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THE DENSITY OF QUOTIENTS FROM
TWO DIFFERENT MUNTZ SYSTEMS

S. P. Zhou

Abstract. The present paper discusses the density of quotients from two
different Miintz systems. An interesting and nontrivial generalization of
a result of Somorjai is established.

1. INTRODUCTION

From Miintz theorem (cf. [2]), it is well known that the set of combinations
of {z*»} for
0= )\0 < )\1 < Ag <

is dense in the space of all continuous functions on [0, 1] (which is denoted by
Clo,17) if and only if

|

235"

For Miintz rational approximation, the story is different. Somorjai [6]
showed that the rational combinations of {z*"} always form a dense set in
Clo,1) for any increasing sequence of nonnegative distinct numbers {A,}. Bak
and Newman [1] further generalized this surprising result to include sequences
of nonnegative distinct numbers {\, }. Other related materials could be found
in [3,4] and [9].

On the other hand, approximation by quotients from two different Miintz
systems is always an interesting but hard topic. Turan in his well-known

“problem paper” [8] repeated an open problem which was initially raised by
Newman:
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Problem LXXXIII (Turan [8]). Find conditions on two sequences {\;}
and {\;} which assure that every continuous function can be approvimated
arbitrarily close by rational functions having in their numerators only powers
belonging to {\;} and in their denominators only powers belonging to {\;}'.

Somorjai [7] constructed an example to show that the set of quotients of
two different Miintz systems is not always dense in Cjgq). Explicitly he proved
the following result:

Theorem 1. Assume that for an integer jo, {\;}j>j, and {\;};s;, are dis-
joint sets and their union (as a monotone increasing sequence) has Hadamard
gaps®. Then the set of quotients R(A*/A) is not dense in Cg 1.

On the other hand, Somorjai [7] pointed out that the condition [\; — \}| =
O(1) for j = 1,2,- - is sufficient (under the condition that {\;} N {\;} # 0)
for the density of R(A*/A) in Cio 1.

There has been no further progress on this topic since then.

The intention of the present paper is to give a nontrivial generalization of
the result of Somorjai by employing some new ideas. As particular examples,
we include the following applications:

Corollary 1. Let A ={n"}>2,, v>2, A* ={n" £n°}2,, 0<p< 1.

n=0’

Then R(A*/A) is dense in Cig .

Corollary 2. Let A = {q"}°,, g > 1, A* ={¢" £n"}2,, 0 < p <1

n=0’

Then R(A*/A) is dense in Cio -

We give the proof of Corollary 1 here. Since (n+ 1) —n? > yn7~! > n,
and d7 = +n”, 0 < p < 1, condition (2) of Theorem 2 is satisfied. Then
R(A*/A) is dense in Cjg 1) by Theorem 2.

2. MAIN RESULT

We are given two sequences of nonnegative distinct increasing numbers
A58, and {A5}52,. IF ANA* # 0, select Aye to be the smallest common
element Ay, of these two sets and let df = 0. Otherwise choose A No = A1, and

@3] += min{ X} — A}

91 We denote such a class of rational functions by R(A*/A).
92 We say a nonnegative increasing sequence {a,} has Hadamard gaps if there is a number
g > 1 such that ant1/an > qforallm=1,2,---
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Assume the above minimum is achieved at some j = j;, and write df = A} —A;.
After Ane and di, k=1,2,- -, are selected, choose

(1) Ang,, = min{A, : X, — Ayp > ak,n > Ni'}

for some « > 0, and

d532] = ming X = A, I}

Assume the above minimum is achieved at some j = jj41, and write di, =
eis — Ang,,- By this way we have defined inductively the sequences {Ane}
and {d{}.
Theorem 2. Let A = {)\;}52,, A" = {\;}52, be two sequences of nonneg-
ative distinct increasing numbers. Assume for some o > 0,

(63

(2) lim 9% — 0,

n—oo n,

Then R(A*/A) forms a dense set in Coq) if and only if

A N A#D.

Proof. The necessity part is obvious. For if A* N A = ¢, then any rational
function r(z) € R(A*/A) which is continuous on [0, 1] must have®

r(0) = 0.

This means, R(A*/A) is not dense in Cjg 1.

Now suppose A* N A is not empty and is finite, otherwise the conclusion is
trivial. Then df # 0 for sufficiently large k. Without loss of generality, assume
dy # 0 for k£ > 1. Let Ay, be the smallest one among those common elements
of A*N A, s0 Aye = An,. And for some o > 0 (2) holds. For convenience, we
write {N;} instead of { N}, {d;} instead of {d}, and so on. Fix a sufficiently
large N. Set

N _ J .
xj'_xj_N7]_1727"'7N7
J
AN ; 7(>‘NA11+M7>‘N1) 7()\NM1+1'7>‘NA11+1'—1) .
Qj(w) =2 Mntiay, IT = . i>M,
i=M+1

Qur(z) = Qi (x) = 2™,

93 Note that if A*NA = @, any rational function r(z) € R(A*/A) satisfies either r(0) = 0
or r(0) = co.
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and
* X dNMlJ”
G =(5) e >
Lj
where
M = [VN], M, =[Mey '1+1,
and

Then clearly we have Q;(z) € span{z*'}, and Q%(x) € span{z*i }. For conve-
nience, with the above notations, we divide the proof into some lemmas.

Lemma 1. (i) Foraz, <z < xpy, k=M M+1,--- N—1and j €
{M,M+1,---,N—1}\ {k,k+ 1}, we have

Q;(x)

(3) 0 < 270 < Cre @btk

~ Q)

(ii) For x € [0,xp), j > M, we have

Q(z) ! —a(i—M i—1)/i Cy .
4) 0< < al=M)MH=1/E < O exp | — - M) |,

where here and in the sequel, we always use C;, 1 = 1,2, - - -, to indicate absolute
positive constants.

Proof. (i) Suppose z < x < 241, M <k < N-—-1land M <j < k. We
check that for M < j < k,

0< 9i®) _ ﬁ <xi>*NMl+i—wl+~ < ﬁ (xi)”w—*wlw
= Qu(x) z T

i=j+1 Lk
k k—1 AN}\/11+1‘,7ANA11+7;—1
= H 1- L
i=j+1

By (1) and the estimate
1—xz<e ™ for x>0,

it follows that for M < i < k,

SN A = )
<1 B ]{I;,L) Nty +i NMy+i—1 < e_a(k—i)(J\/fl-‘ri—l)/k é e—()t(k—i)(i—l)/k S 6_03.
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Therefore

Q;() < O Csh=),

Qu(x) ~
The argument of the above inequality, apart from constants, is similar for
j=M.

Incasex, <z <zpyy, M <kE<N-land k+1<j <N —1,in a similar
way we calculate that

.’L‘ J 13 ANy i TANMy i1
0<orm = 1
Qk (z)

i=k+1 Li

J _ k -1 >‘NMI+1'_>‘NM1+¢71
< ]I (1-——
k+1

=

J
< H e—oz(z k—1)(M1+i—1)/3 <C e~ (]—k)'
1=k+1

Altogether for x, < x < x4y, k=M, M +1,---,N—1and j € {M,M +
1,--+,N —1}\ {k,k + 1}, we have

Q;(x) —Cslj—K]
OSQk(IE)SCIGC k.

(ii) When z € [0,2,,), j > M, noticing that

M, S 1
M — \/GM’

we apply a similar argument to obtain that

Qa Lo (i=M)(My+i—1) /i Cy .
< el e < Crexp j—M)|.
QM :1]\_4[ \/6M( )
Lemma 1 is proved. ]

Lemma 2. Assumex, <x < xpi, M <k<N-1,and M <j < N-1.
Then

Q@) - Q@) _ [ Coyar if 5=k 1,
Qr(x) = | Cse ¢ = (k — j)\/err, otherwise.

Proof. We see that for kK > M,
Qi(z) = Q5(2) = Qu(x) (1 — (z/ap)™1+) .
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When z € [z, 2441), Kk = M, M +1,---, N — 1, by the mean-value theorem
(k = M is a trivial case since Qx(z) = Qj(x), so we suppose M < k < N —1),

1 — (/ay) 0 = dyg, &7 (1= x/an)

where &, € (1,2/x;). We have the following inequality: for k& > M + 1,

d
(5) |Mk1:+k| < Ciov/em-

In fact, since |ds, 41|/ (M7 + k) < €5, we have

du, g, My + & )
| MkJrk’ - L\fj—:kk[ lkz < Chiemvem '< Ciivem.

Together with

1< —< =14 -,
T T k
we get
J . 1\ 4y +x]
&< (1 + k) < elbnl/b < 0y
Meanwhile,
1_£§$k+1_1:1.
T T k

Altogether, with (5), we have
x) — Qr(x d
(6) |Qk( C)gk(af)?k( )| < 012| M];:+k| < ClSM-

The proof of the following inequality is exactly the same: for x € [z, z1),
k=MM+1,---,N—1,

|Qk+1 Qk 1( )| ‘dMl+k+1’
@) Qr+1(T )+ = k+1 < Cuv/eu.

Assume 2, < z < zpy1, k= M,M+1,--- N—1and M < j < k. By a
similar argument,

Q;(x) — @ (x)] =

(z) 1 = (z/z;)n+|
< Q; (33)|dM1+j|§;lM1H_1 (Tpy1/2; — 1),
where §; € (1,2/z;) C (1, z441/2;),

d]v11 -1 k+1 |d]v11+j| k—ial |dM1+j|
& S(j> = (1+152)

d .
< exp (M]%”’(k—jﬂ)).

so that
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Therefore with (3), (5), we have
|Q;(z) — Q5 (x)]
Qi(x)
By noting (2) and j > M, we finally get for sufficiently large N that
Q;(z) — Qj(x)|
Qi(x)
When z, <z < zp1, k=M M+1,--- N—landk+1<j <N -1,
the argument is similar. We have
* Ay +5—1
|Qj(z) — Q5 ()| < Qi (@)ldar, 1516 (1 — au/x;),
where §; € (x)/x;,1). The same calculation as the above case leads to
Q;(z) — Q;(z)|
9) Qr(z)

< exp (=Cis(k —J) + Veu(k —j +1)) Veu(k —j +1).

(8) < Cupe” 7 (k= j)v/enr.

d ; d ;
SeXp (C1s(jk)+| A/;+J|> ’ A/;l+]|(]k)

< Croe™ UM (5 — k) /e

Lemma 2 is proved. [
For any given f(z) € Cjo,1), define

Yar f(2) Q5 ()
S Qi)

TN(fJx):

Write
> (f (@) = f(2;))Q;(x)
> Qi(x)
e f(@)(Q;(x) — Q5 ()
Yo Qi()
=: 321 (7) + 3s(2).
By (3), for x € [xg, xps1), k=M, M +1,--- /N — 1, we have

S @) = F@)Qi (@) + Y areien—1ipnnr [ (@) — f27)|Q; ()
i Q@)

_ia1 .
< 2w(f, N—l) + Z w (f, M) 0216—022“9—]‘

) ) N
M<j<N-1,j#k,k+1

f(@) —rn(fx)=

+

1221 ()] <

S ngw(f, Nﬁl) Zj6_024j S C25w(f, N_l).

Jj=0
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Similarly, when x € [0,2,/), in view of (4), we have

55(2)] < Cos (f; M/N) + w(f, N°1) < Corolf, M/N).
Altogether for = € [0, 1], it is deduced that
(10) 34(2)] < Cono(f, M/N).

At the same time, by applying (6)—(9), for z € [z, 1], we get

|25(2)| < Co nax |f(2)|v/enr Zje_CS"j < Cyy Jnax |f(z)|\/err
<a< = <o<
While for € [0, z)), it follows from (4) that

o0
—Casjy/enr ' _.
[32(2)| < Cso [nax |f(z)] ; e : O30 fax |f(z)].

Combining the above estimates, we have that for x € [0, 1],

(11) [Xa(2)] < Csq max |f(2)] (Ver +oum)-

<z<1

Because M = [V N], J\}im M/N = 0. Together with ]\}im ey = 0 (note

lim M = oo) as well as A}im oy = 0, by combining (10)—(11), we get for

N—o0

x € [0,1],
lim |f(x) —rn(f,z)| =0.

N—oo

Thus Theorem 2 is proved.
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