(z,)™ " {F’ <:En + g(ﬂn - :Z‘n)) - F’(i’n)} for all n > 0.

Hence the order of convergence of iteration (2)—(4) under the hypotheses of
Theorem 1.1 is almost four.

3. MONOTONE CONVERGENCE

In this section we will assume that the reader is familiar with the meaning
of a divided difference of order one and the notion of a partially ordered
topological space, POTL-space [4,6,10,11]. From now on we assume that F;
and Es are POTL-spaces.

We introduce the iterations

(2.1) F(vn) + [z, zn](w, —vy) =0,

(2.2) F(xp) + [Tn, 2n)(yn — 20) = 0,

(2.3) = Ln(wn — vn) + [Tn, Zn](Vn41 — wn) = 0,
and

(2.4) = Ln(yn — an) + [2n, Tn](@n1 — yn) =0,
where

3 2 2
Ly, :g [[l’n + g(yn —l‘n)al'n + g(yn _xn):| - [:L’n,IL‘n]:| By,

2

2
. [3 [mn + g(yn — ), Ty + g(yn — xn)} — 5[z, mn]} for all n > 0.
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332 Toannis K. Argyros

Here [z, y] denotes a divided difference of order one, and B,, denotes con-
tinuous, nonnegative left subinverses of the linear operator A,, = [z, z,] for
all n > 0. Note that the operator L,, can also be written as

1
(2.6) L” - 5 [[Scn;yn] + [yn - xn] + Z[yn’yn]] Bn
Nn, yn] + [Yn, Tn] + 2[Yn, yn] — 2[xn, z,]] for all n > 0.

We can now prove the main result:

Theorem 2.1. Let F' be a nonlinear operator defined on a convex subset
D of a reqular POTL-space E1 with values in another POTL-space Eo. Let vg
and xqg be two points of D such that

(2.7) vo <zo and F(vg) <0< F(xp).

Suppose that F' has a divided difference of order one on Dy = (vg, xg) = {x €
Ey v <z <z} C D satisfying

(2.8) Ao = [x0,x0] has a continuous nonnegative left subinverse By,

(2.9) [zo,y] >0 for all vy <y < xy,
(2.10) [z,0] < [z,9] ifv<y,
(2.11) [ 9] + [y, 2] + 2[y, y] = 2[z,2] 2 0 if y <,

there exists a positive number ¢ such that

[337y] + [y,a:] + 2[:1/,3/] - (C+ 2)[.7},1‘] < 07
(2.12)

;mm+wﬂ+ﬂ%w+MQ§@m

Jorallv<y<p<g<uw.
Then there exist two sequences {v,}, {xn} (n > 0) satisfying the approxi-
mations (2.1)—(2.4),

Vo Swp SV S SWp SVl STyl SYp S0 S 21 < Yo < o,

and

lim v, =v* <2* = lim =z, with z*,v* € Dy.
n—oo n—oo

Moreover, if the operator A, is inverse nonnegative, then any solution u
of the equation F(x) =0 in Dy belongs to (v*,x*).
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Proof. Let us define the operator
P1 : <O,J}0—’U0> —>E1, Pl(x) :I‘—Bo(F(Uo)-i-Ao(x)).
This operator is isotone and continuous. We can have in turn

Py (0)= —BoF(vg) >0, by (2.7),
Py(wg — vo) = w0 — vo — BoF'(x0) + Bo(F(wo) — F(vo) — Ao(zo — v0))
< x9—1v9+ Bo([(l)o, Uo] — [xo,mo])(xo — ’Uo) by (27)
< z9 — vo,

since [zg,vo] < [0, x0] by (2.10).
By Kantorovich’s theorem [6,10], the operator P, has a fixed point z; €
(0,20 —wvo): Pi(2z1) = 2z1. Set wy = vo + 21, and we have the estimates

F(Uo) + Ao(’u)o — ”Uo) =0,
F(’wo) ZF(U}Q) — F(’Uo) - Ao(wo - Uo) S 0

and
vy < wo < Xg.

We define the operator
P <O,x0—w0> — F, PQ(%‘) :x+B0(F($O)—AO($>)
This operator is isotone and continuous. We can have in turn

P(0)= BoF(xz0) >0, by (2.7),
PZ(xO - wO) = X0 — wo + B(]F(’LUO) + BO(F(I’O) — F(wo) — AO($0 _ wO))
< xg — wo + Bo([z0, wo] — [0, x0]) (w0 — wo) by (2.7)
< zo — wo,

since [zg, wo] < [zo, zo] by (2.10).
By Kantorovich’s theorem, there exists zo € (0, 29 —wp) such that Py(z2) =
zo. Set yo = xg — 21, and we have the estimates

F(z0) + Ao(yo — w0) = 0,
F(yo) = F(yo) — F(w0) — Ao(yo — 20) > 0

and
vo < wo < Yo < o

We now define the operator

Ps: <O, xo — U0> — F1, P3(.’L‘) = — Bo(LoBoF(’Uo) + AQ(.’E))
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where Lo = [zg, o] — [z0, Yo]-
This operator is isotone and continuous. We have in turn

P3(0): —BoLoBoF(’Uo) Z 0 by (27),
Pg(.%'() — 1)0) = X9 — Vg — BOLoBoF(a}()) + B()(L()B()(F({L'o) — F(Uo)>
*[xo, .To] (.To - Uo)).

But, by (2.5), (2.6), and (2.10), we can have
LoBo(F (o) — F(vo)) — [wo, zo](z0 — v0)
= (LoBolzo, vo] — [x0, zo]) (w0 — vo) < (Lo — [wo, o)) (x0 — vo) < 0.

Therefore, we have
Pg(l’o — ’Uo) S o — Vo.

By Kantorovich’s theorem, there exists z3 € (0, 29 —vg) such that Ps(z3) =
z3. Set v1 = wy + z3, and we have the estimates

—Lo(wo — ’U(]) + Ao(vl — ’Ll)o) =0

and
Lo(wog —vp) >0

Furthermore, we can define the operator
P4 : (0,:60 — U0> — El, P4(CC) =+ BD(LoBoF(:Eo) - Ao(x))
This operator is isotone and continuous. We have in turn

P4<0) = BoLoBoF(:L'()) Z 0 by (27),
P4(:E0 — 1)0) =29 — Vg + BoLQBoF(’UD)
+Bo(LoBo(F (o) — F(vo)) — Ao(xo — v0)) < 2o — o

(by using the same approach as for P3). By Kantorovich’s theorem, there
exists z4 € (0,20 — vg) such that Py(z4) = z4. Set x1 = yo — 24, and we have
the estimates

—Lo(yo — x0) + Ao(x1 —y0) =0

and
L[)(y() — LU()) S 0.

From the approximation (2.3), we now have
V1 — wo = wo + B()L()(w() — UQ) — Wy = B()L()(wo — U()) > 0.
Hence, we obtain wy < v;. Moreover, from the approximation (2.4), we have

x1 — Yo = Yo + BoLo(yo — x0) — yo = BoLo(yo — z0) < 0.
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That is, we get 1 < yg. Furthermore, we can obtain in turn

v1 — 1= wo + BoLo(wo — vo) — (yo — BoLo(yo — o))
= wo — Yo + BoLo(wo — vo + To — Yo)
=g — BoLoF(vo) — (z0 — BoF(20)) + BoLo(vo — BoF'(vp))
—B()L()(’Uo) + BoL0($0) — B()Lo(l'o — BoF(.%'()))
=V — Xy — Bo(F(Uo) — F(I‘o)) — BoLoBo(F(’U[)) — F(:Eo))
= (I — B(] [Uo, xo] — B()L()B() [’Uo, 1’0])(1}0 — I‘o).

But, using hypotheses (2.11) and (2.12), we have

Bo Lo By[vo, o] +Bolvo, zo] < BoLoBoAo + Bolvo, o]
< BoLg + Bylvo, o) < Bo(Lo + [vo, x0))
< Bylp,q] < BopAog < 1.

We now obtain v; < x1. From all the above, we now have that
vg S wp < v <21 < Yo < Xp.

By hypothesis (2.10), it follows that the operator A, has a continuous
nonnegative left subinverse B,, for all n > 0. Proceeding by induction, we can
show that there exist two sequences {v,}, {zn} (n > 0) satisfying (2.1)—(2.4)
in a regular space F; and as such, they converge to some v*, * € Dy. That
is, we have

lim v, =v* <z* = lim z,.
n—od n—oo

If vg < u < x9 and F(u) = 0, then we can obtain

A()(yo — u) = AQ(IL’O — B[)F(.f())) — Aou = A()(IL’() — u) — A()Bo(F(xQ) — F(u))
= Ao(I — Bo[zo, u])(xog — u) > 0, since Bylzg,u] < ByAy < I.

Similarly, we show Ag(wo — u) < 0.

If the operator Ag is inverse nonnegative, then it follows from the above
that wyg < u < yp. Proceeding by induction, we deduce that w, < u < y,,
from which it follows that w, < v, < wp11 < u < Ypy1 < xp < yy for all
n > 0. That is, we have v, < u < x,, for all n > 0. Hence, we get v* < u < z*.

That completes the proof of the theorem. [

In what follows, we shall give some natural conditions under which the
points v* and x* are solutions of the equation F(z) = 0.

Theorem 2.2. Under the hypotheses of Theorem 2.1, suppose that F' is
continuous at v* and x*. If one of the following conditions is satisfied
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(a) =" =y*;

(b) Ei is normal and there exists an operator Q : E1 — FEo (Q(0) = 0) which
has an isotone inverse continuous at the origin and such that A, < T
for sufficiently large n;

(c) Ey is normal and there exists an operator R : By — Eo (R(0) = 0)
continuous at the origin and such that A, < R for sufficiently large n;

(d) the operators A, are equicontinuous for all n > 0; and

(e) Es is normal and [u,v] < [z,y] if u <z and v < y.
Then, we have

Proof.
(a) Using the continuity of F' and F(v,) < 0 < F(z,) we get F(v*) <v* <
F(v*). That is, we obtain F(z*) = F(v*) = 0.
(b) By (2.1) and (2.2), we get

0> F(vy) = An(vp )

— Wnp Q( wn)’
0< Fzn) = Ap(zn —yn) < Q

Uy —
(T — Yn)-

IN IV

Hence, we get

0> Q_IF(UH) > v, —w,, 0< Q_lF(xn) < Zp — Yn.

Since Ej is normal and lim,, (v, — wy) = lim,—oo(Tn — yn) = 0, we
have lim,, oo Q1 F(vy,) = lim, 0o Q' F(x,,) = 0. Hence, by continuity,
we get F'(v*) = F(z*) = 0.

(c) As above, we get
Using the normality of E9 and the continuity of F' and R, we get F'(v*) =
F(z*) = 0.

(d) From the equicontinuity of the operator A,, we have lim, . Ay, (v, —
wy) = limy, o0 Ap(xn — yn) = 0. Hence, by (2.1) and (2.2), F(v*) =
F(z*) = 0.

(e) Using hypotheses (2.9)-(2.12), we get in turn

0< F(yn) = F(yn) - F(xn) - An(yn - wn)
= (An = [yn, 2n]) (@0 — yn) < ([xo, 0] — [2%, 2%]) (20 — yn)-
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Since Es is normal and limy, o (2, —yp) = 0, we get limy, o F(z,) = 0.
Moreover, from hypothesis (2.10)

(0", 2% (@, —2%) < [, 2] (@0 —2%) = F(2a) — F(a") < [0, 20) (2, — )

and by the normality of Eo, F(z*) = lim,_ F(z,). Hence, we get
F(x*) = 0. The result F(v*) =0 can be obtained similarly.

The proof of the theorem is complete. [

As in Theorems 2.1 and 2.2, we can prove the following result (see also
[4,6,10]):

Theorem 2.3. Assume that the hypotheses of Theorem 2.1 are true. Then
the approximations

Yn = Tp — BnF(l'n)v
Tn+1=Yn + BnLn(yn - l‘n)y L, = [xna -Tn] - [ajna yn]v
Wy = vy, — ByF(vy)

and

Upt1l = Wy + BnLn(wn - Un)a

where the operators By, are nonnegative subinverses of A,, generate two se-
quences {v,} and {x,} satisfying approrimations (2.1)—(2.4). Moreover, for
any solution u € (vo, xg) of the equation F(z) =0 we have

u € (U, xyn), n>0.
Furthermore, assume that the following are true:

(a) Ey is a POTL-space and Ey is a normal POTL-space;

(b) limy,— o0 zp, = z* and lim,, o v, = V%

(¢c) F is continuous at v* and z*; and

(d) there exists a continuous nonsingular nonnegative operator T such that
B, > T for sufficiently large n.

Then

337
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11.

12.

Toannis K. Argyros
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