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ON SIMILARITY DEGREES OF FINITE VON NEUMANN ALGEBRAS

Jinsong Wu, Wenming Wu and Liguang Wang

Abstract. In this paper, we showed some results of similarity degrees of von Neu-
mann algebras satisfying co-amenability. We also obtain some results of Chris-
tensen’s property Dy, for such von Neumann algebras.

1. INTRODUCTION

In 1955, Kadison [9] asked whether every bounded homomorphism ¢ from a unital
C* algebra 2 into the algebra B(H) of all bounded operators on the Hilbert space H
is similar to a *-homomorphism 7 of 2; i.e. there exist an invertible operator S in
B(H) such that 7(X) = S¢(X)S~! for any X in 2. This is the Kadison’s similarity
problem. When the homomorphism ¢ admits a cyclic vector i in H, Haagerup [7]
and Christensen [5] proved that ¢ is similar to a *-homomorphism. More generally
when ¢ admits a finite cyclic set {71, ..., n,}, the conjecture is still true. In 1999, G.
Pisier [10, 11, 12] introduced the similarity length /(1) of an operator algebra 2( and
the similarity degree d(2() of 2. Moreover he proved that [(2) = d(2).

Currently, some partial results of the Kadison’s similarity problem and correspond-
ing similarity degree are known in the following cases:

(1) 2 is finite dimensional and d(2) = 1;

(2) A is nuclear and infinite-dimensional, such as infinite-dimensional abelian C*
algebra, and K, the algebra of all compact operators on an infinite-dimensional
separable Hilbert space (see [2]) and d(21) = 2;

(3) 2 has no tracial state, such as B(H) (see [7]) and d(2) = 3;

(4) A =K @B, where B is a unital C* algebra and 2 < d() < 3;
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(5) A =9N® B, where N is a unital nuclear C* algebra containing unital matrices
of any order and B is a unital C* algebra and d(2) < 5 (see [16]);

(6) M is a property I" factor of type Iy, such as the hyperfinite II; factor R, McDuff
factor M ~ M®R and in this case the similarity degree d(M) = 3.

In addition to the result (2), G. Pisier [13] showed that an infinite-dimensional C*
algebra is nuclear if and only if its similarity degree is equal to 2. The result (6) was
first proved by Christensen [1] that property I' factors have similarity degree < 44. In
[12], Pisier improved his result to show that property I' factors have similarity degree
less than or equal to 5. Finally, Christensen [4] proved that the similarity degree of a
property I' factor is equal to 3.

In this paper, we will explore the similarity degrees of some constructions for finite
von Neumann algebras. Let G be a discrete group, (By,79) a finite von Neumann
algebra with a normal faithful tracial state and o : G — Aut(By, 79) a trace preserving
cocycle action of G on (By, 7). Let N' = By %G be the corresponding crossed product
von Neumann algebra with its normal faithful tracial state given by 7(>_ . ByUy) =
10(Be). Let H be a subgroup of G co-amenable in G and B = By x, H. We show
that if NV is a factor and B has similarity degree d, then N has similarity degree of at
most 9d + 8. In particular, we also obtain some more results on similarity degrees for
Jones basic construction when its Jones index is finite. In [1], Christensen introduced
property Dy, for C* algebras. We will investigate Christensen’s property Dy, for certain
finite von Neumann algebras.

2. PRELIMINARIES

In this section, we will recall some notations and properties for the similarity degrees
and similarity length for C* algebras and co-amenability of von Neumann subalgebras.

Let 2l be a unital C* algebra and H be a Hilbert space. Suppose that ¢ : 2 — B(H)
is a unital homomorphism; i.e. ¢(I) = I and ¢(X1X3) = ¢(X1)d(X2) for all X1, Xo
in 2. The Kadison’s similarity problem is whether the condition that ¢ is bounded
implies that ¢ is similar to a *-homomorphism, i.e. there exists an invertible operator
S in B(H) such that g5 : X — S~1¢(X)S is a *-homomorphism. In [7], Haagerup
proved that ¢ is similar to a *-homomorphism if and only if ¢ is completely bounded
and

|l = inf{[|STH| - ||S]| : ¢s is a *-homomorphism.}

An operator algebra 2l has similarity property if any bounded homomorphism ¢ : 2 —
B(H) is completely bounded.

An operator algebra 2 C B(H) is said to be of length < d if there is a constant K
such that, for any n and any X in M,, (1), there is a positive integer N = N (n, X ) and
scalar matrices oy € M, n(C), oy € My(C), ..., ag—1 € Mn(C), ag € My, (C)
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together with diagonal matrices D1, ..., Dy in My () satisfying
{ X = a0D1a1D2 s 'Ddad
d d
[I6 Nesll TTT 1 Ds]l < KX

Denote by £(2) the length of 2; i.e the smallest d for which the two equations above
holds. We say the least K satisfying the above condition as length constant for 2I.
Let
d(2) = inf{a > 03K, Y9, [[¢]|cs < K[|},

where ¢ denotes an arbitrary unital homomorphism from 2 to B(H). G. Pisier [10,
11, 12] showed that d(2) = ¢(2) for any operator algebra 2 and that 2( has similarity
property if and only if d(2() < oo. Let 2 be weakly dense C* subalgebra in a factor
M of type II;. Then Pisier showed [12] that d(M) = max{d(2), 3} derived from
Remark 7 and Theorem 9. In [6], E. Christensen, A. Sinclair, R. Smith, and S. White
showed that similarity property is preserved under perturbation of C*-algebras.

Let w be a free ultrafilter on N and M be a factor of type II;. It is known
that the ultrapower M®“ of M is a factor of type II;. By [11, 12], we have that
d(M*) < d(M).

A C* algebra 2 is said to have property Dj for some positive real & if for each non
degenerate *-representation 7 of 2 on a Hilbert space we have for any X € B(H):

inf{|| X — Z|[|Z € 7(2)'} < ksup{|| Xm(A) — 7(A)X|[|A € 2, | A <1}.

In [6], E. Christensen, A. Sinclair, R. Smith, and S. White showed the following
relations between the property Dy and the similarity degree (length) for a C* algebra.

Proposition 2.1. Let M have property Dy, for some k. The the length of M is
|2k], where |a] is the integral part of a.

Proposition 2.2. Let M be a C* algebra with length at most { and the length
constant at most K. Then M has property Dy, for k = K{/2.

Now let us recall the co-amenability of groups and von Neumann algebras. A
subgroup H of a group G is called co-amenable in G if there exists a G-invariant
mean on the space (*°(G/H).

Let \V be a finite von Neumann algebra with a faithful normal tracial state 7 and
B Cc N a von Neumann subalgebra. We assume that A/ has a separable predual. Let

BcN & (N, B) be the Jones basic construction for B C N; i.e. (N,B) = JB'JN
B(L?(N, 1)) with J the canonical conjugation on L?(N,7) and ep the canonical
projection of L2(N\/, 7) onto L?(B, 7). The subalgebra B is co-amenable in N if there
exists a norm one projection ¥ of (N, B) onto N. One also says that A is amenable
relative to B. In particular, if an inclusion N C M of factors of type II; has finite
Jones index, then A/ is co-amenable in M.
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3. Basic CONSTRUCTION WITH FINITE JONES INDEX

In this section we will study similarity degrees for Jones basic construction with
finite Jones index.

Lemma 3.1. Let M be a factor of type 1I1 with similarity property and P be a
non zero projection in M. Then d(PMP) < d(M).

Proof.  Let 7 be the trace on M, d = d(M) and 1 < 7(P) < 27 for some
integer k£ > 2. We have that there is a constant K such that for any n € N and any X
in M,,(PMP), there is an integer N = N (n, X) and scalar matrices oy € M, n(C),
a; € My(C),..., ag—1 € Mn(C), ag € My, (C) together with diagonal matrices
Dy, ...,Dq in My (M) satisfying

{ X = a0D1a1D2 s 'Ddad
d d
[To el TT7 (1Dl < KX
Let E be a subprojection of P in M with 7(E) = 1 and {Eij}ﬁjzl be the system
of matrix units in M such that £ = E7;. We write X = [Xijmjzla where X;; €
PMP. Then PXP = X, where Pisthen xn diagonal matrix diag(P,..., P). For

convenience, we denote n x n or N x N diagonal matrix diag(T,...,T) by T. Hence
X = PXP = ayPDyay - - - DyPay
k ~ ~ ~ ~
= Y ayPDiEjja1Ejj Doy
Jisenjd—1=1
By sjaaDa-1Ejy yja o @d-1E, e DaPad
k ~ ~ ~ ~
= Z aOPDlEjllalEllegEj21a2
Jisenjd—1=1

By, yDa1Ej, j10q-1Ev, DiPag

Let 3 be n x (nk%') matrix (I, - --I,), where I, is the n x n identity matrix. Let

PD\E;, EuDyEy, ---  EyDgP
D= f)DlEjll ElleQEj21 cee Eljd_lDdﬁ s
PD\E,i EwDyEp -+ EyDgP

where ji,...,jq_1 run through {1,...,k} and D has k¢! rows. Let D; be the
diagonal matrix with diagonal obtained from the j-th column in D. Then

X = BagDiar - - -aq—1 Dacal3',
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where «; is block matrix with block diagonal a; for j =0, ..., d. Moreover,

18I Dl - - [ Dalll@as’ | < lBIHaollll D1l - - 1 Dall llexall 15|
< IBIPK|IX| = k" K| X].
Therefore PM P has similarity degree at most d. ]

Proposition 3.2. Let N' C M be an inclusion of factors of type II; and its Jones
index [M : N| < oc. Suppose that N has similarity property. Then d(M) < d(N)+1.

Proof. Let A = [M : N|,d=d(N), and Exr be the trace preserving conditional
expectation of M onto V. By [17], Proposition 1.3, there exists a family {V;}1<j<i+1
of elements in M with [ equal to the integer part of A (i.e. [ = [A]) such that

I+1

T => V;Ex(V;T)
j=1

for all T in M.

For any n € N and any X in M,,(M), we write X = [X;;]}';_;, where X;; € M.
For each X;;, we have decomposition

141 141
Xij = > ViBn (VX)) = Y ViX(),
k=1 k=1
where XV = Ex (V7 Xyj) € V.

Let X(*) = [Xi(f)]gszl. Then for n and X*®) € M,,(N), there is a constant K
such that there is an integer N (n, X *))(= Ny,) and scalar matrices a(()k) e M, n,(C),
o e My, (C),..., P € My, (C), ol € My, ,(C) together with diagonal
matrices D), .. .,Dc(lk) in My, (N) satisfying

X0 = P pBF p) ... p) 4 ®

d d
TT1eP I TTIDM) < Kl x @)
0 1

We may assume that Hagk)H =1fori=0,...,d—1and HDZ(k)H =1fori=1,...,d.
k
Then [lay” | < K[ X ).
Let «; be the (I+1) x (I+1) block diagonal matrix with block diagonal 0%(1) ye s
o!"™) and D; be the (I 4+ 1) x (I + 1) block diagonal matrix with block diagonal

K3
DM . DY Then ||| = maxy [|o!¥|| =1 and | D;|| = max;, || D] = 1. Let

i g ee ey i
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Vi be the n x n diagonal matrix with diagonal Vj;, ..., Vi and V be the (1+1) x (1+1)
block diagonal matrix with block diagonal V1, ..., Viy;. Let 8 be n x (n(l+41)) matrix
(I, ---I,), where I, is the n x n identity matrix. Then

+1 (k

X = 7] 1= ZVXZJ i,j=1
I+1 o 141

- S = S
k=1

l+1
= ﬂVaoD1a1D2 -+ Dgag.

Since S"HHL ViV = A, we obtain |[Vi]| < A1/2 and ||V = maxy ||[Vi| < AY2 On
the other hand, we have

k k
IXP = X2l = NX )

ij
= NEx(ViXip)]ij=all < I[ViXis]i =il
< IVRllIXIE < V21X
Let K = max{Kj,..., K;+1}. Then
18IV el D1l - - - | Dalll| a8
= 18IV lleaB"l
< (L D)YENY gl 187
< (L DA max{ Ky [ X O, .., Kpga | X))
< (+DAVZEAV2IX|| < (1+ DAK| X
Therefore d(M) < d+ 1= d(N) + 1. [

Let N/ C M be an inclusion of factors of type II; with finite Jones index; i.e
[M : N] < co. If N has property I, then by [17] we have that M has property T
In this case, the similarity degree of the factors are equal; i.e. d(M) = d(N) = 3.
In general, M preserves most properties of . Thus, it is natural to ask the question
whether it is true that d(M) = d(N) for the inclusion N' C M of factors of type IIy
with Jones index [M : N| < oc.

Corollary 3.3. Let M be a factor of type II1. Suppose that M has similarity
property. Then M & M,,(C) has similarity property and d(M & M, (C)) < d(M)+1.
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Proof. Since [M ® M,(C) : M] = n? and M has similarity property, by
Proposition 3.2, we have that d(M ® M,,(C)) < d(M) + 1. [

Let M be a factor of type II; with the trace 7 and H be an infinite-dimensional
Hilbert space. Denote the standard tracial weight on B(H) by T'r. Suppose that P is
a finite projection in M®B(H); i.e. (1 ® Tr)(P) =t < oo for some t € R, where
R is the group of all positive real numbers. Then M, which is defined to be the
von Neumann algebra isomorphic to PM®B(H)P is a t-amplification (contraction)
of M. By “ ~" we mean the *-isomorphism between two C* algebras, for instance,
M; ~ PMQB(H)P.

Proposition 3.4. Let M be a factor of type IIy. Then d(My,) < d(My,) <
d(M) + 1 when t; <t t1,t9 € R+.

Proof. By Lemma 3.1 and Corollary 3.3, we have that M, has similarity property
for any t € Ry if M has similarity property. Therefore M, has similarity property if
and only My, has similarity property when ¢y, 3 € Ry, since My, = (My, )y, /¢, and
My, = (My,)¢, 1, Hence if M does not have similarity property then d(My,) = oo
for all ¢ € R4 and the inequality d(My,) < d(My,) < d(M) + 1 holds. If M
has similarity property, then by Lemma 3.1 and Corollary 3.3 we have d(My,) <
d(My,) < d(M) + 1 again. ]

Corollary 3.5. Let N C M be an inclusion of factors of type II, and its Jones
index [M : N'] < co. Then max{d(N)—1,3} < d(M) < d(N)+1. In particular, N
does not have similarity property if and only if M does not have similarity property.

Proof. Let 7 be the trace on M. Suppose that M acts on the Hilbert space
L?(M, 7). Let ex be the projection of L2(M,7) onto L?(N, 7). Then (M, N) =
JN'J and [(M,N): M] = [M : N](= X). Suppose N has similarity property. By
Proposition 3.2, we have d({(M, N)) < d(M) + 1. On the other hand (M, N) ~ N
and d(N') < d(N,) since [M : N] = X > 1 by Lemma 3.1. Then

d(N) < d(Ny) =d((M,N)) < d(M) + 1.

Thus combining the equation d(M) < d(N') + 1 followed by Proposition 3.2, we have
that M does not have similarity property if and only if A/ does not have similarity
property. Therefore d(N)—1 < d(M) < d(N)+1. By [12], we have that d(M) > 3.
Hence max{d(N) — 1,3} < d(M) < d(N) + 1. n

Let M be a factor of type II;. The subgroup F(M) = {t € Ry |M; ~ M} of Ry
is called the fundamental group of M.

Corollary 3.6. Let M be a factor of type II,. Suppose that the fundamental group
F(M) of M is non trivial. Then d(M;) = d(M) for any t € R,.
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Proof.  Since the fundamental group F(M) is non trivial, there exists a positive
number ¢y # 1 such that M, ~ M. Without loss of generality, we assume that ¢y > 1.
Then Mt’g ~ M for any k € Z. For any ¢t € R, there exists an integer k£ such that

tlg_l <t< t’g. By Corollary 3.4, we have that
dM) = d(Mtg_l) < d(My) < d(Mtg) =d(M).
Therefore d(M;) = d(M) for t € R... [

4. CROSSED PRODUCT BY AMENABLE GROUP

In section 3, we have result of similarity degree for inclusion of factors of type Il
with finite Jones index. In general, for the case , we might not have similar result for
the inclusion of factors of type II; with infinite Jones index. But for the following case
when the Jones index is infinite, we have affirmative answer to Kadison’s similarity
problem.

Theorem 4.1. Let G be a discrete group, (By, 19) a finite von Neumann algebra
with a normal faithful tracial state and o : G — Aut(By, 10) a trace preserving cocycle
action of G on (By, 19). Let N = By X, G be the corresponding crossed product von
Neumann algebra with its normal faithful tracial state given by 7(3_ cc BgUg) =
10(Be). Let H be a subgroup of G co-amenable in G and B = By x, H. If N is a
factor and B has similarity degree d, then N has similarity degree of at most 9d + 8.

Proof.  Suppose ¢ is a unital bounded representation of N on a Hilbert space H
such that sp¢(N)H = H. Then ¢|3 is a bounded representation of 5, and so there
is an invertible operator Sy on H such that So¢|pS, lisa *-representation of B and
1S5 1111Soll < K |¢|5]|%. Let ¢po = So¢pSy*. Then ¢y is a bounded representation of
N.

We have to estimate the complete bounded norm of ¢g. To do this, we may and
will assume that the representation has an at most countable cyclic set. In this case [2]
there is a *-representation 7 of AV on H such that for any vector £ in H, there exists
a bounded injective operator X with dense range and a vector 7 satisfying

VY € N1 go(Y)X = Xa(Y); [1X]| < 2]l 6ol X0 = & [In]l < [I€]]-

The first property admits a homomorphism 1 of 7(N) into B(H) by A — XAX 1
and ||¥|| = ||¢ol|, whereas the second shows that 1) is ultrastrongly continuous since
P(A)§ = X An. We will denote by 1) again the extension of ) to the von Neumann
algebra generated by 7(/N'). In this algebra we will let F' denote the maximal finite
central projection and let D be a copy of the compact operators placed inside (I —
F)m(N), such that I — F belongs to the weak closure of D. Then D+ CF is a nuclear
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C* algebra, by [2], we can perturb ¢ with a Z in GL(H) such that Ad(Z) o v is
trivial on D @ CF and ||[Z7Y|[|Z]| < ||¢o||>. The new homomorphism Ad(Z) o 1
decomposes naturally into an orthogonal direct sum. The restriction to the properly
infinite part is by construction completely bounded with complete bounded norm less
than ||¢o||3. The restriction to the finite part yields homomorphisms 7z and A of the
finite von Neumann algebra N into B(F'H) given by

7p(Y) = 7(Y)|py and A(Y) = (ZX)Frp(Y)(ZX) " rn.

Since a finite representation of a finite representation of a finite factor is ultrastrongly
continuous because of the uniqueness of the trace, we see that A is ultrastrongly
continuous.

Let F,, /" G/H be a net of finite Fglner sets, which we identify with some sets of
representatives F,, C G. Since A is unital bounded, the set | Fy,| ™' >° . A(Uy)*A(Us)
in the von Neumann algebra generated by A(N') has a strong-operator accumulation
point. The accumulation point is positive. So let .S be the square root of it. We have

. 1
Is¢)1? :h}flm > IIAUEP?
m s€Fy

and hence, ||A||~! < S < ||A||. For any unitary element U in By, let Vs = U;UUY in
By. Then

SPAWIE = lim s 3 AU AUIAD)E
n seF,

For any unitary element Uy, g € G in N, let hys' = sg if sg is in F,,. Since F,, is a
Fglner set and A(Up,) is a unitary, we have that

SEAWE = lim e Y AU AV)AT)E
n seF,
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Let Ny be the *-subalgebra in N generated by By and Uy, g € G. For any element
Ag in Ny, we have S?A(Ag)€ = A(Ag)S?¢, for all £ € H. By the Kaplansky density
theorem, for any A in the unit ball of A\, there is a net of {A,} in the unit ball of NV
convergent to A in the strong-operator topology.

Since A is strong-operator continuous, A(A,) converges to A(A), then | Ad(S) o
Al < 1 and A is completely bounded with completely bounded norm ||Alls <
IS[HIS~HI < | A]l%. Thus

gllce < 1185 111 Soll i bolles
< Kol IZI1Z 1A e

< K1o]| % ¢oll*ll6oll°
< K9H¢H9d+87

since HSO_IHHSOU < K||¢|s]|* s Elol% 121271 < lgoll® < (E[o]*+!)* and
AT < 1Z11Z~ ol < ol m

Corollary 4.2. Let G be a discrete group, (By, 10) a finite von Neumann algebra
with a normal faithful tracial state and o : G — Aut(By, 10) a trace preserving cocycle
action of G on (By, 19). Let N = By X, G be the corresponding crossed product von
Neumann algebra with its normal faithful tracial state given by 7(3_,c ByUg) =
10(Be). If N is a factor and By has similarity degree d, then N has similarity degree
of at most 9d + 8.

Remark . It is known [4] that the similarity degree of a property I' factor of type
II; is 3. Hence if the crossed product M = B x, G of a property I' factor B by an
amenable group G is a factor, then M has similarity degree of at most 35. Here we
would like to point out that it is open whether the crossed product of a property I'
factor of type II; by an amenable group has property I'.

In Theorem 4.1 and Proposition 2.1, we obtain partial results for similarity problem
for von Neumann algebras satisfying co-amenability. The first named author showed
that the co-amenability of von Neumann algebra preserves Connes’s embedding property
[18]. Suppose that N has similarity property and NV is co-amenable in M. We do not
known whether M have similarity property and what the similarity degree of M is.

5. CHRISTENSEN’S PROPERTY Dy

In this section we will obtain some results on the Christensen’s property Dy, [1, 2,
3, 4] for some finite von Neumann algebras.

Lemma 5.1. Let M be a factor of type Il with similarity degree d < co. Then
M has property D.q/o or D3q/o, where e is the Euler’s number 2.718 - - -.
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Proof. Let7m: M — B(H) be a non degenerate *-representation and let X be in
B(H), then we get for any ¢ € Ry a homomorphism ®; : M — B(H & H) by

<Mm:<”f”W“W”>
~(Y)

Let o = sup{||[X,7(Y)]]| : Y € M, ||Y|| < 1} and let 6 : M — B(H) be given by
(V) =[X,n(Y)]. It is clear that § is completely bounded, ||| = «, and

tl8lles < 1 @ellen < [1@2]1 < (1 +]l0]1).

Then
I6]lep < inf{t™" (1 +¢l|0]) |t € Ry}
< inf{s™'(1+9)?|6llls e Ry} (s =t]d]])
1 d 1 d—1, 1 d 1
Let f(s) = (1) . Then f'(s) = di+5) Sz (1+5) = 0 implies s = 1
Hence
1
< (d-1)(14—)
I6les < (d = 1)(1 + ——=) 9]l
_ L aa1
= d(1+—=)" )|
< de|[d]| < 3d||¢]|

An application of Corollary 2.2 of [3] yields inf{|| X —Z|| : Z € m#(M)'} = (1/2)]|6]| b
< (de/2)||6]] < (3d/2)||0|| and the Lemma follows. |

Corollary 5.2. Let M be a factor of type IIy with property Dy. Then M; has
property Dsy. 15 when t > 1; has property D3y, when t < 1.

Proof. By the stated hypothesis and Proposition 2.1, we have that M has
similarity degree |2k |. Then by Proposition 3.4, we have M, has similarity degree at
most |2k| when ¢ < 1 and M; has similarity degree at most |2k| 4+ 1 when ¢ > 1.
Hence by Lemma 5.1, M; has property D3, when ¢t < 1 and M has property D3x+1.5
when ¢ > 1. ]

Corollary 5.3. Let N C M be an inclusion of factors of type II, with Jones index
[M: N < oo. Suppose that N has property Dy. Then M has property Dsy.

Proof. 1t is similar to the proof of Corollary 5.2. ]

Proposition 5.4. Let M be a factor of type 1I1 with similarity length { < oo and
length constant K. Then M has property Dyin(K,3}¢/2-
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Proof.  Directly from Proposition 2.2 and Lemma 5.1. ]

Proposition 5.5. Let G be a discrete group, (By, 10) a finite von Neumann algebra
with a normal faithful tracial state and o : G — Aut(By, 10) a trace preserving cocycle
action of G on (By, 19). Let N = By X, G be the corresponding crossed product von
Neumann algebra with its normal faithful tracial state given by 7(3_,c ByUy) =
10(Be). Let H be a subgroup of G co-amenable in G and B = By x, H. If N is a
factor and B has property Dy, then N has similarity degree of at most Dasj111.

Proof. Since B has property Dy, 3 has similarity degree |2k| by Proposition 2.1.
By Theorem 4.1, we have M has similarity degree 9|2k | + 8. Then by Lemma 5.1,
we obtain that M has property Dosjt11. [ ]

Remark . By the remark in section 4 and Lemma 5.1, we have that if the crossed
product M = B x, G of a property I' factor B by an amenable group G is a factor,
then M has property Dyg.
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