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ON SIMILARITY DEGREES OF FINITE VON NEUMANN ALGEBRAS

Jinsong Wu, Wenming Wu and Liguang Wang

Abstract. In this paper, we showed some results of similarity degrees of von Neu-
mann algebras satisfying co-amenability. We also obtain some results of Chris-
tensen’s property Dk for such von Neumann algebras.

1. INTRODUCTION

In 1955, Kadison [9] asked whether every bounded homomorphism φ from a unital
C∗ algebra A into the algebra B(H) of all bounded operators on the Hilbert space H
is similar to a *-homomorphism π of A; i.e. there exist an invertible operator S in
B(H) such that π(X) = Sφ(X)S−1 for any X in A. This is the Kadison’s similarity
problem. When the homomorphism φ admits a cyclic vector η in H, Haagerup [7]
and Christensen [5] proved that φ is similar to a *-homomorphism. More generally
when φ admits a finite cyclic set {η1, . . . , ηn}, the conjecture is still true. In 1999, G.
Pisier [10, 11, 12] introduced the similarity length l(A) of an operator algebra A and
the similarity degree d(A) of A. Moreover he proved that l(A) = d(A).
Currently, some partial results of the Kadison’s similarity problem and correspond-

ing similarity degree are known in the following cases:
(1) A is finite dimensional and d(A) = 1;
(2) A is nuclear and infinite-dimensional, such as infinite-dimensional abelian C∗

algebra, and K, the algebra of all compact operators on an infinite-dimensional
separable Hilbert space (see [2]) and d(A) = 2;

(3) A has no tracial state, such as B(H) (see [7]) and d(A) = 3;

(4) A = K ⊗ B, where B is a unital C∗ algebra and 2 ≤ d(A) ≤ 3;
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(5) A = N ⊗ B, where N is a unital nuclear C∗ algebra containing unital matrices
of any order and B is a unital C∗ algebra and d(A) ≤ 5 (see [16]);

(6) M is a property Γ factor of type II1, such as the hyperfinite II1 factor R, McDuff
factor M � M⊗R and in this case the similarity degree d(M) = 3.

In addition to the result (2), G. Pisier [13] showed that an infinite-dimensional C∗

algebra is nuclear if and only if its similarity degree is equal to 2. The result (6) was
first proved by Christensen [1] that property Γ factors have similarity degree ≤ 44. In
[12], Pisier improved his result to show that property Γ factors have similarity degree
less than or equal to 5. Finally, Christensen [4] proved that the similarity degree of a
property Γ factor is equal to 3.
In this paper, we will explore the similarity degrees of some constructions for finite

von Neumann algebras. Let G be a discrete group, (B0, τ0) a finite von Neumann
algebra with a normal faithful tracial state and σ : G �→ Aut(B0, τ0) a trace preserving
cocycle action ofG on (B0, τ0). LetN = B0�σG be the corresponding crossed product
von Neumann algebra with its normal faithful tracial state given by τ(

∑
g∈GBgUg) =

τ0(Be). Let H be a subgroup of G co-amenable in G and B = B0 �σ H . We show
that if N is a factor and B has similarity degree d, then N has similarity degree of at
most 9d+ 8. In particular, we also obtain some more results on similarity degrees for
Jones basic construction when its Jones index is finite. In [1], Christensen introduced
propertyDk for C∗ algebras. We will investigate Christensen’s propertyDk for certain
finite von Neumann algebras.

2. PRELIMINARIES

In this section, we will recall some notations and properties for the similarity degrees
and similarity length for C∗ algebras and co-amenability of von Neumann subalgebras.
Let A be a unital C∗ algebra andH be a Hilbert space. Suppose that φ : A �→ B(H)

is a unital homomorphism; i.e. φ(I) = I and φ(X1X2) = φ(X1)φ(X2) for all X1, X2

in A. The Kadison’s similarity problem is whether the condition that φ is bounded
implies that φ is similar to a *-homomorphism, i.e. there exists an invertible operator
S in B(H) such that φS : X �→ S−1φ(X)S is a *-homomorphism. In [7], Haagerup
proved that φ is similar to a *-homomorphism if and only if φ is completely bounded
and

‖φ‖cb = inf{‖S−1‖ · ‖S‖ : φS is a *-homomorphism.}
An operator algebra A has similarity property if any bounded homomorphism φ : A →
B(H) is completely bounded.
An operator algebra A ⊂ B(H) is said to be of length ≤ d if there is a constant K

such that, for any n and anyX inMn(A), there is a positive integerN = N (n,X) and
scalar matrices α0 ∈ Mn,N (C), α1 ∈ MN (C), . . ., αd−1 ∈ MN (C), αd ∈ MN,n(C)
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together with diagonal matrices D1, . . . , Dd in MN (A) satisfying{
X = α0D1α1D2 · · ·Ddαd∏d

0 ‖αi‖
∏d

1 ‖Di‖ ≤ K‖X‖.
Denote by �(A) the length of A; i.e the smallest d for which the two equations above
holds. We say the least K satisfying the above condition as length constant for A.
Let

d(A) = inf{α ≥ 0|∃K, ∀φ, ‖φ‖cb ≤ K‖φ‖α},
where φ denotes an arbitrary unital homomorphism from A to B(H). G. Pisier [10,
11, 12] showed that d(A) = �(A) for any operator algebra A and that A has similarity
property if and only if d(A) < ∞. Let A be weakly dense C∗ subalgebra in a factor
M of type II1. Then Pisier showed [12] that d(M) = max{d(A), 3} derived from
Remark 7 and Theorem 9. In [6], E. Christensen, A. Sinclair, R. Smith, and S. White
showed that similarity property is preserved under perturbation of C∗-algebras.
Let ω be a free ultrafilter on N and M be a factor of type II1. It is known

that the ultrapower Mω of M is a factor of type II1. By [11, 12], we have that
d(Mω) ≤ d(M).
A C∗ algebra A is said to have propertyDk for some positive real k if for each non

degenerate *-representation π of A on a Hilbert space we have for any X ∈ B(H):

inf{‖X − Z‖∣∣Z ∈ π(A)′} ≤ k sup{‖Xπ(A)− π(A)X‖∣∣A ∈ A, ‖A‖ ≤ 1}.
In [6], E. Christensen, A. Sinclair, R. Smith, and S. White showed the following

relations between the property Dk and the similarity degree (length) for a C∗ algebra.

Proposition 2.1. Let M have property Dk for some k. The the length of M is
�2k�, where �a� is the integral part of a.

Proposition 2.2. Let M be a C∗ algebra with length at most � and the length
constant at most K. Then M has property Dk for k = K�/2.

Now let us recall the co-amenability of groups and von Neumann algebras. A
subgroup H of a group G is called co-amenable in G if there exists a G-invariant
mean on the space �∞(G/H).
Let N be a finite von Neumann algebra with a faithful normal tracial state τ and

B ⊂ N a von Neumann subalgebra. We assume that N has a separable predual. Let
B ⊂ N eB⊂ 〈N ,B〉 be the Jones basic construction for B ⊂ N ; i.e. 〈N ,B〉 = JB′J ∩
B(L2(N , τ)) with J the canonical conjugation on L2(N , τ) and eB the canonical
projection of L2(N , τ) onto L2(B, τ). The subalgebra B is co-amenable in N if there
exists a norm one projection Ψ of 〈N ,B〉 onto N . One also says that N is amenable
relative to B. In particular, if an inclusion N ⊂ M of factors of type II1 has finite
Jones index, then N is co-amenable in M.
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3. BASIC CONSTRUCTION WITH FINITE JONES INDEX

In this section we will study similarity degrees for Jones basic construction with
finite Jones index.

Lemma 3.1. Let M be a factor of type II1 with similarity property and P be a
non zero projection inM. Then d(PMP ) ≤ d(M).

Proof. Let τ be the trace on M, d = d(M) and 1
k ≤ τ(P ) < 1

k−1 for some
integer k ≥ 2. We have that there is a constant K such that for any n ∈ N and any X
in Mn(PMP ), there is an integer N = N (n,X) and scalar matrices α0 ∈Mn,N (C),
α1 ∈ MN (C), . . ., αd−1 ∈ MN(C), αd ∈ MN,n(C) together with diagonal matrices
D1, . . . , Dd in MN (M) satisfying{

X = α0D1α1D2 · · ·Ddαd∏d
0 ‖αi‖

∏d
1 ‖Di‖ ≤ K‖X‖.

Let E be a subprojection of P in M with τ(E) = 1
k and {Eij}k

i,j=1 be the system
of matrix units in M such that E = E11. We write X = [Xij]ni,j=1, where Xij ∈
PMP . Then P̃XP̃ = X , where P̃ is the n×n diagonal matrix diag(P, . . . , P ). For
convenience, we denote n×n or N ×N diagonal matrix diag(T, . . . , T ) by T̃ . Hence

X = P̃XP̃ = α0P̃D1α1 · · ·DdP̃αd

=
k∑

j1,...,jd−1=1

α0P̃D1Ẽj1j1α1Ẽj1j1D2Ẽj2j2α2

· · · Ẽjd−2jd−2
Dd−1Ẽjd−1jd−1

αd−1Ẽjd−1jd−1
DdP̃ αd

=
k∑

j1,...,jd−1=1

α0P̃D1Ẽj11α1Ẽ1j1D2Ẽj21α2

· · · Ẽ1jd−2
Dd−1Ẽjd−11αd−1Ẽ1jd−1

DdP̃ αd

Let β be n × (nkd−1) matrix (In · · ·In), where In is the n × n identity matrix. Let

D =

⎛⎜⎜⎜⎜⎜⎜⎝

P̃D1Ẽ11 Ẽ11D2Ẽ11 · · · Ẽ11DdP̃
...

... · · · ...
P̃D1Ẽj11 Ẽ1j1D2Ẽj21 · · · Ẽ1jd−1

DdP̃
...

... · · · ...
P̃D1Ẽn1 Ẽ1kD2Ẽk1 · · · Ẽ1kDdP̃

⎞⎟⎟⎟⎟⎟⎟⎠ ,

where j1, . . . , jd−1 run through {1, . . . , k} and D has kd−1 rows. Let Dj be the
diagonal matrix with diagonal obtained from the j-th column in D. Then

X = βα̃0D1α̃1 · · · α̃d−1Ddα̃dβ
t,
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where α̃j is block matrix with block diagonal αj for j = 0, . . . , d. Moreover,

‖βα̃0‖‖D1‖ · · ·‖Dd‖‖α̃dβ
t‖ ≤ ‖β‖‖α0‖‖D1‖ · · ·‖Dd‖‖αd‖‖βt‖

≤ ‖β‖2K‖X‖ = kd−1K‖X‖.

Therefore PMP has similarity degree at most d.

Proposition 3.2. Let N ⊂ M be an inclusion of factors of type II1 and its Jones
index [M : N ] <∞. Suppose thatN has similarity property. Then d(M) ≤ d(N )+1.

Proof. Let λ = [M : N ], d = d(N ), and EN be the trace preserving conditional
expectation ofM onto N . By [17], Proposition 1.3, there exists a family {Vj}1≤j≤l+1

of elements in M with l equal to the integer part of λ (i.e. l = �λ�) such that

T =
l+1∑
j=1

VjEN (V ∗
j T )

for all T inM.
For any n ∈ N and any X in Mn(M), we write X = [Xij]ni,j=1, where Xij ∈ M.

For each Xij , we have decomposition

Xij =
l+1∑
k=1

VkEN (V ∗
k Xij) =

l+1∑
k=1

VkX
(k)
ij ,

where X (k)
ij = EN (V ∗

k Xij) ∈ N .
Let X (k) = [X (k)

ij ]ni,j=1. Then for n and X (k) ∈ Mn(N ), there is a constant Kk

such that there is an integer N (n,X (k))(= Nk) and scalar matrices α
(k)
0 ∈Mn,Nk

(C),
α

(k)
1 ∈ MNk

(C), . . . , α(k)
d−1 ∈ MNk

(C), α(k)
d ∈ MNk,n(C) together with diagonal

matrices D(k)
1 , . . . , D

(k)
d in MNk

(N ) satisfying⎧⎪⎨⎪⎩
X (k) = α

(k)
0 D

(k)
1 α

(k)
1 D

(k)
2 · · ·D(k)

d α
(k)
d

d∏
0

‖α(k)
i ‖

d∏
1

‖D(k)
i ‖ ≤ Kk‖X (k)‖.

We may assume that ‖α(k)
i ‖ = 1 for i = 0, . . . , d−1 and ‖D(k)

i ‖ = 1 for i = 1, . . . , d.
Then ‖α(k)

d ‖ ≤ Kk‖X (k)‖.
Let αi be the (l+1)× (l+1) block diagonal matrix with block diagonal α(1)

i , . . . ,

α
(l+1)
i and Di be the (l + 1) × (l + 1) block diagonal matrix with block diagonal
D

(1)
i , . . . , D

(l+1)
i . Then ‖αi‖ = maxk ‖α(k)

i ‖ = 1 and ‖Di‖ = maxk ‖D(k)
i ‖ = 1. Let
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Ṽk be the n×n diagonal matrix with diagonal Vk, . . . , Vk and V be the (l+1)×(l+1)
block diagonal matrix with block diagonal Ṽ1, . . . , Ṽl+1. Let β be n×(n(l+1)) matrix
(In · · · In), where In is the n× n identity matrix. Then

X = [Xij]ni,j=1 = [
l+1∑
k=1

VkX
(k)
ij ]ni,j=1

=
l+1∑
k=1

[VkX
(k)
ij ]ni,j=1 =

l+1∑
k=1

ṼkX
(k)

=
l+1∑
k=1

Ṽkα
(k)
0 D

(k)
1 α

(k)
1 D

(k)
2 · · ·D(k)

d α
(k)
d

= βV α0D1α1D2 · · ·Ddαdβ
t.

Since
∑l+1

k=1 VkV
∗
k = λ, we obtain ‖Vk‖ ≤ λ1/2 and ‖V ‖ = maxk ‖Vk‖ ≤ λ1/2. On

the other hand, we have

‖X (k)‖ = ‖[X (k)
ij ]ni,j=1‖ = ‖[X (k)

ij ]ni,j=1‖
= ‖[EN (VkXij)]ni,j=1‖ ≤ ‖[VkXij]ni,j=1‖

≤ ‖Ṽk‖‖X‖ ≤ λ1/2‖X‖.
Let K = max{K1, . . . , Kl+1}. Then

‖β‖‖V ‖‖α0‖‖D1‖ · · ·‖Dd‖‖αdβ
t‖

= ‖β‖‖V ‖‖αdβ
t‖

≤ (l+ 1)1/2λ1/2‖αd‖‖βt‖
≤ (l+ 1)λ1/2 max{K1‖X (1)‖, . . . , Kl+1‖X (l+1)‖}
≤ (l+ 1)λ1/2Kλ1/2‖X‖ ≤ (l+ 1)λK‖X‖.

Therefore d(M) ≤ d+ 1 = d(N ) + 1.

Let N ⊂ M be an inclusion of factors of type II1 with finite Jones index; i.e
[M : N ] < ∞. If N has property Γ, then by [17] we have that M has property Γ.
In this case, the similarity degree of the factors are equal; i.e. d(M) = d(N ) = 3.
In general, M preserves most properties of N . Thus, it is natural to ask the question
whether it is true that d(M) = d(N ) for the inclusion N ⊂ M of factors of type II1
with Jones index [M : N ] <∞.
Corollary 3.3. Let M be a factor of type II1. Suppose that M has similarity

property. ThenM⊗Mn(C) has similarity property and d(M⊗Mn(C)) ≤ d(M)+1.
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Proof. Since [M ⊗ Mn(C) : M] = n2 and M has similarity property, by
Proposition 3.2, we have that d(M⊗Mn(C)) ≤ d(M) + 1.

Let M be a factor of type II1 with the trace τ and H be an infinite-dimensional
Hilbert space. Denote the standard tracial weight on B(H) by Tr. Suppose that P is
a finite projection in M⊗B(H); i.e. (τ ⊗ Tr)(P ) = t < ∞ for some t ∈ R+, where
R+ is the group of all positive real numbers. Then Mt which is defined to be the
von Neumann algebra isomorphic to PM⊗B(H)P is a t-amplification (contraction)
of M. By “ �′′ we mean the *-isomorphism between two C∗ algebras, for instance,
Mt � PM⊗B(H)P .

Proposition 3.4. Let M be a factor of type II1. Then d(Mt1) ≤ d(Mt2) ≤
d(M) + 1 when t1 ≤ t2, t1, t2 ∈ R+.

Proof. By Lemma 3.1 and Corollary 3.3, we have thatMt has similarity property
for any t ∈ R+ ifM has similarity property. ThereforeMt1 has similarity property if
and onlyMt2 has similarity property when t1, t2 ∈ R+, sinceMt2 = (Mt1)t2/t1 and
Mt1 = (Mt2)t1/t2. Hence if M does not have similarity property then d(Mt1) = ∞
for all t ∈ R+ and the inequality d(Mt1) ≤ d(Mt2) ≤ d(M) + 1 holds. If M
has similarity property, then by Lemma 3.1 and Corollary 3.3 we have d(Mt1) ≤
d(Mt2) ≤ d(M) + 1 again.

Corollary 3.5. Let N ⊂ M be an inclusion of factors of type II1 and its Jones
index [M : N ] <∞. Then max{d(N )−1, 3} ≤ d(M) ≤ d(N )+1. In particular,N
does not have similarity property if and only ifM does not have similarity property.

Proof. Let τ be the trace on M. Suppose that M acts on the Hilbert space
L2(M, τ). Let eN be the projection of L2(M, τ) onto L2(N , τ). Then 〈M,N〉 =
JN ′J and [〈M,N〉 : M] = [M : N ](= λ). Suppose N has similarity property. By
Proposition 3.2, we have d(〈M,N〉) ≤ d(M) + 1. On the other hand 〈M,N〉 � Nλ

and d(N ) ≤ d(Nλ) since [M : N ] = λ ≥ 1 by Lemma 3.1. Then

d(N ) ≤ d(Nλ) = d(〈M,N〉) ≤ d(M) + 1.

Thus combining the equation d(M) ≤ d(N )+1 followed by Proposition 3.2, we have
that M does not have similarity property if and only if N does not have similarity
property. Therefore d(N )−1 ≤ d(M) ≤ d(N )+1. By [12], we have that d(M) ≥ 3.
Hence max{d(N )− 1, 3} ≤ d(M) ≤ d(N ) + 1.

LetM be a factor of type II1. The subgroup F(M) = {t ∈ R+|Mt � M} of R+

is called the fundamental group of M.

Corollary 3.6. LetM be a factor of type II1. Suppose that the fundamental group
F(M) of M is non trivial. Then d(Mt) = d(M) for any t ∈ R+.
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Proof. Since the fundamental group F(M) is non trivial, there exists a positive
number t0 �= 1 such thatMt0 � M. Without loss of generality, we assume that t0 > 1.
Then Mtk0

� M for any k ∈ Z. For any t ∈ R+, there exists an integer k such that
tk−1
0 ≤ t ≤ tk0 . By Corollary 3.4, we have that

d(M) = d(Mtk−1
0

) ≤ d(Mt) ≤ d(Mtk0
) = d(M).

Therefore d(Mt) = d(M) for t ∈ R+.

4. CROSSED PRODUCT BY AMENABLE GROUP

In section 3, we have result of similarity degree for inclusion of factors of type II1
with finite Jones index. In general, for the case , we might not have similar result for
the inclusion of factors of type II1 with infinite Jones index. But for the following case
when the Jones index is infinite, we have affirmative answer to Kadison’s similarity
problem.

Theorem 4.1. Let G be a discrete group, (B0, τ0) a finite von Neumann algebra
with a normal faithful tracial state and σ : G �→ Aut(B0, τ0) a trace preserving cocycle
action of G on (B0, τ0). Let N = B0 �σ G be the corresponding crossed product von
Neumann algebra with its normal faithful tracial state given by τ(

∑
g∈GBgUg) =

τ0(Be). Let H be a subgroup of G co-amenable in G and B = B0 �σ H . If N is a
factor and B has similarity degree d, then N has similarity degree of at most 9d+ 8.

Proof. Suppose φ is a unital bounded representation of N on a Hilbert space H
such that spφ(N )H = H. Then φ|B is a bounded representation of B, and so there
is an invertible operator S0 on H such that S0φ|BS−1

0 is a *-representation of B and
‖S−1

0 ‖‖S0‖ ≤ K‖φ|B‖d. Let φ0 = S0φS
−1
0 . Then φ0 is a bounded representation of

N .
We have to estimate the complete bounded norm of φ0. To do this, we may and

will assume that the representation has an at most countable cyclic set. In this case [2]
there is a *-representation π of N on H such that for any vector ξ in H, there exists
a bounded injective operator X with dense range and a vector η satisfying

∀Y ∈ N : φ0(Y )X = Xπ(Y ); ‖X‖ ≤ 2‖φ0‖2;Xη = ξ; ‖η‖ ≤ ‖ξ‖.

The first property admits a homomorphism ψ of π(N ) into B(H) by A �→ XAX−1

and ‖ψ‖ = ‖φ0‖, whereas the second shows that ψ is ultrastrongly continuous since
ψ(A)ξ = XAη. We will denote by ψ again the extension of ψ to the von Neumann
algebra generated by π(N ). In this algebra we will let F denote the maximal finite
central projection and let D be a copy of the compact operators placed inside (I −
F )π(N ), such that I−F belongs to the weak closure of D. Then D+CF is a nuclear
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C∗ algebra, by [2], we can perturb ψ with a Z in GL(H) such that Ad(Z) ◦ ψ is
trivial on D ⊕ CF and ‖Z−1‖‖Z‖ ≤ ‖φ0‖2. The new homomorphism Ad(Z) ◦ ψ
decomposes naturally into an orthogonal direct sum. The restriction to the properly
infinite part is by construction completely bounded with complete bounded norm less
than ‖φ0‖3. The restriction to the finite part yields homomorphisms πF and Δ of the
finite von Neumann algebra N into B(FH) given by

πF (Y ) = π(Y )|FH and Δ(Y ) = (ZX)FπF (Y )(ZX)−1|FH.

Since a finite representation of a finite representation of a finite factor is ultrastrongly
continuous because of the uniqueness of the trace, we see that Δ is ultrastrongly
continuous.
Let Fn ↗ G/H be a net of finite Følner sets, which we identify with some sets of

representativesFn ⊂ G. SinceΔ is unital bounded, the set |Fn|−1
∑

s∈Fn
Δ(Us)∗Δ(Us)

in the von Neumann algebra generated by Δ(N ) has a strong-operator accumulation
point. The accumulation point is positive. So let S be the square root of it. We have

‖Sξ‖2 = lim
n

1
|Fn|

∑
s∈Fn

‖Δ(Us)ξ‖2

and hence, ‖Δ‖−1 ≤ S ≤ ‖Δ‖. For any unitary element U in B0, let Vs = UsUU
∗
s in

B0. Then

S2Δ(U)ξ = lim
n

1
|Fn|

∑
s∈Fn

Δ(Us)∗Δ(Us)Δ(U)ξ

= lim
n

1
|Fn|

∑
s∈Fn

Δ(Us)∗Δ(VsUs)ξ

= lim
n

1
|Fn|

∑
s∈Fn

Δ(U)Δ(Us)∗Δ(Us)ξ

= Δ(U)S2ξ.

For any unitary element Ug, g ∈ G in N , let hss
′ = sg if sg is in Fn. Since Fn is a

Følner set and Δ(Uhs) is a unitary, we have that

S2Δ(Ug)ξ = lim
n

1
|Fn|

∑
s∈Fn

Δ(Us)∗Δ(Us)Δ(Ug)ξ

= lim
n

1
|Fn|

∑
s∈Fn

Δ(Us)∗Δ(Usg)ξ

= lim
n

1
|Fn|

∑
s′∈Fng

Δ(Ug)Δ(Us′)∗Δ(Us′)ξ

= Δ(Ug)S2ξ.
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Let N0 be the *-subalgebra in N generated by B0 and Ug, g ∈ G. For any element
A0 in N0, we have S2Δ(A0)ξ = Δ(A0)S2ξ, for all ξ ∈ H. By the Kaplansky density
theorem, for any A in the unit ball of N , there is a net of {Aα} in the unit ball of N0

convergent to A in the strong-operator topology.
Since Δ is strong-operator continuous, Δ(Aα) converges to Δ(A), then ‖Ad(S) ◦

Δ‖ ≤ 1 and Δ is completely bounded with completely bounded norm ‖Δ‖cb ≤
‖S‖‖S−1‖ ≤ ‖Δ‖2. Thus

‖φ‖cb ≤ ‖S−1
0 ‖‖S0‖‖φ0‖cb

≤ K‖φ‖d‖Z‖‖Z−1‖‖Δ‖cb

≤ K‖φ‖d‖φ0‖2‖φ0‖6

≤ K9‖φ‖9d+8,

since ‖S−1
0 ‖‖S0‖ ≤ K‖φ|B‖d ≤ K‖φ‖d, ‖Z‖‖Z−1‖ ≤ ‖φ0‖2 ≤ (K‖φ‖d+1)2 and

‖Δ‖ ≤ ‖Z‖‖Z−1‖‖φ0‖ ≤ ‖φ0‖3.

Corollary 4.2. Let G be a discrete group, (B0, τ0) a finite von Neumann algebra
with a normal faithful tracial state and σ : G �→ Aut(B0, τ0) a trace preserving cocycle
action of G on (B0, τ0). Let N = B0 �σ G be the corresponding crossed product von
Neumann algebra with its normal faithful tracial state given by τ(

∑
g∈GBgUg) =

τ0(Be). If N is a factor and B0 has similarity degree d, then N has similarity degree
of at most 9d+ 8.

Remark . It is known [4] that the similarity degree of a property Γ factor of type
II1 is 3. Hence if the crossed product M = B �σ G of a property Γ factor B by an
amenable group G is a factor, then M has similarity degree of at most 35. Here we
would like to point out that it is open whether the crossed product of a property Γ
factor of type II1 by an amenable group has property Γ.

In Theorem 4.1 and Proposition 2.1, we obtain partial results for similarity problem
for von Neumann algebras satisfying co-amenability. The first named author showed
that the co-amenability of von Neumann algebra preserves Connes’s embedding property
[18]. Suppose that N has similarity property and N is co-amenable inM. We do not
known whetherM have similarity property and what the similarity degree of M is.

5. CHRISTENSEN’S PROPERTY Dk

In this section we will obtain some results on the Christensen’s property Dk [1, 2,
3, 4] for some finite von Neumann algebras.

Lemma 5.1. Let M be a factor of type II1 with similarity degree d < ∞. Then
M has property Ded/2 or D3d/2, where e is the Euler’s number 2.718 · · · .
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Proof. Let π : M → B(H) be a non degenerate *-representation and let X be in
B(H), then we get for any t ∈ R+ a homomorphism Φt : M → B(H⊕H) by

Φt(Y ) =

(
π(Y ) t[X, π(Y )]

0 π(Y )

)
.

Let α = sup{‖[X, π(Y )]‖ : Y ∈ M, ‖Y ‖ ≤ 1} and let δ : M → B(H) be given by
δ(Y ) = [X, π(Y )]. It is clear that δ is completely bounded, ‖δ‖ = α, and

t‖δ‖cb ≤ ‖Φt‖cb ≤ ‖Φt‖d ≤ (1 + t‖δ‖)d.

Then

‖δ‖cb ≤ inf{t−1(1 + t‖δ‖)d|t ∈ R+}
≤ inf{s−1(1 + s)d‖δ‖|s ∈ R+} (s = t‖δ‖)

Let f(s) =
(1 + s)d

s
. Then f ′(s) =

d(1 + s)d−1s − (1 + s)d

s2
= 0 implies s =

1
d− 1

.
Hence

‖δ‖cb ≤ (d− 1)(1 +
1

d− 1
)d‖δ‖

= d(1 +
1

d− 1
)d−1‖δ‖

≤ de‖δ‖ < 3d‖δ‖
An application of Corollary 2.2 of [3] yields inf{‖X−Z‖ : Z ∈ π(M)′} = (1/2)‖δ‖cb

≤ (de/2)‖δ‖< (3d/2)‖δ‖ and the Lemma follows.
Corollary 5.2. Let M be a factor of type II1 with property Dk. Then Mt has

property D3k+1.5 when t > 1; has property D3k when t < 1.

Proof. By the stated hypothesis and Proposition 2.1, we have that M has
similarity degree �2k�. Then by Proposition 3.4, we haveMt has similarity degree at
most �2k� when t < 1 and Mt has similarity degree at most �2k� + 1 when t > 1.
Hence by Lemma 5.1,Mt has propertyD3k when t < 1 andMt has propertyD3k+1.5

when t > 1.

Corollary 5.3. Let N ⊂ M be an inclusion of factors of type II1 with Jones index
[M : N ] <∞. Suppose that N has property Dk. Then M has property D3k.

Proof. It is similar to the proof of Corollary 5.2.

Proposition 5.4. Let M be a factor of type II1 with similarity length � < ∞ and
length constant K. Then M has property Dmin{K,3}�/2.
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Proof. Directly from Proposition 2.2 and Lemma 5.1.

Proposition 5.5. Let G be a discrete group, (B0, τ0) a finite von Neumann algebra
with a normal faithful tracial state and σ : G �→ Aut(B0, τ0) a trace preserving cocycle
action of G on (B0, τ0). Let N = B0 �σ G be the corresponding crossed product von
Neumann algebra with its normal faithful tracial state given by τ(

∑
g∈GBgUg) =

τ0(Be). Let H be a subgroup of G co-amenable in G and B = B0 �σ H . If N is a
factor and B has property Dk, then N has similarity degree of at most D25k+11.

Proof. Since B has property Dk, B has similarity degree �2k� by Proposition 2.1.
By Theorem 4.1, we have M has similarity degree 9�2k� + 8. Then by Lemma 5.1,
we obtain that M has property D25k+11.

Remark . By the remark in section 4 and Lemma 5.1, we have that if the crossed
product M = B �σ G of a property Γ factor B by an amenable group G is a factor,
thenM has property D49.
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