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ON A CONJECTURE ON THE UNIFORM CONVERGENCE
OF A SEQUENCE OF WEIGHTED BOUNDED POSITIVE
DEFINITE FUNCTIONS ON FOUNDATION SEMIGROUPS

M. Lashkarizadeh Bami

Abstract. In the present paper, we shall establish one of our earlier con-
jectures by proving that on compact subsets of a *-foundation semigroup
S with identity and with a locally bounded Borel measurable weight
function w, the pointwise convergence and the uniform convergence of
a sequence of w-bounded positive definite functions on S which are also
continuous at the identity are equivalent.

1. INTRODUCTION

In our earlier paper [7], we proved that if S is a foundation topological
x-semigroup with an identity e and with a Borel measurable weight function
w such that 0 < w <1 and 1/w is locally bounded (i.e. bounded on compact
subsets of §), then a sequence (¢;,) in P.(S,w), the set of w-bounded Borel
measurable positive definite functions on S which are continuous at e, con-
verges pointwise on S to a function ¢ € P.(S,w) if and only if (¢,,) converges
to ¢ uniformly on compact subsets of S. In that paper we also conjectured
that this result remains true for any Borel measurable weight function w such
that w and 1/w are locally bounded.

In the present paper we shall first prove that on a foundation *-semigroup S
with an identity and with a locally bounded Borel measurable weight function
w, the set of w-bounded Borel measurable positive definite functions which are
continuous at the identity is identical with the set of w-bounded continuous
positive definite functions. We then introduce two new topologies 74 and 7x
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on P(S,w) (the set of w-bounded continuous positive definite functions on S)
and we show that these topologies coincide on P(S,w) (see Theorem 5). An
application of this result has enabled us to establish our earlier conjecture in
[7]. We conclude the paper with an example of a weighted foundation semi-
group with a uniformly convergent sequence of w-bounded continuous positive
definite functions on compact subsets of S but not uniformly convergent on
the whole of S. It should be noted that the class of foundation semigroups is
extensive, and includes all discrete semigroups, all locally compact non-locally-
null subsemigroups of locally compact groups. For many other examples, see
[8; Appendix B].

2. PRELIMINARIES

Throughout this paper, except in Lemma 3, S will denote a locally com-
pact, Hausdorff topological semigroup with an identity. A topological semi-
group S is called a x-semigroup if there is a continuous mapping * : S — §
such that (z*)* = z and (axy)* = y*z* for all z,y € S. A locally bounded
(i.e. bounded on compact subsets of S) mapping w : S — RT(R*' de-
notes the set of positive real numbers) is called a weight function on S if
w(zy*) < w(zr)w(y) for all x,y € S. A function f : S — C (C denotes the
set of complex numbers) is called w-bounded if there is a positive number k
such that |f(z)| < kw(z) (x € S). A complex-valued function ¢ on S is called
positive definite whenever

Z Z ciéjgo(xix;f) >0

i=1j=1

for all choices {z1,...,2,} from S and {ci,...,¢,} from C. We denote by
Pe(S,w) (P(S,w), respectively) the set of w-bounded, Borel measurable, con-
tinuous at e and positive definite functions on S (the set of w-bounded con-
tinuous positive definite functions on S, respectively). A x-representation of
S by bounded operators on a Hilbert space H is a homomorphism: x — ()
of S into L(H), the space of all bounded linear operators on H, such that
m(z*) = (w(x))* for all z € S and 7(e) is the identity operator on H. A repre-
sentation 7 is called cyclic if there is a (cyclic) vector £ € H such that the set
{m(x)§ : x € S} is dense in H, and 7 is called w-bounded if there is a positive
number k such that ||7(z)|| < kw(z) (z € S). Note that a x-representation 7
is w-bounded if and only if ||7(z)|| < w(z) (x € S). For further information
on the representations on topological *-semigroups we refer the reader to [2],
5). 6], ~

Recall that (see for example, [1] or [4]) L(S) or M,(S) denotes the set of
all measures p € M(.S) (the convolution measure algebra of bounded complex
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measures on S with the total variation norm || - ||) for which the mapping
x € Oy % |p| and x — |p| * 6, (where 0, denotes the point mass at = for
x € S) from S into M(S) are weakly continuous. If w is a locally bounded
Borel measurable weight function on S, then we denote by MX(S,w) the set
of all complex regular measures x on S such that wu € MX(S), where MX(9)
denotes the set of all measures in M,(S) with compact support. We observe
that MX(S,w) with the convolution

(nxv)(f) = /f(wy)du(x)dl/(y) (f € Ce(9)),

where C,(S) denotes the space of all continuous complex-valued functions on S
with compact support, defines a normed algebra. Moreover, d,*u € Mf(S, w)
for every x € S and p € MN(S,w). A semigroup S is called foundation
if U{supp(p) : p € My(S)} is dense in S. It is well-known that M,(S) is
a two-sided closed L-ideal of M (S) and if S is also a foundation semigroup
with identity, then both mappings * — &, * u and x — p * dz(u € M,(S9))
from S into M, (S) are norm continuous (c.f. [8; Theorem 5.8]). We observe
that if S is a foundation semigroup with identity and with a locally bounded
Borel measurable weight function w, then both the mappings x — d, * g and
T — ukd, (u€ MNI(S,w)) from S into M (S, w) are || - ||,-norm continuous,
where |||l = |[[wpl| for every p € MX(S, w).

3. THE 7,-TOPOLOGY AND THE 7£-TOPOLOGY OF P(S,w)
The following two definitions are needed for the proof of the main result.

Definition 1. For each compact subset F' of S, positive numbers «, 3,
and g € P(S,w) of a foundation *-semigroup S with an identity e and with
a locally bounded Borel measurable weight function w we define

Ur.a,8(p0) = {p € P(S,w) : |o(x) — po(z)] < o and

1
Y p(za*) — po(za*)| < B for all x € F}.

The family of the sets of the form (1) defines a base for a topology on P(S, w)
which is denoted by 7.

Definition 2. For py, ..., ttm € MX(S,w), positive real numbers a, 3,7,
and g € P(S,w) let
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Framiain(0) = {0 € Plow) 1 | [ [o0) = ooy (w)] <
(2) \/ lyy") — polyy )]duj(y)\ <5,

for j=1,...,m, and |p(e) — pole)| <7}

The family of the sets of the form (2) defines a base for a topology 7+ on
P(S,w).
The following result is the key lemma to this paper.

Lemma 3. Let S be a x-semigroup (not necessarily topological) with an
identity and with a weight w. Then every w-bounded positive definite function
p on S satisfies the following inequality

(3)  lo(x) = play)? < ple)w?(2)[p(e) — 2Rew(y) + ¢(yy")] (z.y € 9).

Proof. Since ¢ is w-bounded, from Proposition 4.1.3 of [3] and the proof
of 4.1.14 of [3] it follows that there exists a w-bounded cyclic *-representation
m of S by bounded operators on a Hilbert space H with a cyclic vector & such
that [|€]|* = ¢(e) and

p(x) = (m(2)€,8) (z€59).
For every z,y € S we have
o(a) — ey a)? = [(m(2)€,€) — (x(y* )€, &)
|(m(2)€, & = 7(y)€)[
Im(@)El?l€ = m (sl
(m(@)&m(@)E)lIEIIP =2 Re o(y) + o(yy*)]
p(zz”)[p(e) =2 Re o(y) + o(yy")]
< le)(w(@))?[p(e) =2 Re o(y) + o(yy*)]-

By replacing y by y*, we obtain the desired inequality.

I IA

Lemma 4. Let S be a foundation x-semigroup with identity and with a
locally bounded Borel measurable weight function w. Then P.(S,w) = P(S,w).

Proof. Let ¢ € P.(S,w). Take a fixed xg € S and let W be a fixed compact
neighbourhood of zg. Since w is locally bounded, there exists a positive real
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number M such that w(xz) < M for all x € W. Given € > 0, by the continuity
of ¢ at e there exists a neighbourhood U of e such that

N €
[p(e) =2 Re p(u) — p(uu*)]? < M [(p(e)) % + 1] (uel).

By Theorem 3.1.2 of [4] Wy = [U~}(Ux) N (zU)U ] N W defines a neigh-
bourhood of e. Let z € W7, then uz = vx for some u, v € U. So by (3)

lo(z) — ()] < |p(z) — (uz)| + p(vr) — p(z)]
< (p(e)Y?w(z)([p(e) —2 Re ¢(u) + @(uu)])!/?
+(p(e)Pw(z)([p(e) =2 Re ¢(v) + @(vv*)])!/?

€
< M) e )
< e

So ¢ € P(S,w) and the proof is complete.

The following theorem is the main result of this paper and it generalizes
Theorem 2.4 of [7]. Note that P.(S,w) = P(S,w), by Lemma 4.

Theorem 5. Let S be a foundation x-semigroup with identity and with
a locally bounded Borel measurable weight function w. Then the 14-topology
and the Tx-topology are identical on P(S,w).

Proof. Take g fixed in P(S,w). Let Fu,  u.:8-2(¢0) be an arbitrary
basic Tr-neighbourhood of ¢g. Choose a positive number 1 such that n < A

and 2n +n max {||p1|l,- .., |gnll} < min(5,~). Choose a compact set Fy such
that e € Fy with
Joop, @ Palili) < wna [ wdlsl) < = 1)
S\ Fo

Then it is clear that

UFOJI,W(SOO) g fﬂ177um7ﬁ777)‘((700)'

Conversely, suppose that Ur.q, 5, (o) is an arbitrary 74-neighbourhood of .
Let § = min{ap, Bp} and M be a positive number such that w(z) < M for all
x € F. Put

| ¢ a
v o= mln{81M4(1+900(6))’ 81M2(1+(800(6))},

= mm{wo(:ﬁwl}-
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By the continuity of ¢g at e there exists a compact neighbourhood U of e such
that for all y € U

(4) lpo(y) — wole)| <~ and [po(yy™) — wole)] <.

Now choose a positive measure p € MN(S,w) such that u(S) = 1 and e €
supp (u) € U. By the || - ||y-norm continuity of the mapping x — d, * u
from S into MX(S,w) and the compactness of F' we can find a finite subset
{z1,...,2,} of F such that the set {J; * u : * € F} can be covered by
{Neys ooy Ne b, where N, = {N € MN(S,w) : || — 64, * pllw < 0} for
i=1,...,n. Again by the || - ||,-norm continuity of the mapping x — .+ * i
from S into MX (S, w), we can find s1, 59, ..., 5, € S such that the set {5 *p :
z € F} can be covered by {Nj,..., N}, where N[ = {) € MF (S, w) :
1A — Os; s *pllw <0} (j=1,...,0). Put 2z =, i =1,...,n,2,4; = s;5] for
1<j</{l Putp=n+/L andlet pp =6, xpu(k=1,2,...,p). We shall prove
that

fu1,u27~-~,up;675,6(¢0) N Fryn(0) € URp~(00)-

To prove this we choose ¢ € F,, . ..:5.55(¢0). Let z be a fixed but arbitrary
element in F'. Then

180 % s — 80, * pills < 8 and [[Ggugr — Guyas * pillw < 8
for some j and q € {1,2,...,p}. Therefore
|00 * p(p) — 0z * p(sp0)|
= ‘/[a@(y) — ¢o(y)]ddy * u(y>’
< | [ ot 82, x @) + | [160) - 0(wldiss )

" '/ Po(y)d(0a, * p1 — 0o M)(?/)‘
< ()10 % pp = 8y * ol + 8+ @o(e) |0z, * 0 * pol]ws
< 0(p(e) +pole) +1) < 3/3.

(In the above we have used Proposition 4.1.12 of [3].) Similarly by using the
inequality ||dzz+ * p — (5qu3 * || < &, we can prove that

(6) |0z * (@) — dza=(w0)| < B/3.
Suppose now that
© € Fryy(¥0)-
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Then for every x € F with the aid of (3) and the Holder inequality we have

b ple) — (@)
< |[enduty) - [ el@idntv)
< [ lotey) - ¢(@)lduy)
< w(x)(so(e))l/?( /U ((e) =2 Re o(y) + oy dn(y))

< Mw(e)l/Q(/U[sO(e)—2 Re w(y)+¢(yy*)]du(y))l/2~

Now if we apply (4), then we obtain

/S[sO(e) — 2 Re o(y) + »(yy*)ldu(y)

< 2| [ fee) = Re cwldu(u)| + | [ letuy") = ole)ldntw)
< 2\/Uko(e>—so(y Jdu(y) +\/soyy ~ g(e) duy)i
< 2 [ ele) = vole)lduv) + [ Ieo(e) — o@ldn(v)
+ [ o) = e@ldut)] + [ 1) = eoly)ldu(o)
+ [ eolwy) = eo@)ldu(v) + [ lea(e) = ole)ldp(y)
< 9.

So for every x € F

(7) 162 # () — (@) < 3M(p(e)y)"/? < B/3.

Similarly for every x € F

|0z x () —  p(xz”)]

5) < wlaaple) ([ fo(e) =2 Re (o) + ol du(y)
3M2(p(e)y)'/? < /3.

A

A
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Finally, for every ¢ € F,, . u,:6.66(00) N Funy(po) and every z € F from
(7) and (5) we have

lo(x) —@o(z)] < |o(x) = 0z * p(@)| + [0z * (@) — 0z * p(go)|
+105 * (o) — 6z * ()]

B, B, B
< §+§+§—ﬁ.

Similarly for every z € F' from (8) and (6) we conclude that
p(za™) — po(za™)| < B.
That is ¢ € Urg s(wo). The proof is now complete, since Up.5.8 € Ur.a0,8,-
We are now in a position to establish our earlier conjecture in [7].

Theorem 6. Let S be a foundation topological * -semigroup with an iden-
tity and with a locally bounded Borel measurable w. Then a sequence () of
w-bounded continuous positive definite functions on S converges pointwise to
a continuous function  if and only if (p,) converges to ¢ in the topology of
uniform convergence on compact subsets of S.

Proof. Suppose that (p,) converges to ¢ pointwise on S and ¢ is also
continuous. Then it is clear that ¢ € P(S,w). From the Lebesgue dominated
convergence theorem it follows that ¢, — ¢ in Tr-topology. So by Theorem
5, ¢n — @ in 1-topology. The converse is obvious.

The following example shows that the uniform convergence of the sequence
(pr) in the above theorem on compact subsets of S does not imply the con-
vergence is uniform on the whole of S.

Example 7. Let S denotes the set of positive real numbers, and let S be
endowed with the usual topology. Then .S with the usual multiplication on the
real line and the involution z* = z(x € 5) defines a foundation * -semigroup
with identity. If we define w(z) = 1/x (z € S), then w defines a continuous
weight function on S. For every positive integer n define ¢, (z) = 1/nx (v €
S). Then (py) defines a sequence of w-bounded continuous positive definite
functions on S which converges uniformly to 0 on each compact subset of S
and it is clear that this convergence is not uniform on the whole space S.
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